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Abstract

We determine prime amphicheiral links with at least 2 components and up to 11
crossings. There are 27 such links. We check also special amphicheiralities. Most of
prime links with up to 11 crossings are detected not to be amphicheiral by a condition
on the Jones polynomial. For the rest links, we applied conditions from the Alexander
polynomial. We added new necessary conditions for a special case.

1 Introduction

Let L = K;U---UK, be an oriented r-component link in S* with » > 1. For an oriented
knot K, we denote the orientation-reversed knot by — K. If o is an orientation-reversing
(orientation-preserving, respectively) homeomorphism of S? so that ¢(K;) = e, Ky
foralli=1,...,r where ¢, = + or —, and o is a permutation of {1,2,...,7}, then L is
said an (ey,...,&.;0)-amphicheiral link (an (1, ..., &,; 0)-invertible link, respectively).
A term “amphicheiral link” is used as a general term for an (g1, ..., &,; 0)-amphicheiral
link. A link is said an interchangeable link if it is an (eq,...,&,; o)-invertible link such
that o is not the identity. An (eq,...,¢&,; o)-invertible link is said an invertible link sim-
ply if there exists 1 < ¢ < r such that ¢; = —. If ¢ is the identity, then an amphicheiral
link is said a component-preservingly amphicheiral link, and o may be omitted from the
notation. If every ¢; = ¢ is identical for all i = 1,..., 7 (including the case that o is not
the identity), then an (¢4, ..., &,; o)-amphicheiral link (an (¢4, ..., e,; 0)-invertible link,
respectively) is said an (¢)-amphicheiral link (an (¢)-invertible link, respectively). We
use the notations + = +1 =1 and — = —1. A link L with at least 2-component is said
an algebraically split link if the linking number of every 2-component sublink of L is
zero. We note that a component-preservingly (¢)-amphicheiral link is an algebraically
split link.

Necessary conditions for the Alexander polynomials of amphicheiral knots are stud-
ied by R. Hartley [4], R. Hartley and A. Kawauchi [6], and A. Kawauchi [13] (cf. Lemma
2.2). In [13], non-invertibility of 8,7 is firstly proved by the conditions. On the other
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hand, T. Sakai [21] proved that any one-variable Laurent polynomial f(¢) over Z such
that f(t) = f(t7') and f(1) = 1 is realized by the Alexander polynomial of a strongly
invertible knot in S3. B. Jiang, X. Lin, Shicheng Wang and Y. Wu [8] showed that (1) a
twisted Whitehead doubled knot is amphicheiral if and only if it is the unknot or the fig-
ure eight knot, and (2) a prime link with at least 2 components and up to 9 crossings is
component-preservingly (4)-amphicheiral if and only if it is the Borromean rings. They
used S. Kojima and M. Yamasaki’s n-function [15]. Shida Wang [26] determined prime
component-preservingly (+)-amphicheiral links with at least 2 components and with
up to 11 crossings by the same method as [8]. There are four such links (cf. Theorem
1.3 (3)). For geometric studies of symmetries of arborescent knots, see F. Bonahon and
L. C. Siebenmann [2]. The author [10] studied necessary conditions for the Alexander
polynomials of algebraically split component-preservingly amphicheiral links by com-
puting the Reidemeister torsions of surgered manifolds along the link (cf. Lemma 3.5).
The author and A. Kawauchi [11] obtained necessary conditions by invariants deduced
from the quadratic forms of a link [12, 14], and by using the conditions they showed
that the Alexander polynomial of an algebraically split component-preservingly (e)-
amphicheiral link with even components is zero (cf. Conjecture 4.1) and determined
amphicheiral links with up to 9 crossings (cf. Lemma 3.6).

