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Abstract
We define a relativistic version of the two-level atom, in which an extended atom is replaced by

a point particle carrying suitable Grassmann variables for the description of the two-level structure

and of the electric dipole. After studying the isolated system ”atom plus the electro-magnetic field”

in the electric-dipole representation as a parametrized Minkowski theory, we give its restriction to

the inertial rest frame and the explicit form of the Poincaré generators. After quantization we get a

two-level atom with a spin 1/2 electric dipole and the relativistic generalization of the Hamiltonians

of the Rabi and Jaynes-Cummings models.
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I. INTRODUCTION

The Rabi model [1] and its rotating-wave approximation or Jaynes-Cumming model [2] of
two-level atoms are approximations for the interaction of atoms with a quantized mode of an
optical cavity very useful in quantum optics and atomic physics. See Ref.[3] for an elementary
introduction and the review in Ref.[4] for a detailed account of recent development.

This model like all atomic physics is an approximation to QED, in which the atoms are
described as non-relativistic particles in quantum mechanics (QM) with a coupling to the
electro-magnetic field of order 1/c. For all the applications in which the energies involved do
not cross the threshold of pair production, this description with a fixed number of particles
is enough. Therefore atomic physics is formulated in the absolute Euclidean 3-space and use
Newton absolute time, namely it is formulated in Galilei space-time. The main drawback is
that, due to the 1/c coupling to the electro-magnetic field there is not a realization of the
kinematical Galilei group connecting non-relativistic inertial frames. To get a relativistic
description we must reformulate the theory in Minkowski space-time with a well defined
realization of the kinematical Poincaré group connecting relativistic inertial frames. This
would lead to relativistic atomic physics as the quantization of a fixed number of classical rel-
ativistic charged scalar (or spinning) particles interacting with the classical electro-magnetic
field.

In Refs.[5, 6] (based on the previous results of Refs.[7, 8]) we gave a consistent relativistic
formulation of atomic physics with an explicit construction of the Poincaré generators in
the inertial rest-frame instant form of dynamics. In these papers we considered N charged
positive energy scalar particles (with Grassmann-valued electric charges to regularize the self-
energies) interacting with the electro-magnetic field in the radiation gauge in the framework
of parametrized Minkowski theories [9].

Parametrized Minkowski theories allows one to describe every isolated system having
a Lagrangian description in special relativity in both inertial and non-inertial frames as
shown in Refs. [10, 11]. This formulation is based on a metrology-oriented description of
non-inertial frames obtained with the 3+1 point of view and the use of observer-dependent
Lorentz scalar radar 4-coordinates. Let us give the world-line xµ(τ) of an arbitrary time-
like observer carrying a standard atomic clock: τ is an arbitrary monotonically increasing
function of the proper time of this clock. Then we give an admissible 3+1 splitting of
Minkowski space-time, namely a nice foliation with space-like instantaneous 3-spaces Στ :
it is the mathematical idealization of a protocol for clock synchronization (all the clocks
in the points of Στ indicate the same time as the atomic clock of the observer). On each
3-space Στ we choose curvilinear 3-coordinates σr having the observer as origin. These
are the radar 4-coordinates σA = (τ ; σr). If xµ 7→ σA(x) is the coordinate transformation
from the Cartesian 4-coordinates xµ of a reference inertial observer to radar coordinates, its
inverse σA 7→ xµ = zµ(τ, σr) defines the embedding functions zµ(τ, σr) describing the 3-spaces
Στ as an embedded 3-manifold into Minkowski space-time. These embedding functions in
turn induce a 4-metric on Στ by the following functional: 4gAB(τ, σ

r) = [zµA ηµν z
ν
B](τ, σ

r),
where zµA(τ, σ

r) = ∂ zµ(τ, σr)/∂ σA are tetrads (with inverse tetrads zAµ (τ, σ
r)) and 4ηµν =

ǫ (+ − −−) is the flat metric (ǫ = ±1 according to either the particle physics ǫ = 1 or the
general relativity ǫ = −1 convention). While the 4-vectors zµr (τ, σ

u) are tangent to Στ , so

that the unit normal lµ(τ, σu) is proportional to ǫµαβγ [z
α
1 zβ2 z

γ
3 ](τ, σ

u), we have zµτ (τ, σ
r) =

[N lµ + N r zµr ](τ, σ
r) (N(τ, σr) = ǫ [zµτ lµ](τ, σ

r) and Nr(τ, σ
r) = −ǫ gτr(τ, σ

r) are the lapse
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and shift functions).

The foliation is nice and admissible if it satisfies the conditions 1:
1) N(τ, σr) > 0 in every point of Στ (the 3-spaces never intersect, avoiding the coordinate
singularity of Fermi coordinates);
2) ǫ 4gττ (τ, σ

r) > 0, so as to avoid the coordinate singularity of the rotating disk, and with
the positive-definite 3-metric 3grs(τ, σ

u) = −ǫ 4grs(τ, σ
u) having three positive eigenvalues

(these are the Møller conditions [10]);
3) all the 3-spaces Στ must tend to the same space-like hyper-plane at spatial infinity (so
that there are always asymptotic inertial observers to be identified with the fixed stars).

In the description of isolated systems (particles, strings, fields, fluids) admitting a La-
grangian formulation the matter variables are replaced with new ones knowing the 3-spaces
Στ . For a relativistic particle with world-line xµ(τ) we must make a choice of its energy
sign: then it will be described by 3-coordinates ηr(τ) defined by the intersection of the
world-line with Στ : xµ(τ) = zµ(τ, ηr(τ)). As opposed to all the previous approaches to
relativistic mechanics, the dynamical configuration variables are the 3-coordinates ηri (τ)
and not the world-lines xµ

i (τ) (to rebuild them in an arbitrary frame we need the em-

bedding defining that frame [7]). For the electro-magnetic field the potential Ãµ(x
α) has

to be replaced with AA(τ, ~σ) = zµA(τ, ~σ) Ãµ(z
α(τ, ~σ)), whose associated field strength is

FAB(τ, ~σ) =
(

∂A AB − ∂B AA

)

(τ, ~σ) (from now on we will use the vector notation ~σ for the

curvilinear 3-coordinates σr for the sake of simplicity).

