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PFAFFIAN QUARTIC SURFACES AND REPRESENTATIONS OF

CLIFFORD ALGEBRAS

EMRE COSKUN, RAJESH S. KULKARNI, AND YUSUF MUSTOPA

Abstract. Given a nondegenerate ternary form f = f(x1, x2, x3) of degree 4
over an algebraically closed field of characteristic zero, we use the geometry of

K3 surfaces and van den Bergh’s correspondence between representations of
the generalized Clifford algebra Cf associated to f and Ulrich bundles on the

surface Xf := {w4 = f(x1, x2, x3)} ⊆ P3 to construct a positive-dimensional
family of irreducible representations of Cf .

The main part of our construction, which is of independent interest, uses
recent work of Aprodu-Farkas on Green’s Conjecture together with a result of
Basili on complete intersection curves in P3 to produce simple Ulrich bundles
of rank 2 on a smooth quartic surface X ⊆ P3 with determinant OX(3).
This implies that every smooth quartic surface in P3 is the zerolocus of a
linear Pfaffian, strengthening a result of Beauville-Schreyer on general quartic
surfaces.

1. Introduction

This article lies at the intersection of four topics: representations of generalized
Clifford algebras, stable vector bundles on surfaces, linear Pfaffian representations
of hypersurfaces, and the Brill-Noether theory of complete intersection curves.

Let f = f(x1, · · · , xn) be a nondegenerate homogeneous form of degree d ≥ 2 in
n ≥ 2 variables over a field k (which we assume throughout to be algebraically closed
of characteristic zero). The generalized Clifford algebra of f, which we denote by
Cf , is the quotient of the free associative k−algebra k{u1, u2, u3} by the two-sided
ideal generated by the relations

(∑

i

αiui

)d

= f(α1, · · · , αn) for all α1, · · · , αn ∈ k.

M. Van den Bergh showed in [vdB] that dr−dimensional matrix representations of
Cf are in one-to-one correspondence with vector bundles on the degree-d hypersur-
face Xf := {wd = f(x1, · · · , xn)} in Pn whose direct image under the natural linear
projection π : Xf → Pn−1 (defined by forgetting the w−coordinate) is a trivial vec-
tor bundle of rank dr on Pn−1. Since the dimension of any matrix representation
of Cf is divisible by d, this accounts for all finite-dimensional representations of Cf

(Proposition 2.4).
A vector bundle E satisfies this condition if and only if it is arithmetically Cohen-

Macaulay (ACM) with Hilbert polynomial equal to dr
(
t+n−1
n−1

)
(Proposition 2.7).

Such vector bundles occur naturally in other algebraic and algebro-geometric con-
texts (e.g. [ESW, CH, CKM, MP]), and in the literature they are known as Ulrich
bundles. Since Ulrich bundles are semistable (e.g. Proposition 2.14), it follows that
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representations of Cf can be parametrized (up to a suitable notion of equivalence)
by a union of quasi-projective schemes.

In this paper we are concerned with the case where f = f(x1, x2, x3) is a general
nondegenerate ternary quartic form, i.e. where Xf is a smooth quartic surface in
P3. The Ulrich bundles onXf corresponding to irreducible representations of Cf are
precisely those Ulrich bundles that are stable with respect to OXf

(1) (Proposition
2.16), so the natural first step in our study is to construct stable Ulrich bundles
on Xf . Since one cannot expect Xf to admit an Ulrich line bundle (this essentially
follows from Proposition 4.4) we look to Ulrich bundles of rank 2, namely those
whose first Chern class is a multiple of the hyperplane class.

If E is such an Ulrich bundle, its Hilbert polynomial is 8
(
t+2
2

)
, so we have c1(E) =

3H and c2(E) = 14. The main ingredient in our construction of stable Ulrich bundles
on Xf is the following general result. Recall that a vector bundle is simple if its
only endomorphisms are scalar multiples of the identity.

Theorem 1.1. Every smooth quartic surface in P3 admits a 14-dimensional family
of simple Ulrich bundles of rank 2 with c1 = 3H and c2 = 14.

Before turning to its role in constructing stable Ulrich bundles on Xf , we discuss
the relevance of this theorem to linear Pfaffian representations of quartic surfaces.
It is known that the existence of a rank-2 Ulrich bundle on a hypersurface Y ⊆ Pn

of degree d ≥ 2 with first Chern class (d − 1)H is equivalent to the existence of
an 2d × 2d skew-symmetric matrix M of linear forms whose Pfaffian cuts out Y ;
this follows from Theorem B in [Bea] or Theorem 0.3 in [ESW]. We then have the
following consequence of Theorem 1.1:

Corollary 1.2. Every smooth quartic surface in P3 admits a linear Pfaffian rep-
resentation.

The existence of linear Pfaffian representations for a general surface of degree
d = 4, · · · , 15 in P3 was shown by Beauville-Schreyer (Proposition 7.6(b) of [Bea])
with the help of a Macaulay 2 computation, and a similar method was used by
Iliev-Markushevich [IM] to prove the existence for the case of a general quartic
threefold in P4. However, the proofs do not yield explicit Zariski-open subsets of
the respective spaces of hypersurfaces. A non-computer-assisted proof of the result
on general quartic threefolds in loc. cit. was recently found by Brambilla-Faenzi,
who showed that a smooth quartic threefold is linear Pfaffian if its Fano variety of
lines has a generically reduced component ((ii) of Theorem 5.5 in [BF]).

By the Noether-Lefschetz theorem, the Picard group of a general quartic surface
in P3 is generated by the class of a hyperplane. Together with Corollary 6.6 of
[Bea], this implies that the general quartic surface in P3 does not admit any Ulrich
line bundles. Any strictly semistable Ulrich bundle is destabilized by a subbundle
which is Ulrich (Lemma 2.15), so we may conclude that the rank-2 Ulrich bundles
constructed in Proposition 7.6(b) of loc. cit. are stable. For a general ternary
quartic form f, the Picard number of Xf is 8, so a different approach is required
to produce stable Ulrich bundles on Xf .

We combine Theorem 1.1 with an analysis of the effective cone of Xf to prove
the following:

Theorem 1.3. If f = f(x1, x2, x3) is a general ternary quartic form, then Xf

admits a 14-dimensional family of stable Ulrich bundles of rank 2 with c1 = 3H
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and c2 = 14. In particular, there exists a 14-dimensional family of 8-dimensional
irreducible representations of the generalized Clifford algebra Cf .

This result is a consequence of the fact that the general simple Ulrich bundle
on Xf granted by Theorem 1.1 is stable (Proposition 4.2). We offer two proofs
of this, both of which depend on the rational polyhedral structure of the effective
cone of Xf . The first proof proceeds via Proposition 3.22, which is based on results
of Qin concerning the stability of rank-2 simple bundles on surfaces (Theorem 2 in
[Qin1] and Theorem A in [Qin2]). The second proof starts from the semistability
of Ulrich bundles and rules out the existence of destabilizing line subbundles by
direct calculation (Proposition 4.5).

The rest of this introduction is devoted to an outline of the proof of Theorem
1.1, which occupies the bulk of Section 3. We believe that the general technique is
applicable to the construction of rank-2 Ulrich bundles on K3 surfaces that are not
smooth quartics, as well as the construction of rank-2 Ulrich bundles on (special)
smooth quartics whose first Chern class is not 3H.

We begin by sketching the link between vector bundles on a surface X and the
Brill-Noether theory of curves on X. If E is a globally generated vector bundle
of rank 2 on X, then a general choice of two global sections of E gives rise to an
injective morphism E∨ → O2

X whose degeneracy locus is a smooth curve C ∈ | det E|
and which fits into an exact sequence

(1.1) 0 → E∨ → O2
X → L → 0

where L is a line bundle on C. Since L is globally generated with degree c2(E), its
isomorphism class is contained in the Brill-Noether locus W 1

c2(E)
(C). Conversely,

one can take a basepoint-free pencil associated to a line bundle L on C and extend
its evaluation morphism O2

C → L by zero to a morphism O2
X → L whose kernel is

a rank-2 vector bundle on X.
This construction has been used extensively to study the interplay between

curves and vector bundles on K3 surfaces, starting with [Laz]. It plays a major
role in Voisin’s proof of the Green conjecture for generic curves ([Voi1],[Voi2]), and
in the recent proof of the Green conjecture for curves on arbitrary K3 surfaces by
Aprodu-Farkas [AF].

