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THE TWISTED ALEXANDER POLYNOMIAL FOR FINITE
ABELIAN COVERS OVER THREE MANIFOLDS WITH
BOUNDARY

JEROME DUBOIS AND YOSHIKAZU YAMAGUCHI

ABSTRACT. We consider a sign—determined Reidemeister torsion with multi-
variables for three manifolds with boundary. This invariant is often called the
twisted Alexander polynomial when we consider link exteriors. Our purpose is
to provide the twisted Alexander invariant of finite abelian covers over three
manifolds with boundary, which is given by the product of those of the base
space manifold. This is a generalization of the Alexander polynomial of knots
in finite cyclic branched covers over the three sphere. We show examples for
fibered manifolds in details and also show an example in a non—fibered case.

1. INTRODUCTION

The classical Alexander polynomial is defined for null-homologous knots in ra-
tional homology spheres, where null-homologous means that the homology class of
a knot is trivial in the first homology group of the ambient space.

If the pair (M K ) of a rational homology sphere M and a null-homologous knot
K in M is given by a finite cyclic branched cover over S® branched along a knot
K, where K is the lift of K, then we can compute the Alexander polynomial of K
by using the well-known formula:

Ap(t) = H Ak (&t) up to a factor +t* (a € Z)
ge{xzeC|ar=1}

where k is the order of the covering transformation group, £ runs all over the k-th
roots of unity and Ag(t) is the Alexander polynomial of K. Such formulas have
been investigated from the viewpoint of Reidemeister torsion for a long time. In
particular, V. Turaev gave a formula for the Alexander polynomial of K in a finite
cyclic branched cover over 52, and a generalization in the case of links in general
three—dimensional manifolds (we refer to [Tur86, Theorem 1.9.2 and 1.9.3 ]).

The purpose of this paper is to provide the generalization of the above formula
giving the Alexander polynomial of a knot in a finite cyclic branched cover over S3
to a formula for the twisted Alexander polynomial of finite abelian covers, which
is a special kind of Reidemeister torsion. Especially, we also consider the twisted
Alexander polynomial for a link in a three-dimensional manifold from the viewpoint
of Reidemeister torsion in the same way as V. Turaev. But to deal with finite
abelian covers beyond finite cyclic covers, we adopt the approach of J. Porti in
his work [Por04]. Porti gave a new proof of Mayberry—Murasugi’s formula, which
gives the order of the first homology group of finite abelian branched covers over
53 branched along links, by using Reidemeister torsion theory. We call the twisted
Alexander polynomial the polynomial torsion regarded as a kind of Reidemeister
torsion.
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In this paper, we are interested in the Reidemeister torsion for a finite sheeted
abelian covering. We are mainly intested in link exteriors in homology three—spheres
and its abelian covers. Our main theorem (see Theorem 1) is stated for an abelian
cover M — M between two three-dimensional manifolds with boundary as follows:

qu@p(t) — . H A%@P)@f(t)
€eq

where Affﬁ (t) and ASC’;@J )®£(t) are the signed twisted Alexander polynomials with

multivariable, G is the Pontrjagin dual of the covering transformation group G and
€ is a sign determined by the homology orientations of M and M.

To be more precise, we need two homomorphisms of the fundamental group to
define the twisted Alexander polynomial of a manifold. The symbol ¢ denotes a
surjective homomorphism from 71 (M) to a multiplicative group Z" and p denotes a
homomorphism to a linear automorphism group of some vector space (see Section 3
for the definition of the polynomial torsion). To define the twisted Alexander
polynomial of M, we use the pull-backs @ and  of ¢ and p to m; (M) (see Section 4).

When we choose M — M as a finite cyclic cover of a knot exterior Fx of K in
S3, ¢ is the abelianization homomorphism 71 (Ex) — m(Ek)/[m1(Ex), 71 (Fk)] ~
Z and p is the one—dimensional trivial representation, Theorem 1 reduces to the
classical formula for the Alexander polynomial of K, where K is the lift of the knot
in the finite cyclic branched cover over S3:

Ag(t) = I 2axe,

¢e{weC|ak=1}

up to a factor +t% (a € 7Z), where k is the order of m(M)/m (M). Our formula
also provides the Alexander polynomial of a link in finite abelian branched covers
over S3 branched along the link.

We show some explicit computation examples in the last section 5. In particular,
for three—dimensional manifolds fiber over the circle, the polynomial torsion for such
manifold is expressed as the characteristic polynomial of the twisted monodromy
induced by the fibered structure (see Theorem 2). When we construct an m-fold
cyclic cover over a fibered three—dimensional manifold by the m-times composition
of the twisted monodromy ¢, of the base space, we can realize the polynomial
torsion as the characteristic polynomial det(t™1 — ¢7*), which gives easily com-
prehensible examples of Theorem 1. We give the characteristic polynomial for the
figure eight knot exterior as an example of computation for fibered manifolds. We
also write down an example of non—fibered knot exterior in details.

ORGANIZATION

The outline of the paper is as follows. Section 2 deals with some reviews on
the sign—determined Reidemeister torsion for a manifold and on the multiplicative
property of Reidemeister torsions (the Multiplicativity Lemma) which is the main
tool for computing Reidemeister torsions by using a cut and past argument. In
Section 3, we give the definition of the polynomial torsion (the twisted Alexander
polynomial) for a manifold with boundary. In Section 4, we consider the polynomial
torsion of finite abelian covering spaces (see Theorem 1) and the problem of the
sign are stated and proved. In the last section 5, we will see several examples of
our main theorem and computation methods for the polynomial torsion of knot
exteriors.
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2. PRELIMINARIES

2.1. The Reidemeister torsion. We review the basic notions and results about
the sign—determined Reidemeister torsion introduced by V. Turaev which are needed
in this paper. Details can be found in Milnor’s survey [Mil66] and in Turaev’s mono-
graph [Tur02].

Torsion of a chain complex. Let C, = (0 = C, A, Ch_1 %;> Ly Co — 0) be
a chain complex of finite dimensional vector spaces over a field F. Choose a basis
¢ of C; and a basis h' of the i-th homology group H;(C.). The torsion of C,
with respect to these choices of bases is defined as follows.

For each i, let b’ be a set of vectors in C; such that d;(b?) is a basis of B;_; =
im(d;: C; = C;_1) and let hi denote a lift of h' in Z; = ker(d;: C; — C;_1). The
set of vectors di 1 (b1 )h’bi is a basis of C;. Let [d;1(b**!)h'b’/c/] € F* denote
the determinant of the transition matrix between those bases (the entries of this
matrix are coordinates of vectors in d;41 (b )h’b? with respect to ¢?). The sign-
determined Reidemeister torsion of C, (with respect to the bases ¢* and h*) is the
following alternating product (see [Tur01, Definition 3.1]):

(1) Tor(C.,c*,h*) = (~ )% [][dis1 (b H)R'D ] D7 € F*.
i=0
Here
C =" aw(C)B(C),
k>0
where a;(C,) = ZZ:O dim Cj, and B;(Cy) = ZZ:O dim Hy (C,).

The torsion Tor(C,, c*, h*) does not depend on the choices of b’ nor on the lifts

h'. Note that if C, is acyclic (i.e. if H; = 0 for all 4), then |C,| = 0.

Torsion of a CW-complex. Let W be a finite CW-complex and (V, p) be a pair of
a vector space with an inner product over F and a homomorphism of 7 (W) into
Aut(V). The vector space V' turns into a right Z[m;(W)]-module denoted V, by
using the right action of 71 (W) on V given by v -~ = p(y)~!(v), for v € V and
v € m(W). The complex of the universal cover with integer coefficients C, (W, Z)
also inherits a left Z[m (W)]-module via the action of 71 (W) on W as the covering

group. We define the V,-twisted chain complex of W to be
CL(W3V,) =V, @gpmy(wy) Co(W; Z).