Then the matter Lagrangian is coupled to an external gravitational field and the external
4-metric is replaced with the 4-metric gAB(τ, ~σ) of an admissible 3+1 splitting of Minkowski
space-time. With this procedure we get a Lagrangian depending on the given matter and
on the embedding zµ(τ, ~σ), which is invariant under frame-preserving diffeomorphisms. As a
consequence, there are four first-class constraints (an analogue of the super-Hamiltonian and
super-momentum constraints of canonical gravity) implying that the embeddings zµ(τ, σr)
are gauge variables, so that all the admissible non-inertial or inertial frames are gauge equiv-
alent, namely physics does not depend on the clock synchronization convention and on the
choice of the 3-coordinates σr: only the appearances of phenomena change (not their or-
der) by changing the notion of instantaneous 3-space. Even if the gauge group is formed
by the frame-preserving diffeomorphisms, the matter energy-momentum tensor allows the
determination of the ten conserved Poincaré generators P µ and Jµν (assumed finite) of every
configuration of the system.

If we restrict ourselves to inertial frames, we can define the inertial rest-frame instant form
of dynamics for isolated systems by choosing the 3+1 splitting corresponding to the intrinsic
inertial rest frame of the isolated system centered on an inertial observer: the instantaneous
3-spaces, named Wigner 3-space due to the fact that the 3-vectors inside them are Wigner
spin-1 3-vectors [8], are orthogonal to the conserved 4-momentum P µ of the configuration.
The embedding defining the inertial rest frame is

zµ(W )(τ, ~σ) = xµ
o + ǫµA(

~h) σA, (1.1)

1 These conditions imply that global rigid rotations are forbidden in relativistic theories [10, 11].
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where ǫµτ (
~h) = Pµ

√
ǫ P 2

= hµ =
(
√

1 + ~h2;~h
)

, ǫµr (
~h) =

(

−hr; δ
i
r− hi hr

1+
√

1+~h2

)

(see Ref.[5] for the

notations; we have zµ(W )A(τ, ~σ) = ǫµA(
~h)). The tetrads ǫµA(

~h) are the column of the standard

Wigner boost for time-like orbits; the inverse tetrads are ǫAµ (
~h)

This framework allows the description of atomic physics [5, 6], spinning particles [12],
massless particles [13], open Nambu string [14]. Moreover it allows us to get a consistent
definition of relativistic quantum mechanics and relativistic entanglement in the inertial
rest-frame [15] with a preliminary extension to non-inertial frames [16, 17].

In Section 6 and 7 of Ref.[6] we studied the electric-dipole approximation and the tran-
sition to the relativistic electric-dipole representation for a system of two charged positive-
energy particles. After the separation of the center of mass 2, the relative motion of the two
particles gives rise to a relativistic bound state at the quantum level whose levels simulate
the levels of an atom.

In this paper we will give a relativistic description of a two-level atom with an electric
dipole, in which we approximate the bound state with its center of mass endowed with
additional structures, described by suitable Grassmann variables, which must generate only
a two-level structure (replacing the energy levels implied by the Schroedinger equation for
the relative motion) and a two-level electric dipole (replacing the relative variable) after
quantization.

Therefore we get a particular monopole-dipole description of the extended two-body
system 3, in which the point-like atom has:

a) a generalized dipole description of the two levels;

b) an electric dipole, which after quantization can assume two values like the spin of a
Pauli particle;

c) and an optional spin dipole if the two-level atom is spinning (moreover, if the two-level
is charged instead of being neutral as it is always assumed, the spin dipole would also behave
as a magnetic dipole as shown in Ref.[12]).

We will give an action principle including also the dynamical electro-magnetic field (so
that we have an isolated system), whose interaction with the point-like atom is given in the

electric-dipole representation (it contains an interaction term ~d · ~E) and not in the standard

one (containing the interaction term d~x(t)
dt

· ~A(t, ~x(t))).

2 See Refs.[5, 6, 10] for the problems connected with the relativistic collective variables for an extended

system, i.e. the canonical non-covariant (Newton-Wigner) center of mass, the covariant non-canonical

Fokker-Pryce center of inertia and the non-covariant non-canonical Møller center of energy. All of them

collapse in Newton center of mass in the non-relativistic limit.
3 See Section 5 of Ref.[6] for the standard multipolar expansion of the two-body system. It includes the

monopole (the center of mass) and the spin dipole (the magnetic dipole), but not the electric dipole.

Moreover it implies all the levels of the two-body system after quantization and not only two.
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The aim of the paper is not to contribute to the phenomenology of atomic physics, but
only to build an explicit realization of the Poincaré generators of the relativistic two-level
atom.

In order to facilitate the comparison of the various terms of our relativistic version with
its nonrelativistic counterpart, we present here the nonrelativisitic Hamiltonian model for a
point-like two-level atom interacting with a single mode electromagnetic field

H =
~κ2

2m
+

~

2
Ω̂σ3 + ~ω

(

â†emâem +
1

2

)

+(c~d · ~E(τ))(σ+ + σ−)(âem + â†em) (1.2)

It consists of the kinetic energy operator ~κ2/2m of the center of mass motion, the Hamil-

tonian ~ω
(

â†emâem + 1
2

)

of the free field and the Hamiltonian ~

2
Ω̂σ3 corresponding to the

two-internal states of the atom. The final term corresponds to the interaction between
these degrees of freedom. Even though there are no two-level atoms in nature, one can
achieve a configuration in which only, in effect, two-levels are involved by optical pumping.
It is our aim to not only obtain the relativistic quantum Dirac Hamiltonian corresponding
to this model but also an explicit realization of the other Poincare generators, particularly
the interaction dependent boost. In [4] and [18] the details are presented of a microsopic
derivation of Eq. (1.2) for a hydrogen atom in a time-varying electro-magnetic field. We
will not be presenting the microscopic derivation of the relativisitic version4. Rather we will
be arriving at our goal by first constructing the (pseudo)-classical Lagrangian description
of a point-like two-level atom as a parametrized Minkowski theory. This is done in Section
II.

In Section III we study the constraints present in the Hamiltonian description and then
we give the restriction of the isolated system to the inertial rest frame and the explicit form
of the Poincaré generators.

In Section IV we show how the quantization of the Grassmann variables and of the
constraints implies the two-level structure, a two-level electric dipole and the Hamiltonian
of the Rabi model.

Some final comments are done in the Conclusions.

4 In [11] we presented the classical version of this microscopic derivation including the presentation of the

Poincaire generators.
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II. THE LAGRANGIAN DESCRIPTION OF THE TWO-LEVEL ATOM IN A DY-

NAMICAL ELECTRO-MAGNETIC FIELD

Let us consider the isolated system of a two-level atom interacting with a dynamical
electro-magnetic field in the framework of parametrized Minkowski theories..

The point-like two-level atom is described by the 3-coordinates ηr(τ), so that its world-
line is given by xµ(τ) = zµ(τ, ηr(τ)) as said in the Introduction. This is the monopole
description of an extended atom.

