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Generalized Ricei flow I: Local existence and

uniqueness
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Abstract

In this paper we investigate a kind of generalized Ricci low which pos-
sesses a gradient form. We study the monotonicity of the given function
under the generalized Ricci flow and prove that the related system of par-
tial differential equations are strictly and uniformly parabolic. Based on
this, we show that the generalized Ricci flow defined on a n-dimensional
compact Riemannian manifold admits a unique short-time smooth solu-
tion. Moreover, we also derive the evolution equations for the curvatures,

which play an important role in our future study.

Key words and phrases: Generalized Ricci flow, uniformly parabolic system,

short-time existence, Thurston’s eight geometries.

1 Introduction

In the early eighties R. Hamilton introduced the Ricci flow to construct canon-
ical metrics for some manifolds. Since then many mathematicians, including
Hamilton, Yau, Perelman and others, developed many tools and techniques to

study the Ricci flow. The latest developments confirmed that the Ricci flow
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approach is very powerful in the study of three-manifolds. In fact, a complete
proof of Poincare’s conjecture and Thurston’s geometrization conjecture has
been offered in Cao-Zhu’s paper [3] and others after Perelman’s breakthrough.

It is useful to observe that, in Perelman’s work [10], a key step is to introduce

a functional for a metric g and a function f on a manifold M
Wig.f)= [ dayge (R+]97P)
M3

The variation of this functional generates a gradient flow which is a system of

partial differential equations
9ij = —2(Rij + ViV ),

f=—(R+Af).

If we fix a measure for the conformal class of metrics e/ds? of a metric, i.e.,
let dm = e~fdV be fixed, then we get back to the original Ricci flow after we
apply a transformation of diffeomorphism generated by the vector field V, f to
the metric. In this way, we express the Ricci flow as a gradient flow. Dynamics
of a gradient flow is much easier to handle. The functional generating the flow
gives a monotone functional along the orbit of the flow automatically. If the
flow exists for all time, then it shall flow to a critical point which leads to the
existence of a canonical metric. Even for a flow which does not exist for all
time, the generating functional helps very much in the analysis of singularities.

Perelman’s above idea came from physics. Ricci flow arises as the first order
approximation of the renormalization flow of a sigma model. Since there are
many kinds of sigma models, it would be interesting to try some other models.
Indeed such a generalization was made by physicists in [IT]. For a three-manifold
M3, they proposed to add a U(1) gauge field with potential 1-form A and
field strength F' which are coupled as a Mazwell-Chern-Simons theory. The

corresponding action given by [6] or [5] reads

1
S = / dz\/ge (—x + R+ |Vf|*) - Ee_fH AN*H — e fF AxF.
M



The U(1) gauge field A is a one-form potential whose field strength F' = dA.
The Wess-Zumino field B is a two-form potential whose field strength H = dB,
f is a dilaton. In their paper, they find that Thurston’s eight geometries appear
as critical points of the above functional. Furthermore they show that there
are no other critical points. So basically critical points of the above functional
are eight geometries of Thurston. They also propose to study the gradient flow
of the functional S as a generalization of the Ricci flow. Unfortunately, they
modify the gradient flow in a way to change sign for the variable of gauge fields.
Although the modified flow shares the same set of critical points they lost the
important monotone property (along an orbit).

In addition, we are also able to consider a flow for a similar functional for a

four-dimension manifold
X 1 ., X
S, = / d*z/ge ! (x + R+ |Vf]?) — 5e*J‘HA «H —e TFAxF + gF/\F
M

where e is the Euler number e(n) of the bundle 7. The corresponding flow is
given by

dgi 1
agtj = —2[RZJ —+ VZVJf - - ilejkl - Eijk]7

4
OB, . .
o = VT HY),
0A;
ot
of o loo 3.5
5 = X 2R —3Af+ |V ] +3H +2F.

The generalization to four-manifolds is probably more interesting. It may

= —e/Vi(e T E¥),

offer a systematic way to study four-manifolds.

