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I. INTRODUCTION

N-fold supersymmetry (SUSY) [1-3] is one of the most powerful frameworks for construct-
ing a one-dimensional quantum mechanical (QM) system which admits analytic solutions
in closed form in a certain sense. This is due to the fact that A/-fold SUSY is essentially
equivalent to weak quasi-solvability which is until now the least restrictive concept about the
availability of solutions in closed form. The latter crucial fact was first proved in a general
fashion in Ref. [2] and was later complemented slightly in Ref. [4]. For a review, see, e.g.,
Ref. [5].

In general, construction of an AN-fold SUSY system get more difficult as the number
N € N increases since we must solve coupled nonlinear differential equations for A" unknown
functions (see the next section). To bypass the latter difficulty, a systematic algorithm for
constructing an N-fold SUSY system based on quasi-solvability (in the strong sense) was
proposed in Ref. [6]. A key ingredient of the algorithm is to choose first an A/-dimensional
linear space of specific functions such that it can be preserved by a second-order linear
differential operator. It has been proved to be quite efficient and so far four inequivalent
types of N-fold SUSY, namely, type A [4, 7], type B [8], type C [6], and type X, [9] are
successfully constructed with the algorithm. We note that almost all the models having
essentially the same symmetry as A-fold SUSY but called with other terminologies in the
literature, such as Poschl-Teller and Lamé potentials are actually particular cases of type
A N-fold SUSY.

It is evident, however, that the algorithm is helpless to construct a weakly quasi-solvable
system which only admits a finite-dimensional invariant subspace determined by another
differential equation. The framework of N'-fold SUSY covers such systems and thus provides
a more general formalism than higher-derivative generalizations of Darboux transformation
such as the Crum’s method [10] which relies on a set of exact eigenfunctions of a regular
Sturm—Liouville system. To construct a weakly quasi-solvable system, we must in general
treat directly the aforementioned coupled nonlinear differential equations. For the simplest
case of NV = 2, the general result was already studied and reported in Refs. [2, 11, 12]. On
the other hand, for the cases of N’ > 2 until now on there is, at the best of our knowledge,
only one paper [13] which studied the A' = 3 case. This fact would reflect the difficulty and
complexity of the problems for larger N.

In this work, we investigate general strucuture of A/-fold SUSY systems to extract relevant
clues to construct them which have in particular weak quasi-solvability. For this purpose, we
first employ dimensional analysis which is a well-known powerful tool in general physics. It
turns out that it is also quite efficient in acquiring deeper understandings of N -fold SUSY.
We then introduce equivalent classes of linear differential operators associated with N -fold
SUSY. We find that it enables us to deal with operator equalities appeared in N -fold SUSY
more systematically and transparently.

We organize the paper as follows. In the next section, we first briefly review the in-
gredients of N-fold SUSY. Then, we introduce two key concepts for analyzing its general
structure, namely, dimensional analysis and equivalent classes of linear differential operators
associated with A/-fold SUSY. In Sections III-1V, we apply the general arguments to obtain
general form of N-fold SUSY for N/ = 2, 3, and 4, respectively. We show how dimensional
analysis enables us to reduce the complexity of the problems on solving the conditions for
N-fold SUSY and on finding integral constants of the systems. In the last section, we
summarize the paper and provide comments on the future issues.



II. GENERAL CONSIDERATION

To begin with, we shall briefly review ingredients of N'-fold SUSY as preliminaries. For
details, see the review [5]. An N-fold SUSY QM system in one-dimension is composed of a
pair of Hamiltonians H* and a pair of A'th-order linear differential operators PAi/

1 d2 _ dN N-1 dk —
k=0

where the superscript T denotes the transposition of a linear operator [3], which satisfy the
intertwining relation

dk
PyH™ — H Py = ZIM =0, (2.2)

and its transposed relation H~ Py, — Py:Ht = 0. The operators PAi/ are actually components
of N-fold supercharges.

One of the most significant consequences of the intertwining relation (2.2) is weak quasi-
solvaliility 2, 4]. That is, each N-fold SUSY Hamiltonian H* preserves the linear space
ker Py

H* ker Py C ker Py (2.3)

If the differential equation Py¢ =0 and/or Py:¢ = 0 admits a number of analytic solutions
in closed form, H~ and/or H" is not only weakly quasi-solvable but is quasi-solvable in the
strong sense. But in general, an N -fold SUSY Hamiltonian is merely weakly quasi-solvable
and does not admit any analytic local solutions. We also note that ker Pf/ is not necessarily
a subspace of the linear space, which is usually the Hilbert space L?(S) (S C R), in which
the operator HT acts.

Another peculiar feature of an A-fold SUSY system is that the product Pf/PAjf which
arises as a component of the anti-commutator of A -fold supercharges is an Nth-degree
polynomial in the Hamiltonian H* [2, 3] and thus has the following form:

N-1
PEPy =2V [(H* + Co)V + > Cp(H* + Co)V 1| (2.4)
k=1
where Cy, (k = .,N —1) are all constants. The N zeros of the polynomial in the r.h.s. of

(2.4) correspond the spectrum of H* in the space ker PN Hence, they are actually a part of
the eigenvalues of H¥ if ker Py C L*(S). In the latter case, we can calculate the part of the
eigenvalues algebraically from (2.4) even though the corresponding eigenfunctions cannot be
obtained in closed form.

One of the most difficult problems on N-fold SUSY is to analyze the condition (2.2)
for N-fold SUSY. It is composed of coupled nonlinear differential equations for the so far
undetermined functions wk (k: =0,...,N —1). As is easily expected, its complexity gets
terrible as the integer A/ increases. Hence, it is quite difficult to solve directly the condition
(2.2) for larger N. In the subsequent two sections, we shall investigate general aspects of
the complicated structure of AN-fold SUSY systems which would provide us a clearer view
on them.