The monopole carries two pairs of complex Grassmann variables α(τ), α∗(τ), β(τ), β∗(τ)
needed for the description of a structure with only two energy levels. They satisfy α2(τ) =
(α∗(τ))2 = α(τ)α∗(τ) + α∗(τ)α(τ) = 0, β2(τ) = (β∗(τ))2 = β(τ) β∗(τ) + β∗(τ) β(τ) = 0,
α(τ) β(τ)− β(τ)α(τ) = α(τ) β∗(τ)− β∗(τ)α(τ) = α∗(τ) β(τ)− β(τ)α∗(τ) = α∗(τ) β∗(τ)−
β∗(τ)α∗(τ) = 0. As shown in Ref.[12] the quantization of each pair of complex Grassmann
variables generates a two-level Fermi oscillator. These variables thus underly the quantum
operators corresponding to the Pauli-matrices in Eq. (1.2)

To describe the electric dipole carried by the atom we use a real Grassmann 4-vector
ξµ(τ), ξµ(τ) ξν(τ) + ξν(τ) ξµ(τ) = 0, commuting with the Grassmann variables describing
the two-level structure. To describe a two-level structure after quantization (like a spin 1/2
Pauli particle) it must satisfy the constraint Pµ ξ

µ ≈ 0, where P µ is the total conserved
4-momentum of the isolated system. Since, as shown in Ref.[12], it is too difficult to include
this condition with a Lagrange multiplier in the Lagrangian, we will give a Lagrangian
not implying this condition. Instead we will add it by hand in the resulting Hamiltonian
description. Then conceivably one could try to derive the correct Lagrangian by means of
the inverse Legendre transformation. The variables ξµ(τ) allow us to build a spin-like tensor
Sµν(τ) = −i ξµ(τ) ξν(τ) satisfying Pµ S

µν(τ) ≈ 0. In the Wigner 3-spaces of the rest frame
the constraint Pµ ξ

µ ≈ 0 implies that only the following three Grassmann variables survive

ξr⊥(τ)
def
= ǫrµ(

~h) ξµ(τ). (2.1)

Then the rest-frame spin-like tensor S̄AB(τ) = ǫAµ (
~h) ǫBν (

~h)Sµν(τ) satisfies S̄τB(τ) ≈ 0 and

S̄r(τ) = 1
2
ǫruv S̄uv(τ) = − i

2
ǫruv ξu⊥(τ) ξ

v
⊥(τ). As shown in Ref.[12] the quantization of the

three real Grassmann variables ξr⊥ generates the algebra of Pauli matrices (ξr⊥ 7→
√

~

2
σr)

describing the (1
2
, 0) representation of SL(2, C). They will be used in the construction of the

dipole operator ~d in Eq. (1.2)

In this paper we consider only the electric dipole. If the two-level atom is charged, we could
also introduce the magnetic dipole by adding a spin dipole described by a real Grassmann
4-vector ξµQ(τ) satisfying Pµ ξ

µ
Q(τ) ≈ 0 as done in Ref.[12] to describe a positive energy

spinning particle giving rise to a positive energy spin 1/2 particle at the quantum level. In
this case we need also a Grassmann-valued electric charge Q(τ) = θ∗(τ) θ(τ) described by

a pair of complex Grassmann variables (it turns out to be a constant of motion, dQ(τ)
dτ

= 0
). Again each type of Grassmann variable is commuting with the Grassmann variables of a
different type.

In Ref.[12] the mass term in the Lagrangian for the spinning particle was

7



√

m2 c2 +QSµν
Q (τ)Fµν(z(τ, ~σ)) =

=
√

m2 c2 − i Q ξµQ(τ) ξ
ν
Q zAµ (τ, ~σ) z

B
ν (τ, ~σ)FAB(τ, ~σ) ≈

≈
√

m2 c2 − 2Q ~̄SQ · ~B(τ, ~σ) =

= mc−Q ~̄SQ · ~B(τ, ~σ), (2.2)

where we used the implications of the constraint Pµ ξ
µ
Q(τ) ≈ 0 on the spin tensor Sµν

Q =
−i ξµQ(τ) ξ

ν
Q(τ) to show the emergence of the coupling of the spin dipole with the magnetic

field.

By analogy we get the coupling of the electric dipole, described by the Grassmann vari-
ables ξµ(τ), to the electric field by modifying Eq.(2.2) through the introduction of a coupling
of the associated spin-like term Sµν

ξ (τ) = −i ξµ(τ) ξν(τ) with the dual F ∗
µν = 1

2
ǫµναβ F

αβ of

the field strength: now Sµν F ∗
µν = − i

2
ξµ ξν ǫµν

αβ zAα zBβ FAB will become ~̄S · ~E which will
correspond to the electric-dipole coupling.

The previous discussion and the form of the Hamiltonian given in Eq. (1.2) of the Jaynes-
Cummings model suggests replacing the mass mc with the following expression

m∗(τ, ~η(τ)) c = mc + Ω β∗(τ) β(τ) +

+
i

2
d (β∗(τ)α(τ) + α∗(τ) β(τ)) ξµ(τ) ξν(τ) ǫµν

αβ
(

zAα (τ, ~σ) z
B
β (τ, ~σ)

×FAB(τ, ~σ)
)

|~σ=~η(τ).

(2.3)

Here Ω is the energy difference between the two levels and d is the coupling constant between
the electric dipole and the electric field.

Therefore in the framework of parametrized Minkowski theories our isolated system is
described:

a) by the 3-coordinates ηr(τ) of the point-like atom;

b) by two pairs of complex Grassmann variables α(τ) and β(τ) describing the levels of
the atom;

c) by a real Grassmann 4-vector ξµ(τ) (to be reduced to a Wigner spin-1 3-vector ξr⊥(τ)
at the Hamiltonian level with the addition of the constraint Pµ ξ

µ(τ) ≈ 0) to describe the
electric dipole;

d) by the electro-magnetic potential AA(τ, ~σ) defined in the Introduction;
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e) by the embedding zµ(τ, ~σ) describing the 3+1 splitting, which will be restricted to the
embedding of the Wigner 3-spaces of the inertial rest frame at the Hamiltonian level at the
end.