The complex C,(W;V,) computes the V,-twisted homology of W which is denoted
H,(W;V,).
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Let {ef,...,e% } be the set of i-dimensional cells of W. We lift them to the
universal cover and we choose an arbitrary order and an arbitrary orientation for
the cells {éﬁ, e ,éfh_ } If we choose an orthonormal basis {v1,...,v,,} of V| then
we consider the corresponding basis

i_ =i i i i
c —{v1®el,...,vm®el,--- ,v1®eni,...,vm®eni}

of C;(W;V,) =V, ®zr, (w) Cs (W;Z). We call the basis ¢* = @;c? a geometric
basis of C,.(W;V,). Now choosing for each i a basis h’ of the V,-twisted homology
H;(W;V,), we can compute the torsion

Tor(C\(W;V,),c*,h*) € C*.

The cells {éé ‘ 0<i<dimW,1 <5< nl} are in one-to—one correspondence
with the cells of W, their order and orientation induce an order and an orienta-
tion for the cells {é; ‘ 0<i<dimW,1 <5< nz} Again, corresponding to these
choices, we get a basis ¢k over R of C;(W;R).

Choose an homology orientation of W, which is an orientation of the real vector
space H.(W;R) = D,5, Hi(W;R). Let o denote this chosen orientation. Pro-
vide each vector space H;(W;R) with a reference basis h% such that the basis
{h]%, cee hﬁgmw} of H,(W;R) is positively oriented with respect to 0. Compute
the sign-determined Reidemeister torsion Tor(C,.(W;R),ck,hy) € R* of the re-
sulting based and homology based chain complex and consider its sign

7o = sgn (Tor(C.(W;R), cg, hy)) € {£1}.

We define the sign—refined twisted Reidemeister torsion of W (with respect to
h* and o) to be

(2) 70 - Tor(Cy(W;V,),c*,h*) e F*.

This definition only depends on the combinatorial class of W, the conjugacy class
of p, the choices of ¢*, h* and the homology orientation o. It is independent of
the orthonormal basis of V' and of the choice of the positively oriented basis of
H,.(W;R). Moreover, it is independent of the order and orientation of the cells
(because they appear twice).

Remark 1. The torsion (2) depends on the choice of the lifts € under the action
of m (W) by p. The effect of different lift of a cell is expressed as the determinant
of p(7y) for some « in 7 (W). To avoid this problem, we often use representations

into SL(V') in applications.

Remark 2. In particular, if the Euler characteristic x (W) is zero, then we can use
any basis of V' because the effect of change of bases is the determinant of base
change matrix with power of x(W).

One can prove that the sign—refined Reidemeister torsion is invariant under cel-
lular subdivision, homeomorphism and simple homotopy equivalences. In fact, it
is precisely the sign (—1)!“*! in Equation (1) which ensures all these important
invariance properties to hold (see [Tur(2]).

2.2. The Multiplicativity Lemma for torsions. In this section, we briefly re-

view the Multiplicativity Lemma for Reidemeister torsions (with sign).

First, we review compatible bases of vector spaces. Let 0 — E' - E % E” — 0

be a short exact sequence of finite dimensional vector spaces and let s denotes a

section of j. Thus, i®s: E'@E" — F is an isomorphism. We equip the three vector

spaces B/, E and E” respectively with the following three bases : b’ = (b’l, ce b;),

b = (by,...,b,), and b” = (b’l', .. .,bf]’). With such notation, one has n = p + g,

and we say that the bases b’, b and b” are compatible if the isomorphism 7 ® s :
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E' @& E” — E has determinant 1 in the bases b’ Ub"” = (b’l, N ...,b;’) of
E'@® E” and b of E. If it is the case, we write b ~ b’ Ub”.
We review the multiplicativity property of the Reidemeister torsion (with sign).

Multiplicativity Lemma. Let
(3) 0-C,—=Ci—C!—0

be an exact sequence of chain complexes. Assume that C!, C, and C! are based
and homology based. For all i, let ¢'*, c* and c”" denote the reference bases of C!
C; and C!' respectively. Associated to (3) is the long sequence in homology

Let M, denote this acyclic chain complex and base Hsiro = H;(CL), Hzit1 =
H;(C,) and Hz; = H;(CY) with the reference bases of H;(C.), Hi(Cy) and Hl(Ci')
respectively. If for all i, the bases ¢, ¢' and c""* are compatible, i.e. ¢t ~c'"Uc"",

then the torsion Tor(C,,c*, h*) is expressed as
Tor(C,, ¢*, h*) = (—1)*(CeCN+e(CLCLC) L Tor(C!, /% h'™)
: TOI‘(C;/, C”*, h//*) : TOY(H*v {h*a h/*a h//*}a @)

where
a(CL,Cl) =" a1 (CL)ai(CY) € Z)2Z
120
and
e(CL, C., CL) = ((Bi(CL) + D(Bi(CL) + Bi(CL)) + Bima (CL)BI(CY)) € Z/2.

i>0

The proof is a careful computation based on linear algebra, we refer to [Tur86,
Lemma 3.4.2] and [Mil66, Theorem 3.2]. This lemma appears to be a very powerful
tool for computing Reidemeister torsions. It will be used all over this paper.

3. DEFINITION OF THE POLYNOMIAL TORSION

In this section we define the polynomial torsion. This gives a point of view from
the Reidemeister torsion to polynomial invariants of topological space.

Hereafter M denotes a compact and connected three—-dimensional manifold such
that its boundary OM is empty or a disjoint union of b two—dimensional tori:

OM =T}U...UTZ.

In the sequel, we denote by V' a vector space over C and by p a representation
of m (M) into Aut(V), and such that det p(v) =1 for all v € w1 (M).

Next we introduce a twisted chain complex with some variables. It will be done
by using a Z[r1 (M )]-module with variables to define a new twisted chain complex.
We regard Z™ as the multiplicative group generated by n variables t1,...,t,, i.e.,

Z" = (t1,. .. to | tit; = tjt; (Vi, 5))
and consider a surjective homomorphism ¢: m (W) — Z™. We often abbreviate
the n variables (¢1,...,t,) to t and the rational functions C(t1,...,t,) to C(¢).
When we consider the right action of 71 (M) on V(¢) = C(t) ® V by the tensor
representation
p@p "t m (M) = Aut(V(t), v (7)) ®p~ (7),
we have the associated twisted chain C.(M;V,(t)) given by:

CL(M;Vp(2)) = Vo) @zpm, any) C (M5 2)
5



where f ® v ® 7 - o is identified with fo(v) ® p(7) " (v) ® o for any v € 71 (M),
o€ Cu(M;Z),veVand f € C(t). We call this complex the V,(t)-twisted chain
complex of M.

Definition 1. Fix a homology orientation on M. If C,.(M;V,(t)) is acyclic, then
the sign-refined Reidemeister torsion of C,(M;V,(t)):

Aﬁ?’)(tl, ooy ty) =710 - Tor(Cyu (M; V,(t)),c*,0) € C(ty, ..., tn) \ {0}
is called the polynomial torsion of M.

Observe that the sign—refined Reidemeister torsion A‘Ii}@p (t1,...,t,) is deter-
mined up to a factor t"* - - - " such as the classical Alexander polynomial.

Example 1 (J. Milnor [Mil68a], P. Kirk & C. Livingston [KL99]). Suppose that
M is the knot exterior Ex = S\ N(K) of a knot K in S3.

If the representation p € Hom(m (Ex); Q) is the trivial homomorphism and ¢ is
the abelianization of m (Ek), i.e., ¢ : m1(Ex) — H1(Ek;Z) ~ (t), then the twisted
chain complex C,(FEx;Q(t),) is acyclic and the Reidemeister torsion A?ip (t) is
expressed as a rational function which is the Alexander polynomial A () divided
by (t — 1) (see [Tur02]).