A. Dimensional Analysis

Dimensional analysis is one of the powerful methods to make physical consideration and
in particular to estimate a physical quantity under consideration without solving equations
directly, cf., any textbook on general physics. In this section, we shall see that it supplies
us with a valuable guiding principle in solving the condition for A/-fold SUSY.

To make dimensional analysis on our system (2.1), we first note that we have implicitly
employed the unit system where the ratio of action (the Planck constant) to mass h/m
is dimensionless. The only relevant physical dimension is then the length, denoted by [L],

which is carried by the physical position variable ¢. It is easy to see from (2.1) and (2.4)

N]

that the physical dimensions of V*, C}, and w,E in terms of the length are given by

VEIL?, G [L2Y] (k=0,...,N —1),

2.5
wg\/](m) [Lk—N_m] (k‘:O’...,N_l’m:0?172?"')7 ( )

where w,[fM(m)(q) is the mth derivative of w,EM(q) with respect to q.

Dimensional analysis relies on the obvious fact that all the terms which appear in a
single formula under consideration must have the same physical dimension. For instance, a
potential has the physical dimension [L.7?] and thus must be expressed as a sum of terms all

of which have the same physical dimension [L~2]. Hence, if we only consider a polynomial

N](m

of C} and w,E ) (m=0,1,2,...), it must have the following form

2 _
V = Oéo’LUMQ + ozle[\/ﬂ/l + Qo (wml) — C() [L 2], (26)

where oy (k = 0,1,2) are all dimensionless parameters. In fact, we can see that a pair of
N-fold SUSY potentials V* satisfying (2.2) does have the form (2.6). The Lh.s. of (2.2)
is a linear differential operator of at most N'th order, as is indicated in (2.2), and it is
evident that the identity (2.2) holds if and only if all the coefficients 1 ,LN] of 9% = d*/dq*
(k=0,...,N) vanish. The latter requirement for the coefficients of &V and V="' reads as

M =wl (vt -v)=0[L7, (2.7a)
20 = WiV 2wl L oN VT — 20 (v —v) =0 LY. (2.7b)

The set of conditions (2.7) can be easily solved as

1 N— 1 1 N 1 N 2 _
VE = el + (W + 5) !y + g (i) = o [L72) (28)

which indeed has the form of (2.6). The formula (2.8) provides a general expression for a
pair of A/-fold SUSY potentials V* for an arbitrary N’ € N. One of its characteristic features

is that they are expressible solely in terms of the two functions wml and wmz irrespective

of what additional conditions w,EM (k=0,...,N = 1) should satisfy.

The remaining conditions for AM-fold SUSY coming from the coefficients of 9% for k =
0,..., N —2in (2.2) are in general algebraic equations consisting of w,EM(m) (m=0,1,2,...)
after the substitution of (2.8) into (2.2). Dimensional analysis tells us that the operator in



the Lh.s. of (2.2) has the physical dimension [L™~2] and thus IIEM (k=0,...,N —2) has

Lk—/\/—2] I[M I[M

the physical dimension [ . For instance, I, , and Iy, 4 are calculated as

—aNTY, = NV = D)l oV = 20wl — anvuwl — oV = 120l
— 2N (W - ><wx ")’ +4Nwm’ L+ A — D,
— 4V = 1) (i) Wi, LY, (2.9)

_12/\/’[[/\[_]3:./\/’(./\/’ )( )( [ ////_‘_2 M///)_6N( M//+2 [/\/]/4)

— (W - - 2>[<2N Bu wl + 6Auwwl |

+ 6 = 2) [Pl + W = Dl ] + 128l ufl
+ 1207 = 20l — 6V = DV - 2)[ ()Pl + wl, (f0)’]
— 12(N = 2] g i, (L7, (2.10)

and consist of the terms which are consistent with the dimensional analysis.

Ideally, one can obtain a general form of N-fold SUSY systems if one succeeds in express-
ing all the A/ functions wk (k=0,...,N — 1), which characterize the systems, in terms
of a single function, say, u and its derlvatives o', u”, ... by solving the set of the NV — 1
constraints I,EN} =0(k=0,...,N —1). If it is eventually the case, we have a set of N/

functionals uLN] (k=0,...,N —1) such that
wM = M) [LFN] (k=0,... N =1). (2.11)

One of the most important aspects of (2 11) is that each uk (k=0,...,N —1) has the

same physical dimension as the one of wk . It in particular means that there would be a

set of transformations w,EM LN] which preserve all the physical dimensions. Conversely,

if we can find a set of dimension-preserving transformations w[ [N uL ], we may solve the

set of the constraints more easily. In Sections I11-V, we will employ this strategy to see how
drastically we can reduce the complexity of the constraints.

To solve the constraints to get (2.11) is in principle possible unless some of the constraints
automatically imply others since we have N’ — 1 constraints for the A" unknown functions.
However, the task would get drastically harder as the integer N increases. One of the clues
to circumvent the situation is in (2.4). All the coefficients of derivative operators (except
for the highest 2N/ th-order and including the lowest Oth-order) in the Lh.s. of (2.4) are

quadratic forms of w,EM (™) While the r.h.s. depends on, in addition to the potentials V*, the
N constants C, (k =0, ..., N —1) which are absent in the L.h.s. The latter fact indicates the
existence of N integral constants of any A/-fold SUSY system which would be functionals of

wjm (j=0,...,N —1) and V* whose physical dimensions are the same as the ones of Cj:
Cp = Je[w V] [L72EHY] (K =0,... . N —1). (2.12)
They must emerge from the integration of the set of differential equations
d
d—qu[ V] =0[L @3] (k=o0,...,. N =1). (2.13)



