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UNIVERSAL EQUIVALENCE OF PARTIALLY COMMUTATIVE
METABELIAN LIE ALGEBRAS

E.N.POROSHENKO, E.I. TIMOSHENKO

ABSTRACT. In this paper, we find a criterium for universal equivalence of
partially commutative Lie algebras whose defining graphs are trees. Besides,
we obtain bases for partially commutative metabelian Lie algebras.

1. INTRODUCTION

Let G = (X, E) be an undirected graph without loops with the set of vertices
X ={x1,...2,} and the set of edges E (E C X x X ). We denote the elements of
E by {z,y}.

Consider a variety 21 of Lie algebras over a ring R. A partially commutative Lie
algebra in M with a defining graph G is a Lie algebra Lr(X; G) defined as

Lr(X;G) = (X |[zi, 25] = 0 <= {zi, 25} € B; M),

Thus, in this algebra, the variety identities and the defining relations hold together.
If there is no ambiguity denote this algebra just by £(X;G). For simplicity (to
avoid using the notation for the set of edges), we write {z;,z;} € G instead of
{.Ti, .Tj} e FE.

Usually, the varieties whose identities do not imply additional relations of ver-
tices’ commutation are considered. It means that two vertices commute if and only
if they are adjacent in G. In this paper, we study partially commutative metabelian
Lie algebras. These algebras clearly possess the property indicated above. It follows,
for example, from the structure of the bases for partially commutative metabelian
Lie algebras (see Theorem 3.3).

Along with the variety of Lie algebras, one can consider other varieties of al-
gebras and groups. The most actively studied objects of this kind are partially
commutative groups which are defined by commutativity relations in the variety
of all groups. Some papers (see, [4, 7, 5] for example), were devoted to univer-
sal theories of partially commutative metabelian groups. In [2] and [6], partially
commutative associative algebras were studied.

This paper is organized as follows. In Sec. 2, preliminary definitions and results
are given.

In Sec. 3, we find bases for partially commutative metabelian Lie (see Theo-
rem 3.3). This theorem is used a great deal in the paper but it is also interesting
in itself.

In Sec. 4, we prove Theorem 4.7 and Theorem 4.9 which give information on the
centralizers of some elements and on the annihilators of the elements in the derived
subalgebra of partially commutative metabelian Lie algebras. We need these re-
sults for the study of the universal theories of partial commutative metabelian Lie
algebras.

The main result of the paper is Theorem 5.8 which is proved in Sec. 5. This
is a criterium for coincidence of the universal theories of partially commutative
metabelian Lie algebras whose defining graphs are trees. It is easy to verify if this
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condition holds. So, the problem of universal equivalence for the algebras defined
above is algorithmically solvable.

2. PRELIMINARIES

Let M (X) denote the free metabelian Lie R-algebra with the set of generators X.
The partially commutative metabelian Lie algebra generated by X with the defining
graph G is the Lie algebra M (X;G) = M(X)/I, i.e. this is the Lie algebra, defined
by the set of relations

(1) [aci,xj] =0, if {aci,xj}eG
in the variety of metabelian Lie algebras.

Definition 2.1. Let G be a graph. A vertex of G is called an endpoint if its degree
is equal to 1.

In the paper, we need a couple results with reference to free metabelian Lie
algebras. Let us give the corresponding formulations here

Theorem 2.2. [8] Let L be the free polynilpotent Lie ring corresponding to the
sequence ni,...,ng, (k = 2). If z,y € L and [z,y] = 0 then either x and y are
linearly dependent or x,y € Ly, .. n,-

We need this statement only in the case of a free metabelian Lie algebra. It is
easy to see that Theorem 2.2 also holds for a free metabelian Lie algebras over any
integral domain.

Usually, to study an algebra, it is very useful to know its basis. In [1, 8], linear
bases for free polynilpotent Lie algebras were found. Since we need only the struc-
ture of a basis for metabelian Lie algebras, we give the description of a basis in this
case only.

Theorem 2.3. A basis of the free metabelian Lie algebra M(X) consists of the set
X together with Lie monomials of the form

(2) [ [@iy, Tiy]y e xa,],  wherem =2, iy <Xy, Ty < Tig <0 < Xy,

Let us denote this basis by B(X). Since it consists of left-normed Lie monomials
only, in this paper, we omit all Lie brackets except the outer pair, i.e. we write

[iy, iy - -, x4, ] instead of [... [z, @iy], .-, 24, |-
By definition, we suppose ¢([z;, , Ti,, - .., x;.]) = r for any left-normed Lie mono-
mial. We say that r is the length of the monomial [x;,, Z4,, ..., ;. ].

Definition 2.4. Let u be a Lie monomial. The multidegree of u is the vector
d = (61,09, ...,0,), where §; is the number of occurrences of z; in u.

Let us denote by mdeg(u) the multidegree of u. If all monomials of a Lie poly-
nomial p have the same multidegree ¢ then we call such polynomial homogeneous
and write mdeg(p) = 4.

Note that we can define the sum of multidegrees as the sum of the corresponding
vectors. We also use the notation mdeg;(u) for the number of z; in u, i.e. for the
1th coordinate of mdeg(u).

Let us define the lexicographical order on Z", namely for arbitrary vectors § =
(61,...,0,) and 5 = (y1,...,7n), let us set 6 > 7 if ; = ; for i > k and & > Y.

Consider an arbitrary map v : B(X) — Z™ and define the v-order on the set
B(X) as follows. Let u,v € B(X). Then we say that monomial u is v-greater than
v if either of the following conditions is satisfied:

(1) w(u) > v(v);
(2) v(u) =v(v) and u lexicographically is greater than v.
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In this paper, we need two different v-orders. To obtain the first of them (let
us call it the standard order), we consider the map v defined on B(X) as follows:
v(u) = mdeg(u). Denote this order by “>”. The second order corresponds to the
map v defined on B(X) in the following way: v(u) = xdeg(u), where

Xdeg(u) = (5717 51, e ;57173; (Sn,Q, 57171 =+ 571)

Here (61, ...,0,) is the multidegree of u. We denote this order by “>” (we also use
the symbols “<X7, “~7 “<” with the obvious meaning). We call this order by the
x-order and the vector xdeg(u) by the x-degree of w.

Let v = [24,,...,2]- It is easy to see that any permutation of the letters
Tiy, - . - Tj, gives us a monomial equal to v in M (X). Indeed,

[$i1 Wigs ey Lig_1yLigs xis+1]
= [[‘Th y Ligsy e - 5$7:s—1]’ [’Tis’xis+1]] + [‘Til yLigy e ooy Lig_19Ligyns xis]
=0+ [:Cilﬂziw cee 5zisfl7xis+lﬂzis]'
Consequently,
[wil,.TiZ,...,$i571,$i5,$i5+1,...,wik] = [wil,xiZ,...,xi371,$i5+1,$i8,...,xik].

So, interchanging letters x;, and x;_,, (s > 3) in v gives us an element equal to v in
M (X). We are left to note that the set of all transpositions permuting two neighbor
elements generates the symmetric group on the set of these elements. Therefore,
we can obtain any permutation of the letters x;,,...,z;, in v interchanging pairs
of neighbor elements.

k

(3) ['Th » Ligs Ligy - - ‘rlk] = [‘Til » Ligs Lo(ig)s - - - axa(ik)]a

where o is a permutation on {is,i4,..., 0k}

Let R[X] be the set of all commutative associative polynomials over R. It follows
from the last paragraph that the derived subalgebra M'(X) of M(X) is an R[X]-
module with respect to the adjoint representation. Denote by u.f the element of
M’(X) obtained by acting the element f € R[X] on u € M’(X). Namely, let us
define w. f inductively:

(1) u.y = [u,y] for any y € X;

(2) Let f = y1y2...ym for m > 2 and let fo = y1y2...Ym—1 then u.f =
(u-fo)-Ym;

(3) Finally, if f = g+ s, where s is a commutative associative monomial then
u.f =u.g + u.s.

For any monomial in R[X] we also can define its multidegree as follows:

mdeg(az]'x3® ... xl") = (71,72, -+, V), if @ # 0.

Let us formulate the following well-known result. Let p be a non-associative
polynomial in X and let p = > 5p5, where p5 is a homogeneous polynomial such
that mdeg(p;) = 6. If p = 0 in M(X;G) then pz = 0 in this algebra for all 6. It
follows from homogeneity of Lie algebras, metabelian algebra identities, and partial
commutativity relations. Indeed, if p = 0 then this polynomial can be nullified by
using a finite set of identities and relations indicated above. Each step moves a
homogeneous polynomial to homogeneous one of the same multidegree. Therefore,
summands of different homogeneous components cannot cancel with each other.

Then, we introduce some homomorphisms on M (X;G). First, let us remind a
well-known fact. Let X = {x1,...,2,} be the set of generators of a Lie algebra L;.
Consider a map ¢ : X — Lo, where L is also a Lie algebra. If all identities and
relations of £; hold under ¢, then this map can be extended to a homomorphism
from £y to Lo uniquely. So, all maps defined below are homomorphisms.
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Let X be the set of generators of the partially commutative metabelian Lie
algebra M (X;G). For any non-empty subset Y of X, denote by Gy the subgraph
of G generated by Y.

Definition 2.5. The projection from M(X;G) onto M(Y;Gy) is the homomor-
phism 7y : M(X;G) - M(Y;Gy) defined on X as follows:

x;, ifx; €Y
4 ) =
) my (@) {0, if 2 &Y.

Definition 2.6. Let G be obtained from G by adding some edges. The identical
simplification from M (X;G) onto M (X;G) is the homomorphism ¢ : M(X;G) —
M(X;G) defined on the set of generators identically (i.e. ¢(x;) = x; for z; € X).