In the case of a one-dimensional representation p: w1 (Ex) — GL(1;C) = C\{0},
such that p(p) = &, the twisted chain complex C,(Ex;C(t),) is also acyclic, and
the Reidemeister torsion A‘g}%p(t) is given by (up to +£tF, k € Z):

_ Ak(ét)

agr(e) = 5

Ex

where Ak (t) is the Alexander polynomial.

Example 2. Suppose now that M is the link exterior £, = S\ N(L) of a link L
in S2. We suppose that L has 2 or more components and n denotes the number of
that components. We denote by u; the meridian of the i-th component. Consider
the abelianization ¢: m(Fr) — Z" defined by ¢(u;) = t;. Let p: m(EL) —
GL(1;C) = C\ {0} be the one-dimensional representation such that p(u;) = &;.
Then the twisted chain complex C.(Er;C(t),) is acyclic and the Reidemeister
torsion Ag%p(tl, ... ty) is given by (up to £ (&1t1)k - (Entn)Fn, ki € Z):

AL (s tn) = Ap(&itr, - Gntn)

where Af(t1,...,t,) is the Alexander polynomial of L.

4. TORSION FOR FINITE SHEETED ABELIAN COVERINGS

4.1. Statement of the result. Let M be a finite sheeted abelian covering of M.
We denote by p the induced homomorphism from 71 (M) to 7y (M) by the covering
map M — M. The associated deck transformation group is a finite abelian group
G of order |G|. We endow the manifolds M and M with some arbitrary homology
orientations.

We have the following exact sequence:
(4) 1o m(M) L mnm) 56—t

When we consider the polynomial torsion for M , we use the pull-back of homo-
morphisms of 71 (M) as homomorphisms of 71 (M). We denote by ¢ the surjective
6



homomorphism from 71 (M) to Z", which mainly means that the quotient homo-
morphism 7, (M) — Hy(M;Z)/Tors, and by & the pull-back by p:

1 (M) — 71 (M)

N

7.

The above sequence (4) also induces homomorphism from Hy (M;Z) into Hy (M;Z),
whose image is of maximal rank in Hy(M;Z). Since the homomorphism ¢ factors
through H;(M;Z), the image of ¢ is also of maximal rank in Z". Thus we can
regard @ as a surjective homomorphism from 71 (M) to im @ ~ Z". Similarly we
use the symbol p for the pull-back of p: w1 (M) — Aut(V') by p, where V is a vector
space. For homomorphisms of the quotient group G ~ m(M)/m (M ), we use the
Pontrjagin dual of G which is the set of all representations {: G — C* from G to
non-zero complex numbers. Let G denote this space.

We give the statement of the polynomial torsion for abelian coverings via that
of the base manifold.

Theorem 1. With the above notation, we suppose that the twisted chain complex
Cy(M;V,) is acyclic. Then the twisted chain complex C,(M;V5) is also acyclic and
the polynomial torsion is expressed as

(5) Aw@p H A <P®P ®£
ced

where € is a sign equal to To(M) - 7o(M)IC!.

Remark 3. When the order |G| is odd, the sign term e in Equation (5) is described
by the homology orientations of M and M and by the torsion of the covering
map. We will discuss how to determine € in the subsequent section of the proof of
Theorem 1.

Remark 4 (Explanation of Formula (5) with variables). Formula (5) can be written
concretely as follows:

A?fﬁ(tl, ceytn) =€- H AP (tE(t), - - tné(tn)
€eq

In the special case where n = 1, G = Z/mZ and M is the m—fold cyclic covering
M,, of M, then we have that £(t) = e2™kV=I/m  Hence we have the following
covering formula for the polynomial torsion.

Corollary 1. Suppose that (w1 (M)) = (t) and o(m1(M,,)) = (s) C (t), where we
suppose that s =t™. We have

m—1
AL]@@/J( ) A«P@p(tm _ H Atp®p 27rk\/7/mt)
k=0

The torsion Affnp (t™) in Corollary 1 can be regarded as a kind of the total
twisted Alexander polynomial introduced in [SW]. Hirasawa and Murasugi [HMO07]
worked on the total twisted Alexander polynomial for abelian representations as in
Example 1 and they observed the similar formula as in Corollary 1 in terms of the
total Alexander polynomial and the Alexander polynomial of a knot in the cyclic
branched coverings over S3.



4.2. Proof of Theorem 1. We use the same notation as in Remark 4.
First observe the following key facts:

(1) the universal cover M of M is also the one of M,

(2) the torsion Affp is computed using the twisted complex
Vo(te, ... tn) [y (X1)] C.(M;7Z),

(3) whereas the torsion A%®” is computed using
Vp(tlv SRR t’n) ®Z[71'1(]\/I)] Ci (M7 Z)7

(4) finally there is a natural action of G on Vj(t1, ..., tn) @z (ip) C.(M:7).

This action is defined as follows: for z € V,(t1,...,tm), c € C. (1\7, Z) and
g € G, choose v € w1 (M) such that 7(y) = g the action is given by:

(6) g * (.’L‘ ®7r1(M) C) = (Efy—l ®7r1(1\;1) yc.

Further observe that, since for any lift v of g, 7 is not contained in p,(m (M ),
we can not reduce the right hand side in Equation (6).

Lemma 2. The G-action in Equation (6) is independent of the choice of lifts of g.

Proof. Take another lift 7 of g € G and define +" as follows:

1

g */ (:C ®7‘_1(M) C) = ;L',-y/— ®7.r1(1\}[) /'Y/C.

Observe that v~ 14/ is contained in p, (71 (M)). Hence the action g=! % (g« (z ® ¢))
turns into z ® ¢ from the following calculation:
g (gx (@@, o) =g x (@ @, iy e
=2(v") T @ iy (1Y )e
=x ®m(1\2) c
This gives the equality g  (z @y (41 c)=g* (x &, (1) c). (]
The proof of Theorem 1 is based on the following technical lemma.

Lemma 3. The map
(1) ®:Vylt) @y iy O (VT 2) = (Vy(8) @ CIG)) @i,y C- (M 2)
given by
O(x &, (11) c)=(z®1)®c
is an isomorphism of complexes of C[G]-modules.
The action of G on (V,(t) ®@c C[G]) @z(r, (ar)) Cx(M;Z) is given by
g- (g ®c)=r®g9 @c
Proof of Lemma 3. We first observe that ® is a well-defined chain map of C—vector
spaces since 71 (M) is a normal subgroup of m(M). Let us check that @ is G-

equivalent. Let z € V,(t), ¢ € C, (M;Z), g € G and choose vy € m1(M) such that
() = g, then we have the following G-equivalence:

D(g* (@, ) ) = Pay ! ® ey (1) VC)
=y '®1)®~c
=y yeg®c
=(r®g)®c
=g Pz & (1) c).
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Since O(z @, iy €) = T @, ) O¢ = 32, n5(T @ (xpy 'yjezfl), n; € Z and
vi € m1 (M), we must check the compatibility of ® with the tensor products in both
chain complexes. The G-equivalence guarantees that ® is well-defined as a chain
map under the actions of 7y (M) and 7, (M). For every g € G, let 7, € m (M)
be a lift of g, i.e., m(yy) = g. Set v € m (M) as w(y) = ¢g. This means that
vty € m (M). Then the tensor product z ® ey (1) 76;—1 turns into

i—1

T @, i Ve = g9t x (x ® e (41) 7@2_1)

= g% (27 @, ) Vg 7€)
=gx* (v O (1) eé-_l)

The map ® sends 2®_ ) ye;’l to (z®1) ®ye§f1_ On the other hand, these chains
-1 _

are also expressed as © @,y 'ye;_l =gx*(zy ® e (1) eé‘l) and (z®1) ®@vei " =

(zy®¢g)® eéfl. By the G-equivalence, we can see that the map ® is well-defined.
To prove that ® is an isomorphism we look at the geometric basis for the com-
plexes and prove that ® maps geometric bases to geometric bases. Let {e} }j be the

i-dimensional cells of M and choose {z1,...,z,} a C-basis of the vector space V.

