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Abstract : For Hurwitz zeta function £(s,«) , as a function of «, we discuss the

r

location and the nature of singularities of £ (s,a) = aa -
S

£(s,a), the formulae for

the derivatives and the primitives of ¢ (s,a) , the Riemann-integrability

of ¢ (s,&) on the intervals [0,1] and [1,%) ; and the evaluation of integrals
Jl'g(—ml,a)-g”(—mz,a) ............ c(-m,a)- ¢ (s,a)da , where m,m,............ ,m, >0 are
iontegers and Re s<1.
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Let r >0be an integer and for the complex variables s,« , let £(s,a) be

aa ~{(s,a) . The object of this paper is
S

to bring out the behaviour of £ (s,«) as an analytic function of the complex

the Hurwitz zeta function and let ¢ (s,a) =

variable « ; to determine the location and the nature of the singularities of
£ (s,a) ; to determine the Riemann integrability of £ (s,«) on intervals [0,1]
and [1, o) ; to obtain the formulae for its derivatives and primitives with respect
to «;to evaluate the integrals I:g(—ml,a)g(—mz,a) ........... S(—m,,a)¢(s,«) and
Eg(—ml,a)f(—mz,a) .......... S(-ma)-¢'(s,a)da , where m;,m,,........... ,m >0 are
integers and Res<1.

Next , we formally introduce our notation and terminology .
For complex a # 0,-1,—2,.............. , and for the complex variable s, let £(s,a) be
the Hurwitz zeta function defined by ¢(s,a) =Y (n+«) for Re s>1 and its

n=0

analytic continuation . Let £(s,1) = £(s), the Riemann zeta function . In what
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follows, I'(s) stands for gamma function . B, (a) = Z(fJBn_ia‘ stands for Bernoulli

i=0

polynomial of degree n . Here B, =B, (0) are Bernoulli numbers, which are

known to be rational numbers . We note that if n>0 is an integer, then

S(-n,a) __Bul@) and B,(1-a) =(-1)"B, («). We write w(a):%(a) . Note that
_ad F(a) r d
g 0,a) a \/ﬁ (a) v(a) . Thus 4“ (0,a)=w(a) . We shall see that

—y/(a) =¢(2,a) . In view of the fact —;(s,a) =-s{(s+1a) , we have
da da

da'

w(a)=(-1)""r(r+1,a). We also note that if s;,s, are complex numbers, then
1

J-é/(slia) ’ é’(sz,a)da = 2(2”)51%272 'F(l_ Sl)r(l_SZ)'COS%(Sl _Sz) ’ 4’(2_51 - Sz)’

0

barring the singularities of either side. In author [3], we study evaluation of

Tornheim double zeta function T(s,,s,,s,) for various values of the complex
1

variables s,,s,,s, in terms of integrals of the type J'{(sl,a)g(sz,a)g’(” (s;,a)da
0

for r=0 or 1. In view of this , we shall find some integrals of the type
j{(sl,a)g(sz,a)cj‘” (s;,a)da , which are explicitly computable in terms of values of
0

Riemann zeta function and its derivatives . Apart from several other facts, in
particular , we prove the following .

Proposition : For any integer r >0 and for Re s<o, ¢ (s,a) is a continuous
function of a in the whole complex « —plane and we have the following .

1) ¢V(s,00=¢"(s)=¢" (s for Re s<o and |jm ¢ (s,00=¢"(0),

s—0-



where s — 0 through real values from the left of 0.

2) aié“)(s,a):—r-g”“‘l)(s+1,a)—s§‘”(s+1,a) for s=0 and for r>0.
a

3) We have aig“‘”(o,a) =-rly,_,(e) forr>0,
a

where s¢(s+La) =Yy, (a)s" with y_(a)=1.
n>0

10

roa’

10
(r) 0 - .
¢ 0@ =15

4) We have aiy”(a) =— (s(s+1)¢(s+2,a)) |, for r>1.
a _

Note : 1) of Proposition follows from the fact £(s,a)-¢(s,a+)=a"*

and consequently, £ (s,a)-¢"(s,a+1) =a*(-loga)" for an integer r>0,
after letting o —0.

Corollaries of Proposition :

1) For s #1, the primitives (or the indefinite integrals) of £(s,a),¢'(s,«) and

£ (s,a) are as follows :

_¢(s-La)
a) j &(s,a)da = —

. _¢(-La) ¢'(s-la)
b) j;(s,a)da_ 15 R

{(s-Lea) +2{'(S—l,oz) N "(s-la)

c) jg"(s,a)da:2 (1_3)3 (1_3)2 1-5s

S(s-11-a)
s—-1

, C(C6-U-a)  £(s-11-a)
e) IC (sl-a)da = [ s + s )

d) [¢(s1-a)da =




f) In general, for aninteger r >0,

J‘g(r) (s,a)da = Zr:Cé’ é/([) (s-1a)

— (1 _ S) r+l-¢

for some absolute constants c,'s .