The Lagrangian of the system, describing it as a parametrized Minkowski theory, is

(ȧ(τ) = da(τ)
dτ

; m∗(τ, ~σ) given in Eq.(2.3))

L(τ) =

∫

d3σ L(τ, ~σ),

L(τ, ~σ) = δ3(~σ − ~η(τ))
[ i

2

(

ξµ(τ) ξ̇
µ(τ) + β∗(τ) β̇(τ)− β̇∗(τ) β(τ) + α∗(τ) α̇(τ)− α̇∗(τ)α(τ)

)

−

− m∗(τ, ~σ) c
√

4gττ + 2 4gτr η̇r(τ) + 4grs η̇r(τ) η̇s(τ)(τ, ~σ) +

+ λ1(τ)
(

α∗(τ)α(τ) + β∗(τ) β(τ)
)]

−

− 1

4

(

√

|4g| 4gAC 4gBD FAB FCD

)

(τ, ~σ). (2.4)

Its construction will ultimately allow us to obtain expressions for the Poincaire generators
of Eq. (3.17). The first term is the kinetic term for the Grassmann variables. The Lagrange
multiplier λ1(τ) is needed to get a constraint on the Grassmann variables which reduces the
levels of the atom from four to two and is considered as a configuration variable.

Let us remark that the analogous Lagrangian for the spinning particle of Ref. [12]:
1) does not contains the variables α(τ) and β(τ) (but has the Grassmann variables for
the electric charge Q = θ∗(τ) θ(τ)); 2) has mc + Ω β∗(τ) β(τ) replaced by the ordinary
mass term mc; 3) has the electric-dipole term i

2
d (β∗(τ)α(τ) + α∗(τ) β(τ)) ξµ(τ) ξν(τ) ǫµν

αβ

replaced by the spin-dipole term − i
2mc

QξαQ(τ) ξ
β
Q(τ); 4) has the minimal coupling term

δ3(~σ − ~η(τ))Q
(

Aτ (τ, ~σ) + η̇r(τ)Ar(τ, ~σ)
)

not being in the electric dipole representation. If

we would consider a charged and spinning two-level atom, instead of the standard neutral
one, we should add terms like in items 1), 3) and 4) to the Lagrangian (2.4).

The canonical momenta associated with the Grassmann variables and with the La-
grangian multiplier are

πµ
ξ (τ) =

i

2
ξµ(τ),

πα(τ) = − i

2
α∗(τ), π∗

α(τ) = +
i

2
α(τ),

πβ(τ) = − i

2
β∗(τ), π∗

β(τ) = +
i

2
β(τ),

πλ1
(τ) = 0. (2.5)

If we introduce the following notation for the electric dipole

9



Aαβ(τ) =
i

2
d
(

β∗(τ)α(τ) + α∗(τ) β(τ)
)

ξµ(τ) ξν(τ) ǫµν
αβ , (2.6)

we have that the terms bilinear in this quantity vanish because we have
(

β∗(τ)α(τ) +

α∗(τ) β(τ)
)2

= 0 due to the properties of the Grassmann variables.

Then the canonical momenta associated with the atom 3-position and with the electro-
magnetic field have the following forms

κr(τ) = −∂L(τ)

∂ η̇r
=

(

mc + Ω β∗(τ) β(τ) +

+ Aαβ(τ) zAα (τ, ~η(τ)) z
B
β (τ, ~η(τ))FAB(τ, ~η(τ))

)

4gτr(τ, ~η(τ)) +
4grs(τ, ~η(τ)) η̇

r(τ)
√

4gττ (τ, ~η(τ)) + 2 4gτu(τ, ~η(τ)) η̇u(τ) + 4guv(τ, ~η(τ)) η̇u(τ) η̇v(τ)
,

πτ (τ, ~σ) =
∂L(τ, ~σ)
∂(∂τAτ )

= 0,

πr(τ, ~σ) =
∂L(τ, ~σ)
∂(∂τAr)

= −
[ γ
√

4g
γrs

(

Fτs − 4gτv γ
uv Fus

)]

(τ, ~σ)−

− δ3(~σ − ~η(τ))
2
(

mc+ Ω β∗(τ) β(τ)
)

Aαβ(τ)
(

lα zsβ γ
sr
)

(τ, ~σ)
√

m2 c2 + 2mcΩ β∗(τ) β(τ) + γuv(τ, ~σ) κu(τ) κv(τ)
,

(2.7)

where γrs(τ, ~σ) is the inverse of the positive-signature 3-metric 3grs(τ, ~σ) = −ǫ 4grs(τ, ~σ),
γ(τ, ~σ) = det 3grs(τ, ~σ),

4g(τ, ~σ) = |det 4gAB(τ, ~σ)| and lα(τ, ~σ) is the unit normal to the
3-space Στ in the point with 3-coordinates ~σ.

Finally the canonical momentum conjugate to the embedding zµ(τ, ~σ) is
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ρµ(τ, ~σ) = −∂L(τ, ~σ)
∂zµτ

= δ3(~σ − ~η(τ))
[ (

mc + Ω β∗(τ) β(τ) + Aαβ(τ) zAα (τ, ~σ) z
B
β (τ, ~σ)FAB(τ, ~σ)

)

zτµ(τ, ~σ) + zrµ(τ, ~σ) η̇
r(τ)

√

4gττ (τ, ~σ) + 2 4gτu(τ, ~σ) η̇u(τ) + 4guv(τ, ~σ) η̇u(τ) η̇v(τ)
+

− 2Aρσ(τ)
[

zτµ (
4gAτ 4gτC 4gBD + 4gAC 4gBτ 4gτD) +

+ zrµ (
4gAr 4gτC + 4gAτ 4grC) 4gBD

]

(τ, ~σ)×

×
(

zCρ zDν FAB

)

(τ, ~σ)
√

4gττ (τ, ~σ) + 2 4gτu(τ, ~σ) η̇u(τ) + 4guv(τ, ~σ) η̇u(τ) η̇v(τ) +

− 2Aµρ(τ)
(

4gAτ 4gBD zρD FAB

)

(τ, ~σ)
√

4gττ (τ, ~σ) + 2 4gτu(τ, ~σ) η̇u(τ) + 4guv(τ, ~σ) η̇u(τ) η̇v(τ)
]

+

+

√

4g

4

[

4gτE zEµ
4gAC 4gBD FAB FCD − 2 zτµ (

4gAτ 4gτC 4gBD + 4gAC 4gBτ 4gτD)FAB FCD +

− 2 zrµ (
4gAr 4gτC + 4gAτ 4grC) 4gBD FAB FCD

]

(τ, ~σ). (2.8)

The canonical Hamiltonian is

Hc = −λ1(τ)
(

α∗(τ)α(τ) + β∗(τ) β(τ)
)

−
∫

d3σ Aτ (τ, ~σ) ∂r π
r(τ, ~σ). (2.9)

while the conserved Poincaré generators are (see Ref.[9, 12])

P µ =

∫

d3σ ρµ(τ, ~σ),

Jµν =

∫

d3σ
[

zµ(τ, ~σ) ρν(τ, ~σ)− zν(τ, ~σ) ρµ(τ, ~σ)
]

+ i ξµ(τ) ξν(τ). (2.10)
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III. THE HAMILTONIAN DESCRIPTION

Let us now describe the primary Dirac constraints of the model.