We determine prime amphicheiral links with at least 2 components and up to 11
crossings. For a link with the crossing number up to 9, we use the notation of D. Rolf-
sen’s book [20], and for a link with the crossing number 10 or 11, we use a slightly
modified notation from M. Thistlethwaite’s table on D. Bar-Natan and S. Morrison’s
website [1] (see Section 3). In the present paper, we used information of the Jones
polynomial and the multi-variable Alexander polynomial for the class on the website
[1]. For prime links with up to 10 and 11 crossings, firstly we checked a condition on
the Jones polynomial (cf. Lemma 3.1). Most of them are ruled out by the condition.
For the rest links, we applied the same conditions on the Alexander polynomial as in
[11] (cf. Lemma 3.2, Lemma 3.3, Lemma 3.4, Lemma 3.5 and Lemma 3.6). 10%;, and
112,,, could not be detected not to be amphicheiral by the conditions and the HOM-
FLY polynomial (see Figure 4). Thus we made the following condition for a special
case (cf. Lemma 1.1) which is inspired by the method in [8], and the result of [6, 13]
on the Alexander polynomials of amphicheiral knots. The conditions would be useful
in determining the link-symmetric group of a link (cf. [7, 9, 27]).

For an r-component link L = Ky U ... U K., let Ap(t1,...,t.) be the r-variable
Alexander polynomial of L which is an element of the r-variable Laurent polynomial ring
Z[tF, ... tF'] over Z where t; (i = 1,...,r) is a variable corresponding to a meridian
of K;. For two elements A and B in Z[t{", ... tF'] ((Z/2Z)[t{, ... tF], respectively),
we denote by A = B (A =5 B, respectively) if they are equal up to multiplications
of trivial units. A one variable Laurent polynomial r(t) € Z[t*!] is of type X if there
are integers n > 0 and A > 3 with A odd, and f;(t) € Z[t,t™'] (i = 0,1,...,n)
such that f;(t) = f;(t1), |f;(1)] = 1, and for i > 0, f;(t) =5 fo(t)¥pr(t)2 " where



pa(t) = (t* = 1)/(t — 1), and
r(t) = { fo()® (n=0),
fo@®)2fr(t) - fult) (n>1).

Lemma 1.1 Let L = K; U K5 be an oriented 2-component link in S3 such that the
linking number £ of L is not zero, and K is the trivial knot. Let K be the lifted knot
of K1 in the p-fold branched covering over Ko where p > 2 is coprime to £.

(1) If L is component-preservingly amphicheiral, then K is an amphicheiral knot.

(2) If L is component-preservingly (—, +)- amphzchezml then K is a (—)-amphicheiral

knot, and there is an element f(zg € Z[t,t7'] such that |f(1)| =1, f(t7') = f(—1),
and
p—1
Ap(®) = [JAu®.G) = F()f(E)
i=1

where C, 1s a primitive p-th root of unity.

(8) If L is component-preservingly (+, —)-amphicheiral, then K is a (+)-amphicheiral
knot, and there are r;(t) € Z[t,t7*] of type X and an odd number o; (j = 1,...,m)

such that )
p— m
() =T] At ¢) =] rit™)
i=1

7j=1
where C, is a primitive p-th root of unity. In particular, if K is hyperbolic, then

we can take m =1 and o = 1.

Corollary 1.2 Under the same setting as Lemma 1.1, if L is (—, +)-amphicheiral, then
in the prime factorization of |Ag(—1)|, the power of a prime which is congruent to 3
modulo 4 is even. In particular, if € is odd, then |Ap(—1,—1)| satisfies the condition.

Let A,, (C,, respectively) be the set of prime amphicheiral links (component-preservingly
amphicheiral links, respectively) with at least 2 components and up to n crossings, and
AZ the subset of A,, consisting of (¢)-amphicheiral links (CZ the subset of C,, consisting
of component-preservingly (&)-amphicheiral links, respectively) where e = + or —. It
is clear that A, D C,, AX D CE A, D A and C, D CE.