The success of studying three-manifolds relies on a program proposed by
Thurston, i.e., his geometrization conjecture. He conjectures and proves for
several large classes of three-manifolds, that every three-manifold can be decom-
posed into pieces of three-manifolds of canonical metrics, i.e., those manifolds
carrying one of the eight geometries of Thurston.

For four-dimension manifolds the critical points of S; might play a similar

role as building blocks of smooth four-dimension manifolds. It would be inter-



esting to study those critical points and to study what other four manifolds one
can get by performing surgeries and gluing on those manifolds. We shall address
this problem in the future.

As a first step, we shall show that the flow does exist. We shall also prove that
the modified system of partial differential equations are strictly and uniformly
parabolic.

The paper is organized as follows. Section 2 is devoted to the proof of local
existences and uniqueness. In section 3 we study the monotonicity of S under
the modified flow. In Section 4 we investigate the equations for the critical
points of S and point out that fields F' and H do not provide any help for the
case of compact manifold but maybe play an important role for the noncompact
case. In Section 5, we derive the evolution equations for the curvatures, which

play an important role in our future study.

2 Local Existences and Uniqueness

In this section, we mainly establish the short-time existence and uniqueness
result for the gradient flow (@), (@) and (&) on a compact 3-dimensional manifold
M. Tt is known that the gradient flow (@), (@) and () is a system of second
order nonlinear weakly parabolic partial differential equations. By the proof of
the local existence and uniqueness of the Ricci flow (for example see [3] [], ),
we can obtain a modified evolution equations by the diffeomorphism ¢ of M,
which is a strictly parabolic system. Then, by the standard theory of parabolic
equations, the modified evolution equations has a uniqueness solution.

Let us choose a normal coordinate {z'} around a fixed point z € M such
995 _
Dk

that 0 and g;;(p) = ds;.

Theorem 2.1 (Local existences and uniqueness) Let (M, g;;(x)) be a three-

dimensional compact Riemannian manifold. Then there exists a constantT” > 0



such that the evolution equations

9gi; 1 Kl k
5 = 2By — pHiaH;™ = F P Fj],
0A;
L, Fk 1
aaé ViFE, ", (1)
9=, HE
ot R

has a unique smooth solution on M x [0,T) for every initial fields.

Lemma 2.1 For each gauge equivalent class of a gauge field A, there exists an

A" such that d(xA") = 0.

The lemma can be proved by the Hodge decomposition.
Proof. For each one-form A, by the Hodge decomposition, there exists an

one-form A, a function o and a two-form S such that
A=Ay +da+dps,
dAy =0, d*Ay=0.

Let A’ = A—da. A’ is in the same gauge equivalent class of A. Since d(xAy) =
0, d(xd*B) = 0, then we have d(xA") = 0. O

Lemma 2.2 The differential operator of the right hand of (7) with respect to
the gauge equivalent class of a gauge field A is uniformly elliptic.

Proof. Let A = A;dx’ be a gauge field. By Lemma 4.1 we can choose an A
in the gauge equivalent class of A such that d(*Al) = 0. We still denote A’ as

3 2A
A . Since d(xA) = 0, we have dd*A = 0, then ;::1 Bikal;i =0,Vi=1,---,3.
0A; 04,
Noting that F' = dA and Fj; = —L — —, We have
oxt  Oxd

04,
ot

PA A, 04

0 or ~ ozod) ~ 9 dokod

= —ViE* = -Vi(d"Fu) = —g"(

The right hand side of above equation is clearly elliptic at point x. If we apply
a diffeomorphism to the metric it won’t change the positivity property of the
second order operator of the right hand side. O

Now let us consider the equation for B;;.



Lemma 2.3 For each gauge equivalent class of a B-field B, i.e., a two-form B

on M, there exists a B such that d(*B') = 0.

Proof. Again we use the Hodge decomposition. For a two-form B, there exist

a one-form «, a two-form By and a three-form [ such that
B = By + da + d* 3,
dBy = 0,d*"By = 0.

Let B' = B — do. Since B’ is in the same gauge equivalent class of B, we

have d(xB") = 0. O

Lemma 2.4 The differential operator of the right hand side of (8) with respect

to the gauge equivalent class of a B-field B is uniformly elliptic.