2) Under the action of the operator ai , we have the following diagram
o

WL a)+ 20 (La)+ 2L (La) > ¢M(0,a) > 2y, () > 2(C"(2,2) + £ (2,) > ...

© r ) (e _
3) We have jg(r) (s,a)da=->c, % for Re s>2,
1 = -3 ‘

where c,’s are absolute constants as in f) of Corollary 1) above.

Note :This is so, because for Re s>1 ,as a — o,

¢O(sa)=(-D)"D (n+a) log" (n+a) =0

n>0

1
4) We have j;m (s,a)da =0 for Re s<1.
0

Note : This follows from f) of corollary 1) and 1) of Proposition above .

5) For Re Sy Re s, <0 and for real s, we have
lim [£(s,,2)-¢(5,,@)-(s-DS (s, 0)dar = [ £ (5,,0) - (5, @)da =& (5,) - (5,)

= 2(272')51%272 -F(l—Sl)F(l— Sz)COS%(Sl _52) : 4(2_51 - Sz) _g(sl) : 4(52) ’

where s —1 from left through real values .
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6) Let m,m,,............ m, >1 be integers and let N =)'m, . Then

i=1

j;(l—ml,a)~§(1—m2,a) ............ <(@-m,,a)da

1
= IBm (@) B, (@).ceernn. B, (@)da is explicitly computable as
) mr 5 1 2 r

a rational number , which equals zero when N is odd .

Remark : Note that HBmz () is a polynomial with rational coefficients .

(=1

1 r
Hence j []B., (@)dais a rational number .

Note that _l[Bml (@)B,, (@)-everiennee B, (a)da
=ij1 l-a)-B, 1-a)ne. B, l-a)da = (—l)Nj‘Bml (@) By, (@)-enene. B, (2)da

=0, when N is odd.

7)If m,m, ... ,m, >0 are integers and Re s<1, then
1

[¢ma)-¢(=m,,a)........ L(-m,, @)l (s, a)da

0

is explicitly computable as a linear combination of

C(5-1),8(5—2) e ,¢(s—N) with coefficients dependent on s,

where N = Zr:(mi +1) is the degree of the product polynomial

i=1

S(-m,a)-S(m,, Q)............ -L(-m,, Q).

8)If m,m,,........ ,m, >0 are integers and Re s<1,
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then j{(—ml,a)~§(—m2,a) ............ S(-m,,a)-¢'(s,a)da

is explicitly computable as a linear combination of

¢'(s=1,'(5—2)ueiienns, C'(s—N) ; C(s=1),8(5—2),ccceriennn,y ¢(s—N)
with coefficients dependent upons, where N = Z(mi +1).
i=1

9) We have for Re s>1,

(2(27) = T2 (5)¢ (25) - £ * (1-5))

1
1
0, 1-s,a)-£(2-s,a)da =
! (0@ -s.a)-(@-sa)da=7 "
Assuming Proposition , we shall prove the corollaries .
Proof of Corollary 2) : We shall sketch the proof of

82
oa’

aiwo @)="_0a)=¢2a).
a

82

7
3 é”(O.O!)—aO[2

oa

We have

gas,a) o

_0 & _09. _9
= 257 S 6D o= 2o (55 + L)l o= s+ D+ 2.) g

=((s+DL(s+2,x) +SL(s+2,a) +S(s+1)L' (s +2,a)). ., =£ (2, ) .

Next , we show aig"(o,a) — 2y ()
(04

2

and -~ (-27,(@))= = ¢ 0.0) =2 2.0) +¢ ()
a oa

0 S
We have ag (O’a)__éa_asz £(s,a) |y

A _0 __ o

_852 da ¢(s,a) s 652( Sé’(S+l,a))|S:0 (S§(5+1aa)) lso=—27,() .
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a 82 . 82 62
Next, ——(-27,(@)=——¢"(0.0)=———5¢6a) |
0% o2 o?
= 85_2 8a2 é’(s, C() |S:O: aS—Z(S(S +1)§(S + 2,&))'520

= %{s L(5+2,0)+(5+DL(s+2,a)+S(s+D)C' (5 +2,a) ),

{g”(s+2,a)+s§'(s+2,a)+§(s+2,a)+(s+1)§'(s+2,a)

+(5+DC'(5+2,a)+5L'(5+2,a) +s(s+ 1) (s +2,) }S_O =2¢a)+<¢'(2,)) .