The Grassmann momenta (2.5) imply the following second class constraints

χµ(τ) = πµ
ξ (τ)−

i

2
ξµ(τ) ≈ 0,

χ(β)(τ) = πβ(τ) +
i

2
β∗(τ) ≈ 0, χ∗

(β)(τ) = π∗
β(τ)−

i

2
β(τ) ≈ 0,

χ(α)(τ) = πα(τ) +
i

2
α∗(τ) ≈ 0, χ∗

(α)(τ) = π∗
α(τ)−

i

2
α(τ) ≈ 0. (3.1)

The Poisson brackets of the Grassmann variables are {ξµ(τ), πν
ξ (τ)} = −ηµν ,

{α(τ), πα(τ)} = {α∗(τ), π∗
α(τ)} = {β(τ), πβ(τ)} = {β∗(τ), π∗

β(τ)} = −1.

The other primary constraints are

πλ1
(τ) ≈ 0,

πτ (τ, ~σ) ≈ 0,

Hµ(τ, ~σ) ≈ 0, (3.2)

where, following the methods of Ref.[12] and using the results given after Eq.(2.6), one has
the following final expression for the constraints Hµ(τ, ~σ) ≈ 0 deriving from Eqs.(2.8) (they
imply that the embeddings are gauge variables or equivalently, they provide a four-vector
continuum set of first class constraints associated with the invariance of the action under τ
and ~σ parameter changes).

Hµ(τ, ~σ) = ρµ(τ, ~σ)− zrµ(τ, ~σ) γ
rs(τ, ~σ)

[

δ3(~σ − ~η(τ)) κr(τ) + Fru(τ, ~σ) π
u(τ, ~σ)

]

−

− lµ(τ, ~σ)
[

δ3(~σ − ~η(τ))
(

√

m2 c2 + 2mcΩ β∗(τ) β(τ) + γrs(τ, ~σ) κr(τ) κs(τ) +

− 2 (mc+ Ω β∗(τ) β(τ))
√

γ(τ, ~σ)

Aµν(τ)
(

lµ zsν π
s
)

(τ, ~σ)
√

m2 c2 + 2mcΩ β∗(τ) β(τ) + γrs(τ, ~σ) κr(τ) κs(τ)
+

+
(

mc + Ω β∗(τ) β(τ)
) Aµν(τ)

(

zuµ zvν γ
ur γvs Frs

)

(τ, ~σ)
√

m2 c2 + Ω β∗(τ) β(τ) + γrs(τ, ~σ) κr(τ) κs(τ)

)

+

+
(

− 1

2
√
γ

4grs π
r πs +

√
γ

4
γrs γuv Fru Fsv

)

(τ, ~σ)
]

=

= ρµ(τ, ~σ)−
(√

γ
[

lµ T⊥⊥ − zrµ γ
rs T⊥s

])

(τ, ~σ) ≈ 0,

(3.3)

where T⊥⊥ = lµ lν T
µν and T⊥r = lµ zrν T

µν are components of the energy momentum tensor
of the isolated system(see Section III of Ref.[10]).
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The Poisson brackets of the non-Grassmann variables are: {zµ(τ, ~σ), ρν(τ, ~σ1)} =
−δµν δ

3(~σ−~σ1), {AA(τ, ~σ), π
B(τ, ~σ1)} = δBA δ3(~σ−~σ1), {ηr(τ), κs(τ)} = −δrs , {λ1(τ), πλ1

(τ)} =
1.

The Dirac Hamiltonian containing the canonical Hamiltonian (2.9) and the primary con-
straints is

HD = −λ1(τ)
(

α∗(τ)α(τ) + β∗(τ) β(τ)
)

+ γ1(τ) πλ1
(τ) +

+ ζµ(τ)χ
µ(τ) + ζ(α)(τ)χ(α)(τ) + ζ(β)(τ)χ(β)(τ) + ζ∗(α)(τ)χ

∗
(α)(τ) + ζ∗(β)(τ)χ

∗
(β)(τ) +

+

∫

d3σ
[

λµ(τ, ~σ)Hµ(τ, ~σ) + λτ (τ, ~σ) π
τ(τ, ~σ)− Aτ (τ, ~σ) ∂r π

r(τ, ~σ)
]

, (3.4)

where γ1(τ), ζµ(τ), ζ(α)(τ), ζ(β)(τ), ζ
∗
(α)(τ), ζ

∗
(β)(τ), λ

µ(τ, ~σ), λτ (τ, ~σ), are Dirac multipliers.

The preservation in time of the primary constraints implies the following secondary con-
straints

α∗(τ)α(τ) + β∗(τ) β(τ) ≈ 0,

Γ(τ, ~σ) = ∂r π
r(τ, ~σ) ≈ 0. (3.5)

While the Grassmann constraints (3.1) are second class, all the other constraints are first

class 5 and the variables λ1(τ), z
µ(τ, ~σ), Aτ (τ, ~σ) and the longitudinal component of the

vector potential are gauge variables.

As shown in Ref.[12] we can eliminate the second class Grassmann constraints (3.1) by
replacing the Poisson brackets {ξµ(τ), πν

ξ (τ)} = −ηµν , {α(τ), πα(τ)} = {α∗(τ), π∗
α(τ)} =

{β(τ), πβ(τ)} = {β∗(τ), π∗
β(τ)} = −1 with the following Dirac brackets (still denoted {., .}

for the sake of simplicity)

{ξµ(τ), ξν(τ)} = −i ηµν ,

{α(τ), α∗(τ)} = {β(τ), β∗(τ)} = −i. (3.6)

Then the Dirac Hamiltonian becomes

HD = −λ1(τ)
(

α∗(τ)α(τ) + β∗(τ) β(τ)
)

+ γ1(τ) πλ1
(τ) +

+

∫

d3σ
[

λµ(τ, ~σ)Hµ(τ, ~σ) + λτ (τ, ~σ) π
τ(τ, ~σ)− Aτ (τ, ~σ) ∂r π

r(τ, ~σ)
]

. (3.7)

5 As in Ref.[12] this is a non trivial check. What turns out to be first class are not the constraints

Hµ(τ, ~σ) ≈ 0, but modified constraints obtained by adding to Hµ(τ, ~σ) linear combinations of the Grass-

mann constraints χµ(τ) ≈ 0 of Eqs.(3.1). Since the calculations are the same given in Ref.[12], we do not

reproduce them.