Theorem 1.3 Under the setting above, we have the following:
(1) Cll {2 6%76%78578278317

10356? 10381? 10383? 10386? 103116? 103120’ 103121? 10?1136’ 102140’ 103169?
10%36? 103146? 104107}



(2) ‘All \ Cll = {82 61> 10alSl? 10a1567 1031587 10%597 10;111057 1131247}'
(3) Cl+1 = {6§> 10‘2140, 10313& 1%107}’ Cl_l = {103136}'

(4) -A \C = {83 8ga8§7 102151a 10%59> 11 %247}
An \C1_1 = {6 827 8%7 8§7 1021407 1031517 102597 10n1077 11%247}-

We remark that Theorem 1.3 (3) corresponds to the theorem of Shida Wang [26].

The following would also be useful if we determine prime amphicheiral links with
the crossing number greater than 11 in the future (see also Conjecture 4.2 in Section
4).

Lemma 1.4 The minimal crossing number of an alternating amphicheiral link is even.

In Section 2, we prove Lemma 1.1, Corollary 1.2 and Lemma 1.4. In Section 3, we

prove Theorem 1.3. In Section 4, we give some remarks related to our previous results
[10].

2 Proof of Lemma 1.1, Corollary 1.2 and Lemma
1.4

To show Lemma 1.1, we need two results.

K. Murasugi [18] gave a formula of the Alexander polynomial of a periodic knot in
S3, M. Sakuma [22] extended it to the case of periodic links, and V. G. Turaev [25]
extended them for more general settings. In the present paper, we use only the case of
periodic knots in S®.

Lemma 2.1 (Murasugi [18]; Sakuma [22]; Turaev [25]) Let L = K; U... UK, UK,
be an (r 4+ 1)-component link in S* such that r > 1 and K,y is the trivial knot. Let
L= L1 U...UL, be the lifted link in the p-fold branched covering over K, ., where p > 2
and L; is the lifted link of K; (i =1,...,r). Then L is a p-periodic link in S®, and we
have

A;(ty,. ..ty HALtla--- e
where C, 1s a primitive p-th root of unity.

R. Hartley [4], R. Hartley and A. Kawauchi [6], and A. Kawauchi [13] gave necessary
conditions on the Alexander polynomials of amphicheiral knots.

Lemma 2.2 (Hartley [4]; Hartley and Kawauchi [6]; Kawauchi [13])



(1) Let K be a (—)-amphicheiral knot. Then there is an element f(t) € Z[t, ] such
that |[f()] =1, f(t7!) = f(—t), and

Ak (t?) = f(OF().

(2) Let K be a (+)-amphicheiral knot. Then there are r;(t) € Z[t,t™'] of type X (cf.

Section 1) and an odd number «; (j =1,...,m) such that
A (t) =[] rit).
j=1

In particular, if K is hyperbolic, then we can take m =1 and oy = 1.

Proof of Lemma 1.1 Let L = K; U K5 be an oriented 2-component component-
preservingly amphicheiral link in S® with the linking number ¢ # 0. Since the exterior
of L is orienation-preserving homeomorphic to that of the mirror image L* of L with pre-
serving boundary components (which may not preserve orientations), K is amphicheiral
for every p which shows (1). Suppose that L is (—, +)-amphicheiral. Then it is easy to
see that K is a (—)-amphicheiral knot, and the condition of the Alexander polynomial is
obtained from Lemma 2.1 and Lemma 2.2 (1). Suppose that L is (4, —)-amphicheiral.
Then it is easy to see that K is a (+)-amphicheiral knot, and the condition of the
Alexander polynomial is obtained from Lemma 2.1 and Lemma 2.2 (2). 4

Proof of Corollary 1.2 By substituting t = v/—1 in the equation in Lemma 1.1 (2)
(or Lemma 2.2 (1)), and a result from elementary number theory on primes in Z[y/—1],
we have the result. y

To show Lemma 1.4, we need two results.

Let D = D; U...U D, be an oriented link diagram for an r-component link L =
Ky U...UK,, w(D) the writhe of D which is the sum of the signs of the crossings, and
¢(D) the the crossing number of D.

