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Abstract whereM is 2 x 2 linear transfer matrix, the symbet,,

enotes equality up to ordet (inclusive) with respect to

In this article we continue the study of the apochromati?h . .
Twiss parameters of straight drift-quadrupole systemk wit e variablest, p, ande when maps on both sides i (1)

special attention given to the properties of these pararmeté?lre applied to the pha;se space veetaand )
for beamlines with symmetries. Q(z,pz) = c20@” + 2¢11 TPz + Co2 Py (2)
As it was shown in[[1], for every drift-quadrupole system
. _ INTRODUCTION ~Wwhich is not a pure drift space the quadratic fo@nis
~ A straight drift-quadrupole system can not be designedegative-definite and the apochromatic Twiss parameters at
in such a way that a particle transport through it will nothe system entrance can be calculated using the coefficients

depend on the difference in particle energies and this def this quadratic form according to the following formulas
pendence can not be removed even in first order with re-, B c11 3)

C02
spect to the energy deviations. Nevertheless, the situatio”* ~ [ea0Cos — 2, Qa Co0Coz — €21
will change if instead of comparing the dynamics of in-
dividual particles one will compare the results of tracking CHROMATIC LATTICE FUNCTIONS

Of. monoenergetic p?‘”“_"e ensembles throughthe sys;em %MThe equations of particle motion in a straight drift-
will look at chromatic distortions of the betatron functson adrupole channel, when linearized with respect to the

) . u
a;]ppear_lng ?ft_er thelr.transport thro_Uthth? system. q '.:fzoﬁhnsverse variables, are uncoupled between the horizonta
this point of view, as it was proven irLI[1], for every drift- and vertical degrees of freedom, and we again can limit our

quadrupole system which is not a pure drift space there €¥onsiderations to the energy dependent dynamics in one

ists an unique se_t of TYViSS parameters (apochromatic TW'ﬁ'?‘;msverse dimension. Ttex 2 horizontal fundamental
parameters), which will be transported through that Systef 4 rix M. can be expressed with the help of the energy

W|th9ut first order chromatic d|stortldﬂls_ln th|_s Paperwe o endent lattice functions., a., ~. and .., if they are
continue the study of the apochromatic Twiss paramete

of straight drift-quadrupole systems with special ati@mti 1
given to the properties of these parameters for beamlines Mc(l) = T2 (1) - R(pe(1)) - T=(0), (4)
with symmetries. where R(u:-(1)) is a 2 by 2 rotation matrix and

TRANSFER MAPS AND APOCHROMATIC T.(r) = < i ti)v/% wo—m > (5)

TWISSPARAMETERS

B . dinthe | der ch The parametrizatiori{4) is very widely used in accelera-
ff ecaus:aj vl;/e are mter:este n ; i O‘g?}f‘t or sr ¢ rloma%r physics, because the plot of the Twiss parameters along
effects and because the map of the drift-quadrupole Sygie eam line shows in the clear visual form the dynamics

tem does not have second order geometric aberrations he beam envelopes or, depending on interpretation, the
transverse coupling terms, we will restrict ourfurthercond namics of the second (’)rder moments of the beam ,dis-
sidgration to the motion in one degree of ffee‘?'om* Iets_ S#¥ibution. The energy dependent lattice functions can be
horl_zpntal. As usualz we will take the. Iongltud|nql particl either calculated numerically for any given value of the en-
position 7 o be the |Tndependent va}rlgble and will use th%rgy offset or one can find them perturbatively using Tay-
variablesz = (z, p,) - for the description of the horizon- |, "o, hansion with respect to the variable The quan-

tal beam oscillations. Here is the horizontal coordinate tities which are typically used for the description of the

and p, is the horizontal canonical momentum scaled W'”?irst-order chromatic effects are chromaticity, which toe t

the constant kinetic momentum of the reference partic'%’riﬂ-quadrupole system of the lengtttan be determined
To take into account energy dependence we will use tl’ées the integral

variable £, which is proportional to the relative energy de-

f(?ﬁown, in the familiar form

. . . . I 1 !
viation, and we will treat this va_rlable asa pa_rameter. With £(Bo) = —= / Yo(7) dr, (6)
the assumptions made and with the precision needed the 2
horizontal mapM of the drift-quadrupole system can beand two betatron amplitude difference functions
represented through a Lie factorization as follows B(4.) 1 ( 1 dﬁs) @)