13



A. The Transversality Constraint

At this point we add by hand the transversality constraints on the Grassmann variables
ξµ(τ)

Φ(τ) = Pµ ξ
µ(τ) ≈ 0, (3.8)

with the conserved total P µ given in Eq.(2.10). This constraint is second class and eliminates
the time-like component of ξµτ , so that there is only an independent Wigner spin-1 Grassmann
3-vector

ξr⊥(τ) = ǫrµ(
~h) ξµ(τ). (3.9)

If we go to Dirac brackets by eliminating the second class constraint (3.8) (so that ξµ(τ) ≡
ǫµr (

~h) ξr⊥(τ)), we get

{ξr⊥(τ), ξs⊥(τ)}∗ = i δrs, (3.10)

with all the other basic Poisson brackets left unmodified except the following ones

{zµ(τ, ~σ), zν(τ, ~σ1)}∗ 6= 0, {zµ(τ, ~σ), ξr⊥(τ)}∗ 6= 0. (3.11)

The new canonical variable z̃µ(τ, ~σ) satisfying the standard Poisson brackets with all the
other variables is

z̃µ(τ, ~σ) = zµ(τ, ~σ) +
i

2
ǫAν (

~h) ηAB

∂ ǫBρ (
~h)

∂ Pµ

ǫρr(
~h) ǫνs(

~h) ξr⊥(τ) ξ
s
⊥(τ). (3.12)

As a consequence the Lorentz generators of Eqs.(2.10) become

Jµν =

∫

d3σ
[

z̃µ(τ, ~σ) ρν(τ, ~σ)− z̃ν(τ, ~σ) ρµ(τ, ~σ)
]

+ S̃µν
ξ ,

S̃ij
ξ = ǫijr Sr

ξ , Sr
ξ = − i

2
ǫruv ξu⊥ ξv⊥,

S̃oi
ξ = −

ǫijr P j Sr
ξ

P o +
√
ǫ P 2

. (3.13)

B. The Restriction to the Wigner 3-spaces of the Inertial Rest Frame

As shown in Refs.[5, 10] the restriction to the inertial rest frame is obtained by adding the
gauge fixing zµ(τ, ~σ) ≈ zµ(W )(τ, ~σ) with the embedding of Eq.(1.1), in which xµ

o is identified

with Y µ(0) so that the observer, origin of the 3-coordinates on the Wigner 3-spaces, becomes

the Fokker-Pryce center of inertia, i.e. Y µ(τ) = zµW (τ, 0) = Y µ(0) + hµ τ (hµ = P µ/
√
ǫ P 2 =

lµ is the unit normal to Wigner 3-spaces). Then Eq.(3.12) becomes
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z̃µ(τ, ~σ) ≈ Y µ(τ) + ǫµr (
~h) σr +

i

2
ǫAν (

~h) ηAB

∂ ǫBρ (
~h)

∂ Pµ

ǫρr(
~h) ǫνs(

~h) ξr⊥(τ) ξ
s
⊥(τ) =

def
= x̂µ(τ) + ǫµr (

~h) σr. (3.14)

The new position x̂µ(τ) allows the use Eqs.(3.13) to define the following spin-like tensor

Sµν
s = Jµν −

(

x̂µ(τ)P ν − x̂ν(τ)P µ
)

.

As shown in Ref.[10], if we evaluate the Poincaré generators (3.13) with the embed-
ding zµ(W )(τ, ~σ), we get the following description of the isolated system ”atom plus electro-

magnetic field”:

1) There is a decoupled (non-local) non-covariant canonical external center of mass x̃µ(τ)

whose conjugate canonical momentum is P µ = Mchµ (Mc =
√
ǫ P 2 is the invariant mass of

the isolated system)

x̃µ(τ) = Y µ(τ) +
i

2
ǫAν (

~h) ηAB

∂ ǫBρ (
~h)

∂ Pµ

ǫρr(
~h) ǫνs(

~h) ξr⊥(τ) ξ
s
⊥(τ)−

− ǫAν (
~h) ηAB

∂ ǫBρ (
~h)

∂ Pµ

Sµν
s ,

{x̃µ(τ), P ν}∗ = −ηµν , {x̃µ(τ), x̃ν(τ)}∗ = 0. (3.15)

This decoupled non-covariant point particle carries a pole-dipole structure (the invariant

massM and the rest spin ~S of the isolated system) and an external realization of the Poincaré
generators 6

P µ = Mchµ, Jµν = x̃µ P ν − x̃ν P µ + S̃µν ,

S̃µν = S̃µν
s + S̃µν

ξ ,

S̃oi = S̃oi
s = − ǫijr hj Sr

1 +
√

1 + ~h2
,

S̃ij = S̃ij
s + S̃ij

ξ = ǫijr Sr. (3.16)

2) Inside the Wigner 3-spaces of the rest frame the system ”atom plus electro-magnetic
field” is described by the atom canonical 3-coordinates ~η(τ), ~κ(τ) (plus the Grassmann

6 As shown in Refs.[5, 10, 16] the non-covariant canonical center of mass x̃µ(τ) and its momentum Pµ

can be replaced with the frozen Jacobi data ~z, ~h, {zi, hj} = δij , by means of the expressions x̃µ(τ) =
(
√

1 + ~h2

[

τ+
~h·~z
Mc

]

; ~z
Mc

+(τ+
~h·~z
Mc

)~h
)

, Pµ = Mchµ = Mc
(
√

1 + ~h2;~h
)

. The Cauchy data for the Newton-

Wigner position are ~z/Mc. Then we get that Lµν = x̃µ P ν−x̃ν Pµ has the components Loi = −
√

1 + ~h2 zi

and Lij = zi hj − zj hi.
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variables ξr⊥(τ), α(τ), α
∗(τ), β(τ), β∗(τ)) and by the canonical coordinates AA(τ, ~σ), π

A(τ, ~σ)
of the electro-magnetic field. There is a unfaithful internal representation representation
Mc, Pr, Sr, Kr, of the Poincaré generators restricted by the conditions Pr ≈ 0 and Kr ≈ 0
(they are the rest-frame conditions eliminating the internal center of mass inside the Wigner
3-space). These generators have the following expression

Mc =
√

m2 c2 + 2mcΩ β∗(τ) β(τ) + ~κ2(τ) +

+
mc

√

m2 c2 + ~κ2(τ)