Proof. Let us consider the equation for B-field. Without loss of generality, we

. 3. 0?By; 0?Bjy, o
assume d(xB) = 0. Thus dd*B = 0. Then k;(axkaxa‘ 83:’“8:171') =0,Vi,j=
1,---,3. We have

8Bij
ot

62Bij (92le 623“ _ Kl 62Bij

0k 0xt T okow T onkow) =9 oehout

= kakij = g"(

The right hand side is clearly elliptic at the point x. If we apply a diffeomorphism
to the metric it does not change the positivity property of the second order
operator of the right hand side. O

Suppose §i;(x,t) is a solution of the equations (1)), and ¢; : M — M is a
family of diffeomorphisms of M. Let

gij (2, 1) = @1 gij (1),
where ¢} is the pull-back operator of ;. We now want to find the evolution
equations for the metric g;;(x,1).
Denote
y(@,t) = gu(@) = {y' (. 0), (@, 1), ,y" (,1)}
in local coordinates. Then

dy> 0y”
9i(2,t) = 55 5 5905y, 1)




and

0 0 oy> oy
8tg”(x t) = En Jap(y,1) - 97 Bl
_ oyt o ( )+8y oy° O™ 9 (y,1)
= Bt 003 ot 9P Y T i i ot 9y I8N
. o oy oy oy* 0 oy’
+9ap(y: )55 ()55t 9asW,t) 5 555 () -
Since
ooy or 0 _orayor 9 otod
9zt 029 ot 9y 7P T Bui 9xi ot oy oy ayP
oyP 0%zk oy~ oy> 0%zF oyf
=m0kt s an g 5 Jik
ot dyeoyP Ozt ot Oy*0yP dxi
ph _ Oy? 0y Ot p,  Oah Oy
I 9xd ozt By P T Py dxi !
then

dy> 0yP oy oy - . k
9y Iy ) A NS
ox' OxJ Dt Ogi = @ PP i Tk

Therefore, in the normal coordinate, we have

f{apéﬁﬁpls = Hilejklv

0 8L°‘ ayﬁ ozk ozt oy~ 0 oy’ ozk o 8y 0  0zF

2990 = 5 G 5 M Gys 5yF T Bt 527 ot 1M ays ayp T ot B aye it
aa—gf%(g—;;)gik + gy gyf —2(Rap — %I?Iap(;flﬁp‘; — E.PFp,)
= 6(?51 (8gt gxa) k+ 6(?53 (8(3: g—x;)gzk —2R;; + %Hilejkl + 2F, FFy,
= 2R + Vi(%g%gjk) +V; (ag: gxﬁgm) b - Hyg HM + 2F,FFy,
If we define y(z,t) = @¢(x) by the equatlons
axk (o7~ Th). 2
and V; = gipg’'(T%, — we get the following evolution equations for the

pull-back metric

0 1
8tg”(x t) = —2R;; + V;V; + V; Vi + §Hik1ijl + 2Fiijk, )
9ij(z,0) = gij(z),



where §;; () is the initial metric and f‘é“l is the connection of the initial metric.

The initial value problem (2] can be rewritten as

9y~ %y oy oy - oy* ~

7 gL 9Y 99 ta ik

ot g (8£C-7(9;I;l + Oxd Ot By ok _]l) ) (4)
ya(xv O) -

Equation () is clearly a strictly parabolic system. Then, we have

0 0 gk 0 g1 Oga  0gij
— i t — : kl k _ kil J. - J
a9t = 5 {g axa} Dt {g (9wt ¥ 907 ~ 9at)
AGm Ogm dg
pa L ghm(EIma p _ Y99pq
9ikg 6:10? ox4 (%cm)

m OGm OGm dg 1
{ girgP13g" (%p" + (%q” - 8;2) + §Hilejkl +2F, FEy),
9ij

0 1
= Moo+ g Ha HM + 2F Py

As a result, from the original equations, we can obtain

dgij(z,t) w 0%9i 1 Kl k
ot Y agkon T pHmHT H2E e
0A;  ,, OPA

i i 5
ot g Oxkoxt’ (5)
0B;; Kl 0?2 B;j
ot =9 Oxkox!’