Let G be an arbitrary graph, G1,Go, ..., G, its connected components, and X;
the set of the vertices of G; for i = 1,2,...r. Given ¢ such that 0 < ¢ < r, define
the sets X’ = Uf.zl X, X" = U;:t-i-l X;. Consider the graph G obtained from the
subgraph Gx/ adding some set Z of isolated vertices (Z may be empty). By YV

denote the set of vertices of G. In other words, Y = X' U Z.

Definition 2.7. An identification of connected components is a homomorphism
p: M(X;G) - M(Y; é), acting on X’ identically and mapping all vertices in
Xr C X" (k=t+1,...,r) to multiples of the fixed element y, € Y (i.e. to
elements of the form ay, where a € R can be different for different vertices in
Xi). If X’ = & (this means t = 0) then the identification of connected components
is called complete.

Definition 2.7 implies that if an identification of connected components is com-
plete then G is totally disconnected, therefore M(Y;G) = M(Y).

Finally, let us recall some terminology related to universal theories of algebraic
systems.

Definition 2.8. An 3-sentence is a formula without free variables such that it is
of the form

Fwy .. W P(wr, . Wiy ),

where ® (w1, ..., w,) is a formula of predicate calculus in the corresponding alge-
braic system such that this formula does not contain quantifiers.

Definition 2.9. The set of all 3-sentences that are true in a Lie algebra L is called
the existential theory or the 3-theory of this Lie algebra.

Definition 2.10. Lie algebras are called existentially equivalent if their existential
theories coincide.

The notion of universal theory(or V-theory) of a Lie algebra is defined analogously
as well as the notion of universal equivalence of Lie algebras.

It is easy to see that Lie algebras L; and Lo are existentially equivalent if and
only if these Lie algebras are universally equivalent.

The procedure of exchanging functional symbols by predicate ones is well-known
in model theory. Any set with all predicates induced on it is a submodel.

Let us formulate a well-known result in model theory.

Theorem 2.11. Arbitrary algebraic systems (ex., Lie algebras) L1 and Lo are
universally equivalent if and only if each finite model of the first algebraic system
is isomorphic to a finite model of the second one.
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3. BASES OF PARTIALLY COMMUTATIVE METABELIAN ALGEBRAS

Given u = [z, , X4y, - - ., X4, ], let X, be the set of all generators appearing in w.
Let’s denote by G, the subgraph of G, generated by the set X,. Similarly, we
define X, and G4 for a homogeneous Lie polynomial g, i.e. suppose that X, = X,
and G4 = G, where v is a monomial of g.

Lemma 3.1. Suppose u = [T, , Tig, - .., %4, ], Tiy and x;; are vertices belonging to
the same connected component of G, and u' is obtained from u by interchanging
xi, and x;;. Then uw=u" in M(X;G).

Proof. Since z;, and wx;; are in the same connected component of G, there is a
simple path (z;,,y1,¥2,...,Ys, ;) in this graph, i.e. a path consisting of elements
of X, all vertices of which are different. Let us proceed by induction on the number
of intermediate vertices on such path (i.e. by induction on s).

If s = 0 then w;, and z;, are adjacent. Consider two cases. For j = 2 we
have [2;,, Tiy, ..., xi,] = [0,245,..., 2] = 0 and, analogously, [zi,, 2, ..., 2] =
[O,SCZ'S, . .,Z'Z'k] =0.

Let j > 3. By (3), without loss of generality it can be assumed that j = 3. Since
[%iy, xiy] = 0 we obtain

[zil,xiz,xig,iﬂu, ce ,Z'ik] :[:Cil,.fcis,l'i2,1'i4, . .,Z'Z'k] =+ [ .. [SCZ'I, [ZL'Z'2,SC1'S]], . ,SCZ'k]
= [:Cizaxisaxil;wu; cee ;:Eik]
:[xis,xiZ,xil,xi4, .. .,xik].

Next, let us suppose that the statement holds for all k¥ < s. Consider the path
(Tiys Y1y - s Ys, Ti;) from z;, to x;; in G,. As it was shown above, the monomial
u1, obtained by interchanging x;, and y; in u is equal to u in M (X; G). Therefore,

[xilaxiza"'ayla--'axik] = [ylaxiza"'axiu---axik]

in M(X;G). We have (y1,...,ys,2;;) contains s — 1 intermediate vertices. So, by
inductive assumption, us = w1, in M (X; G), where usy is the monomial obtained by
interchanging y1 and z;; in u.

Finally, to obtain the monomial v’ we are left to interchange x;, and y; in ws.
If either y; or x;, is the second letter in ug then one can interchange the first two
letters by the anticommutativity identity, interchange y; and x;, by the induction
hypothesis, and again interchange the first two letters. If neither y; nor x;, is
the second letter of ug then uy = v’ in M(X;G) by (3). Therefore, u = v’ in
M(X;G). O

Lemma 3.2. Let u = [z;,,...,;, ] be a monomial of the form (2). Then u is equal
to zero in M(X; G) if and only if the vertices x;, and x;, are in the same connected
component of G,,.

Proof. If x;, and x;, are in the same connected component of G,,, then the state-
ment follows from Lemma 3.1.

Conversely, let x;, and x;, be in different connected components of G,,. We need
to show that u # 0 in this case.

Let 7x, be the projection of the algebra M (X; G) onto the algebra M (X, G,).
Since mx, acts identically on the set X, we have 7x, (u) =u .

Consider the set Y such that it contains by one element from each connected
component of G, and z;, and z;, arein Y.

Define the complete identification of connected components ¢ : M (X,;G,) —
M(Y) mapping each element in X,, to the element in Y from the same connected
component of G.
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Applying ¢ to the monomial u in M(X,;G,,), we obtain
0= w([xiuxiw s 7'rlk]) = [‘Til ) wizaw(xis)a s aw(xlk)]

Since x;, is the minimal letter of w it is also the minimal letter in ¥ (u) =
[iy, Tig, V(Xig), - - ., ¥(xi,)]. By (3), one can permute the letters ¢ (x;,), ..., ¥(x;,)
in ¥ (u) in such a way that they are in non-descending order in the obtained mono-
mial. The obtained monomial is of the form (2) and it is equal to ¥ (u) in M(Y).
Therefore, it cannot be equal to 0 in this algebra. Consequently, v # 0 in M (X; G)
either. (]

Let us consider the algebra M (X;G). By Bx(X) denote the set of all monomials

of the form (2) whose multidegrees are equal to 0. Let us eliminate from B(X)
all monomials « such that v = 0 in M(X;G) (by Lemma 3.2, we should exclude
all monomials u such that x;, and z;, are in the same connected component of the
graph Gy). By BZ(X;G) denote the obtained set.

Given monomials u1 = (i, @iy, ... 24, ] and ug = [z),,2),,... 2] in B{(X;G)
we write uy ~ ug if x;, and x;, are in the same connected component of G,, = G, .
From Lemma 3.1 it follows that if u3 ~ ug then u; = ug in M(X;G). Besides,
it follows from (2) that z;, = z;,. The relation “~” is obviously an equivalence
relation. Consequently, there is the decomposition of Bg (X; G) by the equivalence
classes. Let us choose by one element from each equivalent class in such a way
that the first letter of each chosen element is the the largest one among the first
letters of all monomials in this equivalence class. Denote this set by B5(X;G) (in
particular, this set can be empty for some multidegrees).

Let us set

B(X;G) = B5(X;G),
5
where the union is taken by all multidegrees.
The following theorem holds.

Theorem 3.3. The set B(X; Q) is a basis of the partially commutative metabelian
Lie algebra M (X; G).

Proof. Since all elements of the same equivalence class are equal to each other in
M(X;G) and since B(X; G) contains elements from all equivalence classes of the
set s B (X; G) the algebra M (X; G) is spanned by B(X;G).

We are left to show that the elements of B(X; G) are linearly independent. Let

(5) g= Z o,

where u; = [z, Tj,, ... x5, ] € B(X;G), a; € R. Suppose that v =0 in M(X;G).
Without loss of generality (see Sec. 2) we can assume that (5) is a homogeneous
polynomial. In particular, all k; are equal to each other. For this reason, we write
k instead of k;. Note that the second letter in all monomials u; is same, namely, it
is the minimal letter appearing in u;. Let us denote this letter by z.

By construction of B5(X; G), the first letters of the monomials «; in the decom-
position (5) belong to different connected components of G4. Consider the set of
the first letters of the monomials u; appearing in (5). Extend this set to the set
Y such that Y contains by one letter from each connected component of G, and
x € Y. It can be done because the first letter of a non-zero monomial u; cannot
belong to the same connected component as x. So, x is the least element of Y.

Consider the projection 7x, : M (X;G) — M(Xy;Gy). Since mx, acts identically
on X, we have mx,(g9) = g.
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Let ¢ : M(Xg4;Gg) — M(Y) be the complete identification of connected com-
ponents mapping each element of X, to the element of ¥ belonging to the same
connected component of Gj.

Applying the map ¢ to (5) we get

0= Z o (uy)
= Z ajlzg, (@), () - - ()]

It was shown above that ¢(x;,) € Y. If it is necessary we can permute the letters
W(xig), ..., ¥(xs,) in each ¥(u;) in such a way that they are in the non-descending
order in the obtained monomial. We obtain

Zaj[levxvyjsv"'vyjk] =0

in the free metabelian algebra M (Y'). Since z;, and x are in different connected
components, ¥(u;) # 0 in M(Y). By (2), the set of monomials ¥(u;) is linearly
independent in M(Y). Consequently, a;; = 0 for all j. We have proved that the
monomials u; are linearly independent in M (X,4; G) so are they in M (X; G). This
completes the proof. O

4. ANNIHILATORS AND CENTRALIZERS

Let us start this section with proving some auxiliary statements about free
metabelian Lie algebras. We need them to describe annihilators and centralizers of
partially commutative Lie algebras.

Lemma 4.1. Suppose u = [zj,,Zjy,--.,%j,,] € B(X), where m > 2 and v is
the largest monomial in the representation of u.z as a linear combination of basis
elements of M(X). Then the first letter of v is xj, and the coefficient by this
monomial is equal to 1.