Proof of Corollary 5) : For Re s, , Re s, <0 and for real s with s<1,

[¢6a)-¢(5,,0) - (s-D¢ (s, @)da = =[S (s, @) g(sz,a)aig(s ~La)da
0 0 a
= _{4’(31’05) ¢(s,2)-¢(s-1a) ‘i:o —J.é'(S _1,05)'%(g(spa)'g(sz’a))da}
~0+ [¢(s-La) (¢ (5a)- (6
0 (04
Thus !Lrﬂjg(sl,a)-§(Sz,a)(s—1)§(s,a)da
~lim [ €6 -10) ¢ (510)- (550 = [ €10.0) (¢ (5)- £ 550 ))de
s—1 0 o 0 oa

- [G -0 (60 (s = (- ) (5,0) £ (62,0) [, + [£(61,0)-£ (50000,
0 o 2 0
on integration by parts .

This , inturn, = jcj(sl,a)-;(sz,a)da—é(sl){(sz)

= 2(277)Sl ree 2 -F(l—Sl)F(l—Sz)COS%(Sl _Sz)'§(2_51 _Sz)_§(51)'§(sz)-



Proof of Corollary 7) : We have

£y, @) £ (M, @) S (-, ) = (_ Bmﬂ<a)J[_ Bm2+1(a>J ............ [_ er+1(a)j

m, +1 m, +1 m, +1

= P, (a), say, where P, («) is a polynomial of degree N :Z(mi +1).

i=1

N
Let Py (a) =D aa', where a's are rational numbers..
(=0

Thus j.PN (a)cj(s,a)da:iaij‘aicj(s,a)da .

1 1
Note that for each i, Iaié”(S,a)da _ J‘aid(C(Sl—lsﬂ))
0 0 -

,.,/(s La) o g(s— 105) ot L I
1_ Sa | J. do ?'F:LJ.OC é’(s—l,a)da.

0

1 1
We write ja“lg(s—l, a)da = ja“ld(ﬁz_%] and continue the process of
0 0 -

integration by parts till we reach the stage , when we come across the integral

1
j;(s— i,a)da , which is equal to zero .

Thus jaig(s,a)da is a linear combination of £(s—1),{(s—2),.cccenues, £(s—i)

for each i=0,1,2,............. , N.

Proof of corollary 8) : We have I;(—ml,a) LMy, @) S(-m,a)-¢'(s,a)da

:ij (@)-¢'(s,a)da = ia,—ja" ¢'(s,@)da



where P, («) is the polynomial as in corollary 7) .

(oo (ig[£6-La) ((s-1a)
Note that !a -g“(s,a)da:_([a d( 1—sa o S)a Jda

[ [g(s La) , ¢(s- M)H j(:(s La) ¢(s- 1a)J i@ da
1-s (1-s)? o 0 @-79) (1-s)?

_g(s=1)  g6-1) I:(s La) ¢6-1a)) iy,
1s(1s) L @-5s) (1-5s)? '

We continue to integrate by parts j times .

Thus we find that ja"g‘(s,a)da is a linear combination of
¢'(s=1),5"(5—2)eceeeneny S'(s=1J); ¢(s=1,0(5—2),cccuerunn,s S(s—1J)
foreach j=12,........., N .

Proof of Corollary 9) : We have for Re s>1,

1 1 1 o _,
!((O,a)g”(l—s,a)-((Z—S,a)da = 2(8_1)£(§—a)£g (1-s,a)da

2(3 1){(__ a)s* (1= Sa)|a0+J.él Q- Sa)da}

( £2(1-s)+ j £A(1- Sa)daj (227) T2 (s)¢ (25) - 2 (1-9)) -

" 2(s —1) 2(s-1)
It is known that £(s,«)is an analytic function of the complex variable s
with a simple pole at s=1. In author [1], [2] it has been shown that £(s,a)is

an analytic function of the complex variable « except for possible singularities at

non-positive integer values of « . For an integer r >0, we write
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al’

0 _
& (s,a) = P

£(s,a) . In author [1], [2] it has been shown that ¢ (s,«) is an

analytic function of the complex variable a except for possible singularities at

a=0-1-—2,....... .

We have {(s,a) =) (n+a)~ forRes>1,

n>0

sothat (-1)'¢(s,a)=> (n+a)*log"(n+a) for r>0 .

n>0

Thus (-1)" ﬁg(”(s,a) =r) (n+a) g™ (n+a)-s) (n+a)log"(n+a).

80{ n>0 n>0
This gives aig“(”(s,a) =" V(s+La)-s¢(s+La) forRes>land r>1.
(04

By analyticity of £ (s,«) as a function of complex variables s and a, the above
result holds everywhere . This proves 2) of Proposition .

Let k >1 be an integer . Let ¢, (s,a) =) (n+a)~* for Res>1; and

n>k

its analytic continuation . Then ¢, (s,a) ={ (s, @) — Z(n+a)’5 =({(s,k+a) .