Let
Up = gi1, U2 = g12, U3 = g13, U4 = g22, U5 = §23, U6 = §33,
ur = Ay, ug = Ag,ug = Az, u10 = Bia,u11 = B3, ui2 = Bz .

The above equations can be rewritten as the following form

Ou,; 0?u;

8_12 = Z ikl 5 ool ka +(lower order terms) (k1 =1,2,3; i,j =1,2,---,12),
Jkl

in which

aiji = g™ (j=14), anu=0(@G#i) (i=1,--,12),

For arbitrary ¢ € R\ {0}, we have
D anpbiél =YY g™ > o.
ijkl Kl

Summarize the above discussions, we have the following lemma.



Lemma 2.5 The differential operator of the right hand side of (A) with respect

to the metric g is uniformly elliptic.

Proof of Theorem 4.1. Noting Lemmas 4.2, 4.4, 4.5 and the compactness
property of M, and using the standard theorem of partial differential equa-
tions (see [1], [2], [7]), we can immediately obtain the local existence of smooth

solution of the modified system () with the initial value

gij(x,0) = gij(x), Ai(x,0) = Ai(z), Bi;(x,0) = B”(x)
In turn the solution of the gradient flow () can be obtained from @) (or ([@)).
The proof of the existence of smooth solution is completed.

Now we argue the uniqueness of the solution of the gradient flow ().

By Lemma 4.2, 4.4 and the standard theorem of partial differential equations,
we can obtain the uniqueness of A and B . For any two solutions gfjl ) and gff)
of the gradient flow () with the same initial data, we can solve the initial value
problem (@) (or @) to get two families ) and ¢(?) of diffeomorphisms of M.

Thus we get two solutions
1 1)y~ (1 2 2)\ s 4 (2
000 = @90, gD = @) (),

to the modified evolution (Bl) equations with the same initial value g;;(z,0) =

Gij(z). The uniqueness result for the strictly parabolic equation implies that

QS) = gg). Since the initial value problem (@) is clearly a strictly parabolic sys-

tem, the corresponding solutions ¢ and ¢ of (@) must agree. Consequently,
(1) (2

the metrics g;;” and g;;” must agree also. Thus, we have proved Theorem. 0

Remark 2.1 we are also able to consider a flow for a similar functional for a

four-dimension manifold
Sy = / d*z\/ge™! (x + R+ 4|V¢|*) — %Ie_fH/\*H— epe T FNxF + gF/\F
M

where e is the Euler number e(n) of the bundle n. The corresponding flow is



given by

%?:_MQ+VNﬁ_iiM%M_EW%L
% = el V(™ HY),

= eIV E )

% :X_2R_3Af+|vf|2+%ﬂ2+gp2'

By the same argument, we can obtain the same results in section 3-4.

3 The Monotonicity Formula

Let M be a n-dimensional compact Riemannian manifold with metric g;; , the
Levi-Civita connection is given by the Christoffel symbols
| Q- %gkl {39jl + Iga  0gi } 7

ij -

oxt  O0x7 Ozl

where (g%) is the inverse of (g;;). The Riemannian curvature tensors read

ork  ark
k ! il k k
il = 8;1' ~ + 5T = T3, R = gipRyy,-

The Ricci tensor is the contraction
Rir, = ¢ Riju

and the scalar curvature is
R =g"R;;.

For each field we shall consider the gauge equivalent classes of fields. Two
metrics g1, g2 are in the same equivalent class if and only if they are differ
by a diffeomorphism, i.e., there exists a diffeomorphism f : M — M such that
g2 = f*g1. Two gauge fields A, and As are equivalent if and only if there exists a
function o on M such that Ay = A;+da. Two B-fields By and By are equivalent
if and only if there exists an one-form g on M such that By = By + df.