One might hope to prove Theorem 1.1 via the following strategy: produce a
basepoint-free line bundle L of degree 14 on a smooth curve C ∈ |OX(3)| and
construct an exact sequence of the form (1.1) where E is a simple Ulrich bundle.
To implement this strategy or anything like it, we must resolve two issues. The
first is that while there are plenty of line bundles of degree 14 on C with two global
sections, the standard results on Brill-Noether loci do not imply that any of them
are basepoint-free. The second is that even if the desired degree-14 line bundle
exists on C and the associated rank-2 vector bundle E on X is simple, it is not
necessarily true that E is Ulrich; see Section 4.3 for an example.

Our path to resolving the first issue leads through a result of Aprodu-Farkas
(Theorem 3.12 in [AF]) yielding an upper bound of the dimension of certain Brill-
Noether loci that allows us to conclude the general element of W 1

14(C) is basepoint-
free. In order to apply this result to C, we must know that the Clifford index of
C (see Definition 3.2) is computed by a pencil of minimal degree, and that this
minimal degree is sufficiently small relative to the genus of C.
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Since a smooth member of |OX(3)| is a complete intersection of X with a cubic
surface, both of these properties are verified by results of Basili (Théorème 4.2 and
4.3 in [Bas]). With a bit more work, we can show that W 1

14(C) admits a component
W which is generically smooth of the expected dimension, so that the rank-2 vector
bundle E on X associated to a general L ∈ W is simple; see Proposition 3.10 for
details.

The resolution of the second issue is somewhat more involved. While a simple
vector bundle E produced from a general line bundle L ∈ W need not be Ulrich,
Proposition 3.9 implies that it is weakly Ulrich. Such bundles were introduced in
[ESW], and while they are not necessarily ACM, they are a useful generalization
of Ulrich bundles; see Definition 2.10 and the subsequent discussion, as well as
Remark 4.14.

To clarify the obstruction to our weakly Ulrich bundles being Ulrich, we pass from
the Brill-Noether locus W 1

14(C) to the Hilbert schemeX [14] of length-14 subschemes
of X. While our bundles might not be globally generated, we may use the sequence
(1.1) to show that each of them may be expressed as a Serre extension

(1.2) 0 → OX → E → IZ|X(3) → 0

for some l.c.i. Z ∈ X [14] (Proposition 3.14). We then show that E is Ulrich precisely
when Z does not lie on a quadric (Proposition 3.15).

Roughly speaking, as E varies in our family, the subschemes Z which appear in
(1.2) sweep out a 21-dimensional locus inX [14]. Due to the fact that E is locally free,
any such Z is Cayley-Bacharach with respect to OX(3). To show that the general
Z in our 21-dimensional locus does not lie on a quadric, we prove that locus of
length-14 subschemes of X which lie on a quadric and are also Cayley-Bacharach
with respect to OX(3) is of dimension at most 20. All this is explained in more
detail in the proofs of Propositions 3.20 and 3.21.
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2. Preliminaries

2.1. Representations of Clifford Algebras. We give a summary of van den
Bergh’s correspondence. Proofs will be omitted; we refer to van den Bergh’s original
article [vdB] for more details.

For the rest of this section we fix a homogeneous form f = f(x1, · · · , xn) of degree

d ≥ 2 which is nondegenerate, i.e. satisfies the property that ∂f
∂xi

(y1, · · · , yn) = 0
for all i if and only if yj = 0 for all j.

Definition 2.1. The Clifford algebra Cf of the form f is the associative k-algebra
k{x, y, z}/I, where k{x1, · · · , xn} is the free associative k−algebra on x1, · · · , xn

and I ⊆ k{x1, · · · , xn} is the two-sided ideal generated by elements of the form
(α1x1 + · · ·+ αnxn)

d − f(α1, · · · , αn) for α1, · · · , αn ∈ k.

Definition 2.2. Let Cf be the Clifford algebra associated to f.
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(i) A representation of Cf is a k−algebra homomorphism φ : Cf → Matm(k).
The positive integer m is the dimension of φ.

(ii) Two m−dimensional representations φ1, φ2 of Cf are equivalent if there
exists an invertible θ ∈ Matm(k) such that φ1 = θφ2θ

−1.

Observe that the data of an m−dimensional representation φ of Cf consists of
a collection A1, · · · , An of m×m matrices for which the identity

(2.1) (x1A1 + · · ·+ xnAn)
d = f(x1, · · · , xn)Im

holds in Matm(k[x1, · · · , xn]).
Any study of representations begins with the study of irreducible representations,

for which we now give an appropriate definition.

Definition 2.3. A representation φ : Cf → Matm(k) is irreducible if its image
φ(Cf ) generates Matm(k). Otherwise we say that φ is reducible.

Representations of Clifford algebras have been studied in [BHS], where they
are referred to as Clifford modules. It is observed in loc. cit. that Cf admits a
natural Z/dZ-grading, and that any representation of Cf admits the structure of
a Z/dZ−graded Cf−module. In light of this, the following statement, which is an
immediate consequence of Corollary 2 in [vdB] or Proposition 1.1 in [HT], is very
natural.

Proposition 2.4. The dimension of any representation of Cf is equal to rd for
some positive integer r. �

We now describe how to associate to each rd−dimensional representation φ of
Cf a vector bundle of rank r on the hypersurface Xf ⊆ Pn defined by wd =
f(x1, . . . , xn). Define a k−algebra homomorphism

(2.2) Φ : k[w, x1, · · · , xn] → Matrd(k[x1, · · · , xn])

by setting Φ(xi) = xi · Ird for i = 1, · · · , n and Φ(w) =
∑n

i=1 xi · Ai. By (2.1)

this descends to a homomorphism Φ : SXf
→ Matrd(k[x1, · · · , xn]). where SXf

is
the homogeneous coordinate ring of Xf . This yields an SXf

−module structure on

k[x1, · · · , xn]
rd.

Since composing Φ with the natural inclusion k[x1, · · · , xn] →֒ SXf
yields the

natural k[x1, · · · , xn]−module structure on k[x1, · · · , xn]
rd, the geometric content

of our discussion may be summarized as follows: the homomorphism Φ yields an
OXf

−module E for which π∗E ∼= Ord
Pn−1 , where π : Xf → Pn−1 is the projection

which forgets the variable w. It can be shown that the nondegeneracy hypothesis on
f implies that E is locally free. The main result of [vdB] (Proposition 1 in loc. cit.)
implies that this construction yields an essentially bijective correspondence.

Proposition 2.5. There is a one-to-one correspondence between equivalence classes
of dr−dimensional representations of Cf and isomorphism classes of vector bundles
E of rank r on the hypersurface Xf such that π∗E ∼= Odr

Pn−1 . �

2.2. Ulrich Bundles. As mentioned in the introduction, the vector bundles that
occur on the geometric side of van den Bergh’s correspondence are ubiquitous
enough to justify the following definition.

Definition 2.6. A vector bundle E of rank r on X is Ulrich if for some (resp. all)
linear projections π : X → Pn−1, we have that π∗E ∼= Odr

Pn−1 .
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The following characterization of Ulrich bundles plays an important role in the
sequel. It is a special case of Proposition 2.1 in [ESW] which we state without
proof.

Proposition 2.7. Let E be a vector bundle E of rank r ≥ 1 on X. Then the
following are equivalent:

(i) E is Ulrich.
(ii) E is ACM and its Hilbert polynomial is dr

(
t+n−1
n−1

)
.

(iii) The OPn−module E admits a minimal graded free resolution of the form

(2.3) 0 −→ OPn(−1)dr −→ Odr
Pn −→ E −→ 0.

�

In particular, X is linear determinantal if and only if X admits an Ulrich line
bundle. As an immediate consequence of (iii), we obtain

Corollary 2.8. Any Ulrich bundle of rank r on X is globally generated and has dr
global sections. �

Since most hypersurfaces do not admit linear determinantal representations, one
can ask for the “next best thing,” namely a linear Pfaffian representation. The
following result, which allows us to deduce Theorem 1.2 from Theorem 1.1, is a
rephrasing of Corollary in [Bea] which is suitable for our purposes.

Proposition 2.9. The following conditions are equivalent:

(i) X is the zerolocus of the Pfaffian of a (2d) × (2d) skew-symmetric matrix
of linear forms.