Proof. Let us consider the representation of u.z as a linear combination of the ele-
ments of the form (2). We need to consider two cases.

1. Let z > zj,. In this case,
V=T, Tjyy Ty - oy Lj ]2
= [zjlvszv sy LG By Ljiq e 7$jm]7
where z;, < z < xj,,,. We obtain a monomial of the form (2) whose first letter is
Ly -

2. Let z < zj,. Then

V= [Zy, Tjys Ty - - Tj, ]2
= [Tj1, Tjar 2, Tjg - -+, Tj]
=[x}, 2, Tjy, Tjs - - -, Tj,, | + [ g [T, 2] s - ,:cjm]
=[x}, 2, Ljy, Tjs - - - ,:cjm] (@), 2, T, Tjs - -, Ty ]

We obtain a linear combination of two monomials of the form (2). Since x;, is the
minimal letter of u the monomial with the first letter x;, is larger than the other
one and the coefficient by this monomial is equal to 1. (]

Let f be a Lie polynomial. By f denote the largest monomial of f with respect
to the standard order.
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Lemma 4.2. Let ¢ = o+ Ac be the representation of ¢ € M'(X) as a linear com-
bination of basis elements with non-zero coefficients and let © = [y, ©, Tigy - . ., T4, |-
Then for any z € X the largest monomial in the decomposition of c.z begins with
the letter y and the coefficient by this monomial is equal to «.

Proof. Let ¢ = ac+ Ac be a homogeneous Lie monomial consisting of monomials of
the form (2) and d a monomial appearing in Ac. Since € is the greatest monomial
of ¢ we have either mdeg(¢) > mdeg(d) or mdeg(¢) > mdeg(d) but ¢ is greater
than d lexicographically. Let us represent «(c.z) and (Ac).z as sums of elements
of the form (2). By Lemma 4.1, the largest monomial of the decomposition of
a(¢.z) begins with y and the coefficient by this monomial is a. On the other hand,
the monomials in the decomposition of (Ac).z are less than y with respect to the
standard order. Let b be the largest monomial in the decomposition of c.z to a
linear combination of elements of the form (2). We have b begins with y and the
coefficient by this monomial is equal to a. O

The following result has been proved in [3] in the case of a free metabelian Lie
algebra under a field. In his paper, we give the proof of this statement for a free
metabelian Lie algebra over an arbitrary integral domain.

Theorem 4.3. The derived subalgebra M'(X) of M(X) is a torsion-free R[X]-
module.

Proof. We need to prove that c.f # 0 whenever ¢ € M'(X)\{0} and f € R[X]\{0}.
Note that v.a # 0 implies

(6) mdeg(v.a) = mdeg(v) + mdeg(a)

for any Lie monomial v and any associative monomial a. So, without loss of gen-
erality it can be assumed that the decomposition of ¢ to a linear combination of
monomials of the form (2) is homogeneous by all generators and f is a monomial.
Indeed, we can write ¢ = ¢y + Y 3¢z, where c5 is a homogeneous Lie polynomial
with the multidegree § and 7 is the largest multidegree of the monomials in the
decomposition of ¢. Let also f = a.f + Af, where f is the monomial of the largest
degree appearing in f. It is sufficient to show that cs.f # 0. Indeed, by (6), the
multidegrees of all other summands in the decomposition of c.f are less than the
multidegree of c;.f. So, this monomial cannot cancel with the others.

So, suppose ¢ is represented as a linear combination of monomials of the form (2),
¢=[y,x, xig,...,x;,] is the largest monomial in this linear combination, and f is
an associative monomial of the multidegree 2. By |g| denote the sum of coordinates
of €. Let us proceed by induction on [g].

If g| = 1 then f = z for some z € X. Let b be the largest monomial in
the representation of cy.z as a linear combination of elements of the form (2).
By Lemma 4.2, b begins with y. The coefficient by this monomial is equal to the
coefficient by ¢. In particular, this coefficient is not equal to zero. Therefore, c5.2 #
0. By (6), this monomial cannot cancel with monomials in the decompositions of
c5.z. Consequently, c.z # 0.

Suppose that the statement holds for all € such that || < r. Let || =r > 0
and let f be a monomial of the multidegree €. For some generator z;, we can write
f = Bzifo, where 8 € R\{0} and |mdegfy| = r — 1. We have c.f = c.(Bz;fo) =
B(c.z;).(fo). As above, we get (c.z;) # 0. Consequently, by the inductive hypothesis
we obtain (c.z;).(fo) # 0. The proof is complete. O

The following statement on commutative associative polynomials seems to be
well-known, but anyway, we give its proof here.
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Lemma 4.4. Let R be an infinite integral domain and let f € R[x1,...,z,] be a
non-zero polynomial over R in a finite number of indeterminates. Then there exist
T1,...,"n € R such that f(ri,...,r,) #0.

Proof. Proceed by induction on the number of indeterminates. Let f(x) = aga! +
--+ 4+ a1x 4+ o be a non-zero polynomial in one indeterminate. Let us show that
this polynomial cannot have more than [ roots. If y; is a root then there is the
representation f(z) = (z — y1)f1(x), where the degree of fi(z) is equal to I — 1.
Similarly, one can find a root of fi(x), denote this root by y2, and obtain a similar
decomposition for fi(x) and so on. Finally, we obtain the representation

(7) fl@)=(z—y)... (z —ys)g(x),
where g(x) has no roots. Obviously, f(x) has no roots except y1,...ys. Indeed, if
z is a root then substitution of z for x in (7) gives f(2) = (z —y1) ... (2 — ys)g(2).
Since R is an integral domain, at least one of the multiples is equal to 0 and g(z) # 0
because g(x) has no roots. Therefore, z = y; for some ¢ such that 1 <4 < s.

Since R is infinite, one can choose r not equal to any root of f(x). Therefore,
1) #0.

Suppose that the statement of the lemma holds for all polynomials in less than
k indeterminates. Consider a polynomial f in k indeterminates. We have

l
=0

where f; € R[x1,...25—1]. Since f # 0 there exists ¢ such that f; # 0. By
the inductive assumption, there are rq,...,rg_1 such that f;(r1,...,rx—1) # 0 for
some 4. Substitution these values for the corresponding indeterminates in (8) we
get a non-zero polynomial in the indeterminate xj only. Consequently, there exists
rr € R such that substituting this element for x; we obtain a non-zero element of
R. So, substitution 71, ... 7 for the corresponding indeterminates in (8) we obtain
a non-zero element of R. This concludes the proof. (]

Lemma 4.5. Let G be a graph such that each its connected component is a complete
graph and M(X; Q) the partially commutative Lie algebra with defining graph G.
If [z,y].f = 0 for some vertices x and y and for some polynomial f € R[X] then
either [x,y] = 0 (i.e  and y belong to the same connected component of G) or

F=o.

Proof. If G is a connected graph then M (X; @) is just a free abelian Lie algebra.
Therefore, [z,y] = 0 for any z,y € X.

If G has at least two connected components then we proceed by induction on
the number of generators in M (X;G). Suppose | X| = 2 and G has two connected
components (it means that G is totally disconnected). Then, we have M (X;G) is
the free metabelian Lie algebra with two generators and the statement follows from
Theorem 4.3.

Suppose that the statement holds for all graphs having less than k vertices and
satisfying the conditions of the lemma. Consider a graph G such that |X| = k. If
this graph is totally disconnected then M (X;G) is a free metabelian algebra and
the statement follows from Theorem 4.3.

Suppose that G contains some edges and [z,y].f = 0, where f € R[X] and
x and y are in different connected components. Consider an arbitrary connected
component I' of G such that T" has at least two vertices. Let Z = {z, 21, ... 2m} be
the set of vertices in this component. If x € T' (or y € T') then let us set z = x
(z = y, respectively). By Y denote the set obtained from X by deleting vertices

Zlyeees”m-
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Let ¢ : M(X;G) — M(Y;Gy) be an identification on the connected component
I" defined as follows:

) (P(x){:c, ife & Z

a;z o=z
We have the following representation of f:
f= Z'yjszajzlllj’l B
J
where f; are monomials in R[X\Z]. We obtain

o(f) = Z%‘Oé(fj'l oo fi it aaat e
J

Combining like terms by degrees of the elements in Y we obtain a sum such that
each its coefficient is a polynomial in «ag, ..., a,,. Moreover, since f # 0 at least
one of the obtained coefficients is not equal to zero identically. Therefore, by
Lemma 4.4, one can find aq,...,a, such that ¢(f) # 0. From 9 i follows that
¢ cannot map vertices from different connected components to one component.
Consequently, ¢([z,y]) = [z,y] # 0 . Note that M (Y; Gy ) satisfies the conditions
of the lemma and the number of vertices in Gy is less than k. Therefore, by the
inductive hypothesis, [z,y].o(f) # 0 in M(Y;Gy). It means that [z,y].f # 0 in
M(X;G). The proof is complete. O

Definition 4.6. Let A be an associative commutative ring and let M be an A-
module. The Annihilator of a non-zero element m € M is the ideal A consisting of
all elements a € A such that m-a = 0.

Since for any partially commutative algebra M (X;G) its derived subalgebra
M'(X;G) is an R[X]-module, the annihilator of any element g € M'(X;G) in
R[X] is defined.

Let us move on to the description of annihilators in M'(X; G). Define the ideal
IZG] of R[X] as follows. If ; and z; belong to different connected components in G
then put IZGJ = 0. Let x; and z; bee in the same connected component. For each
path (z;,v1,Y2,...,Ys, z;) connecting these vertices in G consider the monomial
Y1Y2 - .. Ys. Define IlGJ as the ideal generated by all such monomials. Obviously, it
is sufficient to consider the monomials corresponding to the simple paths only.