Lemma 2.3 In the situation above, let D' be an oriented diagram obtained from D by
reversing the orientation of the i-th component D;. Then we have

w(D')=w(D)—4 Y Ik(K; K;)
1<j<r
i#i
where 1k (K;, K;) is the linking number of K; and K;, and w(D) (mod 4) does not
depend on the orientation of D.

W. Menasco and M. Thistlethwaite [16] gave the affirmative answer for Tait’s flyping
conjecture. For an alternating link L, a reduced diagram of L is a diagram of L which
is an alternating diagram without nugatory crossings. A flyping is an operation on a
link diagram.



Lemma 2.4 (Menasco and Thistlethwaite [16]) Let L be an oriented prime alternating
link. Let D and D' be two reduced diagrams of L. Then D and D' are related by a
finite sequence of flypings. As consequences, we have w(D) = w(D'), and ¢(D) = ¢(D")
which is the minimal crossing number of L.

Proof of Lemma 1.4 Let L be an oriented prime alternating link, and D a reduced
diagram of L. By Lemma 2.4, w(D) is an invariant of L. By Lemma 2.3, w(D) (mod4)
is an invariant of L as an unoriented link. Let D* be the mirror image diagram of D.
Suppose that L is amphicheiral. Then we have w(D*) = —w(D) = w(D) (mod4), and
hence 2w(D) = 0 (mod 4). It implies that the crossing number of L is even. Since
a reduced diagram for a non-prime alternating link is realized by connected sums of
reduced diagrams of the prime factors (see [19]), we have the result. g

3 Amphicheiral links with up to 11 crossings

In this section, we determine prime amphicheiral links with at least 2 components and
up to 11 crossings. For a link with the crossing number up to 9, we use the notation of
D. Rolfsen’s book [20], and for a link with the crossing number 10 or 11, we use a slightly
modified notation from M. Thistlethwaite’s table on D. Bar-Natan and S. Morrison’s
website [1] below. In Rolfsen’s table [20], an r-component link such that » > 2 and
the crossing number c is denoted by ¢, where £ is the ordering of the link in the table.
In Thistlethwaite’s table [1], an r-component link such that » > 2 and the crossing
number c is denoted by Lcak or Lenk where ‘a’ implies that the link is alternating, ‘n’
implies that the link is non-alternating, and k is the ordering of the link in the table.
We modify the notations Lecak and Lenk into ¢, and ], respectively.

We raise some conditions on the Jones polynomial and the Alexander polynomial of
an amphicheiral link without proofs. For an oriented r-component link L = K U. . .UK,,
let V(t) be the Jones polynomial of L with one variable ¢, and Pp(m,1) the HOMFLY
polynomial of L with two variables m and {. Then Vi (t) is an element of Z[t*2], and
Pr(m,1) is an element of Z[m*! [*!]. Let L., ... =1 K;U...Ue,. K, be an oriented link
obtained from L by changing the oriented i-th component K; into &;K; (i = 1,...,7)
where ¢, =+ or —,and —L =L__ _. Let L* = Kj U...U K be the mirror image of
L with the induced orientation.

-----

Lemma 3.1 Under the settings above, we have the following:

+

(1) Vi(t) € t7= - Z[t*Y), Voo (t) = Vi(b), and Vi(t) = Vi (t7Y).

. (t) =t Vi(t) where a = g Z (1 —eiej)lk (K;, K;) ifr > 2, anda =0

1<i<j<r

,,,,,

ifr=1.

(3) If L is (1, ...,e.; 0)-amphicheiral, then we have Vi (t71) = t% - Vi(t) where a is
the same as in (2).



(4) If L is amphicheiral, then Vi(t71) is equal to Vi(t) up to multiplication of t*
(k € Z) (i.e. the coefficients of Vi(t) are symmetric).

(5) Pr(m,l) € (ml)"*+Z[m*2 12|, P_r(m,l) = Pr(m,l), and Pr-(m,1) = Pr(m,[71).