The latter equations are another set of constraints. On the other hand, the set of equalities
I ,[QM =0(k=0,...,N) are the only constraints which come from the condition for N-fold
SUSY. Hence, the differential equations (2.13) must be such equations that hold whenever
all the conditions I ,[CM =0 (k=0,...,N) are satisfied. This means that all the quantities
dJy/dq (k= 0,...,N — 1) in the Lh.s. of (2.13) would be expressible in terms of ]J[M in

a way such that the identities ]][-N] =0(j=0,...,N) apparently imply (2.13). The most
general form of such a kind would be

dJ’“ ZL IV LERI] (=0, N - 1), (2.14)
7=0

where Lj; are all linear differential operators whose coefficients consist of only w,[fM, VE,

and their derivatives. Each L;; must has the physical dimension [LN~2*=7=1] since the ones
of dJi,/dq and I ]m are [L~3*3)] and [LN=277], respectively.

To see the validity of the above argument, let us consider the constant Cy. From (2.8),
we immediately know the form of Jy as

N Nl 2

Hence, the differential equation which leads to the latter equation is

dJO _ 1 N 1 1 N —
0="3, ="V % iy i e e (L) (2.16)
We then check by using (2.7) that the r.h.s. of (2.16) can be in fact expressed in terms of
7N

;7 as
dfo _ 1 WV TN Lo -3
— = iy L 2.17
dq N N N-1 [ ]> ( )
which indeed has the form of (2.14) with
L W - 1
LON ﬁw/[\/]1 [L 1]7 LON—I = _N [Lo]u Lo =0 (k =0,... 7N - 2)7 (218>

all having the correct physical dimensions [LN =771 for Lg; (j =0,...,N).
In practice, we already solved the two conditions (2.7) to obtain the general form of

V* as (2.8), and thus we can totally eliminate V* in the remaining conditions I ,LN] =0
(k=0,...,N —2). As a result, the remaining integral constants Cj (k = 1,..., N — 1)

would be functionals of only ww] (j=0,...,.N—=1)
C = Je[w™, VW) = Jp ] L2 (B =1,... N —1). (2.19)

Accordingly, dJi/dg (k=1,...,N — 1) would be expressed in terms of the remaining I ]m
(j=0,...,N —2) as

d‘]k ZLM AL EE) (k=1,... N —1). (2.20)
7=0



We will later see in Sections III-V that the above analysis is actually valid and helps us to
obtain general forms of N-fold SUSY for N’ = 2, 3, and 4.
To summarize, the existence of N constants Cy (k= 0,..., A — 1) in the r.h.s. of (2.4)

has the direct relation to the existence of N constraints [ ,[QM =0(k=0,...,N —1) which

are differential equations after eliminating the algebraic constraint I/[O/] = 0. The physical
dimensions of the relevant quantities are

]ILN] [Lk_N_2], ug\ﬂ [Lk_N], Jk [L_2(k+1)], ij [LN_2k_j_1]. (2.21)

B. Equivalent Classes of Linear Differential Operators

The existence of N/ — 1 constraints [ J[N] =0(j=0,...,N —2) after the determination
of the potential pair (2.8) results in the existence of null operators associated with the
N-fold SUSY system under consideration. Let us first introduce a linear space of linear
differential operators, denoted by KW, whose coefficients are all functionals of only w,EM
(k=0,...,N —1). Let Kj;[w]] € KV (i = 0,1,2,...) and define a set of functionals

£ by

N-=-2

N N

f[ ] ZK’J W] [[ ] (2.22)
Jj=0

We then define a subspace of KW denoted by IC([)M, which consists of linear differential
operators whose coefficients are all given by fiW] introduced in (2.22). That is, Ky € IC([)N ]

means that there exists a set of linear differential operators Kj; [w]] € KM such that

Ko = ZfW] =3 <Z Ky w1t ) O (2.23)

i

It is obvious by definition that any element of ICéN} is a null operator so long as all the N/-fold
SUSY constraints [ ]m =0(j=0,...,N —2) are satisfied. Hence, the linear space in which
an N-fold SUSY system is considered is actually the quotient space XKW1/ IC([)N I It naturally
leads us to introduce an equivalence class of linear differential oerators in KW1. We shall
say that two linear differential operators Ly, Ly € K™ belong to equivalent class associated
with N -fold supersymmetry and express the equivalence as Lo N Lyif Ly — Ly € IC([)N i} Any
equality between operators L, = L; appeared in an N-fold SUSY system should be thus
regarded as an equivalent relation Lo N L, of the latter equivalent class. In particular, any
explicit expression for a specific operator such as H* and P/\i/ should be considered as a
representative of it with respect to the equivalent class. In what follows, we will employ the
equivalence relation N only when we would like to stress that the left and the right hand
sides of the formula under consideration is identical if and only if (some of) the constraints
I]m =0(j=0,---,N —2) are satisfied.



III. 2-FOLD SUPERSYMMETRY

It is quite instructive to see how the general consideration in the previous section make
sense in the case of 2-fold SUSY though its general form was already obtained by the direct
integrations of the constraints [2, 11, 12]. Components of 2-fold supercharges are given by

Py = 0 + w10 + wy, Pym = 0% — w0 + wy — wi, (3.1)

where and hereafter we shall omit the superscript [N] of w,EM etc. for the simplicity unless

the omission would not cause any ambiguity or confusion. The condition for 2-fold SUSY
Py H™ — HTP; =0 is satisified if and only if the following three equalities hold:

Vt -V~ =uw, (3
w] + 2w, + 4V = 2w (VT —=V7) =0, (3.
wy + 2V 4+ 20V = 2wo(VE —V7) = 0. (3
)

Substituting (3.2) into (3.3) and (3.4), and integrating the resulting equation from (3.3), we
obtain