(

β∗(τ)α(τ) + α∗(τ) β(τ)
)

~d(τ) · ~π(τ, ~η(τ)) +

+
1

2

∫

d3σ
(

~π2(τ, ~σ) + ~B2(τ, ~σ)
)

,

~S = ~η(τ)× ~κ(τ)− i

2
~ξ⊥(τ)× ~ξ⊥(τ) +

∫

d3σ ~σ ×
(

~π(τ, ~σ)× ~B(τ, ~σ)
)

,

~P = ~κ(τ) +

∫

d3σ ~π(τ, ~σ)× ~B(τ, ~σ) ≈ 0,

~K = −~η(τ)
(

√

m2 c2 + 2mcΩ β∗(τ) β(τ) + ~κ2(τ) +

+
mc

√

m2 c2 + ~κ2(τ)

(

β∗(τ)α(τ) + α∗(τ) β(τ)
)

~d(τ) · ~π(τ, ~η(τ))
)

−

− 1

2c

∫

d3σ ~σ
(

~π2(τ, ~σ) + ~B2(τ, ~σ)
)

≈ 0. (3.17)

The invariant mass Mc =
√
ǫ P 2 is derived from Eqs. (2.10) and (3.3) restricted to

zµ(W )(τ, ~σ) by noting that Eq.(2.6) and zµ(W )A(τ, ~σ) = ǫµA(
~h) imply Aµν(τ) ǫuµ(~h) ǫvν(~h) = 0

and Aµν(τ) hµ ǫsν(~h) =
(

β∗(τ)α(τ) + α∗(τ) β(τ)
)

ds(τ), where we introduced the electric

dipole

~d(τ) = −i d ~ξ⊥(τ)× ~ξ⊥(τ). (3.18)

The non-relativistic limit of the atom energy is Mc2 = mc2 +
~k2(τ)
2m

+ Ω
m
β∗(τ) β(τ) +

(

β∗(τ)α(τ) + α∗(τ) β(τ)
)

c ~d(τ) · ~π(τ, ~η(τ)). After a quantization done with the method

explained in the next Section it reproduces the Hamiltonian of the Rabi model [1, 3, 4] with

Ω̃ = Ω/m and electric dipole c ~d(τ). By making the rotating phase approximation one finds
the Hamiltonian of the Jaynes-Cummings model [2–4].

As shown in Refs.[5, 10] the Dirac Hamiltonian in the rest frame is

HD = Mc− λ1(τ)
(

α∗(τ)α(τ) + β∗(τ) β(τ)
)

+ γ1(τ) πλ1
(τ) +

+

∫

d3σ
[

λτ (τ, ~σ) π
τ (τ, ~σ)−Aτ (τ, ~σ) ∂r π

r(τ, ~σ)
]

. (3.19)

To the resulting Hamilton equations one must add the rest-frame constraints ~P ≈ 0 and
~K ≈ 0. With the gauge fixing λ1(τ) ≈ 0 we can also eliminate the gauge variable λ1(τ):
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the Dirac Hamiltonian reduces to HD = Mc+
∫

d3σ
[

λτ (τ, ~σ) π
τ(τ, ~σ)−Aτ (τ, ~σ) ∂r π

r(τ, ~σ)
]

and we have to add the constraint α∗(τ)α(τ) + β∗(τ) β(τ) ≈ 0 to the Hamilton equations.

C. The Restriction to the Radiation Gauge

In Refs.[5, 10] it is shown how to make the restriction to the radiation gauge, where the

electro-magnetic field is described by the transverse quantities ~A⊥(τ, ~σ) and ~π⊥(τ, ~σ). In

the rest frame we have ~π⊥(τ, ~σ) = ~E⊥(τ, ~σ) and ~B(τ, ~σ) = ~∂ × ~A⊥(τ, ~σ). All the previous
formulas remain valid with the replacement ~π 7→ ~π⊥. Now the Dirac Hamiltonian (3.19) is
HD = Mc.

As shown in Ref.[5] we have the following representation of the electro-magnetic fields in
the radiation gauge

~̃A⊥(τ,~k) =
i

~k2

~k × ~̃B(τ,~k) =
1

2 |~k|

[

~α(τ,~k) + ~α∗(τ,−~k)
]

,

~A⊥(τ, ~σ) =
1

(2π)3

∫

d3k

2ω(~k)

∑

λ=1,2

~ǫλ(~k)
[

aemλ(τ,~k) e
i~k·~σ + a∗emλ(τ,

~k) e−i~k·~σ
]

,

~π⊥(τ, ~σ) =
i

2 (2π)3

∫

d3k
∑

λ=1,2

~ǫλ(~k)
[

aemλ(τ,~k) e
i~k·~σ − a∗emλ(τ,

~k) e−i~k·~σ
]

=

◦
=dyn −∂ ~A⊥(τ, ~σ)

∂ τ
,

~B(τ, ~σ) =
i

2 (2π)3

∫

d3k

ω(~k)
~k ×

∑

λ=1,2

~ǫλ(~k)
[

aemλ(τ,~k) e
i~k·~σ − a∗emλ(τ,

~k) e−i~k·~σ
]

,

aemλ(τ,~k) =

∫

d3σ~ǫλ(~k) ·
[

ω(~k) ~A⊥(τ, ~σ)− i ~π⊥(τ, ~σ)
]

e−i~k·~σ,

{aemλ(τ,~k), a
∗
emλ

′ (τ,~k
′

)} = −iΩ(~k) c δλλ′ δ3(~k − ~k
′

).

(3.20)
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IV. THE QUANTIZATION

In Refs.[5, 6] we presented the classical theory underlying relativistic atomic physics.
In Ref.[15] we developed a new version of relativistic quantum mechanics in the inertial
rest-frame instant form consistent with what is known about relativistic bound states and
taking into account the non-covariance of the canonical relativistic external center of mass.
It can be used to quantize the atoms in the absence of the electro-magnetic field. The main
complication is the imposition of the rest-frame conditions ~P ≈ 0 and ~K ≈ 0 due to the
complicated form of the boost generators in presence of interactions among the particles.
When they cannot be solved at the classical level (which would allow quantization of only
physical degrees of freedom), one must quantize all the canonical variables in the Wigner
3-space in a un-physical Hilbert space and then select the physical states by asking that they

satisfy < Φphys| ~̂P|Φphys >= 0 and < Φphys| ~̂K|Φphys >= 0. This type of quantization has not
yet been done for the free transverse electro-magnetic field in the radiation gauge much less
for the system of charged particles plus a generic transverse electro-magnetic field.