(ii) There exists a rank-2 Ulrich bundle on X with determinant OX(d− 1). �

Note that condition (i) is satisfied if X is linear determinantal. Indeed, if M is
a d× d matrix of linear forms, we have the equation

detM = Pf

[

0 M

−M
T 0

]

2.3. Weakly Ulrich Bundles. In general, it is difficult to produce Ulrich bundles
directly. As a first approximation one can try to produce bundles that are ”almost”
Ulrich in the following sense.

Definition 2.10. A vector bundle E onX is called weakly Ulrich ifHj(E(−m)) = 0
for 1 ≤ j ≤ n− 1,m ≤ j − 1 and 0 ≤ j ≤ n− 2,m ≥ j + 2.

The importance of this notion stems from the fact that the Beilinson monad of
E (viewed as a coherent sheaf on Pn) reduces to a two-term complex if and only if
E is weakly Ulrich (see Section 2 of [ESW]). Moreover, the sole nonzero morphism
in this two-term complex is a matrix of linear forms if and only if E is Ulrich.

The next proposition is an immediate consequence of the fact that the vanishing
of cohomology groups is an open condition on families of coherent sheaves.

Proposition 2.11. Let M be a family of isomorphism classes of vector bundles
on X. Then the locus in M parametrizing Ulrich (resp. weakly Ulrich) bundles is
a Zariski-open subset of M (possibly empty). �
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2.4. Semistability, Simplicity, and Moduli. We begin by recalling some basic
definitions.

Definition 2.12. If G is a torsion-free sheaf on X of rank r, the reduced Hilbert
polynomial of G is p(G) := 1

rk(G) ·HG(t), where HG(t) is the Hilbert polynomial of

G.

Definition 2.13. A torsion-free sheaf E of rank r on X is semistable (resp. stable)
if for every subsheaf F of E for which 0 < rank(F) < r we have that (w.r.t.
lexicographical order)

(2.4) p(F) ≤ p(E) (resp. p(F) < p(E)).

The proofs of the following results may be found in [CKM2].

Proposition 2.14. Let E be an Ulrich bundle of rank r ≥ 1 on X. Then E is
semistable. �

Lemma 2.15. Let E be an Ulrich bundle on X of rank r which is strictly semistable.
Then there exists a subbundle F of E having rank s < r which is Ulrich. �

Proposition 2.16. Let f be a nondegenerate homogeneous form of degree d ≥ 2
in n variables, and let Xf ⊆ Pn be the smooth hypersurface defined by the equation
wd = f. If E is an Ulrich bundle on Xf , then the representation of the Clifford
algebra Cf associated to E is irreducible if and only if E is stable. �

The final result in the subsection, which is implied by part (1) of Theorem 0.1
in [Muk], is important for the proof of Theorem 1.1.

Theorem 2.17. Let X be a K3 surface, and denote by Spl(r, c1, c2) the moduli
space of simple vector bundles on X of rank r with first and second Chern classes
c1 and c2, respectively. If Spl(r, c1, c2) is nonempty, then it is smooth, and its
dimension at each point [E ] is equal to 1− χ(E ⊗ E∨). �

3. Ulrich Bundles on Quartic Surfaces

3.1. Some results on the geometry of curves. Before starting the proof of
Theorem 1.1 in earnest, we gather the results on curves which play a major role in
the sequel. Throughout this subsection, C is a smooth projective curve of genus
g ≥ 1.

We begin by defining two important invariants of a curve.

Definition 3.1. The gonality of C, which we denote by gon(C), is the minimum
degree of a finite morphism from C to P1.

Observe that any finite morphism f : C → P1 which computes gon(C) is induced
by a complete basepoint-free linear series on C.

Definition 3.2. The Clifford index of C, which we denote by Cliff(C), is
(3.1)

min{d− 2r : there exists L ∈ Picd(C) such that h0(L) = r + 1 ≥ 2, h1(L) ≥ 2}

By Clifford’s Theorem, Cliff(C) ≥ 0 for every curve C, and Cliff(C) = 0 pre-
cisely when C is hyperelliptic. Moreover, it is a straightforward consequence of the
definitions that for all g ≥ 1, we have

(3.2) Cliff(C) ≤ gon(C) − 2.
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The following theorem of Basili yields an essentially complete description of these
invariants for complete intersection curves in P3.

Theorem 3.3. [Bas] Let C be a smooth, nondegenerate complete intersection curve
in P3 and let ℓ be the maximum number of collinear points on C. Then:

(i) [Théorème 4.2, loc. cit.] gon(C) = degC−ℓ, and an effective divisor Γ ⊂ C
computes this gonality if and only if Γ is residual, in a plane section of C,
to a set of ℓ collinear points of C.

(ii) [Théorème 4.3, loc. cit.] If degC 6= 9, then the Cliff(C) = gon(C)− 2. �

We now turn to varieties of special linear series on C. Our treatment will be very
brief; we refer to Chapters III,IV, and V of [ACGH] for details. For integers r, d ≥ 2,
the Brill-Noether locus

W r
d (C) = {L ∈ Picd(C)|h0(C,L) ≥ r + 1}.

naturally admits the structure of a determinantal subscheme of the Picard vari-
ety Picd(C). We have the following formula for the expected dimension of these
varieties:

Theorem 3.4. [Theorem 1.1 in Chapter V of loc. cit.] Let ρ = ρ(g, r, d) be the
Brill-Noether number ρ := g − (r + 1)(g + r − d). If g + r − d ≥ 0, then W r

d (C)
is nonempty. Furthermore, each irreducible component of W r

d (C) has dimension at
least ρ.

Note that W r+1
d (C) ⊆ W r

d (C) for all r ≥ 0 and all d. We will need to know that
this inclusion is strict in the cases of interest to us.

Lemma 3.5. [Lemma 3.5 in Chapter IV of loc. cit.] Suppose g − d+ r ≥ 0. Then
no component of W r

d (C) is entirely contained in W r+1
d (C). �

In order to ensure that the vector bundles E we construct using (1.1) are simple,
we will need the following result, which is based on the calculation of the tangent
space to W r

d (C) at a point L ∈ W r+1
d (C).

Proposition 3.6. [Proposition 4.2 (i) in Chapter IV of loc. cit.] Let L be a point of
W r

d (C) which is not contained in W r+1
d (C). Then W r

d (C) is smooth of the expected
dimension ρ at L if and only if the cup-product map

(3.3) µ : H0(L)⊗H0(ωC ⊗ L−1) → H0(ωC)

is injective. �

The most recent result in this subsection, which is due to Aprodu-Farkas, implies
that Green’s Conjecture on syzygies of canonical curves holds for any smooth curve
C on a K3 surface which achieves equality in (3.2); see [AF] for details.

Theorem 3.7. [Theorem 3.2, loc. cit.] Let C be a smooth curve on a K3 surface
with gon(C) = k,Cliff(C) = k − 2, and ρ(g, 1, k) ≤ 0 such that the linear system
|C| is basepoint-free. If d ≤ g − k + 2, then every irreducible component of W 1

d (C)
has dimension at most d− k. �

In Section 4.3, it will be useful for us to have the following upper bound on the
dimension of W r

d (C).
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Theorem 3.8. [Theorems 5.1 and 5.2 in Chapter IV of [ACGH]] Let d, r be integers
satisfying 2 ≤ d ≤ g−2, d ≥ 2r > 0. If C is neither hyperelliptic, trigonal, bielliptic
nor a smooth plane quintic, then every component of W r

d (C) has dimension at most
d− 2r − 2. �

3.2. Constructing weakly Ulrich bundles from line bundles on curves. For
the rest of this section, X denotes a smooth quartic surface in P3. Our first result
gives a list of sufficient conditions on a degree-14 line bundle L for the rank-2 vector
bundle E in (1.1) to be simple, weakly Ulrich and globally generated in codimension
1.

Proposition 3.9. Let C ∈ |OX(3)| be a smooth curve, and let L be a line bundle
of degree 14 on C satisfying the following conditions:

(i) L is basepoint-free.
(ii) h0(L) = 2.
(iii) h0(L(−1)) = 0.
(iv) h0(L−2(3)) = 0.

Then the rank-2 vector bundle E constructed from the sequence

(3.4) 0 → E∨ → H0(L)⊗OX → L → 0

satisfies the following properties:

(a) c1(E) = 3H and c2(E) = 14.
(b) E is weakly Ulrich.
(c) E is globally generated in codimension 1.
(d) E is simple.