10



From the first variation of .S, we can obtain the flow equations

8ng = 2Ry + ViV ] — pHiaHM — FF ),
%:X_zR_3Af+|Vf|2+%H2+gF2,

If ¢; is a one-parameter group of diffeomorphisms generated by a vector field

Vf, we have

9gij 1 Kl k
o = 2Ry — g HaHM — FyeFyb),
9Bi; K K 9 ok
20— HY 4+ ——(VFfBy;) + — (V¥ £ Bir).
ot vk (%] + ort (v f k]) + orxi (v f k)

Let A= A — dj where % = VF*fAy, then F =F and

DA, .
L . FF
ot Vieki
. 5 Ow; k
Similarly, let B = B + dw where ET V¥ f Bk, then
=Vi(HY,).
5 k(H";)

Because A and A (B and E) are in the same gauge equivalent class, we still

denote A (B) as A (B). Now we consider the flow equation

09ij 1 ki k
8A1- . k
o= VR E, (7)
8B1'j k
= HE ).
ot Vi( w) (8)

11



Theorem 3.1 Let g;;, A;, Bi; and f evolve according to the coupled flow

% = —2[R;; — iHilejkl — F,FFyl,
8(];” ViHY;,
% = -ViF*,
%:X—2R—3Af+2|Vf|2+%H2+§F2.
Then
%z/ [(—x+R—|Vf|2+2Af—%H2—%F )2+ 2(Rij + V;Vif —

+2(ViF, " — F,* Vi f)?

1 y
+ 5(V;€Hk 7 —

H7Vf)?| e fav.

Kl
HiuH;

In particular S is nondecreasing in time and the monotonicity is strict unless

we are on the critical points.

Proof.
ds 1 ..0g;
d3 —f ij iJ
dt / wge (597 5

+/d3x ge_f%(—

+/d3:17 ge faA

- [@r-1vip)

(—2Vi(F ke el ) + =2

_X+R_

1
ot

1
Rij = ViV, f+ ZHile'kl + F R )

9By; 1
ot
IVfI? +20f — %H2 — %Fz)e_de

(5 Vi(H e )el)

+ /[—x +R— |Vf|2 +2Af — 1—12H2 - %F2]2e_de

+ [ 2(Rij + ViV, f —
+
+ [ 2(ViEF —

QF *V f(ViEF —

_|_
\\\\

—2V,V, f(Rij + ViV, f —

1
ikka)%*fdwr/—(vkﬂ’; - H

HiwH;F — Fy F, e 7 dv

zle iijk)efde
Vef)

F,*Vif)e fdv+/ —H"% N f(ViH,

By the similar argument of Ricci flow, we have

/(Af — VIR = |Vf? +20f)e T dV = 2/vivjf(vivjf + Rij)eldv.

12

1
2

2e=tav

—HY,Vif)e !

- 8—f)(—><+R+2Af— IV f]? - EH2 — —F?%

—F ijk)2

av.



And noting the following properties
Vi iy +ViFyn +ViFj, =0,

VoHiji, = Vil +ViHimg + ViHijm,

we have
1 1 :
J65 =P X i = 5 av
. 1 1 :
— [GUV38 = ViV x  pH - GFe v

g 1 1
= /g”vifvj(x + EH2 + §F2)e’de

L 1
= /ngif(gijpmekl + V,;Fu F*Ye=av
g 1 B
= /ngif(g(vajm + Vi Hyji + Vi Hpi; ) HP + (=N Fj — YV Fj) F*Ye=fav
g 1
= /g”Vif(§Vijlepkl + 2V Ej F*Ye =T dv
1 i kl ij El\ —f
= (_§gjvpviijlep —2¢"V Vi fF F* e 1 dv
1 .. L X
+ / §g”ijlvi f(=V,HPM 1 v, fHPYe=FaV + / 29"V, fFj (Vi fF* — Vi F*Ye=fav
1 . 1 .
= /2vivjf(_ZHilejkl _ Fiijk)e fav + / gkaHkij(Hpijvpf — VpHpij)e fav
+ [ 2V EHE Vs - ViF et av,

Combining with the above argument, we finish the proof.
Let u = e~/ be the lowest eigenfunction of the Schrodinger operator, i.e.
1 1

(R — EH2 - 5F2 — 4A)u = u,

or,

1 2 1 2 2 _
R— H* = 5F* £ 20f — |V = \.