4V+ = 3w’1 — QUJ() + (’LUl)2 — 400,
4V- = —w’l — 2’LUO + (w1)2 — 400,

—4Iy = W) — wyw] — 2(w))* + dwjwg + 2w w) — 2(w;)*w] = 0, (3.7)

where Cj is an integral constant. To integrate the third equation (3.7), we shall first make a
dimension-preserving transformation wy — ug. We choose it such that it will convert simul-
taneously both the pairs P5~ and V* into symmetric forms. The most general transformation
of polynomial type preserving the physical dimension [L™2] of wy would be

1
Wo = Ug + 5’(1]3 - ao(w1)2 [L_z], (38)
where uy [L72] and ag is a dimensionless parameter. We note that the latter transformation
indeed renders both the pair of 2-fold supercharge components and the pair of potentials of
symmetric forms as

1
Pz:t = 82 + w18 + ug — ao(w1)2 + §w'1, (39)
4VE = “2ug + (200 + 1) (w1)? £ 2w, — 4C. (3.10)

With the transformation (3.8), the condition (3.7) reads as
—41y = w} + dwiug + 2wyl — 2(dag + 1) (wy)?*w) = 0 [L™Y). (3.11)
Hence, it gets simplest when
ap = —1/4. (3.12)

The next task we should do is to construct the total differential d.J;/dg in (2.20). We note
that d.J;/dg and I, have the physical dimensions [L™°] and [L™], respectively. Hence, the
operator Lo defined in (2.20) in this case must have the physical dimension [L™!]. Except

8



for the differential operator d/dg, there is essentially only one multiplicative operator of
polynomial type which have that dimension, namely, Ly oc w; [L™!]. In fact, we can easily
check that w1y is of a total differential form and thus we put

d Jl "

16d—q = —8w; Iy = 2w w)’ + Swiwiug + 4(wy)*uy = 0 [L7°]. (3.13)

The latter differential equation is integrated to yield
16.J;[w] = 2wyw) — (w})? + 4(w;)*ue = 16C; [L™1, (3.14)

where C} is another integral constant having the correct physical dimension [L™*] listed in
(2.5). Hence, we can express ug, and thus wqy as well, in terms of w; as
wy  (w)? O wy | (w)? 4G

o= T T T T T w2 T o)

(3.15)

Substituting it into (3.9) and (3.10), we finally get the general form of 2-fold SUSY systems
as

2 " 1\2 4C' w'

pt 2o (wi) W (wi) 1wy 1

3~ O F w0 + 2w T AP T 2 (3.16)
2 " 7\2 20 w/
pep ()7 wh ) 260 o 3.17
8 Tiw 8w (wmpE 2z (3.17)
Finally, products of the components of 2-fold supercharges Py Py are calculated as

Py P =4[(H" + Cp)* + C4] — 21, (3.18)
Py Py = 4A[(H™ + Cy)* + C1] + 21, (3.19)

where Iy and C are given by (3.7) and (3.14), respectively. Hence, we obtain the equality
(2.4) for N = 2 as an equivalent relation associated with 2-fold SUSY:
2

PFPS S A[(HF + Cp)? + Oy (3.20)

IV. 3-FOLD SUPERSYMMETRY

Next, we shall reexamine the case of 3-fold SUSY, which was once investigated briefly in
Ref. [13], by utilizing our general analysis. Components of 3-fold supercharges are given by
Pg_ - 03 + ’LU202 + w18 + wy,

4.1
Pt = 0% + wy0? — (wy — 2w}h)0 + wo — W) + wh. (4.1)

The condition for 3-fold SUSY P; H- — HtP; = 0 is satisfied if and only if the following
four equalities hold:

V-V~ =w), (4.2)
wh 4 2wy + 6V — 2wy (VT = V7)) =0, (4.3)
wy + 2wy + 6V " 4+ 4w,V = 20 (VT =V 7T) =0, (4.4)
wy 4+ 2V 4+ 2w VT 20 VT = 2w(VT = V) = 0. (4.5)



Substituting (4.2) into (4.3)—(4.5) and integrating the resulting equation from (4.3), we
obtain

6V = bl — 2wy + (wq)? — 6C, (4.6)
6V = — w; — 211)1 + (w2)2 — 600,

—61, = 3wy + 3w — 6w} — dwywy — 6(wy)? + 6whw, + dwaw) — 4(we)*wh =0,  (4.8)
—61y = wy" + 2w — 3w, — wawlhy — 6wywy + whwy + 2wewy + 6wywy + 2wiw]

— 2(wy)*wh — 2wy (wh)? — 2wowhw, = 0, (4.9)
where Cj is an integral constant. To integrate the remaining equations (4.8) and (4.9), we
shall first construct a set of dimension-preserving transformations wy — wuy (k = 0,1) which
will convert simultaneously both the pairs Pj" and V* into symmetric forms, like (3.8) in

the case of 2-fold SUSY. The most general transformations of polynomial type preserving
the physical dimensions [L*~3] of w;, would be

w1, = 6U1 + ’LU; — Oél(ZU2)2 [L_2],

B (4.10)
Wy = Ug + 3u’1 - 51105' - alwzwé — 65waty — 53(“12)3 [L 3],

where uy, [L*73] and ag, B (k = 1,2,3) are all dimensionless parameters. They actually
render both the pair of 3-fold supercharge components and the pair of potentials of symmetric
forms as

P = F 0 +wd F [6uy — ay(w2)® F wh)d

+ up — ﬁlwé’ — 68wty — 53(102)3 + (3U,1 - a1w2w§)> (4.11a)
6V = — 12u; + (203 + 1)(wq)? & 3wh — 6Cy. (4.11b)

With the transformations (4.10), the two constraints (4.8) and (4.9) are equivalent to the
following new set of conditions:

—3j1 == 9]1
= 3(B1 + Dwy — 3ugy + 18(Bs + 1)whuy + 6(352 + 2)wqu)
— (Tay — 9Bs + 2) (wy)?wh = 0 [L7Y, (4.12)

3l = — 9(21, — 9I,)
= 3u)" — (a1 — Dwowy' — 3(281 + a1 + 1)wywl + 6whug
+ T2uqu) — 12(2ay + 362 + Dwawhuy — 120 (we)*u}
+2[2(a1)? + a1 — 385 (wy)*wh = 0 [L77°]. (4.13)

Hence, they would get simplest when
a1 = 1, /81 = —1, 52 = —1, 53 =1. (414)

With the latter choice of parameter values, the new set of conditions (4.12) and (4.13) reads
as

I = ujy + 2wy, =0 L7, (4.15)
Iy = ] + 2whug + 24uyu), — 4(wy)*u = 0 [L77). (4.16)

10



The first equation (4.15) enables us to express ug in terms of u; and ws as an indefinite
integral

up = —Q/dqwgu'l [L~9). (4.17)

Next, let us construct the total differential d.J;/dg in (2.20). We note that d.J;/dq and I,
(k =1,2) have the physical dimensions [L=°] and [L*~5], respectively. Hence, the operators
Ly, defined in (2.20) in this case must have the physical dimension [L.=*]. Thus, Ly, is just
a dimensionless constant while Li; o< wy if we restrict Li; to multiplicative operators of
polynomial type. Indeed, we can easily find that one of the latter choices leads to a total
differential

dJp

—4d—q = I+ 2woly = u’ + 2(whug + waup) + 24uguf =0 [L77], (4.18)

which can be easily integrated as
—4J1[w] = v + 2woug + 12(uy)? = —4C; [L7Y, (4.19)

where C) is another integral constant having the correct physical dimension [L™*] listed in
(2.5). From (4.16) and (4.19), we can express ug in terms of u; and wy without recourse to
any indefinite integral as

. C U+ 24wy — Aw)?uy  uf +12(w)® +4C
0= Qwé N 2w2 '

(4.20)

To construct the second integral C, of 3-fold SUSY systems, we first note that d.J,/dq and I},
(k = 0,1) have the physical dimensions [L.=7] and [L*~®], respectively. Hence, the operators
Loy, defined in (2.20) in this case must have the physical dimension [L.7%72]. Thus, candidates
for Lyy are w), uy, and (wy)?, while those for Ly are wj, u}, ug, waw}, wouy, and (wq)?, if
we restrict Log to multiplicative operators of polynomial type. With the choice of Lyy = 0
and Lo o< ug, we can construct a total differential as

dJ =
4—2 = U(]]l = UOU6 + 2w2u/1u0

dq
= wouf — uju) — 12(uy)*u) — 4C1u; = 0 [L77], (4.21)

where (4.19) has been used. The latter relation is indeed easily integrated as
8.Jo[w] = (ug)® — (u})* = 8(u1)* — 8C1uy = 8C; [L77, (4.22)

with another integral constant Cy having the correct physical dimension [L~°] listed in
(2.5). With the use of (4.22) we can express ug solely in terms of u;. Then, substituting the
obtained expression for ug into (4.15), we can also express ws solely in terms of u;. Hence,
we can eventually have an expression for V* and P§ in terms of only a single arbitrary
function u;. However, the latter expression is relatively complicated and thus it would be
more convenient in practice to express them in terms of two of the three functions ws, uy,
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and ug. If we eliminate ug in (4.11) by using (4.20), we have the expression in terms of wy
and u; as

Py 2 F 0P+ wed® T [6ur — (w2)® Fws] O
Ulll 6(U1)2 201

+ wh + 6wyuy — () — s w w T (3uf — wow}y), (4.23a)
1 1
VE= —2u; + §(w2)2 + iwé — Cy. (4.23D)

On the other hand, if we eliminate wy in (4.11) by using (4.15), we have the expression in

terms of u; and ug as
/ 1\2 " 1/ n ",
pt 2 g Mo g2 G — (u) + (Mo Ut 9 Uy Ul
N RO T T (e
uf'  (w))? Bw) o (up)? ,ugug g (up)®
— — 3uy — 4.24
+ (2 u Uy ()2 + OAREA ( a)

(w)?  (Wh)® wy ) " 8(wy)?
71\2 " ",/
vEL 9 (o) Yo _ Wit ) _ 4.24b
U R T\ Ty ata) ~ (4.24b)

Finally, products of the components of 3-fold supercharges Py P;" are calculated as

Py Py =8[(H" + Cy)* + C1(H' + Cp) + Cy) + 31,0 + 2[(20 + wo) I; — Iy)0

+ (282 + 2’(1]28 — 2w§ + w1)11 — 2(8 + UJQ)[(), (425)
PPy =8[(H™ + Cy)? + C1(H™ 4 Cp) + Cy) — 31,0% — 2[(0 — wy)I; + IH)0
— wlll — 2(8 — 'LUQ)]Q, (426)

where Iy, Iy, C1, and C; are given by (4.8), (4.9), (4.19), and (4.22), respectively. Hence, we
obtain the equality (2.4) for ' = 3 as an equivalent relation associated with 3-fold SUSY:

PFPF 2 8[(H* + Co)* + CL(H* + Co) + ). (4.27)

V. 4-FOLD SUPERSYMMETRY

In this section, we shall study the case of 4-fold supersymmetry. Components of 4-fold
supercharges are given by
P4_ = 84 + UJ383 + UJ282 + UJ18+ Wo,

5.1
P = 0 = g0 + (1 — 3u4)0P — (un — 20, + 30+ g~ +wf—ufl.

The condition for 4-fold supersymmetry P, H~ — HT P, = 0 is satisfied if and only if the
following five equalities hold:

V-V~ =wi, (5.2)
wh + 2wy + 8V —2wy(VY = V) =0, (5.3)
wh 4 2wy + 12V 4 6wV — 2w (VT — V™) =0, (5.4)
wy + 2wh + 8V " + 6w3V T + 4wV — 2w (V= V) =0, (5.5)
wy 4 2V 4 2wV 4 2wV 4 200 VT = 2w (V= V) = 0. (5.6)
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Substituting (5.2) into (5.3)—(5.6) and integrating the resulting equation from (5.3), we
obtain

8V = Twh — 2wy + (w3)? — 8Cy,
8V~ = —wh — 2wy + (w3)* — 8Cy,
—81y = 6wy + 8wl — 8w — Jwawy — 12(w})? + Swiwy + 6wswh — 6(wsz)*wy =0,  (5.9)
—8I1 = 4wy" + 8wy — 4w — 8wy — bwswy' — 24wiwy + 2wywy + 6wzwy
+ 8whwy + dwawh — 6(w3)*w}h — 6ws(wy)? — dwzwiw, = 0, (5.10)
—81 = wy" + 2wy’ — 4wy — wawh” — Swiwy — 6(ws)* + wh'wy + 2wsw?’
2,1

" !/ " !/ / "
+ wiw; + wywy + 2wewy + 2whw; — 2(ws) w; — 6wswsws

— 2wswiwy — 2(wh)*wy — 2wswhw, = 0. (5.11)

where () is an integral constant. To integrate the remaining equations (5.9)—(5.11), let us
first look for a set of dimension-preserving transformations wy — u (k =0, 1,2) which will
convert simultaneously both the pairs Pj" and V* into symmetric forms as in the cases of
2- and 3-fold SUSY. The most general transformations of polynomial type preserving the
physical dimensions [L*~%] of w; would be

Wy = up + %wé — an(wy)? L2, (5.12)
wy = up +ub — frwl — 20qwswy — Powsuy — PBa(ws)? [L77, (5.13)
wo = Ug + %u'l — yuly — (% + i) wh' — Yowswy — v3(wh)? — %(wwz)’
— yawzuy — 5 (uz)® — 3753(103)27113 — 6(ws3)?ug + y7(ws)* [L77, (5.14)
where uy, [L*~4] and g, By (k= 1,2,3), and 73, (k= 1,...,7) are all dimensionless param-

eters. They indeed make both the pair of 4-fold supercharge components and the pair of
potentials symmetric as

3
P4jE = 0" Fwzd® + {Uz —ay(w3)?® F §wé] O F {Ul — frwy — Pawgus — Bs(w3)?

F (uh — 2041w3w§)] O+ ug — My — Ypwswh — y3(wh)? — vawsus — 5 (uz)?

1 1 B 35
e = pln)! | = ()l = B wany - 2 |

(5.15a)
8VE = — 2uy + (204 + 1)(w3)? + 4wl — 8C. (5.15b)

With the transformations (5.14), the remaining three constraints (5.9)—(5.11) are equivalent
to the following new set of conditions:

jg == 4]2
= — (461 + Nwy + 4uj — 4(B2 + Dwizug — (465 + 3)wsul,
+ (10a; — 1285 + 3)(ws3)?wh = 0 [L™4, (5.16)
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41, = 4(1, — 0Iy)
= — 2(2y; + V)uy + duy — (48174 — 4oy + 492 + 9y + 2)wswy’
+2(6c1 + 201 — 272 — 43 + 3)wiwy — 4(y4 + 1)whuy
— 245 + Duguly, — 2(20974 — 2ce1 — 25 + 274 + 46 — 1)wzwyug
— (48274 — 201 + 374 + 476) (ws)*u
— [4(@1)* = 1001794 + 128374 + 201 — 34 — 463 + 1677 (w3)*wy = 0 [L7°],  (5.17)

Iy = —4(41y — 201, + 0*I,)
= wy" + 4wy uy — (4581 + 3)wyul, — 4(4y; + Vwiul + wauy + 16wiug
+ dubuy — (6 + 1) (ws)?wy' + 4(2a1 81 + 200 + B — 4ys)wswiwy
+ 8(ry — 23) (wh)? — 4(20 + 4y + 1wswhuy — 16v5wh (ug)?
— 4Bowsuguy + 4(2a1 o + Bo — 46 ) (ws) *whug — 4B3(ws)3ul, (5.18)
+ 4(201 B3 + B3 — 4y7) (ws)*wh = 0 [L79). (5.19)

Hence, they would get simplest when®

Oé1:3/27 ﬁl :_9/47 52:_17 ﬁ3:3/27 71:_1/27 72:17

5.20
13 =11/8, v =-1, p=-1/4 %=1/2, v =-3/8 (520

With the latter choice of parameter values, the new set of conditions (5.16)—(5.19) reads as

I = 4u} +wsub, = 0 [L7Y, (5.21)
I =uy=0[L7°, (5.22)
Iy = w3 + dwy'ug + 6wiub + dwiuly + wsul + 16whug + duhuy
— 10(ws)*wy — 40wswhwy — 10(wy)® + 4wh(ug)? + dwsuguil
— 24(w3)*whuy — 6(ws) uy + 30(ws)*wy = 0 [L7°. (5.23)
The first equation (5.21) enables us to express u; in terms of uy and ws as an indefinite
integral

duy = —/dqwgu/2 L7 (5.24)

The second equation (5.22) just means that ug is a constant. On the other hand, Cy
(k=0,...,N — 1) are the only constants which appear in general form of A/-fold SUSY.
The physical dimension of ug is [L™*] and thus we can put

ug = 2C, [L7Y), (5.25)

L Another possible choice could be a; = 0, 81 = —9/4, o = —3/4, B3 = 1/4, 71 = —1/2, 7o = —1/2,
v3 = —1/8, 4 = =1, v5 = =1/4, 76 = 0, 7 = 1/16. With the latter choice, it turns out that the third
integral C3 admits a simpler expression than (5.31) but the expression for the second integral Cy contains

terms which are linear in u, in contrast with (5.27) and (5.29).
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where (] is an integral constant having the correct physical dimension [L™4] listed in (2.5).
We have now obtained the first integral C; and thus can skip over the step to construct the
quantity Jj.