Theorem 4.7. Let M(X;G) be a partially commutative metabelian Lie algebra
with the set of generators X and the defining graph G and let z;,x; € X. If x; and
xj are not adjacent then the annihilator of [x;,x;] is equal to IlGj

Proof. First of all, let us show that if f € Iﬁj, then [z;, z;].f = 0. It is sufficient to
prove this statement for the elements generating IZG]

Let us show that the statement is true for the paths having one intermediate
vertex, i.e in the case s = 1. We have [z, z;].y1 = [[zs, 2], v1] = [[xi, 1], z5] +
[wia ['rja yl]] =0.

Let the statement hold for all simple paths having s < k intermediate vertices.
Suppose that the path (z;,y1,..., Yk, z;) has k intermediate vertices. We have

(10) o @3]y o) = D[ Wiy - vi)s 25U, - v3 )]s

where the sum is taken by all ordered partitions of the set {y1,ya2,...,yx} by two
subsets {y;, ...v;, } and {y;, ...y;._, }.- Since M (X;G) is metabelian it follows from
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(10) that:

(@i, x;].(y1y2 - k) = [wi-(y1 - yk), @) + [T, 25.(y1 - - - Yn))
= [lzi,y1]-(y2 - - yr), 5] + [4, [, v1)- (Y2 - - ye)]-

Since x; are y; adjacent in G the first summand is equal to 0. The second summand
contains the multiple [x;,y1].(y2...yx). Considering the path (y1,y2,...,x;) we
obtain that this multiple is equal to zero by the induction hypothesis. Consequently,
[zi, 2].(y1y2 - - yx) = 0.

So, we have shown that IZG] is a subset of the annihilator of [z;, z;]. Let us prove
the inverse statement. Without loss of generality, the annihilator of [z1, 23] can be
considered. There are two cases:

1. Suppose that x; and z2 belong to different connected components of G. Let
us add edges to the graph G in such a way that any two vertices belonging to the
same connected component of G would be connected. Denote this graph by G. So,
connected components of G' and G consist of the same vertices and each connected
component of G is a complete graph.

Consider the identical simplification ¢ : M(X,G) — M (X, Q). If [z1,22].f =0
in M(X,G), then ¢([z1,z2].f) = 0. Therefore, [z1,z2].f = 0 in M(X,G). So, by
Lemma 4.5, we have f = 0.

2. If x1 and =z are not adjacent and belong to the same connected component,
then we proceed by induction on | X|. Let |X| = 3. Then G has exactly two edges,
namely {z1,23} and {z2,23}. Otherwise, either 21 and x2 are adjacent or they
belong to different connected components.

Consider the projection 7y : M(X;G) — M(Y;Gy), where Y = {x1,z2}.
Let [x1,z2].f = 0. We have my ([x1,z2].f) = [z1,2z2].my(f) = 0. Since Gy is
totally disconnected M(Y;Gy) = M(Y). Therefore, by Theorem 4.3, 7y (f) = 0.
Consequently, f = zng’.

Suppose that the statement holds for |X| < n. Consider an algebra M (X;G),
where X contains n vertices. Let (21,y1,92, ..., Vs, T2) be a simple path connecting
x1 and zo.

By X, denote the set X\{y;}, where i =1,2,...,s. Let G; be the graph gener-
ated by Xj;.

Consider the set of projections 7y, : M(X;G) — M(X;;G;), where i =
1,2,...,s. Note that 7x,(z1) = z1 and 7x,(x2) = x2 for all i because the
path (z1,y1,¥2,-..,Ys, x2) is simple. Therefore, if [x1,z3].f = 0 in M(X;G) then
wx, ([x1, x2].f) = [x1, 22].7x, (f) = 0in M (X7;G1). Let us remark that M (X;;G1)
is a subalgebra of M(X;G) and |X;| = n — 1. Consequently, by the inductive hy-
pothesis, mx, (f) is in the ideal IIG§ of the algebra M (X1; Gy). In particular, 7x, (f)
does not contain y;. Since 7y, acts identically on all generators but y; there is
the representation f = wx,(f) + f1, where f; € R[X] is such that 7x,(f1) = 0.
Consequently, f1 = y1 f1. It is clear that IlGé - IEQ. Therefore, wx, (f) € IEQ.

Suppose that for some i < s there is the representation

(11) F=r+>_ 1

j=1
where :f; € Iﬁ%, and f; = y1ys...yif;. Obviously, Ilcé - IEQ for j = 1,2...,1.
Thus, we have 0 = [v1,22].f = [x1,22].f; + 375, [x1,22].f; = [21,22]. fi. There-
fore, 0 = @ip1([®1, 22).fi) = [x1,22].7x,,,(fi). So, by the induction hypothesis,
x4, (fi) belongs to the ideal If;“ of the algebra M (X;11;Git1). As above, we
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. rs rs GI 1
obtaln fz = fi+1 —+ fiJrl, where fi+1 = 7rXi+1(fi) & 1172+1 g 1161;2 and fiJrl 1S SuCh
that 7x, , (fit1) = 0. Therefore, fiy1 = yiy1f{ ;. Since each monomial of f; is of
the form g = y1y2...v;¢9' we obtain f;11 = Y1y - - .yi+1ﬁ+1. Consequently, there
is the following decomposition: f = fj11 + Z;ill fj. So, decomposition (11) holds
for any . B B

Setting ¢ = s in (11) we obtain f = y1ya. . .ysfs—i—Zj.:l fj. As above, 2;21 ]:J €
IlC,;Q' Since y1y2 .. . yYs is a generating element of IEQ, the monomial y1ys ... ysfs is
also in this ideal. So, the proof is complete. O

Before we move on to a description of centralizers we prove one more auxiliary
assertion.

Let X., = X U{z} for any z € X\X,, and let G., be the subgraph of G
generated by X ..

Remind that z is called a cutpoint of G if its deletion increases the number of
connected components.

Lemma 4.8. Let ¢ € M'(X,G) be a non-zero element that can be written as a
homogeneous linear combination of basis elements. If c.z =0 for some z € X then
z does not appear in ¢ and it is a cutpoint of G ;.

Proof. Let us reorder vertices of X in such a way that z would be not less than the
vertices appearing in c. If ¢ contains z or if z is greater than the smallest letter
appearing in ¢ then we can use the initial order on X. Otherwise, we can just
permute z and the smallest letter of ¢ in the initial linear order of X. Note that if
¢ admits a representation as a homogeneous linear combination of basis elements
under some order on X then it can be rewritten in such form under any other order
on X. Moreover, for all orders on X the multidegrees of the monomials in the
corresponding representations are same.

By Lemma 3.2, G, has at least two connected components. Suppose that
Ty, To,..., s are connected components of G. (s > 1). Let yo,y1,...,ys be the
largest vertices of these components such that y; lies in I'; for each i = 0,...,s.
We may assume that yo < y1 < y2 < --- < ys. By x denote the minimal vertex
appearing in c. Let x belong to I'y.

We have:

s
(12) C:Zﬁi[yiaxaxisa"'axim]a
i=1

where all summands have the same multidegree and some 3; are not equal to 0.
Let r < s be the largest number such that 5, # 0. Consider c.z as an element of
M(X). Since z > z, the proof of Lemma 4.1 (case 1) and Lemma 4.2 imply that
the largest monomial of c.z can be written as follows: ¢z = [y,, x, 27,,..., 27 |

Let c.z =0in M(X;G). If ez =0 in M (X;G), then Lemma 3.2 implies that y,
and z belong to the same connected component of G, ., but in different connected
components of GG.. Consequently, z does not appear in ¢ and there are vertices in
I'o and I', adjacent to z. It means that z is a cutpoint of G ,.

If €z # 0 in M(X;G), then the monomial €%z is equal to ¢ = [y;, z, ... ,:c;-mﬂ]
for some j in this algebra. But it is possible only if y; and y, are in the same
connected component of G .. Therefore, z does not appear in ¢ and it is a cutpoint
of G, .. O

Let G be an arbitrary graph with the set of vertices X and let u be an arbitrary
element of M(X;@G). By Cg(u) denote the centralizer of v € X in the algebra
M(X;G). So, Cg(u) is the set of all elements v € M (X;G) such that [v,u] = 0.
Let us also introduce the notation Cg(x) for Ca(z) N M'(X;G). We are going to
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describe the centralizers of the elements in X and their linear combinations. We
need this description in the proof of Theorem 5.8 in Sec. 5. The following theorem
holds.

Theorem 4.9. Let G be a graph with the set of vertices X = {x1,22,...,Zn}.
1. If x,, is an isolated vertex in G then Cg(x,) consists of the elements v of the
form

(13) V= Qpn,

where o, € R.
2. If the degree of x,, is equal to 1 in G (say, it is adjacent to x,—1) then Co(xy,)
consists of all elements v of the form

(14) V= Qpn—1Tn + QAnTn,

where a1, 0, € R.
3. If x,, is adjacent to Tyy1,...,2n—1 in G (r < n—3), then Cg(x,) consists of
all elements v of the form

(15) v = Z Ty + Z (i, 5] fij,

k=r+4+1 r+1<i<j<n—1
where ag, € R, fij € R[IX\{zn}].

Proof. Clearly, all elements of the form (13) or (14) (depending on the number of
vertices adjacent to x,) in M(X; Q) are in Cg(x,). It is also easy to see that if
xy is adjacent to x,41,...,%,—1 then any element of the form v = ZZ:TH QRTE
belongs to the centralizer of z,,. So, we are left to show that the elements of the
form - 1 cicicnoi[@i 2] fij (see case 3) are in Cg(z,). We need to prove that

Z [SCi, SCj].fijSCn =0.
r+1<i<j<n—1
It follows from Lemma 3.2. Indeed, let us consider the element of the form w =
[%i, x}]. fijn. Since z; and z; are adjacent to z,, the vertices z; and z; are in the
same connected component of G, and we are done.