(6) If L is (1, ..., & 0)-amphicheiral, then we have P (m,1) = Py(m,17"),

(1) Valt) = P (V=T (t2 = 171) v/=T2).

,,,,, er

Lemma 3.1 (1), (2), (5) and (7) are basic properties. It is easy to see that (3) and
(4) are deduced by (1) and (2), and (6) is deduced by (5). Let Ly, L_ and Ly be three
oriented links such that they are identical except the local parts as in Figure 1.

A X«
AN /
L. L- Lo
Figure 1: L, L_ and Ly

We computed the HOMFLY polynomial of a link by the following skein relation.
LP (m, 1) +17"Py_(m,l) + mPr,(m,1) =0, Py(m,l)=1
where U implies the trivial knot.

Lemma 3.2 ([10, Lemma 2.5]) Let L = K U---UK, be an r-component (€1, . ..,&.;0)-
amphicheiral link wheree; = + or— (i = 1,...,r), and o is a permutation of {1,2,...,r}.
Then we have

. Eo Eo(r
Ap(ty, .. b)) = AL (taél))v a =to<fﬂ>)> '

Lemma 3.3 ([10, Lemma 3.1}, [11, Lemma 4.2]) Let L = K; U--- UK, be an oriented
r-component link.

(1) If L is an (ey,...,&,;0)-amphicheiral link, then a sublink L' = K;, U---U K,

(1 <y < - <is <r)isan (g,...,&,;p)-amphicheiral link where o is a
permutation of {1,2,...,r}, and p is a permutation of {iy,1s,...,is} induced by
0.

(2) If r >3 is odd, and b1 - los---Lp_1, - L1 # O where €, , is the linking number of
K, and K,, then L is not component-preservingly amphicheiral.

(3) If b1 - los - U311 # O where £, , is the linking number of K, and K,, then L is not
amphicheiral.



Lemma 3.4 Let L = K{UK5 be a 2-component link with non-zero even linking number
e. Then we have the following:

(1) (Hartley [4], [10, Lemma 3.2]) L is not component-preservingly amphicheiral.

(2) ([11, Lemma 4.3]) If e = 2 (mod4), then L is not (£, F; (1 2))-amphicheiral where
(1 2) is the non-trivial permutation of {1,2}.

Lemma 3.5 ([10, Corollary 1.4]) If L = K; U Ky is an algebraically split component-
preservingly amphicheiral link, then Ap(ty,ts) is divisible by (t; — 1)2(ty — 1)2.

Lemma 3.6 ([11, Corollary 1.2]) Let L = K U...UK, be an r-component amphicheiral
link such that r + ¢(L) is even where {(L) is the total linking number. Then we have

Ap(=1,...,—-1)=0.

In particular, if L is an (¢)-amphicheiral link where e = 4+ or —, and r is even, then
we have

Prime links with up to 9 crossings have been determined in [11] (cf. Figure 2). From
now on, we restrict the case that a link is prime with the crossing number 10 or 11.
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Figure 4: Prime amphicheiral links with 10 or 11 crossings 2
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Firstly, we determine which links are amphicheiral, and whether they are in Ciq,
Aur\ Cu, Gy, or Aj; \ Cii. By Figure 3 and Figure 4, 10254, 102, 10245, 1024, 102,44,
103150, 103121, 103136, 103140, 105151, 105156, 105155, 104169, 10756, 10746, 10759, 105105,
10%,,; and 112, are amphicheiral. The reader can check by the figures whether they
are in Cy; or Cj5. Suppose that 103,,, is (—, —, —)-amphicheiral. Then Milnor’s ji-
invariant f1(123) should be zero. However since