It minimizes the functional

5,4, 5.1) = / ave l2(R- L Llp 4A)e*f/2// I av.
M 12 2 "

13



We have a new functional

)‘(gvAaB) = an{f|fM e*de:1}S(gvAaBa f)

Let A(t) = A(g(t), A(t), B(t)), we have

d\

1 1 .
T / (|Rij+vivjf—ZHiijfl—FikaP—l—Z|Vkaij—Hkijka|2+|VkFl-k—Fikaf|2)e*de.
M

We have then (see also [9]):
: . dA®)
1) A(t) is monotone, i.e. d—(t > 0.

2) Critical points of (*) are the same as critical points of \.

4 Critical points

Consider the functional

1
S = d3x\/§e_f(—x+R+|Vf|2)—56_-fH/\*H—e_-fF/\*F
M

_ /d% Ge ! (—x+ R+ V[P = SH? = F2).
Its first variation can be expressed as follows
o1 1 1
58 :/d% Gl (5078015 — SF)(—x+ R+ 20f = [VfI2 = T H? = 2F?)
1
+ /dgir\/geif(Sgij(—Rij - ViVf+ ZHilejkl +F; ijk)
. 1 .
+ /dgx\/geff5Ai(—2Vk(Fi FemNel) + 5Bij(§vk(Hkijeff)ef).
(10)

The U(1) gauge field A is a one-form potential whose field strength F' = dA. The
Wess-Zumino field B is a two-form potential whose field strength H = dB,n is
the volume form, f is a dilaton. And in 3-dimension manifold, the field strength
is proportional to the Levi-Civita tensor H,,, = H(x)nu.,, where H(z) is a
scalar field and n*? = ¢?/,/g is the completely skewsymmetric Levi-Civita

tensor. Therefore, the critical points satisfy the following equations

1
Rij +V;V;f— 1 ilejkl — Fiijk =0, (11)

14



Vi(E e Ty =0, (12)

vk(Hkije_f) =0, (13)
%FQ =0. (14)

Suppose M is a compact Riemannian manifold. From ([I2]) and (I3]), we can

1
—x+R+2Af—|Vf|2—EH2—

obtain F' = H = 0 at the critical points of the general Ricci flow on M. In fact,
/ F2e 1qv = / FiF e ldv = / Fi(V;A; —VjA)e fav
M M M

= 2/ Fiv,Ajefav = —2/ Vi(Fiie ) A;dV =0,
M M

/ H?e Tdv = / H9*Hype 1dv = | H'*(VyBij + V;Bjj, + V;Byi)e ' dV
M M M

= 3/ H'*,Bjre 1dV = —3/ Vi(H%e )BjdV = 0.
M M
Remark: Although the fields F and H do not provide any help in the study

of critical points of general Ricci flow for compact Riemannian manifold, they

maybe play an important role for the noncompact case.

5 Evolution of Curvatures

By virtue of the curvature tensor evolution equations of the Ricci flow, we can
obtain the curvature tensor evolution equations under the gradient flow (). Let

us choose a normal coordinate system {z’} around a fixed point z € M such
995 _
Dk

Theorem 5.1 Under the gradient flow (), the curvature tensor satisfies the

that

O and gij (p) = 51]

evolution equation
%Rijkl = ARjjii + 2(Bijii — Bijik — Biijk + Bikji) — 9" (RpjriRgi + RipiRg; + Rijpi Ror + RijrpRqr)
+ i[vivl(Hkququ) - Vin(ijqu pq) - Vjvl(Hkquipq> + Vjvk(Hiqul pq>]
+ igmn(ﬂkmﬂ,f‘l&jm + HinpgH, " Rijin)
+ ViVi(F, P Fjip) = ViVi(F; P Fip) = ViVI(F Fip) + V;Vi(F; P Fyp)
+ g™ (E FropRijni + F,P FipRijkn),

15



where Bijii = gP" g%° Rpiqi Rrist and A is the Laplacian with respect to the evolv-

mg metric.