Proof. A Chern class computation applied to (3.4) shows that c1(E) = 3H and
c2(E) = 14, i.e. that property (a) is satisfied. To show that property (b) is satisfied,
we need to check the following vanishings:

(0) H0(E(m)) = 0 for m ≤ −2
(1) H1(E(m)) = 0 for m ≤ −3 and m ≥ 0
(2) H2(E(m)) = 0 for m ≥ −1.

Since E is of rank 2 with determinant OX(3), we have for each m ∈ Z that E(m) ∼=
E∨(m+ 3), so Serre duality implies that

(3.5) Hi(E(m)) ∼= Hi(E∨(m+ 3)) ∼= H2−i(E(−m− 3))∗

In particular, (0) and (2) are equivalent, and the vanishing of H1(E(m)) for all
m ≤ −3 is equivalent to its vanishing for all m ≥ 0. Therefore we only need to
verify (0) and the vanishing of H1(E(m)) for m ≥ 0.

Dualizing (3.4) gives the sequence

(3.6) 0 → H0(L)∗ ⊗OX → E → L−1(3) → 0

To show that (0) holds, it suffices to check that H0(E(−2)) = 0. Twisting (3.6)
by -2 and taking cohomology, we have that H0(E(−2)) is contained in H0(L−1(1)).
Since L−1(1) is of degree -2, we haveH0(L−1(1)) = 0, soH0(E(−2)) = 0 as claimed.

To show that H1(E(m)) = 0 for m ≥ 0, it is more convenient to work with
(3.4). Another application of Serre duality, together with taking cohomology of the
(−m)-th twist of (3.4), shows that

(3.7) H1(E(m))∗ ∼= H1(E∨(−m)) ∼= coker(H0(L)⊗H0(OX(−m)) → H0(L(−m)))
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The multiplication map on the right-hand side is an isomorphism when m = 0, and
when m > 0, we have that H0(L(−m)) = 0 by (iii). In any case, it follows that the
map is surjective, i.e. that h1(E(m)) = 0. This concludes the proof that E satisfies
property (b).

As for property (c), (3.6) implies that E is globally generated away from the base
locus of L−1(3), e.g. that it is globally generated in codimension 1. It remains to
show that E is simple.

The fact that E is weakly Ulrich implies that h0(E∨) = h2(E) = 0 and h1(E∨) =
h1(E) = 0. Twisting (3.6) by E∨ and taking cohomology, we obtain the isomorphism

(3.8) H0(E ⊗ E∨) ∼= H0(E∨|C ⊗ L−1(3))

Restricting (3.4) to C yields the long exact sequence

(3.9) 0 → L(−3) → E∨|C → H0(L) ⊗OC → L → 0

We may split this into the two short exact sequences

(3.10) 0 → L(−3) → E∨|C → L−1 → 0

(3.11) 0 → L−1 → H0(L) ⊗OC → L → 0

Twisting (3.10) by L−1(3), we now have

(3.12) 0 → OC → E∨|C ⊗ L−1(3) → L−2(3) → 0

Since H0(L−2(3)) = 0 by (iv), it follows that h0(E∨ ⊗ L−1(3)) = 1. By (3.8), E is
simple. �

The next result shows that the hypotheses of Proposition 3.9 are not vacuous.

Proposition 3.10. If C ∈ |OX(3)| is a general smooth curve, then there exists
an irreducible component W of W 1

14(C) whose general member satisfies conditions
(i),(ii),(iii), and (iv) in the statement of Proposition 3.9. Moreover, W is generi-
cally smooth of the expected dimension ρ(19, 1, 14) = 7.

Proof. Let us fix a general smooth curve C ∈ |OX(3)| for the duration of the
proof. We will first show that every irreducible component of W 1

14(C) contains a
nonempty Zariski-open subset whose members satisfy conditions (i),(ii) and (iii).
Then we will produce a member L0 ofW

1
14(C) which satisfies condition (iv). It then

follows that if W is any irreducible component of W 1
14(C) containing L0, then the

general member of W satisfies conditions (i),(ii),(iii), and (iv). Finally, we will be
able to deduce from Proposition 3.6 that W is generically smooth of the expected
dimension 7.

By Theorem 3.4, each irreducible component of W 1
14(C) has dimension at least

7. Since 19− 14 + 1 > 0, Lemma 3.5 implies that each such component contains a
nonempty Zariski-open subset whose members satisfy condition (ii).

The members of W 1
14(C) which possess a base point are parametrized by the

image of the addition map σ : C × W 1
13(C) → W 1

14(C) which assigns each pair
(p,L′) to L′(p). We will now show that the image of σ has dimension at most 6,
which implies that the general member of W 1

14(C) satisfies condition (i).
The restriction map H0(OP3(3)) → H0(OX(3)) is an isomorphism, so we may

assume that C is the intersection of X with a smooth cubic surface Y ⊆ P3. Since Y
contains a line, there exist 4 collinear points on C. If there were 5 or more collinear
points on C, then by Bézout’s theorem the intersection X ∩Y would contain a line;
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this contradicts the fact that X ∩Y = C is smooth and irreducible. Given that the
degree of C is 12, Theorem 3.3 implies that gon(C) = 8 and Cliff(C) = 6. Further-
more, ρ(19, 1, 8) < 0, so C satisfies the hypotheses of Theorem 3.7; consequently
the dimension of W 1

13(C) is at most 5. This implies in turn that the image of σ has
dimension at most 6, e.g. that the general member of W 1

14(C) satisfies condition
(i).

Given that OC(1) has degree 12, L(−1) is of degree 2 for all L ∈ Pic14(C).
Line bundles of degree 2 having global sections form a 2-dimensional family, so the
general member of W 1

14(C) satisfies condition (iii).
At this stage, we have not ruled out the possibility that h0(L−2(3)) 6= 0 for all

L ∈ W 1
14(C), i.e. that every member of W 1

14(C) fails to satisfy condition (iv). The
set of all L ∈ Pic14(C) for which h0(L−2(3)) ≥ 1 is Zariski-closed, so to show that
there exists an irreducible component W of W 1

14(C) whose general member satisfies
condition (iv) (we have already checked conditions (i) through (iii)) it is enough to
exhibit an element L0 of W 1

14(C) for which h0(L−2
0 (3)) = 0; we may then take W

to be any irreducible component of W 1
14(C) containing L0.

Let p, q ∈ C be sufficiently general so that the tangent lines to C ⊆ P3 at p and
q are not coplanar (i.e. do not intersect). Then the line bundle L0 := OC(1)(p+ q)
is a member of W 1

14(C), since its degree is 14 and h0(L0) ≥ h0(OC(1)) > 2. Our
hypotheses on p and q imply that h0(L−2

0 (3)) = h0(OC(1)(−2p − 2q)) = 0, so L0

satisfies condition (iv).
Take W to be an irreducible component of W 1

14(C) containing L0, and let L be
a general element of W . The previous arguments imply that L satisfies conditions
(i),(ii), (iii) and (iv), so L fits into an exact sequence of the form (3.11). Twisting
(3.11) by L−1(3) and taking cohomology, we see that the kernel of the cup-product
map µ : H0(L)⊗H0(ωC ⊗L−1) → H0(ωC) is isomorphic to H0(L−2(3)). Since the
latter cohomology group is zero, it follows from Theorem 3.6 that W is smooth of
dimension 7 at L. This concludes the proof. �

Remark 3.11. Theorem 3.6 does not apply to the line bundle L0 constructed in the
previous proof, since L0 is a member of W 2

14(C).

Corollary 3.12. There exists a simple weakly Ulrich bundle E rank 2 on X with
c1(E) = 3H and c2(E)=14 which is globally generated in codimension 1. �

Proposition 3.13. There exists a smooth irreducible component Spl◦X(2, 3H, 14)
of the moduli space SplX(2, 3H, 14) of simple rank-2 vector bundles on X with c1 =
3H, c2 = 14 and a nonempty Zariski-open subset U ⊆ Spl◦X(2, 3H, 14) parametrizing
weakly Ulrich bundles on X. Moreover, we have a diagram

(3.13) GU
h

//___

p

��

|OX(3)|

U

where p : GU → U is the Grassmann bundle whose fiber over E ∈ U is G(2, H0(E))
and h : GU 99K |OX(3)| is a dominant rational map defined by taking a general flag
V ⊆ H0(E) to the degeneracy locus of the induced morphism E∨ → V ∨ ⊗OX .