Conversely, suppose that ¢ € Cg(zy,). Let us write this element as a linear com-
bination of basis monomials. As we noticed in Sec. 2 if a Lie polynomial is equal to
zero in M (X; G) then all homogeneous components (in the sense of multidegree) of
this polynomial are equal to zero in M (X;G). So, without loss of generality it can
be assumed that all monomials of ¢ have the same multidegree. Consider two cases.

1. If a homogeneous element ¢ € Cg(xy,) is a linear combination of monomials of
the length 1, then ¢ = aya; for some i. Consequently, 0 = [¢, z,,] = a;[zi, zn]. So,
it is easy to see that either i = n or x; is adjacent to .

2. Suppose that ¢ € Cg(x,). Let us represent ¢ as a linear combination of basis
elements of the algebra M (X; G). Consider the graph G.. Let this graph have s+1
connected components (s > 1). By yo,y1,¥2,..-,ys denote the largest vertices of
the connected components as we did in the proof of Lemma 4.8. Let x be the
smallest letter appearing in ¢. We can suppose that z is in the same connected
component as yo. Since [¢, x,] = 0, Lemma 4.8 implies, that x,, is a cutpoint of
Gegn-

Clearly, degree of z,, in G is greater than or equal to 2. Indeed, z, should be
connected with at least two connected components of G.. Therefore, its degree in
G s, should be greater than 1. So, if the degree of z,, in G is not greater than 1
then C(z,) = 0 and parts 1 and 2 hold.
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Thus, z, is a cutpoint of G. 4, . We can assume without loss of generality that

one of the connected components contains the vertices y1,...y; for ¢ < s, and
perhaps yo. Moreover, one can suppose that yi1,¥s,...,y: are adjacent to x,, i.e.

(16) {y1, -y} S{xrg1, -, Tn )
We can also assume that if y is in the same connected component of G. ., as the

vertices y1, ...,y then yo is also adjacent to x.
Since the representation of ¢ in the form (12) holds we obtain

an § ﬂzyzazzzy'-'azimazn]

(17)
S
= Zﬁl[xn, Ty Ligy o ooy Liyy , Yi] + Z Bilyjs @y @iy -y Tj s T
i=1 j=t+1
By Theorem 3.3, the monomials [y;, &, zj,, ..., Z;,., Tn] are linearly independent for

t+1 < j < s. By the same theorem, it is easy to see that the first sum of the right-
hand side of (17) is a multiple of a basis element of the corresponding multidegree
beginning with x,,, and this element is linearly independent from the elements of
the second sum. Therefore, 8; = 0 if t + 1 < j < s. Consequently,

(18) C.’L'n Zﬁl Yi, T, xua"'aximaxn]-

Suppose that z,, is in the same connected component of G ., as x and yo. In
this case, by Lemma 3.2 we have [y;, &, i, . . ., 24, ,Z5] = 0 for ¢ < ¢. On the other
hand, Lemma 3.1 implies that [y;,x, 4, . . . ,xlm,xn] [Yi> Yo, T, - - - ,x;m,xgm“]
and yo and y; are adjacent to x,. So, as follows from (16), ¢ can be represented in
the form (15).

If yo and z, are in different connected components of G, 5, then, by (18), we

obtain the following equation in M (X;G):

C-Tn § ﬁzxna$$13a---a$im,ayi]-

Let us arrange the last m — 1 multiples in each summand of the right-hand side
of this equation in the increasing order. We obtain a linear combination of ¢ equal

monomials. Since [¢,z,] = 0 we obtain >.'_, 8; = 0. So, the following equation
holds

C :L'n Zﬁl Yiy Ly Lijgy - aximaxn] - [ytaxaxssa .. a-rsmaxn])-
Therefore,

(19) c= Zﬁl([yla Ty Tjgy - axim] - [ytaxaxssa e ;wsm])-
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For each summand of the right-hand side of (19), we can apply the Lie algebra
identities and rearrange the last m — 2 multiples. So, we obtain

[Yis @y Tigy ooy @iy ] — [Yty @y Tty oo vy Tt |
=[yi 2y, Ty - 2] = (Y, T,y 2 2]
(20) =[yi, 2, ye, ]+ [y, v T )
=— ye,yi, 2y ..., 2]
=lyi,yt, z, 2y ..., 2}

By (19) and (20), we get
t—1

c= Zﬂi[yi,yt,:c,xﬁl...,:c;n].

i=1
Therefore, ¢ can be represented in the form (15). This completes the proof of
part 3. ]

Now we are ready to describe centralizers of linear combinations of the elements
in X. The following lemma holds:

Lemma 4.10. Let ¢ = ¢g + Ac, where ¢o is a homogeneous component of ¢ having
the largest multidegree. If c € C(Zi‘:1 ajxij), where all o; are not equal to 0, then

l
Cco € ﬂj:l C(,TZJ) .
Proof. To be definite assume that

n

cel( Z ;).

j=k+1
So,
n
0= c.( Z ajxj)
j=k+1
(21) = D ajle)
Jj=k+1
—1 n
= Z ajleco, 5] + anco, o] + Z a;[Ac, ;]
j=k+1 j=k+1
Moreover, [co,z,] = 0. Indeed, otherwise, the basis monomials appearing in the

decomposition of [cg,z,] have the greatest multidegree in the decomposition of
c. (Z?:kﬂ ;). So, they cannot cancel with other summands. Therefore, ¢y €
Clxy).

By Lemma 4.8, ¢y does not contain z, in it, neither does ¢. Let X' = X \{x,}
and let G’ be the subgraph of G generated by X’. Consider the projection .
This projection maps ¢ identically to M (X’;G’). Arguing as above, we see that
co € C(xn-1), and so on. Finally, we get ¢ € (), C(z;), that concludes the
proof. O

Theorem 4.11. Let M (X;G) be a partially commutative metabelian Lie algebra,
where X = {x1,2a,...,2,}. Then

m

C (Z Oéij ZL'Z'J.) = C(.Ilj )
Jj=1 Jj=1

for any elements x;, , iy, ..., x;, and for any a;,, @y, ..., ;€ R\{0}.
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Proof. Tt is sufficient to show that C(Z?:k-{-l ajxj), because otherwise, we can just
renumber the vertices as we did in the proof of Lemma 4.10.

The inclusion
m m

m C(xij) < C(Z aijxij)
j=1 j=1
is obvious. So, we are left to show that

(Y ajy) S [ Clay).

j=k+1 j=k+1

Let ¢ € C(Z?:k 41 a;z;). Represent ¢ as a linear combination of elements in
B(X; G). We obtain ¢ = ¢o+ Ac, where ¢ is a homogeneous component of ¢ having
the largest multidegree. By Lemma 4.10, ¢y € ﬂ?:,H_lC(zj). So, we obviously
have ¢o € C(Y2)_, 1 ajz;). Consequently, Ac=c—co € C(Y7_4,, a;jx;) and the
decomposition of Ac to the sum of homogeneous components has one summand
less than the similar decomposition of c. We can apply Lemma 4.10 for Ac and so
on. After finitely many steps we obtain each homogeneous component of ¢ belongs

to ﬂ?:k-u C(z;), so does their sum. Since this sum is equal to ¢ we are done. [

In Sec. 5, we consider partially commutative Lie algebras whose defining graphs
are trees. Let us prove the following theorem about centralizers in this case.

Theorem 4.12. Let G be a tree and let a; € R\{0} for j = 1,2...,m, where
m > 2. Then C (Z;":l ajxij) =0.

Proof. Since C (Z;":l ajxij) cc (Z;":_ll ajxij), it is sufficient to show that
Claxzs + Bxy) =0, if o, #0 and s # t.

If either x4 or z; is an endpoint, then Theorem 4.9 implies that the corresponding
centralizer is trivial and the statement holds obviously. So, we are left to consider
the case when both vertices are not endpoints.

Let ¢ € C(axs + Bx). By the proof of Theorem 4.11, we may assume that ¢ is a
homogeneous element of M (X;G). By Lemma 4.10, neither z,, nor x; appears in
c. Therefore, these vertices are not in Ge.

By X denote the set X. U {xs,z;}. Let G be the subgraph of G generated by
X. It is obvious that G is a forest.

Consider the graph G.. This graph is also a forest. Moreover, all vertices
adjacent to x5 are in different connected components of G.. Indeed, let y and z be
adjacent to x5 and belong to the same connected component of G.. Then there is
a simple path (y,wy,wa,...,wy, z) in this graph. However, since z is not in G, we
obtain the cycle (xs,y, w1, ws,...,wy, 2z,2s) in G. This is a contradiction because
G is a tree. It is obvious that the assertion also holds for the vertices adjacent to
Tt.

Let us show that there is at most one connected component I' of G, satisfying
the following property: there are vertices z, 2’ € T" such that z is adjacent to z, and
z' is adjacent to x;. Indeed, if there are at least two such components (denote two
of them as I'; and T'y), then there exists a cycle going from x5 to x; by vertices of
T'y and then, backward, from z; to x5 by vertices of I's. Since G is a tree, we get a
contradiction.

So, G. has at most one connected component having a vertex adjacent to x,
as well as a vertex adjacent to x;. If I' exists, we can renumber the vertices of G
in such a way that the minimal vertex (denote it by z) is in I" and each vertex
adjacent to either x, or x; and not belonging to I' is the largest in its connected
component. If there is no component I' then any vertex of G, can be chosen as z.
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Theorem 4.11 implies that ¢ € C(zs) N C(z¢). By Theorem 4.9, we obtain

(22) Cc = Z [aci,xj].fij

{zi,xs},{zj,2:}€G,

and

(23) c= Z [Zp, Zq]-pq

{zp, @t} {zq. 21 }E€Ge

where fi;, gpq € R[X.] are such that the multidegree of each monomial in both
equations is equal to mdeg(c). If z = z; in the monomial [z;, x;].f;; of the right-
hand side of (22), then it can be written in the form

(24) (i, 5] fij = —[x5, 2] fij.