Therefore we will give a quantization of the atom in an external classical transverse
electro-magnetic field and then we will show its coupling to a single mode of a free field (this
is suitable for a two-level atom) as it is often done in atomic physics [3].

The canonical 3-coordinates ~η(τ), ~κ(τ), are quantized in the standard way: in the coor-
dinate representation we have ~η 7→ ~η and ~κ 7→ −i~ ∂

∂ ~η
as unbounded operators in a Hilbert

space with the standard scalar product.

The Grassmann variables ξr⊥ describing the electric dipole are quantized to the Pauli

matrices, ξr⊥ 7→
√

~

2
σr like for the spinning particle of Ref.[12]. Therefore, Eqs.(3.18) gives

a quantum electric dipole ~̂d behaving like a spin 1/2 Pauli particle.

Each pair of complex Grassmann variables α, α∗, and β, β∗ is quantized to operators
â, â†, and b̂, b̂† corresponding to Fermi oscillators, namely satisfying the anti-commutation
relations [â, â†]+ = [b̂, b̂†]+ = ~ and with one Fermi oscillator commuting with the other one.
Therefore we get a 4-dimensional Hilbert space whose states have the form

Ψ = C++Ψα(+)⊗Ψβ(+) + C−+Ψα(−)⊗Ψβ(+) +

+ C+−Ψα(+)⊗Ψβ(−) + C−−Ψα(−)⊗Ψβ(−),

âΨ = C−+Ψα(+)⊗Ψβ(+) + C−−Ψα(+)⊗Ψβ(−),

â†Ψ = C++ Ψα(−)⊗Ψβ(+) + C+−Ψα(−)⊗Ψβ(−),

b̂Ψ = C++Ψα(+)⊗Ψβ(−) + C−+Ψα(−)⊗Ψβ(−),

b̂†Ψ = C+−Ψα(+)⊗Ψβ(+) + C−−Ψα(−)⊗Ψβ(+),

(4.1)

If we choose the following ordering
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α∗ α 7→ −â† â+
~

2
,

β∗ β 7→ b̂† b̂− ~

2
, (4.2)

then the constraint α∗(τ)α(τ) + β∗(τ) β(τ) ≈ 0 implies the following condition on the
physical states

(

b̂† b̂− â† â
)

Ψphys = 0,

⇓

Ψphys = C−+Ψα(−)⊗Ψβ(+) + C+−Ψα(+)⊗Ψβ(−) =
def
= C−+Φ(+) + C+− Φ(−). (4.3)

If we define the operators

ĉ = b̂† â, ĉ† = b̂ â†, (4.4)

we get

ĉΦ(+) = Φ(−), ĉΦ(−) = 0,

ĉ† Φ(−) = Φ(+), ĉ†Φ(+) = 0,

b̂† b̂Ψphys = ĉ† ĉΨphys. (4.5)

Therefore the mass term mc+Ω β∗ β will become the mass mc+Ω ĉ† ĉ of the two physical
levels.

Moreover Eq.(4.4) implies that the coupling term of the electric dipole to the electric field
present in Mc of Eq.(3.17) takes the form

mc
√

m2 c2 + ~̂κ
2

(

ĉ† + ĉ
)

~̂d · ~E(τ, ~η(τ)). (4.6)

As is usually done in atomic physics, in particular in the treatment of two-level atoms
[3, 4], let us consider only one quantized mode with energy ~ω (â†em âem+ 1

2
) of the transverse

electro-magnetic field (3.20). Then the transverse electric field can be approximated as
~E(τ) (âem + â†em).

Since in the physical Hilbert space the operators ĉ† ĉ, ĉ† and ĉ coincide with the Pauli
matrices σ3, σ+ and σ− respectively, in the radiation gauge the quantum Dirac Hamiltonian
takes the following form
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ĤD =

√

m2 c2 + 2mcΩσ3 + ~̂k
2

+ ~ω
(

â†em âem +
1

2

)

+

+
mc

√

m2 c2 + ~̂κ
2

(

~̂d · ~E(τ)
)(

ĉ† + ĉ
)

(âem + â†em), (4.7)

whose non-relativistic limit is (Ω̃ = Ω/m)

Ĥ =
~̂κ
2

2m
+

~

2
Ω̃ σ3 + ~ω

(

â†em âem +
1

2

)

+

+
(

c ~̂d · ~E(τ)
)(

σ+ + σ−

)

(âem + â†em). (4.8)

But this is this is the Hamiltonian of the Rabi model [1, 3, 4], which becomes the Jaynes-
Cummings one [2–4] in the rotating phase approximation, in which the last term becomes
(

c ~̂d · ~E(τ)
)(

σ+ âem + σ− â†em

)

.

In the rest frame description one should add the rest-frame conditions <

Φphys| ~̂P|Φphys >= 0 and < Φphys| ~̂K|Φphys >= 0 in the same approximation.
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V. CONCLUSIONS

Our model for the neutral two-level atom allowed us to get the relativistic generalization
of the Hamiltonians of the Rabi and Jaynes-Cummings models. Moreover we found the
explicit form of the Poincaré generators. We also showed how one could describe a charged
two-level atom with also a magnetic dipole. These relativistic models could be applied in
future use of two-level atoms in space experiments near the Earth, where atomic physics
must take into account both special relativity and post-Newtonian general relativity.

To arrive at these results we had to describe the isolated system atom plus dynamical
electro-magnetic field as a parametrized Minkowski theory. Instead usually in atomic physics
one considers the two-level atom interacting with an external electro-magnetic field in the
absolute Euclidean 3-space of Galilei space-time identified with the Euclidean 3-space of a
relativistic inertial frame. But this is relativistically problematic because interaction terms

like ~d· ~E should be interpreted in the inertial frame instantaneously comoving with the atom,
which has an accelerated motion in 3-space. Moreover the transversality constraint (3.8) is
not well defined if P µ is the non-conserved momentum of the atom. All these problems are
solved by our approach.

Finally let us point out the main open problem in the description of extended atoms. If we
have an extended object as an atom with N constituents, we may describe it as a point-like
object by using its multipolar expansion (see Section 5 of Ref.[6]) and replace the equations
of motions of the N constituents with the resulting (often approximate) equations of motions
for the multipoles. However we do not have a consistent variational principle containing a
point particle (the monopole) carrying all the other multipoles and interacting with the
electro-magnetic field so as to get a consistent set of equations of motion (and conservation
laws) for the multipoles. The solution of this problem would allow us to describe N-level
atoms with arbitrary multipoles.
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