Proof. By Corollary 3.12, we have that SplX(2, 3H, 14) is nonempty, and Theorem
2.17 implies that each of its irreducible components is smooth of dimension 14. We
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fix an irreducible component Spl◦X(2, 3H, 14) containing the isomorphism class of
one of the bundles constructed in Proposition 3.12. Since being weakly Ulrich is an
open condition by Proposition 2.11, the set

(3.14) U := {E ∈ Spl◦X(2, 3H, 14) : E is weakly Ulrich }

is nonempty and Zariski-open. Moreover, the fact that weakly Ulrich bundles have
no higher cohomology implies (via Riemann-Roch) that h0(E) = 8 for all E ∈ U .
Consequently there exists a Grassmann bundle p : GU → U whose fiber over E ∈ U
is G(2, H0(E)) ∼= G(2, 8). Since G(2, 8) is 12-dimensional, the total space GU is
26-dimensional.

The dimension of the locus on which a vector bundle fails to be globally generated
is upper-semicontinuous in smooth families, so Proposition 3.12 implies that the
general vector bundle E ∈ U is globally generated in codimension 1. It follows that
we have a well-defined rational map h : GU 99K |OX(3)| which takes the general
flag V ⊆ H0(E) to the degeneracy locus of the induced morphism E∨ → V ∨ ⊗OX .

We now show that h is dominant. For general C in the image of h, the fiber
h−1(C) is the set of all flags V ⊆ H0(E) for which the degeneracy locus of E∨ →
V ∨⊗OX is the curve C; the irreducibility of GU implies that h−1(C) is irreducible
as well. It can be seen from (3.4) that the elements of h−1(C) are in bijective corre-
spondence with a Zariski-open subset of an irreducible component WC of W 1

14(C)
parametrizing basepoint-free degree-14 line bundles with 2 global sections. Indeed,
a general L ∈ WC gives rise to a sequence of the form (3.4), and for each flag
V ⊆ H0(E) in h−1(C), the cokernel of E∨ → V ∨ ⊗OX is an element of WC . Since
|OX(3)| is 19-dimensional, we have that h−1(C) is of dimension at least 7. By
Proposition 3.10, we have that h has a 7-dimensional fiber, so the general fiber of
h is 7-dimensional; therefore h is dominant. �

3.3. Proof of Theorem 1.1. Before stating the next result, it is worth reminding
the reader that E ∈ U need not be globally generated.

Proposition 3.14. Let E be a general element of U . Then there exists an exact
sequence of the form

(3.15) 0 → OX → E → IZ|X(3) → 0

where Z is a length-14 l.c.i. subscheme of X.

Proof. It follows from Proposition 3.13 that the general element E of U fits into
an exact sequence of the form (3.6) for some smooth curve C ∈ |OX(3)| and some
basepoint-free line bundle L on C of degree 14. Let Z be an element of the linear
system |L| on C. Since Z is a subscheme of a smooth curve in X, it is l.c.i., and we
have an exact sequence

(3.16) 0 → OX(−3) → IZ|X → L−1 → 0

Let σ : H0(OC) → H0(OC(Z)) ∼= H0(L) be a global section of L which cuts out Z
in C, and define

(3.17) K := ker (σ∨ : H0(L)∨ → H0(OC)
∨)

We then have the following commutative diagram with exact rows and columns
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0

��
0

��

H0(OC )∨ ⊗ OX

��
0 // K ⊗ OX

∼= OX
//

��

E // IZ|X (3) //

��

0

0 // H0(L)∨ ⊗ OX
//

��

E // L−1(3) //

��

0

H0(OC )∨ ⊗ OX

��

0

0

whose top row is the desired exact sequence. �

Proposition 3.15. Let E ∈ U be obtained by an extension

(3.18) 0 → OX → E → IZ|X(3) → 0

where Z ∈ X [14]. If H0(IZ|X(2)) = 0 (i.e. Z does not lie on a quadric in P3) then
E is Ulrich.

Proof. Since E has the Chern classes expected of an Ulrich bundle with c1 = 3H, it
also has the Hilbert polynomial expected of such an Ulrich bundle, so by Proposition
2.7 it is enough to check that E is ACM. Given that E is weakly Ulrich, this amounts
to showing that h1(E(−1)) = h1(E(−2)) = 0. The isomorphisms (3.5) imply that
we need only verify the vanishing of H1(E(−1)).

Twisting (3.18) by −1 and taking cohomology, we have the exact sequence

(3.19) 0 → H1(E(−1)) → H1(IZ|X(2)) → H2(OX(−1)) → H2(E(−1))

The fact that E is weakly Ulrich implies that H2(E(−1)) = 0, so the coboundary
map H1(IZ|X(2)) → H2(OX(−1)) is surjective. We have from Serre duality that

h2(OX(−1)) = h0(OX(1)) = 4. Moreover, our assumption on Z combined with the
exact sequence

(3.20) 0 → IZ|X(2) → OX(2) → OZ(2) → 0

implies that h0(IZ|X(2)) = 0 and h2(IZ|X(2)) = h1(OZ(2)) = 0. Therefore

(3.21) − h1(IZ|X(2)) = χ(IZ|X(2)) = χ(OX(2))− χ(OZ(2)) = 10− 14 = −4

All these calculations imply that h1(IZ|X(2)) = h2(OX(−1)) = 4. It follows that

our surjective coboundary map H1(IZ|X(2)) → H2(OX(−1)) is an isomorphism,

e.g. its kernel H1(E(−1)) is zero. �

It is now clear that Theorem 1.1 will be proved once we show the existence of
a weakly Ulrich bundle E ∈ U and a length-14 subscheme Z of X satisfying the
hypotheses of Proposition 3.15; this is the goal of the remaining results in this
section. First, we need a definition.
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Definition 3.16. Let Y be a smooth projective surface and let Z be a zero-
dimensional l.c.i. subscheme of Y having length ℓ ≥ 1. If G is a coherent sheaf
on Y, then Z is Cayley-Bacharach w.r.t. G if for any subscheme Z ′ of Z having
length ℓ−1, the natural inclusionH0(IZ|Y ⊗G) →֒ H0(IZ′|Y ⊗G) is an isomorphism.

The present importance of the Cayley-Bacharach property stems from the fol-
lowing fundamental result, which is a special case of Theorem 5.1.1 in [HL].

Theorem 3.17. Let Y be a smooth projective surface, let Z be a zero-dimensional
l.c.i. subscheme of Y, and let M be a line bundle on Y. Then there exists an
extension of the form

(3.22) 0 → OY → F → IZ|Y ⊗M → 0

with F locally free if and only if Z is Cayley-Bacharach w.r.t. ωY ⊗M. �

It follows immediately from this theorem that any Z ∈ X [14] appearing in (3.18)
must be Cayley-Bacharach w.r.t. OX(3). Our plan for showing that the hypotheses
of Proposition 3.15 are satisfied is to first prove that the locus in X [14] parametriz-
ing subschemes of X which lie on a quadric and are also Cayley-Bacharach w.r.t
OX(3) has dimension at most 20 (Proposition 3.20), and then prove that the locus
parametrizing the subschemes Z appearing in (3.18) is 21-dimensional (Proposition
3.21).

We begin with a study of the length-14 subschemes of X which are contained in
smooth members of the linear system |OX(2)|.

Proposition 3.18. Let X ⊆ P3 be a smooth quartic surface, and let C ∈ |OX(2)|
be a smooth curve. Then

(3.23) CB(C) := {Z ∈ C(14) : Z is Cayley-Bacharach w.r.t. OC(3)}

is at most 11-dimensional.

Proof. By Definition 3.16, we have that

(3.24) CB(C) = {Z ∈ C(14) : ∀p ∈ supp(Z) p is a base point of |OC(3H−Z+p)|}

Let σ : C ×C(13) → C(14) be the addition morphism defined by σ(p, Z ′) → p+Z ′.
Then the locus CB(C) is contained in the image under σ of the locus

(3.25) C̃B(C) := {(p, Z ′) ∈ C × C(13) : p is a base point of OC(3H − Z ′)}

Given that σ is a finite morphism, it suffices to show that C̃B(C) is at most 11-

dimensional. Observe that the image C̃B(C) under the projection map pr2 : C ×
C(13) → C(13) is the locus

(3.26) Bpt(C) := {Z ′ ∈ C(13) : OC(3H − Z ′) has a base point }

Any linear series on a curve has finitely many base points, so the restriction of pr2

to C̃B(C) is a finite map onto Bpt(C). Consequently we are reduced to showing
that Bpt(C) is at most 11-dimensional.