A

al40

(t1,ta,t3) = (t; — 1)(ty — 1)(ts — 1)(tats + 1)7,

we have [i(123) = 42 (cf. [3]), and hence 103,,, & C;;. Since 102, has a 3-component
sublink which is equivalent to 63, it cannot be component-preservingly (—)-amphicheiral
by Lemma 3.3 (1). However both 103, ,, and 102, are in A7, \ C;; by suitable orienta-
tions. The 2-component sublinks of 103,; are the 2-component trivial link, the positive
Whitehead link and the negative Whitehead link. Since the Whitehead link is not am-
phicheiral, 1035, € Ay \Ci1, and it is in Af; \C;} and A7, \ Cy; by suitable orientations.
Let L = K; U Ky U K3 be 1035 or 103 .. Then the 2-component sublinks of L are
the 2-component trivial link K; U K5, the positive Hopf link K; U K3 and the negative
Hopf link K5 U K3 by a suitable orientation. Suppose that L is component-preservingly
amphicheiral. Then
Ap(ty,ta, t3) = Ap(ty, ta, t57)

should be satisfied by Lemma 3.2. Since

Aygs, (b1 o, t3) = (ts — 1)(tatats — ity +ty + ta — 1)(fatats — tits — oty + t5 — 1),
Ay (i, ta,ts) = (ts — )15 + ttats — tity — tits + Liljts — bt + tlal}
—3titats + tity — tits + tits — taty — tots + tots + 13),

103,56 and 103, are not component-preservingly amphicheiral. Suppose that 10}, is
component-preservingly amphicheiral. Then

Ags (1 ta s, t0) = Aygs (tr,t, 851, 157)
should be satisfied by Lemma 3.2. Since
Ajgs (b, ta, 13, 1) = titalgly — titals + tit5ty — titsty — tolsta + tats — L3ta + taty,

10%,45 is not component-preservingly amphicheiral. There is one essential torus 7' in
the exterior of 112,,,. The torus 7T is trivial as a torus in S%, and we denote the core of
the separated solid torus by [; (i = 1,2) where [; is in the same connected component
of K;. Suppose that 112,,. is component-preservingly amphicheiral. Then two links
K, Uly; and Ky U [y are amphicheiral. However since they are the positive Hopf link
and the negative Hopf link, respectively, and they are not amphicheiral, 112,,, is not
component-preservingly amphicheiral.

By applying Lemma 3.1 (4) for the rest links, we can see non-amphicheirality of
them except 1075, 10357, 105171, 10249, 10793, 105108, 115197, 117155, 112165, 112505, 115 405,

12
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Figure 5: 102, and 112,,,

113,55 and 113 5. By Lemma 3.2, Lemma 3.3, Lemma 3.4, Lemma 3.5 and Lemma 3.6
(cf. [11, Example 4.5 and Example 4.6]), we can see non-amphicheirality of the links
above except 102, and 112,..

Let L = K;UK> be an oriented 1025, or 112, as in Figure 5, and L' = (—K;) UK.
The HOMFLY polynomials of 10%; and 112,,, are
P10351 (m, l) — P(10351)/(m, l_1>
= —m T+ mP I+ 4T 27 —mP 204+ 617 + 507 +170)
+m(l+ 27+ 37+ ) T (T 1),
(m, l) = P(11%127)/(m, l_l)
= mPl—mP2B + 4+ 17N +m(l® 4 5 + 5142171
—m NP 23 20+ 17,

P112

nl127

By Lemma 3.1 (6), we cannot show they are not amphicheiral by the HOMFLY poly-
nomials.

The components of 102, consist of two trivial knots, and the linking number of it
is 1. Since the Alexander polynomial of it is

Agge, (tr,ta) = (0113 — 2ty + by — t5 + by — 1) (0115 — trty + £y — t5 + 2t — 1),

102, is component-preservingly amphicheiral by Lemma 3.2 if it is amphicheiral. Since
we have

AlOisl (ta _1) = (4t - 3)(3t - 4)a
1025, is not amphicheiral by Lemma 1.1 (2) and (3).