The corresponding i-dimensional cells of M are given by {géé- [1<j<nige Gl
We denote by {€} |1 < j < n;} the i~dimensional cells of the universal cover M.

For every g € G, let v, € m (M) be such that 7(yy) = ¢g. With such notation,
one can observe that

(8) & =Uiso{or @, ) 16511 <Jj<niy1 <k <n,g € G}
is a C[t]-basis for Viho(t) @z ) C*(M; Z). Since the action of every 7, is
invertible on sly(C), the set
@) {g* (@@ &) = 17y @y iy 1085 |1 < J < niy 1 <k <nyg € GY
also gives another basis of each V,(t) @ () Ci(ﬁ; Z). Observe that:

(g x (xk D, () €5)) = (21 @ 9) @ .
Further observe that {z; ® g|1 < k < n,g € G} is a C[t]-basis for V,[t] ®@c C[G],
thus we deduce that
(10) ch =Uino{(zx®9)®¢; |1<j<ni,1 <k <3,9€G}

is a basis of (V,[t] ®c C[G]) @z, (ar)) C*(M; Z), which achieve the proof of the
lemma. (]

Remark 5. In particular, Lemma 3 implies that the complex
(Vo (t) ®c C|G]) ®zfx, (ary) Cs (M Z)
is acyclic.

The basis in Equation (8) introduced in the proof of Lemma 3 is the geometric
basis used to compute the polynomial torsion Ag@p . One can observe that the
transition matrix from the basis in Equation (8) to the basis in Equation (9) has
determinant 1. Thus, A?fﬂ can also be computed using the basis in Equation (9).

Finally observe that ® maps the basis in Equation (9) to the geometric basis in
Equation (10), thus

AZEP = (M) - Tor((V,(t) ®c CG)) @zr, (a1) Ce (M 2), €7, 0).
9



Now, we want to compute the torsion of (V,(t) @c C[G]) @z(x, (ar)] Cx (M, Z) in
terms of polynomial torsions of M. To this end we use the decomposition along
orthogonal idempotents of the group ring C[G], see [Ser78] for details. Associated
to & € G, we define

¢(gHg e C|
fe= |G|g§5 <

The properties of fe are the following:
fE="Te Jefe =0(if €£&), Y fe=1
ceq
and

g-fe=E&(9)fe, forallg e G.

We have the following C[G]-modules decomposition of the group ring as a direct
sum according to its representations:

(11) ClG) = @ Clfel.
ced

Here each factor is the 1-dimensional C-vector space which is isomorphic to the
C[G]-module associated to £: G — C*.

Following [Por04, Section 3], corresponding to the decomposition in Equation (11)
we have a decomposition of complexes of C[G]-modules:

(Vo (t) ®c CIG]) @zim,y (ary) C (M Z) = @D (Vo (t) ®c Clfe]) @zimy (a1y) Cu (M Z).
ced

The geometric basis in Equation (10) induces a basis compatible with the decom-
position in Equation (11) by replacing {g|g € G} by {fe|¢{ € G}. The change
of basis cancels when we compute the torsion because Euler characteristic is zero,
see [Por04, Lemma 5.2]. And thus decomposition in Equation (11) implies that (in
the natural geometric bases):

Affﬂ = 70(M) - Tor((V, (t) ®C<C[G]) zimn) C(M;Z), ¢&,0)
(12) M H Tor((V,(t) @c C[fe]) @zjm, (ar)) C (M Z),c*,0).
ted

Each factor in the right hand side is related to the polynomial torsion of M and
its relation is given by the following claim.

Lemma 4. We have:
AEPPEE = 1 (M) - Tor((V,(t) ®c Clfel) @zimy(ary) Cu (M; Z), ", 0).

Proof of Lemma 4. One can observe that, as a Z[r (M )]-module, V,(t) ®c C[f¢] is
isomorphic to V,,(t) simply by replacing the action p® p by (p® p) ®§. This proves
the equality of torsions. O

Proof of Theorem 1. Combining Equation (12) and Lemma 4, we obtain
Aw@p _ 7‘0( |G| H A <P®P
ceG

which achieves the proof of Formula (5). O
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4.3. The sign term in covering formula. When the order of the covering is
odd, the sign term e in Equation (5) is the product of two sign—torsions 7o(M) and
TO(M ). Here, we discuss what this sign term depends on. Actually, this sign term
is determined by the torsion of the covering map p and depends on the homology
orientations of M and M we have chosen for the computation.

The torsion of the covering map p is by definition given by the torsion of the pair
formed by the mapping cylinder M, of p and the covering M. Here the mapping

cylinder of a continuous map p : M — M is defined as
M, = (M x [0,1]) U M)/((z,1) ~ p(x)).

Since the natural projection (M x [0,1])UM — M, is an embedding on M x 0 and
M, we regard M = M x 0 and M as subspaces of M,,.

Remark 6. Note that M is a retract of M, for example, a deformation retract is
given by h : M, — M, h(z,t) = p(z) for € M, t < 1, h(y) =y for y € M. In
particular, the homology groups H,(M,;R) can be identified with H.(M;R). This
and the commutative diagram

(13) r b M,

BN

M

show that the inclusion ¢, : M < M, is a homotopy equivalence if and only if p is
a homotopy equivalence.

By the abelianization of the sequence (4), we can also see that the image of
H,(M;Z) — Hy(M;Z) has maximal rank. Thus the induced homomorphism p :
H,(M;R) — Hy(M;R) is onto. Actually, since Euler characteristics of M and M
are zero, the homomorphisms p : Hz(M, R) — H,;(M;R) induced by p are onto for
all 4.

We can describe the difference between H;(M;R) and H;(M;R) by using the
homology of the pair (M), M)

Lemma 5. The long exact sequence for (M, M) 1s splitting into the following short
exact sequence:

(14) 0 — H;y1(M,y, M;R) — H;(M;R) — H;(M,;R) = H;(M;R) — 0
for each i.

Proof. The homology long exact sequence for the pair (M, M ) is given by

s Hi (M, NGR) = Hy(VER) 2% B (M R) = -
and the homomorphism (i ;). induced by the usual inclusion is in fact onto.
Since the map p and h induce a surjection and an isomorphism between homology
groups in the commutative diagram (13), the inclusion iy, induces a surjective
homomorphism (i,;).. Hence the long exact sequence splits into the short exact
sequences. O

From now on, we identify H;(M,;R) with H;(M;R) and endow M, with the
homology orientation of the one of M.

We denote by hi (resp. hj) a basis of the homology group H;(M;R) (resp.
H;(M;R)) which is compatible with the given homology orientations. The short
exact sequence (14) gives a basis hi," ™" of H; (M,,, M; R) which is compatible with
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hi, and hj. More precisely, if o is a section of (i), then the determinant of the

transition matrix of hl "o (h) to hi, is 1. The set hl,* = U;sohg” gives a homology

orientation of C, (M, M; R) which is called the induced homology orientation from

those of M and M.
Applying Multiplicativity Lemma to the short exact sequence:

(15) 0 = Cu(M;R) — Cu(My;R) — Co(M,,, M;R) — 0,
we have the following result.

Lemma 6. Let hi, and lAlﬁ{ respectively be basis of H;(M;R) and HZ(M,R) If
h]’RZJrl is the induced basis of Hi+1(Mp,M;R) obtained from hi and flﬁé, then the
torsion Tor(Cy(My; R), &5, h3) is expressed as

Tor(C.(Mp;R), cg, hy)
= (~1) MDA Tor(C, (M R), &5, Bf) - Tor(C. My, M; R), ¢'%, hiy")
where a(M,, M) and e(M,, M) denote
a(C,.(M;R),Cy(M,, M;R)) and &(Co(M;R),Cy(M,;R),Cy(M,, M;R))
for the short exact sequence of complexes (15).