e) — 5 ° o )
M =5 exp(: —(¢/2)- Qx, ps):) : M «, 1) 2 \f: de ).
*vladimir.balandin@desy.de a(B.) = 1 (doe  acdf. ®)
1For a drift space the apochromatic Twiss parameters do fi&it ex ) de Be de )|._ ’
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which we denote with the hat on the top in comparison with C(Bo) = —€(Ba) - /m% —1-cos(26), (15)
their usual notations[ [2] because for us it is convenient to

scale them with the factar/2. If the values of the chro- Herem,, = m, (8, 8,) andd is the mismatch phase with
matic variables, a and¢ are known, then one can calcu- 1 B4(0)
(000 283 — cs0)). )

late the first (linear with respect & correction terms for ~ sin(26) = T Bo(0)
the Twiss parameters and for the phase advance one finds VAL 1 0

dpe (1) _ N N
T o - g(ﬂ()) + Q(ﬂs(O)) - a(ﬂs(l)) (9) COS(29) _ 1 . <g¢1§8§ _ mp) ) (17)
/m2 —1 0
One sees that three variablgs (@)-(8) are, in general, suffi- i
cient for the description of all first order chromatic effect
Nevertheless, there is still a need for additional varisibde PERIODIC SYSTEMS

make this description more detailed. It is connected with |, this section we will consider a system constructed by
the fact that the betatron amplitude difference functibns 5 repetition ofn identical cells ¢ > 1) with the assump-
anda play a twofold role. They describe both, chromatigjon that the linear (energy independent) cell transfer ma-
properties of the incoming Twiss parameters and interagix allows periodic beam transport with the periodic Twiss
tion of the incoming Twiss parameters with the Chromat'?)arameterﬁg ando?, and with the periodic cell phase ad-
properties of the given beam line. So in the pager [1] WQancey? which is not a multiple ofr. Letr(37) and¢(5E)

have introduced two additional (supplementing) chromatige the one cell apochromaticities. Iterating the propagati
variablesn and ¢, which we call apochromaticities and formula [I1)n times, we obtain

which (together with the chromaticity) can be obtained as

coefficients of the expansion of the quadratic foin (2) with b(BE(nl)) + ia(BP(nl)) =
respect to three independent quadratic invariants oflinea
motion. These variables satisfy the important equality exp(i2nuh) - K(}(gf(o)) + id(ﬂg(o))) +

& (Bo) = n*(Bo) + *(Bo) + (c20co2 — ¢3,), (10) (my22)
Sinn . .
and with their help the change in the betatron amplitudeﬁ ~exp(—i(n — 1)ug) - (77(55) + lé(ﬁg))}- (18)

5111
difference functions after the beam line passage can be cal- a
culated as follows The second addend inside the square brackets in the right
. B ' hand side of this formula gives us thecell apochromatic-
b(B=(1)) + ia(Be(l)) = exp(i2uo(l))- ities and one sees that if thecell phase advancey?, is

multiple of 7, then these apochromaticities are equal to
{(5(55(0)) n z’d(ﬁe(o))) n (77(50) n ié(ﬁo))] (11) Zero. So we came to the following statement, which is valid
for each transverse plane separately:
Taking into account the formula for the mismatch between For any system built out of identical drift-quadrupole
the on and the off energy Twiss parameters cells with the overall transfer matrix equal to the identity
or to the minus identity matrix and with the cell matrix not
myp (Be; Bo) = (B0 — 2ac a0 + 72 o) /2 = equal to the identity or to the minus identity matrix, the
cell periodic Twiss parameters (which are unique under as-
14 2% (dQ(BE) + 52([35)) + 0(e?), (12) sumptions made) are unique apochromatic Twiss parame-
ters of then-cell system.
one sees fron{(11) that if on the system entrance the in- Note that, though not in such general form and without
coming Twiss parameters for the particles with the nomiaddressing the question of uniqueness, this statement can-
nal energy were apochromatic with(5o) = ((5) = 0, not be considered as a completely new result. For example
then the mismatch at the beam line exit will be the same a§ [3] the same was shown for the sequence of FODO cells

at the beam line entrance (at least in the lowest order Wlﬂj'y making exp|icit calculations invo|ving thin-lens model
respect to the energy deviation), which (once more) showsr the quadrupole focusing.

the importance of the apochromatic Twiss parameters for
practical accelerator designs. SCALING AND TELESCOPES