Since (2H)2 = 16, it follows from the adjunction formula that C is a curve of
genus 9. Furthermore, the line bundle OC(3H−Z ′) is of degree 11 for all Z ′ ∈ C(13),
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so Riemann-Roch tells us that dim |OC(3H − Z ′)| ≥ 2 for all Z ′ ∈ C(13). Consider
the commutative diagram

C(13)
a

//

a′

$$I

I

I

I

I

I

I

I

I

Pic13(C)

∼= γ

��

Pic11(C)

where a is defined by Z ′ 7→ OC(Z
′) and γ is defined by M 7→ M−1(3); it is

straightforward to verify that a′(C(13)) ⊆ W 2
11(C) and that Bpt(C) = (a′)−1(V),

where V is the subvariety of W 2
11(C) parametrizing line bundles with a base point.

We claim that 6 ≤ dimV ≤ 7. Note that V is the image of the morphism
ρ : C × W 2

10(C) → W 2
11(C) defined by (p,M′) 7→ M′(p). By Serre duality and

Riemann-Roch, we have that W 2
10(C) ∼= W6(C), so C × W 2

10(C) is 7-dimensional;
this implies that dim(V) ≤ 7. To see that dimV ≥ 6, observe that for each N ∈ V ,
any pair (p,M′) ∈ ρ−1(N ) must satisfy M′ ∼= N (−p), e.g. ρ−1(N ) is contained
in the 1-dimensional locus {(p,N (−p)) ∈ C × Pic10(C) : p ∈ C}. This proves the
claim.

Thanks to the fact that dimV ≤ 7, we need only check that for general N ∈ V ,
the fiber (a′)−1(N ) is 4-dimensional. Since γ is an isomorphism, this amounts to
checking that a−1(γ−1(N )) is 4-dimensional. Riemann-Roch implies that dim |M| ≥
4 for allM ∈ Pic13(C). Another application of Serre duality combined with Riemann-
Roch shows that W 5

13(C) ∼= W3(C), so we can have dim |M| ≥ 5 only on a 3-
dimensional subvariety of Pic13(C). We have just seen that dimV ≥ 6, so for a
general element M ∈ γ−1(V), we have that a−1(γ−1(M)) is of dimension 4. This
concludes the proof. �

Lemma 3.19. Assume the hypotheses of Proposition 3.18. Then Z is Cayley-
Bacharach w.r.t. OC(3) if and only if it is Cayley-Bacharach w.r.t. OX(3).

Proof. Let Z be a length-14 subscheme of C, and let Z ′ be a length-13 subscheme of
Z. We then have the following commutative diagram with exact rows and columns:

0

��

0

��

0 // OX(−2) // IZ|X //

��

OC(−Z) //

��

0

0 // OX(−2) // IZ′|X // OC(−Z ′) // 0

Twisting by 3 and taking cohomology yields the diagram

0

��

0

��

0 // H0(OX(1)) // H0(IZ|X(3)) //

��

H0(OC(3H − Z)) //

��

0

0 // H0(OX(1)) // H0(IZ′|X(3)) // H0(OC(3H − Z ′)) // 0



PFAFFIAN QUARTIC SURFACES AND CLIFFORD ALGEBRAS

It follows that H0(IZ|X(3)) ∼= H0(IZ′|X(3)) if and only if H0(OC(3H − Z)) ∼=
H0(OC(3H − Z ′)), which is what we wanted to show. �

Proposition 3.20. Let X be a smooth quartic surface in P3, and define

QCB := {Z ∈ X [14] : H0(IZ|X(2)) 6= 0 and Z is Cayley-Bacharach w.r.t. OX(3)}

Then the dimension of QCB is at most 20.

Proof. Let U ⊆ |OX(2)| be the Zariski-open subset parametrizing smooth curves,
and consider the incidence variety

(3.27) C
(14)
U := {(Z,C) ∈ X [14] × U : Z is a subscheme of C}

Since U is 9-dimensional, we have from Proposition 3.18 and Lemma 3.19 that the
locus

(3.28) CBU := {(Z,C) ∈ C
(14)
U : Z satisfies Cayley-Bacharach w.r.t. OX(3)}

is at most 20-dimensional. The restriction of the projection map pr1 : C
(14)
U → X [14]

to CBU dominates QCB, so the latter is at most 20-dimensional as well. �

We now return to the Grassmann bundle GU introduced in Proposition 3.13.
Recall from the proof of the latter that the general element of GU may be described
as a pair (C,L) where L is an element of W 1

14(C) satisfying properties (i) through
(iv) in the statement of Proposition 3.9. The next result concludes the proof of
Theorem 1.1.

Proposition 3.21. Define the incidence scheme

ĜU := {(Z, (C,L)) ∈ X [14] ×GU : Z is a subscheme of C and OC(Z) ∼= L}

Consider the natural maps p1 : ĜU → X [14] and p2 : ĜU → GU . We have the
following:

(i) The locus in X [14] parametrizing the length-14 subschemes Z which appear
in (3.18) is birational to Im(p1).

(ii) Im(p1) is 21-dimensional.

Proof. (i) follows from Proposition 3.14 and the surjective morphism p ◦ p2 : ĜU →
U . Turning to (ii), we observe that for general Z ∈ Im(p1), we have that p−1

1 (Z) =

|IZ|X(3)| and for general (C,L) ∈ Im(p2), we have p−1
2 ((C,L)) = |L| ∼= P1. We

have already seen in the proof of Proposition 3.13 that GU is irreducible and 26-
dimensional. Since p2 is dominant and its general fiber is 1-dimensional, we have

that ĜU is irreducible and 27-dimensional.
Given that (i) holds, taking cohomology in (3.18) and using the fact that any

E ∈ U has 8 global sections shows that |IZ|X(3)| is 6-dimensional for general Z ∈
Im(p1), i.e. that the general fiber of p1 is 6-dimensional. This proves (ii). �

3.4. Stability Of Simple Ulrich Bundles. As stated in the introduction, we
would like to know when the simple Ulrich bundles we have constructed on our
smooth quartic surface are stable. In the case where Pic(X) ∼= ZH we have an
affirmative answer; the next result gives a partial answer for the case of higher
Picard number.
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Proposition 3.22. Let X ⊆ P3 be a smooth quartic surface whose Picard number
is at least 3 and which contains finitely many smooth rational curves, and let E be
a general simple rank-2 vector bundle on X with c1(E) = 3H and c2(E) = 14. Then
E is stable.

Proof. By Theorem 2 in [Qin1] and Theorem A in [Qin2], it suffices to show that
for any divisor class F ∈ Pic(X), the following statements hold:

(i) 2F is not numerically equivalent to 3H.
(ii) If 2F − 3H has positive intersection with every ample divisor on X, then

2F − 3H is the class of an effective divisor on X.

If 2F is numerically equivalent to 3H, then F 2 = 9, which contradicts the fact that
the self-intersection of any divisor on a K3 surface is even; therefore (i) is true. If
2F − 3H has positive intersection with every ample divisor on Xf , then 2F − 3H
is in the closure of the effective cone of X (e.g. Section 1.4C of [Laz1]). Our
hypothesis on X implies that the effective cone of X is polyhedral (e.g. Theorem
1 of [Kov]) and therefore closed; this concludes the proof of (ii). �

Remark 3.23. The theorems of Qin that we have just used refer to slope-stability,
rather than stability. However, slope-stability implies stability, and by Theorem
2.9(c) of [CH] the two notions coincide for Ulrich bundles on any smooth projective
variety.

4. Constructing Irreducible Representations of The Clifford

Algebra

4.1. The geometry of Clifford quartic surfaces. For the rest of the paper, Xf

will denote the smooth quartic surface defined by the equation w4 = f for a general
nondegenerate ternary quartic form f = f(x1, x2, x3); we refer to Xf as a Clifford
quartic.