Since M is a deformation retract of the mapping cylinder M,,, we can prove that
the torsion Tor(Cy(Mp;R),ci, hi) is equal to Tor(C.(M;R), ck, hy) up to a sign
term.

Lemma 7. The torsion of the mapping cylinder M, is given by :
(16)  Tor(Cu(MyiR), ¢ Bi) = (~1)*M™ . Tor(C, (M;:R), ¢, h3)
where a(Mp,, M) denotes a(Cy(M;R), Ci.(M,, M;R)).
Proof. If we apply Multiplicativity Lemma to
0 — Cu(M;R) — Co(My;R) = Ci(Mp, M;R) — 0,
then we obtain the following equality
Tor(C.(My; R), ¢, ) = (—1)* MM +=(M) Tor(C (M; R), c3, h)
(17) - Tor(C' (M, M;R), ¢k, hy") - Tor(H, {hj, hi, h "}, 0).

Observe that H;(M,, M;R) = 0 for all i (because H;(M,;R) ~ H;(M;R)). Hence
B:i(Cy(Mp, M;R)) = 0, for all ¢. This implies that ¢(M,, M) = 0. Since H.(M;R)
and H,(M,; R) are endowed with the same basis, the torsion Tor(#, {h%, h, hi*}, 0)
turns equal to 1. It is known that M, is obtained by some elementary expansions
from M. Therefore the torsion of the pair (M, M) is also 1 (for more details, we re-
fer the reader to [Tur01, Lemma 8.4]). Substituting these results into Equation (17),
we have the Equation (16). O

Lemmas 6 & 7 guarantee the equality among three torsions Tor(C. (M;R), cg, hy),
Tor(Cy(M;R), ck, flﬁi) and Tor(C,(M,, M;R),ck, hi”) up to a sign. Now, we de-
scribe the relation among these three torsions more precisely.

Lemma 8. We have the following equality in Z/27.:

(M, M) = a(M,, M) mod 2.

12



Proof. By the definition of the mapping cylinder M, the cells of M, are {e},
{e x [0,1]} and {e'}, where e runs over cells in M and €’ runs over cells in M.
Thus, the dimension of Cj(M,;R) is given by
dimg Cy(M,; R) = dimg Cy(M;R) + dimg Cj,_1 (M; R) 4 dimg Cy,(M;R)
= |G| dimg Cy(M;R) + |G| dimg C—1 (M;R) + dimg Cr,(M;R).
Hence
dimg Cy (M, M;R) = |G| dimg Cy_1(M;R) + dimg Cj(M;R)
and
dimpg Ck(Mp, M;R) = |G| dimp Ck(M, R) + |G| dimp Ck_l(M; R)
We are now ready to compute oM, M ) as follows:
Q(Mpa M) - Q(C* (Ma R)v C* (Mpv Ma R))
= @i 1(CL(M;R)) - i (Cu(M,, M;R))

= 161+ 3216 (1 (Co (MR + i1 (CL (M3 R)) - aa(C (M R)).
Similarly we compute a(M,, M):
a(My, M) = G] - 3 (i1 (Co(M; R))? + 41 (Co(M; R)) - 04(Cu(M; R)).
Since |G| = |G| mod 2, then a(M,, M) coincides with a(M,, M) mod 2. [
Lemmas 6, 7 and 8, give us the following proposition.

Proposition 9. If the homology groups H.(M;R), H, (M;R) and H,.(M,, M;R)
are endowed with the same bases as in Lemma 6, then

Tor(C. (M; R), i, hi)
— (=1)* M2 M) Tor(C, (M; R), ¢, i) - Tor(Cu (M, M;R), ¢, hy").
Moreover, the sign difference between torsions for M and M s expressed as
e=10(M) - 70(M)
= sgn(Tor(Cy(M; R), ¢, hy)) /sgn(Tor (C..(M; R), ¢, b))
= (=1)" ) - sgn(Tor(p, hi, b)),

Here Tor(p, hﬂ%,ﬁﬁ%) = Tor(C, (MP,M;R),C]E,h]’R*), where h," denotes the basis of
H.(M,, M;R) induced by hi and hi.

Remark 7. If p, gives an isomorphism between Hi(M;R) and H;(M;R) for all i,
then (M, M) turns into zero by definition.

4.4. The case of knots. As an illustration of Proposition 9, we treat the case
where F is a knot exterior in this section. Actually, we express the sign term e
using Alexander polynomials of Fx and Fxk.

Let Ex = S\ N(K) denote the exterior of the knot K in S® and Ex be
an m—fold cyclic cover over Ex where m is supposed to be odd. We moreover
assume that the covering map p induces an isomorphism between Hi(E‘K; R) and
H;(Er;R), i.e., the n-fold branched cover over S3 along K is a rational homology
three-sphere, i.e., all m-roots of unity are not a root of Ag(t) by Fox formula
(see [BZ03, Theorem 8.21]).
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Under these conditions, the homology groups H.((Ex)p, Ex: R) are trivial and
the integer e((Ex )y, Ex) turns into 0 (see Remark 7). We suppose that H,(E;R)
is given by the following bases:

Here [pt] denotes the class of the point and [u] denotes the class of the meridian
wof K.

Let [pt] and [;i] respectively be the bases of Ho(Ex;R) and Hy (Ef; R) such that
p.([5] =[] and p. ([4]) = nlu]. We set b, and kg as hg — {[pt], [u]} and by —
{[pt]; []}- Then the sign difference 70(Ex) - 70(Ek ) given by sgn(Tors(p, hi, h%))
(see Proposition 9) can be expressed using the Alexander invariant of Ex and Ex
as follows.

Proposition 10. Under the assumptions given above, the sign-term in FEqua-
tion (5) is expressed as

e = sgn(Tor(p, hi, b)) = sgn(Ap, (1) - Ag, (1).

Proof. This is a computation using Fox differential calculus as shown in [BZ03] for

example. We choose a Wirtinger presentation m1(Ex) = (X1,..., Tk |71, .+, "k-1)
of m (Fk). From this presentation, we construct the usual 2-dimensional CW-—
complex W, which counsists of a single O—cell, k 1—cells 1, ...,z and (k—1) 2—cells

which correspond to relations. We know that W as the same simple homotopy type
as Ex (see [Wal78]), thus their Reidemeister torsions are same. The boundary op-
erator dy: Co(W;R) — C1(W;R) is given by the Jacobian matrix ((arj/axi)d’)ij,
where ¢: Z[r1(Ek)] — Z sends x; to 1. Whereas 0y : Cy (W;R) — Co(W;R) is jlist
the zero map. From Milnor’s result [Mil68a] it is easy to obtain:

Tor(Ex,cr*, hg) = Ag, (1).

Similarly we have that
Tor(Ex, &5, hy) = Ap (1)

5. EXAMPLES OF COMPUTATIONS

5.1. Manifolds fiber over the circle. Recall that a three-dimensional manifold
M is fibered over the circle if it has the structure of a surface bundle over the circle,
i.e. if there exists a surface I, called the fiber, and a map ¢: ' — F, called the
monodromy, such that M is homeomorphic to (F x [0,1])/ ((z,0) ~ (¢(z),1)). The
monodromy induces an endomorphism of H,(F;Z) denoted ¢,. For any represen-
tation p: m (M) — Aut(V), the monodromy ¢ also induces an endomorphism on
the twisted homology group H:(F';V,) which is called the twisted monodromy (for
the precise definition the reader is invited to refer to the proof of Theorem 2).