Proof. At the point € M, which we has chosen a normal coordinate system

0g;i
such that 9ij

= 0, we compute

oxk
O 10 4o (0Gmi | Ogm;  Ogji 1L pm | O ,09m 0 0Gmj 0 ,0gj
at? 29 | owi

1
FTAR A 927 " ozl Bam (?arj( ot H@( ot )_axm(ﬁ) ’

o ., 0 (0., 9 (0,

o1 it = (atFﬂ) Oxi ([%P“)
_ L om0 ((Pgmi  Pgmy g5
299" "ot \9ridxi | 0zidal  Dwidam

n lghpgqm pg [ Pgmi | Pgmi  ga
2 ot \Oxziozt Oxidz!  OxIdxz™

+1 hin 9? OGmj B 9? % B 9? OGmi . 0? dgi1
29 | oziodt \ ot dziozr™ \ ot dzi02 \ ot 9z 0zm \ ot

Lo [0 (Ogmi\ _ 0% (Ogn\__ 9 (Ogmi\, 0 (Ogu
— 29 | ozior \ ot oz 0z \ ot 0202 \ ot D210z \ ot

Jg
_ ghp a:;q R?jl ,
0 0 0
&Rijkl = &RZ‘[Qkh + R?jzagkh

[ gy O? agin\ 9 Ogri n 9? 9gi1
2| 9xioxt \ ot Ozioxk \ ot 0xioxl \ Ot Ozioxk \ ot ’

then we have

0 02 o 02 o2
ERijkl = WRﬂ T OrioLl Ry + 029 d! Bi = OxI Ok fu
1 62 pq 62 pq 62 Pa 62 b
1 [ Gwaa Wi = griger Hird ™) = g i i) + g (Hina 1)

28 0? 02 92
p P P p
+ gmigal Lk Fin) = gm g (B Fip) = 5o (B Fip) + ey (F; " Fiyp)

2L+ ilz + I3
By the identity (see [3])
V,ViRj — ViViRy, — V;ViRa + V,; Vi Ry
= ARjji + 2(Bijki — Bijik — Bijk + Birji) — 9" (RpjriRgi + RipriRg;)
and
9°R;, )

m 6 m
ViVilj = goiger ~ fmiggalis = Rim gz lii
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we have

= V,ViRj + le& ry ija -I0 — ViViRy; — kaa i — ij@ Ik
o . d 9 m 9 rm
— V,;ViRi — le@ mo_ Rim@ﬂd + V,;V,Ry; + ka@ i+ Rmi@ Ik

— V,ViRj — ViViRj, — V; ViR + V; ViR — Rem R + Rua R,
= ARjji + 2(Bijii — Bijik — Bitjk + Birjt) — 9° (Rpjri Rgi + RipuiRg; + Rijpi Rer + RijipRal),
where Bijr = g*" g% Rpiqj Rrksi-
Now we compute Is.
It is easily verified that
Vi Vk(HJqu pq) Al (ijqupq)_Hmquzpq 8» HJqum 0 ki -
Oxidxk ox’ ox

As a result, we obtain

9 9
Iy = ViVi(HipgHP) + Hupg HP = =Tt + Higpg H P T — V3V 3o(H g H, ™)

ozt m Ot
Pq 9 (9 pq 9
= Hynpg H, Ot — HjpgH,y! Ot ki — Vjvl(Hkqu 1) — HynpgH,; WF
8 0 0
- Hkqum 8 li it Vjvk(Hiquz pq) + Hmqulpqa Z; + Hlqum 6 v m

= Vivl(Hkququ) = ViVi(Hjpe H, M) = ViVi(Hypg H;P) + Vjvk(Hiquz ‘)

+Hkqu ‘R, +HquHlqu;’:'Lk

151
= vivl(Hkququ) ViVi(H jpaH, pq) vjvl(Hkquz‘pq) + vjvk(Hiqulpq)
+ 9" (Hipg H,* Rijnt + HynpgH, " Rijin ) -
Now it remains to compute the last term. The following identity

02 0 0

ViVi(F;PFy) = W(F PFyp) — F, Flpa FmePa T
yields
0
I3 =V, V|(F, Fj) + F,PFj, P o — 1+ F, Fmp@ L7 — ViV (F) PFyp)
0 0 0 m
Fszpa Fmepa v — ViVi(FFy,) — F,! Ep@ >
p 9 p P 9 p 9 m
- F, Fmpa z‘"‘vjvk(Fi Flp)"‘FmFlpaxj + F; Fmpaj Kl