The starting point for our study of the geometry of Xf is the observation that
π factors as a composition of two double covers. More precisely, we have that
π = π1 ◦ π2, where π1 : S → P2 is the double cover of P2 branched over Q, and
π2 : Xf → S is the double cover of S branched over B := π−1

2 (Q).
Since the canonical bundle ωS of S is isomorphic to π∗

1(ωP2(2)) ∼= π∗
1OP2(−1),

it follows that S is a del Pezzo surface of degree 2. As is well-known, S can also
be described as the blow-up φ : S → P2 of the projective plane at seven points in
general position. Consequently, its Picard group Pic(S) is the free abelian group of
rank 8 generated by the classes e0, e1, . . . , e7, where e0 is the class of φ∗OP2(1) and
e1, · · · , e7 are the classes of the exceptional divisors associated to φ. The matrix
of the intersection form on Pic(S) with respect to the ordered basis {e0, · · · , e7}
is diag(1,−1, · · · ,−1). The following result says that the pullbacks of these classes
via π2 generate all of Pic(Xf ); see Proposition 1.4 of [Art] for the proof (and for a
slightly more general statement).

Proposition 4.1. For i = 0, · · · , 7, define ẽi := π∗
2ei. Then the classes ẽ0, · · · , ẽ7

form a basis for the Picard lattice Pic(Xf ), whose intersection form is given by
diag(2,−2, . . . ,−2). In particular, the intersection form on Pic(X) is 2Z−valued.
�

There are 56 curves on S with self-intersection -1, and their classes are given by
ei for i = 1, . . . , 7; e0 − ei − ej for 1 ≤ i, j ≤ 7 (i 6= j); 2e0 − ei1 − · · · − ei5 (where
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{i1, · · · , i5} ⊆ {1, · · · , 7}) and 3e0 −
∑

i6=j ei − 2ej. The set consisting of these 56

curve classes admits a free Z/2−action via the deck involution of π1, and the 28
orbits of this action are in bijective correspondence with the 28 bitangent lines of
the quartic plane curve Q.

4.2. Existence of stable Ulrich bundles on Xf . Propositions 3.22 and 4.1,
together with the fact that there are exactly 56 smooth rational curves on Xf ,
imply the following result, which in turn implies Theorem 1.3.

Proposition 4.2. There is a Zariski-open subset U ′ of the set U defined in (3.14)
whose members are stable Ulrich bundles of rank 2 on Xf . �

This subsection contains an alternate proof of Proposition 4.2 that yields slightly
sharper information, namely that all the Ulrich bundles on Xf guaranteed by The-
orem 1.1 are stable. We begin with a well-known lemma, whose proof is included
for completeness.

Lemma 4.3. Let D be a divisor class on a K3 surface X such that D2 > 0 and D
has positive intersection with some ample divisor H on X. Then D is the class of
an effective divisor on X.

Proof. By the Riemann-Roch theorem and Serre Duality, we have that

(4.1) h0(OX(D)) + h0(OX(−D)) ≥ 2 +
D2

2

Since D2 > 0 by hypothesis, it follows that exactly one of D and −D is an effective
divisor class. Since −D is assumed to have negative intersection with an ample
divisor on X, it cannot be effective; this concludes the proof. �

Proposition 4.4. There does not exist an effective divisor D on X satisfying
D ·H = 6 and D2 = 4.

Proof. First we will show that any effective divisor class D with D · H = 6 and
D2 = 4 must have nonnegative intersection with any of the 56 conics on X, and
afterwards we will show that this yields a contradiction.

We assume thatD is linearly equivalent to a reducible curve of the form ẽ+D′ for
a conic ẽ on X and a curve D′ on X, since the statement of the lemma is immediate
otherwise. First, note that D′ is irreducible. Indeed, we have that D′ ·H = 4, and
if D′ is reducible then it must be the sum of two conics ẽ′ and ẽ′′ since X does not
contain any lines. Simplifying the equation D2 = (ẽ + ẽ′ + ẽ′′)2 = 4 yields

(4.2) ẽ · ẽ′ + ẽ · ẽ′′ + ẽ′ · ẽ′′ = 5

which is impossible since the intersection form on X is even. Given that D′ and
ẽ are distinct irreducible curves (their intersections with H differ), it follows that
D′ · ẽ ≥ 0. Moreover, if ẽ′′′ is any of the 55 conics on X which is not equal to ẽ,
then D · ẽ′′′ = (ẽ+D′) · ẽ′′′ ≥ 0.

It remains to check that D · ẽ ≥ 0, or equivalently that D′ · ẽ ≥ 2. All that is
required is to rule out the possibility that D′ · ẽ = 0.

Note that D′ is not linearly equivalent to H ; this is because the arithmetic genus
of ẽ + D′ is 3, whereas the arithmetic genus of ẽ + H is 4. The Hodge Index
Theorem then implies that (D′ −H)2 < 0, so that (D′)2 ≤ 2. If D′ · ẽ = 0, then
D2 = (D′)2 + ẽ2 ≤ 0, which is absurd.
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Write D = aẽ0 −
∑

biẽi. By hypothesis, we have

D.H = 6a−
∑

2bi = 6

D2 = 2a2 − 2
∑

b2i = 4.

We have just shown that D has nonnegative intersection with any conic on X,
so we also have the following inequalities

D.(ẽi) = 2bi ≥ 0

D.(ẽ0 − ẽi − ẽj) = 2a− 2bi − 2bj ≥ 0

D.(2ẽ0 − ei1 − · · · − ei5) = 4a− 2

5∑

t=1

bit ≥ 0

D.(3ẽ0 −
∑

i6=j

ẽi − 2ẽj) = 6a− 2
∑

i6=j

bi − 4bj ≥ 0

The first formula gives bi ≥ 0. Combining the last formula with 3a −
∑

bi = 3
gives bi ≤ 3. Hence it is possible to check solutions using a computer program.1

Doing this shows that our system of inequalities is inconsistent, e.g. that D cannot
exist. �

Proposition 4.5. Any semistable bundle of rank 2 on Xf with c1 = 3H and
c2 = 14 is stable. In particular, any Ulrich bundle of rank 2 on Xf with c1 = 3H
and c2 = 14 is stable.

Proof. Let E be a bundle satisfying the hypotheses. A Hilbert polynomial cal-
culation shows that any line bundle M on Xf which destabilizes E must satisfy
c1(M) · H = 6 and c1(M)2 = 4. However, Lemma 4.3 and Proposition 4.4 imply
that such a line bundle cannot exist on Xf . �

Corollary 4.6. Each irreducible component of the moduli space of rank-2 stable
bundles on Xf is a smooth projective variety of dimension 14. �

4.3. A simple weakly Ulrich bundle on Xf which is not Ulrich. In this final
subsection, we construct a family of weakly Ulrich bundles on Xf with c1 = 3H
and c2 = 14 whose members are simple and globally generated, but not Ulrich.

Let E be a smooth cubic curve in P2 which intersects the branch divisor of π1

in 12 distinct points. Then D := π−1
1 (E) is a smooth irreducible member of the

linear system |OS(3)|. Since π1|D is a double cover of an elliptic curve which is
ramified at 12 points, it follows easily from Riemann-Hurwitz that D is of genus
7. In what follows, C will always denote π2

−1(D). Note that C is the member of
|OX(3)| obtained by intersecting X with the cone over E ⊆ P2.

Lemma 4.7. (π2|C)∗OC
∼= OD ⊕OD(−1).

Proof. Since the trace map tr : (π2|C)∗OC → OD induces the splitting (π2|C)∗OC
∼=

OD ⊕N , where N := det((π2|C)∗OC), it suffices to show that N ∼= OD(−1).
The branch divisorB of π2|C is equal to the ramification divisor of π1|D : D → E,

which is in turn a member of the canonical linear system |ωD| = |OD(2)|. We then
have that

(4.3) N⊗2 ∼= OD(−B) ∼= OD(−2)

1Available from the first author upon request.
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Given that the degree of B is 12, the degree of N is -6, so that N (1) has degree 0.
We have from the projection formula that

(4.4) H0(OC(1)) ∼= H0(OD(1)⊗ (π2)∗OC) ∼= H0(OD(1))⊕H0(N (1)).

Taking cohomology of both the exact sequence

(4.5) 0 → OX(t− 3) → OX(t) → OC(t) → 0

and its analogue forD ⊆ S when t = 1, we see that h0(OC(1)) = 4 and h0(OD(1)) =
3, so h0(N (1)) = 1. In particular, N (1) is trivial. �

Proposition 4.8. There exists a line bundle L′ on D of degree 7 which satisfies
the following properties:

(i) L′ and L′−1(3) are globally generated.
(ii) h0(L′) = 2.
(iii) h0(L′(−1)) = 0.
(iv) h1(L′⊗2(−1)) = 0.