If £ # x;,x;, then put the smallest letter in each monomial to the third position.
After that, we can transform each such summand in the right-hand side of (22) as
follows:

[xzax]]fl] = Zal[wiaxjaxayla .. aym]
l

(25)
= Zal([xiaxaxjayla v ay’m] - [:Cj,-r,-ri,yl, .. ;ym])
l

Substituting (24) and (25) to (22) and combining like terms we obtain a lin-
ear combination of basis monomials such that the first letter of each of them is
adjacent to zs and does not belong to I' (if there is the component T" in G.). In-
deed, if, for instance, x; and x belong to the same connected component of G,
then [z;,x,2j,y1,...,Ym] = 0. It means that this summand is not in the basis
of M(X;@G) and we can exclude it from the obtained linear combination. Let us
rewrite each summand in the right-hand side of (23) in a similar way. We obtain a
linear combination of basis elements, each of which begins with a letter adjacent to
x; and not belonging to I'. Since no vertices outside I' can be adjacent to both z
and z; the obtained linear combinations have no equal monomials. Since the set
of monomials in (22) and (23) is linearly independent, all coefficients by the basis
elements in these linear combinations are equal to zero. Therefore, ¢ = 0 and the
proof is complete. O

5. UNIVERSAL EQUIVALENCE

In this section, M (X;T) denotes a partially commutative metabelian Lie ring
(i.e. a partially commutative metabelian Lie algebra over the ring of integers Z)
whose defining graph is a tree.

As above, let X = {x1,x2,...2,}. Denote by z the smallest vertex in X (namely
the vertex x1).

We need some auxiliary technical results to prove the main theorem.

Lemma 5.1. Let Ty = (X, E1) and To = (Y, Es) be trees. If the algebras M (X;T)
and M(Y;T2) are universally equivalent and at least two vertices of Ty are not
endpoints, then at least two vertices of To are not endpoints either.

Proof. First of all, let us show that if at least two vertices of T7 are not endpoints
then at least two of them are adjacent. Suppose that z; and x; are not endpoints. If
x; and x; are not adjacent in 77 then there exists a simple path (x;, z;,, ..., Zi,, ;)
connecting these vertices. We are left to notice that all inner vertices of this path
are not endpoints because the degree of each endpoint is 1 while the degree of any
inner vertex is at least 2.
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Z1 z9 z3 z4

FIGURE 1. Subgraph generated by z1, 22, 23, 24

Therefore, we can choose different vertices z1, 22, 23,24 in X in such a way that
the subgraph T’ of Ty generated by these vertices seems as on Figure 1.
Since T has no cycles the following formula holds in M (X;T) and therefore, in
M(X;Ty):
Fvyvauzvs([v1,v2] = [v2,v3] = [U3,v4] =0
A v1,v3] # O A [v1,v4] # 0 A [v2,v4] # 0).

We can put v; to be equal to z;.

Suppose that T3 has at most one vertex which is not an endpoint. If all vertices
of Ty are endpoints then Y contains one or two vertices. In this case M (Y;Th) is
an abelian Lie algebra. Consequently, formula (26) does not hold in this algebra.

So, without loss of generality we may assume that y,, is not an endpoint. Then
this vertex is adjacent to all other vertices and there are no other edges. So,

(27) M(Y;Tz) = M(Y') ® L(yn,),

where Y/ = Y\{yn,} and [u,v] = 0 for any v € M(Y’) and any v € L(yn,). It
means that M(Y;7T3) is a direct sum of a free metabelian Lie algebra and the
one-dimensional abelian Lie algebra and Lie product of any elements from different
direct summands is equal to zero.

Suppose that uy, ug, uz € M(Y”). Let us show that if [uy, us] = [ua, usz] = 0 then
[’U,l, U3] =0.

If ug & M’'(Y') then Theorem 2.2 implies that there exist «, 3,7,6 € Z\{0},
such that au; = PBug, yus = dus. Consequently, ayu; = Byus = [dus, where
ary, 86 # 0. Tt means that u; and ug are linearly dependent. Therefore, [uq,us] =0
by Theorem 2.2.

Again by Theorem 2.2, it follows that if up € M'(Y”’) then ui,us € M'(Y”).
Therefore, [u1,us] = 0.

Since M (X;T1) and M(Y;T>) are universally equivalent, formula (26) holds in
M(Y;Ts). By (27), each element v; can be represented in the form v; = u; + @;yn,,
where u; € M(Y”). Since the multiples of y,, are in the center of M (Y,T5), we

(26)

obtain [v;,v,] = [u;, uj].

Consequently, if [v1, vs] = [v2,v3] = 0 then [u1,uz] = [ug,us] = 0 and we have
[u1,us] = 0. Therefore, [v1,v3] = 0 and we have a contradiction to (26). Thus, at
least two vertices of Th are not endpoints vertices. ([l

Lemma 5.2. Let T be a tree and let X be the set of its vertices at least m of which
are not endpoints. Then the following formula holds in M(X;T):

m

(I)(T) =3dz1 ... ZpUL .. UV - .. Uy, (/\[ui,vi] Z0A /\[ui,vi,zi] = 0A

i=1 i=1

(28)
Nlwivioz] #08 N zozl=0A N [z,2]#0
i#£] {zi2;}€T {zi,z;}¢T
Proof. Without loss of generality we may assume that x1, ..., z,, are not endpoints.

These vertices can be chosen for z1,...z,, respectively. For each i = 1,2,...,m
let us take two different vertices adjacent to z; as u; and v;. We have [u;, v;] # 0.

3
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FIGURE 2. Graph T

Indeed, if u; is adjacent to v; then (u;,v;, 2;,u;) is a cycle in T and we obtain a
contradiction. Next, [u;, vy, 2;] = [us, 24, vi] + [wi, [vs, 2;]] = 0 since z; is adjacent to
both u; and v;. On the other hand, if ¢ # j then [u;,v;, z;] # 0. Indeed, otherwise
Lemma 3.2 implies that u; and v; are in the same connected component of the
subgraph of T' generated by the set {u;, v;, z;}. Consequently, either u; is adjacent
to v; or the vertex z; is adjacent to both u; and v;. The former case contradicts
to the inequality [u;, v;] # 0. In the latter case, we have (u;, z;, v;, 2, u;) is a cycle.
Since T is a tree we again have a contradiction. Finally, it is obvious that [z;, z;] = 0
for {x;,xz;} € T and [z, ;] # 0 for {x;,z;} € T. O

Suppose that T" has a vertex adjacent to at least two endpoints. Without loss of
generality we can assume that x is such vertex, moreover, the vertices x,,_s, tp—1,Tn
are adjacent to z, and, x,_1,x, are endpoints (see Figure 2).

Denote by X’ the set X\{z,}. Let, Txs be the subtree of T generated by X'.

For any A,p € Z we define the map ¢y, : X — M(X'; Tx/) as follows:

T ifi #n,
Prp(Ti) =

APTp—1 + ATp_o, ifi=n.
It is easy to see that this map can be extended up to a homomorphism from M (X; T)
to M(X'; Tx/) uniquely. We denote this homomorphism by ¢, , as well. Let Z*
denote the set of all positive integers.

Lemma 5.3. Let v € M(X;T)\M'(X;T) and p any positive integer; then there
exists \o € ZT such that @y p(v) # 0 for any X = A.

Proof. Let v = vg + v1, where vg = >, a;x; and vy € M'(X;T). Since v €
M(X;T)\M'(X;T), we have vg # 0. If a,, = 0, then @y ,(v) = vo+@x p(v1). Since
oxp(v1) € M'(X;T) one can see that vy and ¢y ,(v1) are linearly independent.
Thus, @ p(v) # 0 for any A and we can put, for example, A\g = 1.

If ay, # 0, then

n—3
oap(V) =Y i + (n—2 + Aan)n—2 + (An—1 + APam)n_1 + @x p(v1).
i=1

Since Z is an integral domain and the polynomial «,, 2+ Aa, does not depend on
p there exists A\g satisfying the conditions of the lemma. So, (cy,—2+ A, )@n—2 # 0.
Since all generators are linearly independent, this summand cannot cancel with
any summand of the length 1. Therefore, ¢ ,(vo) # 0. It means that oy ,(vo) &
M'(X;T). Since px p(v1) € M'(X;T), we obtain @ ,(v) = @ p(vo) +©rp(v1) # 0
for any A > Ag. O

Let G be an arbitrary graph and let u,v € B(X;G). We write u = v if the
following conditions hold:

(1) the first letters of u and v are same or the first letter of one monomial is
x, while the first letter of the other monomial is z,,_1;
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(2) mdeg;(u) = mdeg,(v) for i =1,2,...,n — 2;
(3) mdeg,,_; (u) + mdeg, (u) = mdeg,_;(v) + mdeg,, (v).

This relation is obviously an equivalence.

For an arbitrary multidegree ¢ let be §(k) the vector whose coordinates are
the first k& coordinates of 0. Denote by w(z;,d(n — 3),8,_2,6,_1,0,) the basis
monomial of M(X;T) of multidegree 6 = (J1,...,d,) and with the first letter
x;. Analogously, denote by w'(z;,7(n — 3),vn—2,Vn—1) the basis monomial v of
M(X';T') of multidegree ¥ = (71, . ... ¥n—1) and with the first letter x;.

The following statement holds:

Lemma 5.4. Let u,v € B(X;G), where G is an arbitrary graph. Then for any
A, p € Z\{0} the largest monomials of pxp(u) and @i, (v) are linearly dependent
if and only if u ~ v. Moreover, if u % v and u >~ v then the largest monomial of
©xp(u) is greater than the largest monomial of px ,(v) in the sense of the standard
order.