= ViVi(F,PFjp) = ViV (F;PFyp) = VVi(E P Fp) + Vi Vi(F; " Fp)

+ g™ (B Fonp Rijnt + FoF Fip Rijien) -

17



Combining the above discussions, we complete the proof of the theorem. O

Theorem 5.2 The Ricci curvature satisfies the following evolution equation

0

aRik = AR + 29" 9% Rpigu Rrs — 297 Ry Ryi.

1
+ 19" [ViVi(Hypg H;™) = ViV i(Hjpg H, ") = V3V 1(Hipg H; ") + V Vi (Hipg H, )]

* ngn(HkPququi" — 9" HinpgH, ™ Rijin)
+ ¢ ViVI(F Fjp) = ViVi(F Fyp) = ViVi(BFy) + ViViL(F, " Fy)]
+ 9" (F FopRin — 97 F, P Fip Rijien).

Proof. By Theorem 5.1, we can compute

0

~Z Ry, =
otk

0 0 3 - 0
—R; R; : _ 4P lqRi, -
o kg’ + Jklat = Rijrg” — ¢’ 9" Riju o1 9va
= ¢"'[ARijr + 2(Bijk — Bijik — Bajk + Bikji) — 9" (Rpjni Rgi + Ripki Rgj + Rijpi Ryk
+ RijipRar)] + 2977 9" Rijra Rpq
1 .
+ _gjl[vivl(Hkququ) - vivk(ijqHzpq) - vjvl(Hkquipq) + vjvk(Hiqulpq)]

1 € ]
+ 4g]l mn(Hkqu anl + Hmqu Rz]kn) — THRijkngpgqupmanm"

+ g ViVU(E Fjp) = ViVi(F"Fip) = ViV B Fip) + V;Vi(F; 7 Fip)]
+ g™ (F,PFrnpRin + ¢"' F,P FipRijin) — 2€FRijklgjpgqumeqm
= AR + 297" g7 Rpiqu Rrs — 29" Rpyi Ryi,
_gjl[vivl(Hkququ) - Vin(ijqu pq) - Vjvl(Hkquipq) + Vjvk(Hiqul pq)]
+ ngn(Hkqunquin — 9" HinpgH, " Rijin)
+ ¢ [ViVUu(F," Fip) = ViVi(F; " Fy) = ViVi(F P Fip) + Vi Vi(F, P Fyp)]
+ 9" (F," FrupRin — ¢7' F,F Fip Rijin). O
Theorem 5.3 The scalar curvature satisfies the following evolution equation

3}
&R =AR+ 2|RZ.C|2 + gjl lk[v Vl(Hk]qu P - Vin(ijqu )]

. 1
+ 297 g [ViVI(FP Fyp) — ViVi(F;PFyp)] — g™ Rix (§HpmnHkm" + 2Fmekm) .

18



Proof. By a direct calculation, we have

9 78 ik 81]@78 ik ipkq8
&R— atRzkg +Rzkatg - atRZkg Rzkg g atgpq

= 9" (AR + 29" 9" Rpigk Brs — 207" Ryi Rgi) + 29'9™ Rir Rpq
+ %gﬂgik [ViVi(HipgH;P) = ViV (Hjpg H ") = VjNVi(Hypg H; ™) + V Vi (Hipg H,P)]
+ igikgmn(Hkqunqum - glemqul P Rijkn) — %gipgquikamanmn
+ 9% [ViVUE Fyp) = ViVi(FPFyp) — VVi(EPFp) + V;Vi(F,7Fy))
+ g% g™ (FP FypRin — ¢ F,P Fip Rijin) — QQiPQkQRikaqum
= AR+ 2|Ric|* + %g‘jlgik[vivl(Hkquj”q) = ViVi(HjpgH; )]

. . 1
+ 297 g™ IViVI(F, P Fyy) — ViVi(F,PFip)] — g Rig <§HpmnHkm” + 2Fmekm) .0
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