Next, to construct the second integral Cy of 4-fold SUSY systems, we first note that
dJy/dq and I, (k = 0,1,2) have the physical dimensions [L~7] and [L*~°], respectively.
Hence, the operators Lgy defined in (2.20) in this case must have the physical dimension
[L=*=!. Thus, candidates for Loy are ws, those for Ly are wj, ug, and (ws3)?, while those
for Ly are wj, ub, ui, wswh, wsus, and (w3)?, if we restrict Loy to multiplicative operators
of polynomial type. With the choice of Lgy ox w3 and Loy = Loy = 0, we can construct a
total differential as

d.Js -

—128—2 = 2uw3ly =0 [L~7 5.26
i wslo L], (5.26)

where we have omitted the explicit expression. The integration of the latter yields
—128.J5[w] = 2wsw}” — 2wiwy + (wh)? — 16(u1)? + Swswyuy — 4(wh)*us
+ dwswiul + 2(ws)*uly — 20(ws)*wy — 10(ws)? (wy)? + 4(ws)?(ug)?
— 12(w3)*ug + 10(ws3)® + 32C, (w3)?* = —128C, [L7°, (5.27)
where (5.25) has been applied, and C is another integral constant having the correct physical

dimension [L.7°] listed in (2.5). From (5.23) and (5.25), we can express u; in terms of uy and
w3 without recourse to any indefinite integral as

up = [—wh"” — 4wl uy — 6wiul — dwiuly — wsuly + 10(ws)*ws’
+ 40wswiwy + 10(wh)? — dwh(ug)? — dwsugul + 24(ws) wiusg
+ 6(ws)ub, — 30(ws)*wy — 32C 1w}/ (4ub). (5.28)

Instead, using (5.27), we can express u; in terms of us and w3 as a solution to the following
quadratic equation

16(uy)? = 2wzwy” — 2wiwy + (wh)? + Swawhug — 4(wh)?uy + 4wswhuh

+ 2(ws)?uy — 20(ws) wh — 10(ws)?(wh)? + 4(ws)?(us)?
— 12(w3)*ug + 10(w3)°® + 32C; (w3)?* + 128C,. (5.29)

To obtain the third integral Cs of 4-fold SUSY systems, we note that d.J;/dq and I (k =
0,1,2) have the physical dimensions [L. =] and [L*~%], respectively. Hence, the operators
L3y, defined in (2.20) in this case must have the physical dimension [L=%73]. With a similar
dimensonal analysis, we find that the choice of L3y oc wj + 4u; + 2wzus — 2(w3)? and
L3 = Las = 0 leads to a total differential:

d.J .
512d—;’ = [w! + 4uy + 2wsuy — 2(ws)* I, = 0 L7, (5.30)
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where we have omitted the explicit expression. The integral of the latter equation reads as

1024J5[w] = 2wiwi" — (wy')* + 8wl uy + dwswh us — dwhwy ug + 6(wh)>us

n._ .1

",/ I
— 2wswsy

uy + 6wswsuy + 2wawyuy + 32wy usuy + 24wiubug + Swauu,

+ 32us(u)? — 4(ws)Pwy” + 12(ws)*wiwy — 16(ws)? (wh)? — 24ws(wh)?wy

+ (wh)* — 80(ws)*whuy — 80ws(wh)*ur + 16wswy (ug)? — 4(w})? (us)?

+ Swswiugth + 4(ws) usuly — (w3)?(uh)? + 32ws(ug)?ur — 56(ws)*wius

— 20(ws)?(wh) *ug — 4(ws) uly — 64(ws)>usuy + 8(ws3)?(ug)? + 40(ws) w}

+ 10(ws)*(w})? + 48(ws)’uy — 28(ws)* (us)? + 36(ws)%uy — 15(ws)® 4 32C; (w})?

+ 256C w3uy + 640 (ws)?uy — 32C) (ws3)* + 256(C)? = 1024Cs [L78, (5.31)

with another integral constant C having the correct physical dimension [L™%] listed in (2.5).
By using (at least) two of the equalities (5.28), (5.29), and (5.31), we can eliminate u; to
obtain the relation between ws and uy. Hence, we are now, in principle, able to express a
4-fold SUSY system solely in terms of a single arbitrary function. As in the case of 3-fold
SUSY, however, it would be more convenient for a practical purpose to have an expression
in terms of two of the four functions ws, us, u1, and ug. For example, if we eliminate wu;
and ug in the system by using (5.28) and (5.25), respectively, the system (5.15) with the
parameter values (5.20) can be represented in terms of w3 and us as

3 3 3 w///// U)H/UQ w/ u// wgu///
Piriﬁzl B 9 2 - 2] 92 Q. on Wy Wy _ Wgly 2
4 + ws + U2 9 (w3) + 2w3 + 4w3 4u/2 u/2 u/2 4u/2
N 5(wg)*wy’ | 10wgwiwy | 5(wy)®  wy(ug)? N 6(ws)*wiuy  15(wz)"wy
2u ul 2ul ul wh 2ul
8Chwr 1 5} 11 1 3
- SO a3 | 0+ 5 = S — ) + el — S
2
N E(w i wawy”  wawi'uy  wywiuy  (wy)*uy | 5(wy)wy’
g 4uly (A ul 4y 2uly
10(ws )*whwy N Sws(wh)? B waw} (ug)? n 6(w3)3whus B 15(w3)Pw)
ul 2ul, ul ub 2ul,
8C wsw) 7 1 3 9
- 711/3 3 + 201 + {gwg/ + §wguz + gwg’UIQ — Z(w3)2wg} , (532)
2
pEo _ 1y, +1( )%1 L —C (5.33)
= 1 2 5 w3 2w3 0- .