Proof. For an arbitrary monomial s = w(zg4,d(n — 3),0n—2,0n-1,0n), if T4 # x,
then

5
~ ;i (on < . .
Oap(s) = \on sz( ; )w'(md, d(n—3),0p—2 4 0n — i,0n—1 +1).
i=0

Consequently,
(29> QO,\yp(S) = A(;np(snrw/(xdvg(n - 3)7 5n727 5n71 + 5n>

If z4 = x,, then

81

< . —1 —

Orp(s) = \on E ptl (6" ) )w’(mn_l, d(n—3),0p—2+0,—0t—1,0,_1+i+1)

i
i=0

on—1
+A6n Zop'b< ; )w/(zn2,5(n3>,5n2+5n’[,,5"14»7/).

Therefore,

(30) oap(s) = XN pnaw! (2, _1,8(n — 3), 002,001 + On).
Note that the following equations hold:

(31) mdeg, (¢ (s)) = xdeg; .1 (s), fori=1,2,...n—1;

Let u,v € B(X;G) such that u ~ v. By the definition of “~”, the first letters
of u and v are same or one of them is x, while the other is z,_1. Moreover,
(31) implies that mdeg(pap(u)) = mdeg(pxrp(v)). This means that the largest
monomials of ¢y p(u) and @y ,(v) are multiples of the same element in B(X'; G’).

Conversely, if the largest monomials of ©v and v are multiples of the same element
in B(X’;G') then u =~ v by (29), (30), and (31).

Next, let u % v and u = v. There are three cases possible:

1. Let xdeg;(u) = xdeg,(v) for i = k+1,...,n and xdeg(u) > xdeg, (v) for some
k # 1. Then we obviously have ¢y ,(u) > ¢ p(v).

2. Suppose that xdeg;(u) > xdeg;(v). Since u % v, the first letter of u is greater
than the first letter of v. Moreover, either the first letter of u is not equal to x,, or the
first letter of v is not equal to z,,—1. Consequently, we also obtain px ,(u) > @, (v).

3. Finally, let xdeg(u) = xdeg(v). As in case 2, the first letter of u is greater than
the first letter of v and either the first letter of u is not equal z,, or the first letter
of v is not equal to x,,—1. So, in this case, the statement also holds. ([
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Lemma 5.5. For any v € M'(X;T)\{0} there exist positive integers \g and po
such that po = po(v), Ao = Ao(v,p0), and @i p(v) # 0 for any A = Ao and p > po.

Proof. Consider a non-zero element v in M'(X;T). Let

T = Qg jkw(Ta,0(n — 3),1, 4, k)
be the largest summand (in the sense of the order “<”) of v. Note that aq_ ;i # 0.
There is the decomposition

(32) v = sz,

where each polynomial v, is a linear combination of basis elements equivalent to
each other (in the sense of “a~”). Denote by v the summand in (32), containing the
monomial ©. There are several cases possible.

1. If z, does not appear in v, then the statement obviously holds. Indeed, ¢ p
acts identically on each such word for any A and p and one can put Ay = py = 1.

Remind that x is a vertex adjacent to z,,, z,,_1, and x,_o. Moreover, we can order
the vertices in such a way that x is the smallest vertex of T.

2. Let z,, and x appear in 7. In this case, these vertices are in the same connected
component of 1. If x,,_1 or x,_o appears in v then the corresponding vertex is in
the same connected component as x. So, 4 # Tp—2,%Tn—1,%n in v. There is the
following representation:

k
v = Z O‘a,i,k/w(xavg(n - 3)717] + k— k/a k/)
k’=0
We obtain

k
(p)‘ap(y) = (p)\,l) (Z aaai7k’w($aag(n - 3)) ’La.j + k - kla kl))

k=0

k
= (Z a%i,k’)\k/pk/) ’LU/(ZCQ,S(?’L - 3)) 15.7 + k) + ha
k=0

where h is a linear combination of monomials less than w'(z,,0(n — 3),4,5 + k).
Consequently, the coefficient by the largest monomial of ¢ ,(v) is equal to

k

§ k' K
O‘a,i,k’A p .

k’=0

This polynomial in two variables is non-zero, as oy, i r # 0. Substituting any pos-
itive integer instead of p we obtain a non-zero polynomial in one variable. So, we
can set Ag(p) to be any integer greater than the greatest root of this polynomial.
Then for any A > Ag the value of the obtained polynomial is not equal to zero.
Consequently, we can choose any positive integer as pg. For instance, we can put
po = 1. Therefore, in this case ¢y ,(v) # 0. Hence, px ,(v) # 0.

3. Suppose that x,, is a letter of ¥ and = does not appear in . Then those letters
out of x,,_o,x,_1,T, that appear in v belong to the different connected compo-
nents. If ¥ = o i xw(2a,0(n—3),1, j, k), where x, # ©,_1, T, then the first vertex
belongs to a connected component not containing x,_; and x,. Therefore, the

proof is analogous to one in case 2.



22 E.N.POROSHENKO, E.I. TIMOSHENKO

4. Let the first letter of v be z,,_1 or x,, and let the smallest letter of this monomial
be not equal to x,_1. In this case, we have

k
Z anzk/w :Cn; (n73)7i7j+k7k/ak/)

k
+ Z Olnfl,i,k”w(znflvg(n - 3)5 Za] + k— k//a k”)v
k=0
where at least one of the numbers «, ;  and ay,—1,;, is not equal to zero. Then
(33)
k

@A,p(g) = ©xp (Z an,i,k’w(xn;g(n - S)alaj + k— k/a kl))

k’=0

k
+ @X,p ( Z an—l,i,k”w(xn—lag(n - 3); 'L;J + k — k/ﬂa kl/))
k'"=0

k
B <Z a"viak/)\k,pk,> wl(‘rn—lag(n - 3)5 i,J+ k)
k'=0

k
+ (Z i Al — 1)) W (zp—1,6(n —3),i+1,j+k—1)

I'=1

k
+ (Z O‘nlzk“/\k”pk”> (:L'nfhg(n*g),i,quk)

k
+ (Z anl,iw”pl”ll”> W (20-1,8(n —3),i+ 1,5+ k - 1)
h

k
= <Z (i + an—l,i,k'))\k/Pk) W' (2n-1,0(n — 3),1,j + k)
k’'=0

k
(Z R (R (g an_l,wl’)) W' (xn_1,0(n—3),i+1,j+k—1)

+ h,
where h is the monomial consisting of smaller summands.
So, we obtain the formula for the coefficient by the largest monomial of ¢y ,(v):

k
(34) Z NP (g + )
k=0
Consequently, if oy, j x + -1, 7 0 for at least one value of k' then we can put
po to be equal any positive number. For example, let pg = 1. Then, substituting
an arbitrary p > po in (34), we obtain a polynomial in the variable A. Therefore,
we can set Ay to be a number greater than the largest root of this polynomial and
for any A > Ao we obtain ¢y ,(v) # 0. Thus, @ ,(v) # 0.

5. Consider the case ay jp = —an—1, forall ¥ =0,1,...,k — 1. By (33), we
obtain

(35) pap(v <ZA’“’ a,”kr> "(Tn-1,0(n—3),i+1,j+k—1)+h.

k'=1
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It is easy to see that except the way indicated in (35), there is the only way to
obtain w'(zn—1,8(n —3),i+1,j+k — 1). Namely, it can be obtained as the largest
summand of ¢y ,(?), where

+k—
Z i1 w(Tn, 0(n —3),i+1,j+k—kK —1,k)

J+k—1
+ 37 anevirwrw(@a—1,6(n —3),i+ 1, +k — k' — 1K)
k=0

In this case,

(36)
j+k—1

90)\47( = Prp ( Z On i1,k W ZL'n,5( 3),'L+ L,j+k— kK — 1,]43’))

Jj+k—1
+ 90)\,}7 < Z an,11i+17k//w(zn,1,g(n — 3), Z + 1,] + k — k” — 1, k”))
k=0

j+k—1
- ( > (anigr e + on1ipp) A D ) W' (xn-1,6(n =3),i+1,j+k—1)
k=0

+ A

By (35) and (36), one can find the coefficient by w’(x,,_1,6(n—3),i+1,j+k—1) in
©x,p as a polynomial in A and p. Let us consider the monomials of this polynomial
containing M*. Notice that since an—1,4k # 0, j = 1. Therefore, k +j — 1> k and
we obtain

(37) NP g ik + NpF (i1 + o 1is1 k)
= NP~ ik + p(aniti ke + n-1it1k))-

There is a linear polynomial in p in the right-hand side of (37). Consequently,
one can choose py in such a way that the expression in parentheses is not equal
to 0 for p > pg. To achieve this it is sufficient to put p larger than the root of
this polynomial. The only exception is the case au, i r = O it1,6 + Mn—1,it1,k =
0, but the case a,,;r = 0 is impossible because at least one of the coefficients
Qi ky On—1,i,k i g is not equal to zero. But in this case oy, x = —n—1,i k-

So, choose an arbitrary p > po. Then substituting this value in (37) we
obtain a monomial with non-zero coefficient. Consequently, the coefficient by
w'(xp_1,0(n—3),i4+1,j+k—1) is a non-zero polynomial in A for any p > po. This
means that one can choose Ay in such a way that for any A > A\g this coefficient is
not equal to 0. Therefore, in this case we also obtain ¢y ,(v) # 0.

6. Let x,-1 be the smallest letter of 7. We have Xy = {x,_1,2,}. If an el-
ement of %(X T) contains the letters z,_; and x, only then it is of the form
[TnTn_1]. zfl 11:ck 1. So, for each multidegree of the form § = (0,...,0,8,_1,d,)
with non-zero coordinates d,,—; and §,, there is a unique monomial in B(X;T)
having this multidegree.

Consider the element [v, 2, —o]. If u; < us for monomials uq,us € B(X;T) then,
obviously, [u1,Z,—2] < [u2,zn—2]. So, the greatest summand of [v,z,_2] (in the
sense of the order “<”) is [0, zp—2].
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T*

FIGURE 3. Graphs T’ and T*.