Proof. We will show that the general member of the Brill-Noether locus W 1
7 (D)

satisfies conditions (i) through (iv). Since W 1
7 (D) ∼= W5(D) by Riemann-Roch and

Serre duality, we have that W 1
7 (D) is 5-dimensional, so it suffices to check that

the locus of elements of W 1
7 (D) which violate one of these conditions is at most

4-dimensional.
Since D is bielliptic, the Castelnuovo-Severi inequality (e.g. Exercise C-1 in

Section VIII of [ACGH]) implies that D cannot be hyperelliptic. Consequently
Martens’ Theorem implies that the dimension of W 1

6 (D) is at most 3. In particular,
the image of the addition map σ : D×W 1

6 (D) → W 1
7 (D) defined by σ(p,L′) = L′(p),

which parametrizes the elements of W 1
7 (D) that fail to be globally generated, has

dimension most 4.
Turning to L′−1(3), we see that since the latter has degree 11 and that its

Serre dual ωD ⊗ L′(−3) ∼= L′(−1) has degree 1, so that H1(L′−1(3)) 6= 0 only
for L′ in a 1-dimensional locus. Consequently L′−1(3) is nonspecial for general
L′ ∈ W 1

7 (D); in particular, h0(L′−1(3)) = 5 for all such L′. The locus in W 1
7 (D) for

which L′−1(3) fails to be globally generated is isomorphic to the image of the map
σ′ : D × W 4

10(D) → W 4
11(D). Given that D is nonhyperelliptic, the dimension of

W 4
10(D) is equal to 2, so the image of σ′ has dimension at most 3. We may conclude

that L′−1(3) is globally generated for general L′ ∈ W 1
7 (D).

The Brill-Noether locus W 2
7 (D) parametrizes the elements of W 1

7 (D) which vio-
late (ii). Another application of Martens’ Theorem shows that it has dimension at
most 2.

Since OD(1) is of degree 6, we have that L′(−1) is of degree 1 for all L′ ∈ Pic7(D).
Given that line bundles of degree 1 with a global section are parametrized by a
copy of the curve D according to Abel’s Theorem, we have that h0(L′(−1)) = 0 for
general L′ ∈ W 1

7 (D), so condition (iii) is proved.
Finally, we come to condition (iv). Since L′⊗2(−1) has degree 8, its Serre dual

ωD⊗L′⊗−2(1) is of degree 4, so by Serre duality the nonvanishing of H1(L′⊗2(−1))
is equivalent to the degree-4 line bundle ωD ⊗ L′⊗−2(1) having a nonzero global
section. Since W4(D) is 4-dimensional, we have that the general member of W 1

7 (D)
satisifies condition (iv). �
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Lemma 4.9. For all m ∈ Z, the pullback morphism π∗
2 : Picm(D) → Pic2m(C) is

injective.

Proof. It is enough to show that if M is a line bundle on D for which π∗
2M ∼= OC ,

then M ∼= OD. Given that 2 · c1(M) = c1(π2
∗M) = 0, we need only check that

h0(M) = 1. By Lemma 4.7, we have that H0(OC) ∼= H0(M) ⊕ H0(M(−1)) ∼=
H0(M); this concludes the proof. �

Proposition 4.10. (π∗
2)(W

1
7 (D)) is contained in W 1

14(C), and there is a unique
irreducible component W of W 1

14(C) which contains (π2)
∗W 1

7 (D) and is generically
smooth of dimension 7.

Proof. Lemma 4.7 implies that for all L′ ∈ W 1
7 (D), we have that h0(π∗

2L
′) =

h0(L′) + h0(L′(−1)) ≥ 2, so the inclusion of (π∗
2)(W

1
7 (D)) in W 1

14(C) immediately
follows. For the rest of the proof, we fix L′ ∈ W 1

7 (D) sufficiently general enough to
satisfy conditions (i) through (iv) in the statement of Proposition 4.8.

Let W be an irreducible component of W 1
14(C) which contains (π∗

2)(W
1
7 (D)).

According to Proposition 4.2 in Chapter IV of [ACGH], W is smooth of (expected)
dimension 7 at π∗

2L if and only if the multiplication map µ : H0(π∗
2L

′)⊗H0(ωC ⊗
π∗
2L

′−1) → H0(ωC) is injective. Since ωC
∼= OC(3), the basepoint-free pencil trick

implies that the kernel of µ is isomorphic to H0(π∗
2L

′−2(3)) ∼= H1(π∗
2L

′2)∨. Another
application of Lemma 4.7 shows that by our assumptions on L′, we have

(4.6) H1(π∗
2L

′2) ∼= H1(L′2)⊕H1(L′⊗2(−1)) ∼= 0

It follows that the general point of (π∗
2)(W

1
7 (D)) is a smooth point of W 1

14(C). This
implies that W is generically smooth and also that W is the unique irreducible
component of W 1

14(C) which contains (π∗
2)(W

1
7 (D)). �

Proposition 4.11. The general member L of W satisfies the following:

(i) L and L−1(3) ∼= ωC ⊗ L−1 are globally generated.
(ii) h0(L) = 2.
(iii) h0(L(−1)) = 0.

Proof. Let P be the restriction of a degree-14 Poincaré bundle on C × Pic14(C) to
C × W , and let p : C × W → W be projection. For each L ∈ W , the restriction
of the natural evaluation morphism ev : p∗p∗P → P to each fiber p−1(L) ∼= C is
the evaluation map evL : H0(L) ⊗ OC → L, whose surjectivity is equivalent to L
being globally generated, so (i) is a Zariski-open condition on W . Furthermore, we
have that h0(L) ≥ 2 and h0(L(−1)) ≥ 0 for all L ∈ W , so (ii) and (iii) are also
Zariski-open conditions on W by semicontinuity.

Propositions 4.8 and 4.10 imply that the general member of (π∗
2)(W

1
7 (D)) is a

smooth point of W which satisfies conditions (i),(ii), and (iii); this concludes the
proof. �

Proposition 4.12. Let E be a rank-2 vector bundle constructed from the general
member L of W . Then E is weakly Ulrich, globally generated, and simple. In par-
ticular, the isomorphism class of E lies in Mg

H(2, 3H, 14).

Proof. Proposition 3.9 implies that E is simple and weakly Ulrich. The exact se-
quence (3.6) implies that E is globally generated away from the base locus of L−1(3).
Since the latter is a globally generated line bundle on C by (i) of Proposition 4.11,
E is globally generated. �
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Proposition 4.13. Let E be a rank-2 vector bundle constructed from the general
member L of W . Then E is not Ulrich.

Proof. It is enough to check that H1(E(−1)) 6= 0. By (3.7), it suffices in turn
to check that the multiplication map H0(OX(1))2 → H0(L(1)) is not surjective.
Since L is a general member of W , we have that L ∼= π∗

2L
′ for general L′ ∈ W 1

7 (D).
Lemma 4.7 then implies that

(4.7) H0(L(1)) ∼= H0(L′(1))⊕H0(L′)

Since h0(L′(1)) = 7 and h0(L′) = 2, we have that h0(L(1)) = 9, so it follows that
the multiplication map cannot be surjective for dimension reasons. �

Remark 4.14. In [CF], Chiantini and Faenzi show that a general quintic surface in
P3 admits a linear Pfaffian representation by constructing a weakly Ulrich bundle on
a specific quintic surface and deforming it to an Ulrich bundle on a nearby quintic
surface (Section 6.3 in loc. cit.). One can recover the Beauville-Schreyer result on
general quartic surfaces by applying their deformation to the weakly Ulrich bundle
we have just constructed.
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[MP] R. Miró-Roig and J. Pons-Llopis, N−dimensional Fano Varieties of Wild Representation

Type, preprint, 2010

[Muk] S. Mukai, Symplectic structure on the moduli space of sheaves on an Abelian or K3 surface,

Invent. Math. 77 (1984), p. 101-116

[OSS] C. Okonek, M. Schneider, and H. Spindler, Vector Bundles on Complex Projective Spaces,
Progress in Mathematics 3, Birkhäuser (1980)
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