The components of 112,,. consist of one trivial knot and one figure eight knot, and
the linking number of it is 1. It is component-preservingly amphicheiral by Lemma 3.3
(1) if it is amphicheiral. Since the Jones polynomial and the HOMFLY polynomial of
K which is the lifted knot of K, in the 2-fold branched covering over K (cf. Figure 6)
are

Vie(t) = —2°+4t° —6t* + 93 — 9> + 9t — 7T+ 5t — 372 477,
Pz(m, 1) m* (202 — 1) — m2(4l* + 312 — 172) + (205 + 41" 4+ 21> + 1),

13



112,,; is not amphicheiral by Lemma 1.1 (1), Lemma 3.1 (3) and (6).

Kz(\_,_\
A
u/J )

1 n127

Figure 6: The lifted knot K of K in the 2-fold branched covering over Kj

We remark that we cannot complete the proof only by using the Alexander polyno-
mial. Since the Alexander polynomial of 112,,, is

Az (tr,ta) = 1t — 7ty +1] — 20185 + tity — 20 + 15—t + 1 51)
= {(ti+t) -2 {(a+t51) -1} —1 '

we have
|A112

nl27

(—1,-1)|=11#1 (mod4),

and hence 112, is not (—, +)-amphicheiral by Corollary 1.2. Let (, be a primitive p-th
root of unity for p > 2. Then there exists f(t) € Z[t*!] such that

p—1 ' (f(£)%(3t* — 5t +3) (pis even),
Af{ = A112 5 ;, = .
(t) H 2100 (1 Gp) { (f(1))? (p is odd),

i=1

where

f&)y= [ Az, (t.¢) € Z[tF] (by (3.1)).

1<i<§

Hence we cannot prove that 112,,, is not (+, —)-amphicheiral by Lemma 1.1 (2).

4 Further remarks

(1) In [10], the author raised a conjecture:

Conjecture 4.1 ([10, Conjecture 1.1]) For an r-component algebraically split component-
preservingly amphicheiral link L with v even, we have Ap(ty,...,t.) =0.

We gave a partial affirmative answer in [11, Theorem 1.3] for the case that L is
an algebraically split component-preservingly (¢)-amphicheiral link with even compo-
nents. In the prime links with up to 11 crossings, only 102,5 and 102,,, are alge-
braically split component-preservingly amphicheiral links with even components. They

14



are also component-preservingly (+4)-amphicheiral links (i.e. 10254, 104,,, € Ci}). We
can confirm that the Alexander polynomials of them are 0. The condition “component-
preservingly” is needed. 1035, 102., and 112,,, are algebraically split amphicheiral
links in Aj; \ Cip and A7 \ Cij whose Alexander polynomials are

Aggs,, (i, ta,ts) = (8 — 1) (L2 — 1)(ts — 1)(15 — 3t5 + 1)
Ay (t,ts) = (01— D)t — 1)t — ta) (1t — 1)

Aygz_ (11, 12) satisfies the condition
Agge,, (8 1) = Ay (t,171) =0

in Lemma 3.6. We can find examples of A-component algebraically split links in C, \ C
with A > 4 even in the Milnor links (see Figure 7). The Alexander polynomials of them
are 0 (cf. [10, Example 6.1 (1)]).

ab K,
N ) ) . ga

Figure 7: A-component Milnor link M)

(2) In A. Stoimenow [23], the following conjecture is raised as Tait’s conjecture IV.

Conjecture 4.2 ([23, Conjecture 2.4]) The minimal crossing number of an amphicheiral
knot is even.

If there are counterexamples, then the knots are not alternating by Lemma 1.4.
A. Stoimenow [24] found prime amphicheiral knots with the odd minimal crossing num-
ber ¢ for every ¢ > 15. He points out that if ¢ < 13, then Conjecture 4.2 is affirmative.
We have already found counterexamples 92, and 112,,; for the case of links. However
they are not component-preservingly amphicheiral. Recently Y. Kobatake found an
example of a 2-component prime component-preservingly amphicheiral link with the
minimal crossing number 21 and with the linking number 3, whose components consist
of the unknot and an amphicheiral knot 15294950 in the table of [5].
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