To finish this section, let us note that if the apochromatic Scaling of lattice parameters is a procedure which allows
Twiss parameterg, anda, and the chromaticity(5,) to adapt known optics solutions to the new geometrical di-
are known, then for an arbitrary Twiss parametéfsand mensions. For a drift-quadrupole system scaling by a factor

oy the following relations hold A > 0 consists of the elongation of the system length by the
B 13 factor A with the simultaneous reduction of the quadrupole
§(Bo) = £(Ba) - mp, (13) coefficientk; (1) by the factorA\?. The usefulness of this

procedure is determined by the fact that any betatron func-
n(Bo) = —&(Ba) - /M2 —1-sin(20). (14) tion of the original system, when elongated to the length of



the new system and multiplied by the factgbecomes the MIRROR SYMMETRY

betatron function of the scaled system. Let us consider a mirror symmetric system of the length
The map of the scaled system 21 where the drift-quadrupole cell which is not a pure drift
My =g exp(: —(e/2)- Oa(m, pz) 1) : M :, (19) space is followed by its reversed image and let us assume

is connected to the map of the original systén (1) by thifiat the map of the first part is given by the expression (1).
relation Then the map of the second (reversed) part can be calcu-

lated as follows
My =20 A(N) M AN (20)

M= i —(e/2)-Qu(2) ) : T, M 'T,. :, (26
whereA(\) = diagv/\, 1/v/) is the scaling matrix. In 2 oxp(: =(/2)-r(2) 1) (26)

: : - where Q,.(z) = Q(M T, z) and T, = diag(1,—1) is
particular, the quadratic for@, is given by the formula the reversal symmetry matrix. And for the map of the total

On(@,pe) = A leao 2 + 211 ape + Aco2pl,  (21)  system one finds
and, applying formulas[{3) to the coefficients of this : M, :=5 exp(: —(£/2) - Qi(2) :) : T,M~'T,M :, (27)
quadratic form, one sees that the apochromatic Twiss pgatere
rameters have the same scaling properties as any other be- 1
tatron functions, as could be expected. Qi(z) = Qz) + QM ™ T M 2). (28)

The scaling is not only important by itself, it also givesThe quadratic formQ; uniquely determines the apochro-
a systematic way for the design of beam magnification (gnatic Twiss parameters of the total system at the system
demagpnification) telescopes. Let us consider a system cantrance and, instead of the study of the evolution of the
structed by a repetition of cells and let us assume that theapochromatic Twiss parameters along the beamline, one
cell with the indexn (m = 2, ..., n) is the copy of the first can equivalently analyze the propagation of this quadratic
cell scaled by the factox™~!. The overall transfer matrix form along the system length. Let us look at the images of
of this system is equal to the matrix the quadratic forn@, at the system symmetry point (in the

An(/\) . (Ail(/\) M)n (22) middle of the system)

AL _ -1 -1
and, if the second multiplier in the produtt{22) is equal to ° M= Qulz) = _Q(M z) + QM Ty z) (29)
the plus or minus identity matrix, then the system becomé¥d at the system exit

a telescope. T M T M 7 Qu(z) = Q(Ty 2). (30)
So let us assume that The formulas[(29) and (30) tell us that the apochromatic
ATTNM) =6-1,  § = +1. (23) Twiss parameters of the mirror symmetric system are mir-

Then the map of the total syste, takes the form ror symmetric by itself, i.e.

My =5 exp(: —(/2) - Sx(x, ps) 1) : SA™(N) :, (24) ﬂa.(2l) = Ba(0), -O‘a(zl) = —a4(0), aq(l)=0, (31)
as (like for the scaling) also could be expected.
Let us finish this paper with the remark that if one will
nl . m consider the both parts of the system separately, then one
Sx(x, pz) = Z PAT ) M Q(z, po) (25) Wil find that the entrance apochromatic Twiss parameters
. ] - m=0 ) of the second (reversed) part are the reversed image of the
is negative-definite (as for any drift-quadrupole systemgyii apochromatic Twiss parameters of the first part, and
and, clearly, is the invariant of the cyclic group generateght the apochromatic Twiss parameters of the total system
by the matrix A~'(X) M. If this cyclic group has more i coincide with the apochromatic Twiss parameters of

than two elements, thesy must be proportional to the poih parts if, and only if, the exit apochromatic alpha of the
Courant-Snyder quadratic form which corresponds to thg; part is equal to zero.

(unique in this case) periodic Twiss parameters of the ma-
trix A=1(\) M. Thus we have proven the following: REFERENCES
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where the quadratic form
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