In this Section, we prove that the polynomial torsion of M is (up to a sign)
equal to the characteristic polynomial of the twisted monodromy ¢% (see Subsec-
tion 5.1.1). Moreover the polynomial torsion of m—fold cyclic covers over M can
also be computed by using the characteristic polynomial of ¢J* for any positive
integer m. In Subsection 5.2 we give an illustration of the simplest examples of
Theorem 1 since the eigenvalues of ¢ are given by a,&pa,...,m La where a is
an eigenvalue of ¢, and &, = e2™V=1/m  Qubsection 5.2.1 deals with the sign term
of the polynomial torsion for fibered manifolds. We give explicit examples of poly-
nomial torsions for the fibered knot exterior of 4; in Subsection 5.3, and that of the
exterior for the non—fibered knot 55 in the last Subsection 5.4.
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5.1.1. General formula. For a fibered three—dimensional manifold over the circle,
it is well-known that the Alexander polynomial is the characteristic polynomial of
the induced linear map on the homology group of a fiber by the monodromy ¢,
(see for example [Mil68b]). Similarly, for an irreducible and acyclic representation
p: w1 (M) — Aut(V), the polynomial torsion is the characteristic polynomial of the
twisted monodromy ¢%.

Theorem 2. Let M be a fibered three-manifold over S' and F denote its fiber.
We denote by p: m (M) — m1(SY) = Z the homomorphism induced by the pro-
jection M — S' and assume that the fiber F is a compact connected surface with
non-empty boundary and also assume that the restriction pi, () is irreducible and
H.(M;V,(t)) = 0. Then A$ZP(t) is the characteristic polynomial of the twisted
monodromy on Hi(F;V,) with the sign To.

Proof. The proof is based on application of Multiplicativity Lemma in Section 2.2
to the Mayer—Vietoris sequence for twisted subspace homology as in [FK06, Propo-
sition 3.2]. First, we decompose M into a neighbourhood of a fiber F' and its
complement N, so that M = NU(F x [0, 1]), where N is a three-dimensional man-
ifold homeomorphic to F x [0,1]. We consider the following sequence of twisted
subspace complexes as the proof of [FK06, Proposition 3.2], regarding the fiber F
as the weighted surface with weight one,

C.(F x {1}:V,(1)) C(N: V(1))
0— @ — @ — C.(M;V,(t)) — 0.
Cu(F x {0}V, (1)) Cu(F > [0,1]; V, (1))

Here the coefficients are the vector space V,(t) = C(t) ® V. Applying Multiplica-
tivity Lemma, we obtain the following equation for Reidemeister torsions:

Tor(C. (N3 V(1)) - Tor(Cu(F x [0,1];V,(1)))
— £ Tor(Cu (M V(1)) - Tor(CL(F x {1} V(1)) - Tor(C.(F x {0}: V(1)) - Tor(H.)

in which we omit symbols of bases and the sign term for simplicity and where H.,
is the Mayer—Vietoris sequence of twisted subspace homology:

Hi(F x {1};V,(1)) Hi(N;V,(t))
= @ — ® — H;(M;V,(t) = ---
Hi(F x{0};V,(t))  Hi(F x [0,1];V, (1))

Using [FK06, Lemma 2.1] and our definition of ¢, we can regard C,(F x {1}; V,(t))
as C(t) @ Cy(F x {1};V,). Similarly, we also regard Cy(F x {0}; V,,(t)), C..(N; V,(t))
and C, (F'x[0,1]; V,(t)) as C(t)@C, (F'x{0}; V,), C(t)@C\(N;V,) and C(t)@C\ (F x
[0,1]; V). When we choose appropriate bases of chain complexes and the homology
groups, we can see that the torsions of C.(F x {1};V,(t)), Ci(F x {0};V,(¢)),
C(N;V,(t)) and C.(F x [0,1]; V,(t)) are same. Therefore we have the following
equation:

Tor(Cy(M;V,(t))) = £Tor(H.) .

Next we compute the torsion of the Mayer—Vietoris sequence of twisted sub-
space homology H.. From the assumption that pj., (g) is irreducible it follows that
Ho(F;V,(t)) = C(t) ® Hyo(F; V,) = 0 since by the duality for twisted homology we
see that Hom(H(F;V,),C) ~ H(F;V,), and it is known that H°(F;V,) is gener-
ated by invariant vectors in V' under the action of 71 (F') by p (for the duality, we
refer to [KL99, Section 2.1]). As the surface F' has a non—empty boundary, it follows
that Ho(F; V,(t)) = C(t)® Ha(F;V,) = 0. We also suppose that H.(M;V,(t)) =0,
thus, using [FK06, Proposition 3.2], the Mayer—Vietoris sequence H, reduces to the
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following short exact sequence:

0= Hy(F;V,)® C(t) = Hy(F;V,) ® C(t) — 0.
Here ¢ is the homomorphism on H;(F;V,) induced by the natural inclusion of
Fx{0} = N ~ F x[0,1], and ¢4 is the homomorphism on H;(F;V,) induced by
the natural inclusion of F' x {1} < N ~ F x [0,1]. Finally observe that :— =1 is
the identity and that ¢, is the twisted monodromy ¢%. Therefore the polynomial
torsion AYPP(t) is exactly 7 - det(1 — t¢?). O

Remark 8. We use the irreducibility of pj.,(py to show Ho(F;V,) = 0. To obtain
the same result we only have to suppose that Ho(F;V,) = 0 on the restriction

Play(F)-

Remark 9. In the case that Ho(F;V,) # 0, the torsion A%¥7(t) is expressed as the
rational function which is the characteristic polynomial of the twisted monodromy
on H;(F;V,) divided by that of the twisted monodromy on Hy(F; V,). For example,
let M be a fibered link exterior Er in S2, if we choose p as the pull-back of
m(SY) = (t) — GL(1;C) = C\ {0}, t — &, by ¢, then together with the classical
result of Milnor [Mil68b], we can see that, up to a factor +¢t% (k € Z),

peoo(p = £ UL =100 e if L is a fibered knot K
M © T det(1—t€) | Ap(&t,...,&t) if L has 2 or more components,

where Ay, denotes the Alexander polynomial of a link L (see Examples 1 and 2).

Remark 10. Observe that, as for the usual Alexander polynomial, the torsion poly-
nomial of a fibered manifold is monic. For representations onto finite groups,
S. Friedl and S. Vidussi proved [FV08] that twisted Alexander polynomials decide
fiberness for knots of genus one.

5.2. The polynomial torsion of finite cyclic covers over a fibered mani-
fold. We can construct m—fold cyclic cover M of a fibered manifold M = (F x
[0,1])/ ((x,0) ~ (¢(x),1)) by using n—times composition of ¢, i.e.,

M = (F x [0,1])/ ((,0) ~ (¢™(2),1)).
Every manifold fibered over S!' has the induced homomorphism from the funda-
mental group onto 71 (S'). We have the following diagram between these homo-
morphisms for a fibered manifold M and the m—fold cyclic cover M

™ (M) ————m (M
| |
) )=

7T1(S1 = <S> mm(Sl
where we denote 71 (S*) by an infinite cyclic group.
When we consider that the twisted chain complex of M is given by the pull-
back of a representation p: 71 (M) — Aut(V'), the polynomial torsion of M is given
by the characteristic polynomial det(s1 — ¢”*) of the twisted monodromy ¢ by

)
{t),

Theorem 2. Moreover if we choose the variable in the polynomial torsion of M as the
pull-back of ¢: w1 (M) — 71 (S?) = (t), then the polynomial torsion A’]};@p P(t) is

given by det(t™1 — ¢) where p: w1 (M) — 71 (M) is the induced homomorphism
by the covering map. This means that the following explicit formula of Theorem 2.
16



Corollary 11. Under the conditions stated above, one can see that

APPEPP (1) = det (t™1 — ¢

m—1
=7 [ A7)
1=0

where &, = e2mV=1/m

5.2.1. The problem of the sign for fibered knots. In particular, we consider the
exterior Fy of a fibered knot K, then we can compute the sign 7y as follows.

Observe first that in the case of a fibered knot, the homomorphism ¢: 7 (Ex) —
Z induced by the projection Ex — S! is the usual abelianization:

m(Fx) = Hi(Ex;Z) ~ 7, [u] — t.