Let U = au j ki [Tn, zn,l].xfl__ll:cf;l. Note, that o, j i # 0. Then

1

[Uaxn—Q] = anjk[xnaxn—l]-x 11:5 Tn—2

J—1_ k—
(38) S -
= anjk[xna xn—Q]-le_lel_l — Qnjk [xn—la xn—Q]-x}]l_llel

Let us remind that if u € M(X;T) is a homogeneous polynomial and f € Z[X]
is a commutative associative monomial, then the inequality u.f # 0 implies
mdeg(u.f) = mdeg(u) + mdeg(f). Consequently, [v,x,—2] has no summands of
the multidegree § = (0,...,0, 1,4, k) but ones in the right-hand side of (38). Since
the right-hand side of (38) is a non-trivial linear combination of different basis el-
ements, we have [U,z,_2] # 0. Therefore, [v,2,-2] # 0. By cases 4 and 5 there
exist Ao and pg such that 0 # @i ,([v, Tn—2]) = [©rp(V), Tn—2] for any A > g and
p = po. Moreover, pg does not depend on Ag. Thus, ¢y ,(v) # 0 and the proof is
complete. O

Let T be a tree with the set of vertices X. We say that an endpoint z of T is
unnecessary if the vertex adjacent to z has degree not less than 3.

Let X* denote the set of all vertices which are not endpoints of 7" and let 7™ be
a subgraph of T' generated by X*.

Now, we describe the procedure such that for any tree T it gives a tree T' with
no unnecessary vertices. If there are unnecessary vertices in 7' then we delete one of
them as well as the edge incident to it. If the obtained graph still has unnecessary
vertices we repeat the step described in the last sentence. Let us continue this
procedure until the resulting graph has no unnecessary vertices. Denote by 7" the
obtained tree and by X’ the set of its vertices (Figure 3 gives an example).

It is easy to see that the obtained graphs are isomorphic no matter what vertices
are deleted.

Lemma 5.6. Let Ly and Ly be two Lie algebras and let px, 1 L1 — Lo be the set
of homomorphisms with integer parameters A\ and p. Suppose that for any g € L,
there are integers pg and Ao = Ao(po) such that i (g) # 0 whenever p > py and
A = Xo. Then for any finite set G = {g1,...,g9m} of elements in Ly there exist
integers A and p such that the restriction of v, on G (with partial Lie algebra
operations) is an inclusion.
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Proof. Let us extend G = {g1,...,gm} adding the elements g; — g5, ¢; + g; — Gx,
[9i, 9] — gk for all 4, j,k = 1,2...,m. Denote by G the obtained set. It is sufficient
to show that there exist A and p such that the kernel of ¢y, : L1 — Lo is disjoint
with G. Indeed, if it is the case then the images of the elements in G are distinct.
Moreover, if g; # g; + gr or g; # [9;, gx] then the images of g; and g; + g5 (images
of g; and [g;, gx] respectively) are not equal either.

By Lemmas 5.3 and 5.5, for each g € G one can choose po(g) and Ag(g,p) such
that ¢ p(g) # 0 for any p > po(g) and A > Ao(g,p). First, let us choose py(g) for
each g € G. Denote by py the maximal value out of po(g). For this py, we find
Xo(g,po) for each g. Let Ag be the maximal among them. Then, for any A > Ao,
p = po, and g € G we obtain ¢y ,(g) # 0. The proof is complete. O

Lemma 5.7. T} ~ T if and only if T{ ~ Ty.

Proof. Note that if T is a tree then so is T*. The graph T’ is obtained from the
graph T™ as follows: for each endpoint x of the graph 7%, we should add a new
vertex y and the edge {z,y}. Indeed, all vertices of T are not endpoints in T.
It means that their degrees in T" are at least 2. If an edge of T is not contained
in T* then it cannot connect two vertices of X*, otherwise, there is a cycle in T".
Moreover, different endpoints of T” are adjacent to different vertices, because each
vertex of X* cannot be adjacent to more than one endpoint in T’. We are left to
notice that if = is not an endpoint in 7 then its degree in 7™ is at least 2. It means
that if T has an endpoint adjacent to x, then there are no these vertices in T7”. Let
Ty ~ T5. Since T’ can be obtained from 7™ uniquely, we have T] ~ Tj.

The inverse statement is obvious, i.e. if T{ ~ T4 then T} ~ T5. O

Theorem 5.8. Let Ty and Ty be trees with the sets of vertices X = {x1,xa,... 2, }
and' Y = {y1,Y2,---,Yny }, respectively, ni,na > 2. The algebras M(X;Ty) and
M(Y;Ts) are universally equivalent if and only if the trees T} and Ty are isomor-
phic.

Proof. Let the algebras M (X;Ty) and M(Y;T3) be universally equivalent. We
prove that T} and T3 are isomorphic.

If all vertices of Ty are endpoints then ny = 2. Consequently, M (X;T}) is the
free two-generated abelian Lie algebra. So, the formula

(39) 3’()1’()2([’()1, ’1}2] 75 0)

does not hold in M(X;Ty). Therefore, this formula does not hold in M(Y;T3)
either. But if ny > 3 then Tb is not a complete graph (because Th is a tree).
Consequently, [y;,,yi,] # 0 for some vertices y;,,y:;, € Y. So, formula (39) holds.
We get a contradiction. Therefore, no = 2 but all trees with two vertices are
isomorphic. It means that T7 ~ Tj, therefore, T} ~ T4 and we are done. Note
that, in this case, T} and 75 are empty graphs.

Let T1 and T5 have by one vertex which is not an endpoint. Then | X*| = [Y*| =1
and the graphs T} and 735 are isomorphic.

Lemma 5.1 implies that if m > 2 vertices of T7 are not endpoints then at least
two vertices of T are not endpoints.

By Lemma 5.2, the formula ®(7)) constructed by 77 (see (28)) holds in
M(X;Ty). Since M(X;Ty) and M(Y;Ts) are universally equivalent, ®(T}) also

holds in M(Y;T,). Elements z; can be written as z; = d; + ¢;, where d; =
> i1 iy for some a;; € Z and ¢; € M'(Y;T»). Since [uj,v;] € M'(Y;T2),
we obtain [u;, v;, z;] = [us, vi, d; + ¢;] = [ug, v, d;]. Therefore, [u;,v;] € C(d;). But if

the sum d; = Z?Zl a;;y; has at least two non-zero summands, then C(d;) = 0. On
the other hand, if d; = 0 (i.e. z; € M'(Y;T5)), then [us,vs, z;] = 0 for each s # 1.
Therefore, z; = By, + ¢i, where §; # 0.
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Let us prove some conditions of the elements z; in M (Y; 7).

L. If i # j, then yg, # y;-
Indeed, if the equality yr, = yi; holds for some i and j, then we obtain

0 = [wi, vi, 2] = [wi, Vi, Biyk, + ¢i] = Bilws, vi, Yr,]. S0, [wi, vi, yr,] = 0. On the other
hand, using the same arguments for [u;, vy, z;] gives 0 # [us, vi, Yr,| = [wi, Vi, Yr,]-
We get a contradiction.

2. The vertices Yk, , Yk, - - - » Yk,, are not endpoints.

Let yi, be an endpoint. We have 0 = [u;, v, 2] = [ws, v, Bive, + ¢i] =
Bilui, vi, yi;]. Consequently, [u;,v;] € C(yg,). So, by Theorem 4.9 [u;,v;] = 0.
It is a contradiction.

3. If z; and x; are adjacent in 71, then yi, and y, are adjacent in T5.
If there is the edge {z;,x;} in T3, then [z,z;] = 0. Therefore, we have in
M(Y;Ty):

0 = [Biyk, + ci, Biyw, + ¢4

4
(40) = BiBj k> Yr;) + Bilyw:, ¢l + Bjlei yr,]

Since the lengthes of all summands in representations of [y, c;] and Bj[c;, yr,] as
linear combinations of basis elements are greater than 2, [yx,,yx;] = 0. This means
that yx, and yg; are adjacent in Tb.

Consider the map ¢ : Ty — Ty defined as follows: ¢(x;) = yi,. By the properties
proved above ¢ is an injective homomorphism. Interchanging 77 and T, and using
the same arguments, we obtain there exists an injective homomorphism 1 : Ty —
TF. So, in particular |X*| = |Y*|. Therefore, ¢ is an isomorphism of the trees T}
and T7'.

Conversely, suppose that Ty ~ Ty'. Let us show that M(X;T;) and M(Y;T5)
are universally equivalent.

Suppose that T is the tree obtained from T by deleting the unnecessary vertex
&, and that X = X\{x,}. Let us show that the universal theories of M (X;T) and
M (X T) coinside. By Theorem 2.11, we are left to  prove that any finite submodel
of M(X;T) has an isomorphic submodel in M (X;T) and vice versa.

In one direction the statement is obviously true because M (X T) is a subalge-
bra of M(X;T). Therefore, any finite submodel {g1,...,gm} of M(X,T) can be
considered as a finite submodel of M(X;T). In the other direction, the statement
holds by Lemma 5.6.

So, the universal theories of M(X;T) and M (X;T) coinside.

Consider the trees 77 and T5. Deleting unnecessary vertices of these graphs one
by one, we obtain the graphs 7] and T5. As we just proved, the algebras M (X’; Ty)
and M (X;T) are universally equivalent. Analogously, the algebras M (Y’;T4) and
M(Y;Ty) are also universally equivalent. Since T} ~ Ty we have T] ~ T} as
was shown above. Therefore, the universal theories of M (X’;T]) and M (Y';T%)
coincide. Consequently, the algebras M (X;Ty) and M (Y'; Tz) are universally equiv-
alent. 0

Let us note that partially commutative metabelian groups and their theories
were studied in [4, 7, 5]. In [7], the criterium of universal equivalence for partially
commutative metabelian groups whose defining graphs are trees was obtained. The
obtained there necessary and sufficient conditions for universal equivalence of groups
are same as the conditions of Theorem 5.8.
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