0<n<k-1

Let £, (s)=<(s) - Zn*S . Then in author [2], it has been shown that

1<n<k-1

S (s,a) = Z(_:I)ns(sﬂ) .......... (s+n-1)-¢, (s+n)in the disc |a| <k,

n=0

where empty product stands for 1.

This gives {(s,a)= D (N+a)° + D s(s+1D.ccou (s+n-1¢, (S+n)__(—:I)n

0<n<k-1 n=0

= Z(n +a)”* +¢.(s,a), say , where ¢, (s,«) is an analytic function of a in the disc
0<n<k-1

ar
oS’

lo| <k with k>1 arbitrary and 4" (s,a) =——¢,(s,a) can be obtained by
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term-by-term differentiation of ¢, (s,a) with respecttos, r times.

Thus £V (s,a)= D (n+a)*(-log(n+a))" +¢ (s,),

0<n<k-1

where ¢ (s,a) is an analytic function of a in the disc |o| <k and k >1 is arbitrary .

From the expression ((s,a)= Z(n+a)‘5+¢k(s,a) , Where ¢, (s,a)is
0<n<k-1

analytic in the disc |a| < k with integer k >1 arbitrary, we get the following :

1)

4)

If s=-m , where m>0 is an integer , then {(-m,a)= Z(n+a)m+¢k(—m,a).
0<n<k-1

Thus ¢(-m,a) is an entire function of a.

2) If s=m=>1lisaninteger,then {(ma)= > (n+a) ™ +¢.(M,a).

0<n<k-1
Thus ¢(m,a)has a pole of order m at every non-positive integer value of a..

3) If Res<0, then £ (s,a) =(-1)" D (n+a)~log" (n+a)+¢" (s, a),

0<n<k-1

where ¢ (s,a) is analytic function of a in the disc |o| <k . This shows that
¢ (s,a)is a continuous function of a, because if @ =-n,, where n, is a fixed

integer from amongst 0,1,2,............. , we have lim (n, +a)*log" (n, + «) =0,

for Re s<0 . This also gives that if s is any complex number, the only possible
singularities of ¢ (s,«) are non-positive integer values of a .

For Res>1, we have {(s,a) =) (n+a)™ .

n>0

As ié(n+0¢)*S =£i(n+oc)*s fora=-n,
oa 0s 0s O

0 8 \_9 0 S
we have aa—(Z(nJra) j_ P, (Z(nJra) J for Re s>1

n>0 n>0
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and for ¢ #—n , where n=012,.............. )

Thus iEcj(s,a) = iig(s,oc) for Re s>1 and for O<oa<1 .
oa 0S 0s O

Thus in view of analyticity of £ (s,«) as a function of each complex variable s

and a, we have iig(s,oe) =2i§(s,a) for s#1 and a#0,-1,-2,............ .
Oa 0 0s O

More generally, if r,,r, >0 are integers , we have

0" 0" 0" o"
¢(sa)

n r - r n
oa* 0s 057 oa

¢(s,a) for szland a #0,~1-2,.......... .

. o, 0 0
In particular, —| — (s, =——((s,a),, fOr a=0,-1-2,...... .
p aa[asc( “)l_o 02 f(sa),q for a=01

That is, ig'(o,a) = 2(_55(5 +La)) |, -
oo oS

Let £(s+1 ) =%+27n (2)s" sothats¢(s+La) =1+ y,(0)s"" =D y,.()s",

n=0 n=0 n=0

where we have written y_ () =1
Thus (s¢(s+1a))" | _,=ry, () for r=012,............ :

Here the superscript (r) denotes r-th order derivative with respecttos.

Thus we have ig‘(o,oz) =—y,().
oa

r(e)

However , we know ¢'(0,a)=log—= for a=-n, where n=012,..........

J2z

Thus we have y(a) =-y,(«), where y () = %(a) .

Note that w (1) =—y,(1) =—y,where y is Euler’s constant .
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P (r)
The fact (s¢ (s +1.0))” |, o= 17, () gives (6—4(s,a)j o= 1171 (@)
(04

Equivalently , we have aig(” (0,a)=-rly,,(a) for r>0 .
(24

5) Wehave {'(0,a)=— > log (n+a)+¢,(0,)

0<n<k-1

O o 1 o,
sothatag(o,a)— > +aa¢k(0,a).

osnsk—1 N+ &

. 1 o ,
That is w(a) = _0s§_1 h+a) + £¢k 0,a).

Thus w(a) has a simple pole at each non-positive integer value of a and

r

consequently for r>1, w(a)=(-1)""r¢(r+1La). has a pole of order (r +1) at

ar
each non-positive integer value of a and is analytic elsewhere .

This completes our proof .
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