We equip the knot exterior Efx with the homology orientation: H,(Fk;R) is
based, by using the meridian p of the knot and a point pt, as Hq(Fx;R) = R[u]
and Ho(Ex;R) = R[pt]. As in the proof of Theorem 2, the knot exterior Ex can be
split along the fiber F'. We continue to denote ¢: 71 (Ex) — Z the homomorphism
induced by the fibration. The boundary of F' x I is the disjoint union of two copies
of F' denoted F x {0} ~ F and F x {1} ~ F.

Theorem 2 gives us the following expression for the polynomial torsion of Ex

A‘g}%p(t) =79 - det(t1 — ¢7)

where ¢7: H,(F;V,) — Hi(F;V,) is induced by the monodromy ¢. Moreover the
sign 7 is expressed using the isomorphism ¢, : Hy(F;R) — Hy(F;R) induced by
¢: F — F.

Proposition 12. We denote by h the basis of H.(Ex;R) given by the homology
orientation as above and let hi,™ be any basis of H.(F;R). The sign 1o is given by

7o = —sgn(Tor(Mg, {hi, hg"},0)) = sgn(det(1 — 61))

where the isomorphism ¢1: Hy(F;R) — Hqi(F;R) is induced by the monodromy
¢: F — F.
The polynomial torsion of Ex is the product:

AL (1) = sgn(det(1 — ¢1)) - det(t1 — ¢2)
The Mayer—Vietoris sequence Mp splits into the following two short exact se-
quences with real coefficients.
®
(18) 0 — H,(F;R) @ H,(F;R) — H,(F;R) & H,(F;R) = 0
and
(19)  0— Hi(Ex;R) S Ho(F;R) & Ho(F;R)

D e
—2 Hy(F;R) @ Ho(F;R) < Ho(Ex;R) — 0.

Here ®;) = _11 71@ >, where ¢;: H;(F;R) — H;(F;R) is induced by the

monodromy, for ¢ = 0,1 and ¢, is the sum of two homomorphisms induced by the
copy of inclusion F' x [ — Fi.

As in [Dub06], the sign 7y of the polynomial torsion is entirely given by the sign
of Sequence (18), that is to say, Proposition 12 follows from the following;:

Lemma 13. 79 = —sgn(Tor(Mg, {h},ht"},0)) = sgn(det(1 — ¢1))
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Proof of the Lemma. The Reidemeister torsion with real coefficients is given by:
1 Tor(CL(F x I;R), /g, hy ")
TOI‘(C* (F’ R)a C/Rv h]/R*)

Tor(C,(Ek;R), ck, hy) = —Tor(Mg, {hi, hi "}, 0)~

(20) = —TOI'(M]Ra{h]Eah]/R*}a(Z))il

The sign in the right hand side of Equation (20) is computed using the fact that
a(C,CY7) =0 mod 2 and £(C,,C,,CY) =1 mod 2 in Multiplicativity Lemma
since the chain complexes corresponding to C’, and C!' are the sum of two same
chain complexes and H,(Fk;R) = R[pt] ® R[pn]. We will prove that

Tor(Mg, {h, "}, 0)~ = —det(1 — ¢)

by proving that the torsion of Sequence (19) is —1. By a diagram chasing, we have
§(u) = (u,u) foru € R ~ Hy(Ef;R) and by construction, ®g)(a,b) = (a—b, —a+b)
and 4 (c,d) = ¢+ d for vectors (a,b), (c,d) in R? ~ Ho(F;R) @ Ho(F;R). When
we choose new bases of vector spaces in Sequence (19) as

Hi(Ex;R) = ([1]),
Hy(F;R) @ Hi(F;R) = (0([u]) = [pt] @ [pt], [pt] © 0),
H,(F; R)@Hl(F R) = (@0 ([pt] © 0) = [pt] ® —[pt], [pt] © 0),
Hi(Ek;R) = ([pt]),

we obtain that the torsion of Sequence (19) is —1 by a direct computation. t

5.3. The figure eight knot exterior. In general, it is difficult to compute the
twisted monodromy for the twisted homology group of fiber in a fibered manifold.
However we can find explicit examples given by computation of tangent spaces and
derivation of morphisms for affine varieties in [Por97, Section 4.5]. The typical
example is the figure eight knot exterior. It is a surface bundle over S* whose fiber
F' is one punctured torus. In other words, the figure eight knot is a fibered knot
with genus one.

Let K denote the figure eight knot and p be a homomorphism from the knot
group 7 (Ex) into SLy(C). Suppose that the there exists no common eigen space
for the image p(m1(Ek)). Since the Lie group SLa(C) has the adjoint action Ad on
slp(C) = {v € gl,(C) |[trv = 0}, given by Ada(v) = AvA~! for any A € SLy(C)
and v € sl3(C), we can make a representation Ado p of m (Fx ) on the vector space
5l5(C) by the composition of p with the adjoint action Ad. We compute the poly-
nomial torsion of AE‘I%ACIOP (t) for the figure knot exterior with the representation
Ado p by using the twisted monodromy ¢, on H;(F';sl2(C),) and Theorem 2. Here
we denote by sly(C), the vector space sly(C) with the right action of m;(Eg) by
Adop~t.

The key point is that the twisted homology group Hi(F;sl3(C),) is regarded
as the cotangent space of an affine variety concerning 71 (F’). Note that the knot
group 7 (Fk ) is expressed as

™1 (Ex) = (a,b,u| pap™" = ¢.(a) = ab, pbp™" = ¢.(b) = bab)
where a, b are the generators of 71 (F) and p is the meridian. The induced ho-
momorphism ¢, of monodromy is an automorphism of w1 (F) and ¢, induces a
morphism from the character variety X (F') to itself. Here the character variety
X (F) is the image of the following map:
R(F) — C3

p = (trp'(a), tr o' (b), tr p' (ab))
18



where R(F) is the set of homomorphisms from 7 (F') into SLy(C). It is known
that the set X (F') has the structure of an affine variety and the pull-back of ¢,
gives a morphism from X (F) to itself. Roughly speaking, the twisted homology
group H;(F;sl3(C),) can be regarded as the cotangent space of X (F') at the point
(tr p(a), tr p(b), tr p(ab)) and the differential of the induced morphism by ¢. gives
the twisted monodromy ¢£°? on Hy (F; sl (C),) ~ C3. For the details of character
varieties, we refer to [CS83, LM85] and for the details about the above discussion
to [Por97, Section 4.5]. Tt is also shown in [Por97, Section 4.5] that eigenvalues of
the twisted monodromy ¢2%°? consists in 1 and ¢+, Moreover, the sum 1+ £+ ¢~
i.e., the trace of ¢29°” is given by 2(tr p(a) + tr p(b)) = 2((tr p(p))? — 1).

Using Theorem 2 and Proposition 12, we obtain the polynomial torsion Ag}%p as
follows:

AZEANP — sgn(det(1 — ¢1)) det (11 — ¢9°7)
= (-1 =+ Ht+1)
= —(t—1) (£ = 2(tr p(n))* = 3)t + 1)

Remark 11. This result agrees with the twisted Alexander polynomial of the figure
eight knot in [DY, Section 4], which is obtained without using the fibered structure
of EK.

5.4. the 5; knot. Last we give an example of the polynomial torsion for the sim-
plest non—fibered knot, namely the 55 knot in Rolfsen’s table [Rol90]. So, let K be
the 55 knot as illustrated on the Figure 1.