Finally, products of the components of 4-fold supercharges P; P;% are calculated as

4
Py P =16[(H + Co)* + Ci(H' + Co)* + Co(H + Co) + C3] + Y _ fi[w]d',  (5.34)
=0
4
PP = 16[(H™ 4 Co)* + CL(H™ + Cy)* + Cy(H™ + Cy) + Cs] + Z frwlot,  (5.35)
=0

C1, Cy, and C} are given by (5.25), (5.27), and (5.31), respectively. Both of the second terms
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in the above are elements of ICgl] introduced in Section II B and have the form of (2.23) with
fi = —AL,  ff =4AL —4(30 + w;) D,
1
fif = — 4y + (80 + 3w3)I; — 5[2862 + 15w30 — Jwyy + 4wy + (ws3)?| I,

fi = —2(20 + w3) Iy + 2(30* 4 2w30 — 2ws + wo) 14
— 2[48° + 3w30” — 2(2wh — w2)0 — 4wy + wy — 2wzws] I,

foo = = 2007 + w30 — 2w} + wy) Iy + [20° + 2w30% — 2(2wh — w2)0 — 4wy + wy (5:36)
— 2wswh] [} — 1—16[3284 + 32w30” — 32(2wh — wy) 0 — 4(31wh — 2w — 6w,
+ 1dwsw})d — 60wy’ + 8wy + 16wy — 68wswy + 7(wh)? — dwhw, + Swsw)
— 4(wy)? — 22(w3)*w} + 4(w3)*wq — (w3)Y] 12,

and

fi =4l fy =4L +4(0 — ws) I,

fy =4Iy + (40 — 3ws) I, + %[482 — 3ws0 — 3wk + 4wy — (w3)?] I,

fi = 2(20 — w3) I + 2(0* — w30 — why + wy) [ + 2(wh + 2wh — wy — 2wzwy) Iy, (5.37)

1
fo = 2(0* — w30 — wh + wa) Iy + (wh + 2wh — wy — 2wswh) I} — 1—6[

— 2wy — 2wsw}h)0 — 12wy — 24wy + 16wy + 28wswy + 23(wy)? — dwhws

+ Swswy — 4(wy)? — 6(ws)*wh + 4(ws)*wy — (ws)*| 1y,

4(wy + 2wl

where I, I;, and Iy are given by (5.9), (5.10), and (5.11), respectively. Hence, we obtain
the equality (2.4) for N' = 4 as an equivalent relation associated with 4-fold SUSY:

PFPF X 16[(HE + Co)* + Cy(H* + Cy)? + Co(H* + Cy) + Cs]. (5.38)

VI. DISCUSSION AND SUMMARY

In this work, we have clarified general structure of A'-fold SUSY systems by considering
dimensional analysis and introducing the equivalent classes of linear differential operators
associated with them. We have then shown that the latter general consideration is in fact
effective in constructing the most general N-fold SUSY systems and their integral constants
for N = 2, 3, and 4. Application to systems for N' > 4 would be straightforward and the
problems would get more transparent even though still remain highly complicated. Finally,
some remarks on the future issues are in order.

1. Although we have only considered ordinary one-dimensional Schrodinger operators,
generalization to other operators would be possible. In physical applications, one of the
interesting extensions is to a quantum system with position-dependent mass for which
N-fold SUSY was successfully formulated in Ref. [14]. In the latter case, there is an
additional freedom of mass function and it is particularly interesting to see how its existence
would force us to modify or generalize the general considerations made in Section II.
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2. In this work, we have restricted the dimension-preserving transformations (3.8), (4.10),
and (5.14) to polynomial type, namely, transformations which are polynomials in w,[CN](m)

(m=0,1,2,...). On the other hand, the obtained results such as (3.15), (4.20), and (5.28)

indicate that the relations among wW]( ™ are in general expressed by rational functions.

Hence, we may be able to reduce further the complexity of the conditions for N-fold SUSY
by extending the type of transformations from polynomial to rational function. However, the
number of admissible forms of rational functions which preserve physical dimension would

drastically increase. For instance, any sum of rational functions of the form fi"’ [w]/ gV [w]
(n€Z)

A S ]
=ug + o] -,
nez 9n ’UJ
where fy[LM [w] and gy[{\[ ][w] are polynomials in w,[c (m) having the physical dimensions
[L"++=N] and [L"], respectively, can serve as a (part of) transformation which preserves

the physical dimension [ of w,EM. As a result, we may need additional guidelines to

restrict the forms of transformations to make an efficient analysis. We are curious to know
how to get such guidelines systematically for the purpose.

Lk—/\f]

3. As was pointed out in Section II, an N-fold SUSY system is in general only weakly quasi-
solvable but is not quasi-solvable in the strong sense and thus does not necessarily admit
analytic local solutions in closed form. In the case of N’ = 2, it was proved in Ref. [15] that
type A 2-fold SUSY is a necessary and sufficient condition for a one-dimensional quantum
mechanical system to have quasi-solvability in the strong sense with two independent analytic
local solutions. So, it is interesting to see what kind of condition is necessary and sufficient
for a quantum system to admit three or four independent analytic local solutions. We will
report on the latter subjects in subsequent publications.
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