F1GURE 1. The diagram of 5y knot with closed loops generating
the knot group

We compute the polynomial torsion of the two—fold cyclic cover FEx over the knot
exterior F. The knot group can be expressed by the following Lin presentation:

m(Ex) = (x1, 22, p | pryp~ " = zay !t pay o pt = 25%)

and this presentation induced that of m; (E’K) as

—1 -2 -2
2 _ IN Ys = y1Yys Yy Y3 =Yy
m(Fk) = » Y2, Y3, Y4, N — L nl _ >
i ) <y1 Y2 s, Y } Y1 ! *y39417 HYo 2ylﬂ ! *y42

where the generators satisfy that

1 2

andp(f) = p
in the image of p: m (Ex) — m1 (Ek) (for the detail about Lin presentations, we re-
fer to [NY]). The explicit computation of AE%AdOp (t) is exposed in [Yam, Section 5].
Here ¢ is the abelianization homomorphism of m(Fk), namely, ¢: m1(Ex) —
Hy(Ek;Z) = (t). The homomorphism ¢ sends z; (i = 1,2) to 1 and u to t. The
following correspondence gives a homomorphism from 7 (F ) into SLa(C):

2
$1'—><CO7 <791>7$2’—><% C792>7M’—><_01 (1))
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where ¢; = e2™V=1/7_ We denote by p this homomorphism of 7 (Fk). The com-
positions of these SLo(C)-matrices with the adjoint action is expressed as

G G -1
o(z1) = 1 NE Adp(m) = 1 E Adp(#) = —1
C? C? —1

with respect to the basis {(8 (1)> , <(1) _01) , <(1) 8)} of sl5(C). We abbreviate
the matrices Ad,(,,), Adp,) and Ad,,) to X1, Xo and M.

When we ignore the sign term, the polynomial torsion A can be com-
puted by using Fox differential calculus in the same way as M. Wada [Wad94] as
follows:

Ad

®Ado
B (1)

det (tl) Or; )
AgEADD 4y _ (6”“) 1<i,5<2
Ex det ®(p — 1)
det tM—t -1 tX3M~1!
Xo X7 XM - XEMT 4+ X2+ X,

det ®(tM~1 —1)

where 7, = ,uxlu_lachfl, ro = /wc;%cl,u_lxg, the symbol 9/dx; is the Fox dif-

ferential by z; and ® is the linear extension of ¢ ® Ad o p~! on the group ring
Z[ﬂ'l (EK )] .

Note that the alignment of Jr;/0z; is transpose to that of the ordinary defini-
tion of twisted Alexander polynomial since the polynomial torsion is regarded as
a Reidemeister torsion for the twisted chain complex C,(Ex;sla(C(t)) adop). Here
sl2(C(t)) adop is a right Z[m (Ex)]-module C(t) ® sl5(C) via ¢ ® Ado p~ 1.

By a direct computation of the above determinants, the twisted polynomial
torsion of K turns out

AFRATP () = —(t = 1)(¢E + (7 ° +2) (262 — 3t + 2)
=—(t-1)(E+ G +2)Ak(-t)

where A (t) = 2t — 3t + 2 is the Alexander polynomial of K.

Similarly, when we ignore the sign terms, we can compute the polynomial torsion
A% $@AdP"P o follows:
K
*p@Adop™
A% ® 40

Js;
det ((I)I(a_yji)) 1<4,j<2

det ®(p—1)
-1 @) t2M 2 t2X2ZM 2
det X1 X22 + X5 O _tQXQM_2 —t2X22M_2
“la X;? -1 O
O —X;'—X;? M?X;'M—? X2 4 X5t

det B(2M—2 — 1)
(2 = 1)(C3 + ¢ 2 +2)2(2t2 4 3t + 2)(2t% — 3t + 2)

where @' is the linear extension of p*o @ Ad o (p*p)~" on Z[r1 (Ex)).

The above computation yields that the special case of Theorem 1 since the
polynomial torsion for Ex factors into the product of the polynomial torsion for
FEx and that with the variable multiplied the square root of unity.

20



REFERENCES

[BZ03] G. Burde and H. Zieschang, Knots, de Gruyter Studies in Mathematics, no. 5, Walter
de Gruyter, 2003.

[CS83] M. Culler and P. B. Shalen, Varieties of group representations and splittings of 3-
manifolds, Ann. of Math. 117 (1983), 109-146.

[Dub06] J. Dubois, Non abelian twisted Reidemeister torsion for fibered knots, Canad. Math.
Bull. 49 (2006), 55-71.

[DY] J. Dubois and Y. Yamaguchi, Twisted Alexander invariant and mnon—abelian
Reidemeister torsion for hyperbolic three—dimensional manifolds with cusps,
preprint (arXiv:0906.1500).

[FKO06] S. Friedl and T. Kim, The Thurston norm, fibered manifolds and twisted Alezander
polynomials, Topology 45 (2006), 929-953.

[FV08] S. Friedl and S. Vidussi, Symplectic S* x N3, subgroup separability, and vanishing
Thurston norm, J. Amer. Math. Soc. 21 (2008), 597-610.

[HMO7] M. Hirasawa and K. Murasugi, On the twisted Alezander Polynomials of Knots, Pro-
ceedings of Hakone Seminar on Graphs and 3-manifolds (M. Yamasita, ed.), vol. 23,
2007, pp. 1-14.

[KL99] P. Kirk and C. Livingston, Twisted Alexander Invariants, Reidemeister torsion, and
Casson-Gordon invariants, Topology 38 (1999), 635-661.

[LM85] A. Lubotzky and A. R. Magid, Varieties of representations of finitely groups, Mem.
Amer. Math. Soc. 58 (1985), no. 336, xi+117.

[Mil66] J. Milnor, Whitehead torsion, Bull. Amer. Math. Soc. 72 (1966), 358-426.

[Mil68a] , Infinite cyclic coverings, Conference on the Topology of Manifolds (Michigan
State Univ., E. Lansing, Mich., 1967) (1968), 115-133.

, Singular points of complex hypersurfaces, Annals of Mathematics Studies,
no. 61, Princeton University Press, 1968.

INY] F. Nagasato and Y. Yamaguchi, On the geometry of the slice of trace—free characters of
a knot group, to appear in Math. Ann. (preprint arXiv:0807.0714).

[Por97] J. Porti, Torsion de Reidemeister pour les variétés hyperboliques, Mem. Amer. Math.
Soc. 128 (1997), no. 612, x+139.

, Mayberry—Murasugi’s formula for links in homology 3-spheres, Proc. Amer.
Math. Soc. 132 (2004), 3423-3431.

[Rol90] D. Rolfsen, Knots and links, Publish or Perish Inc., 1990.

[Ser78] J.P. Serre, Représentations linéaires des groupes finis. (French), Hermann, Paris, 1978.

[SW] D. Silver and S. Williams, Dynamics of Twisted Alexander Invariants, arXiv:0801.2118.

[Tur86] V. Turaev, Reidemeister torsion in knot theory, Uspekhi Mat. Nauk 247 (1986), 97-147.

[Tur01] , Introduction to combinatorial torsions, Lectures in Mathematics, Birkhauser,

[Mil68b]

[Por04]

2001.

[Tur02] , Torsions of 3-dimensional manifolds, Progress in Mathematics, vol. 208,
Birkhauser, 2002.

[Wad94] M. Wada, Twisted Alexander polynomial for finitely presentable groups, Topology 33
(1994), 241-256.

[Wal78] F. Waldhausen, Algebraic K-theory of generalized free products I, II., Ann. of Math. 108
(1978), 135-204.

[Yam] Y. Yamaguchi, On the twisted Alexander polynomial for metabelian represetations into
SL2(C), preprint (arXiv:1101.3989).

INSTITUT DE MATHEMATIQUES DE JUSSIEU, UNIVERSITE PARIS DIDEROT-PARIS 7, UFR DE
MATHEMATIQUES, CASE 7012, BATIMENT CHEVALERET, 75205 PARIS CEDEX 13 FRANCE
E-mail address: dubois@math.jussieu.fr

DEPARTMENT OF MATHEMATICS, TOKYO INSTITUTE OF TECHNOLOGY, 2-12-1 OOKAYAMA MEGURO-
KU, TOKYO 152-8551, JAPAN
E-mail address: shouji@math.titech.ac.jp

21



