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ABSTRACT. We study natural selection in complete financial markets, popu-
lated by heterogeneous agents. We allow for a rich structure of heterogeneity:
Individuals may differ in their beliefs concerning the economy, information
and learning mechanism, risk aversion, impatience (time preference rate) and
degree of habits. We develop new techniques for studying long run behavior of
such economies, based on the Strassen’s functional law of iterated logarithm.
In particular, we explicitly determine an agent’s survival index and show how
the latter depends on the agent’s characteristics. We use these results to study
the long run behavior of the equilibrium interest rate and the market price of

risk.

1. INTRODUCTION

An important area of financial economics is devoted to the study of equilibrium
asset pricing. By imposing the law of supply and demand, security prices, consump-
tion rules and other economic concepts are determined in terms of the underlying
variables of the model. These primitives are the characteristics of a set of agents,
who are assumed to be investing in a financial market and aiming to maximize their
utility functions. There is a major distinction between the so-called representative-
consumer models and models with heterogeneous agents. While representative-
consumer models enjoy a transparent solution due to the assumption that there
is only one type of agents, models with heterogeneous consumers are substantially
more complicated to analyze. The reason for this is the complexity of the equilib-
rium risk sharing generated by the agents’ heterogeneity.

There is a vast literature dedicated to the study of heterogeneous equilibrium
models (see, e.g., Chan and Kogan [6], Xiouros and Zapatero [28] and the references
therein). Numerous papers have studied the long run behavior of asset prices and

risk sharing rules in such economies. See, e.g., Blume and Easley [4], Cvitanié,
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Jouini, Malamud, and Napp [5], Nishide and Rogers [22], Sandroni [24], and Yan
[29,B0]. In particular, many papers are devoted to the natural selection hypothesis,
going back to the ideas of Friedman [13]. The natural selection hypothesis can be
stated informally as ”If you are so smart, why aren’t you rich?”. Formally, natural
selection in financial markets examines agents’ long run survivaﬂ in equilibrium
models. Intuitively, this hypothesis is based on the idea that agents with inaccurate
forecasts will eventually be eliminated from the economy.

This naturally raises interesting and important theoretical questions: Can in-
vestors with irrational beliefs survive in the long run and have a fundamental im-
pact on the economy, or would they be driven out of the economy? Would investors
with a high level of risk aversion vanish in the long run or would they dominate
the market, in a growing economy? In this paper, we provide complete answers to
these questions for a large class of models.

We study natural selection and long run behavior of asset prices in complete fi-
nancial markets, populated by heterogeneous agents. We allow for a rich structure
of heterogeneity: Individuals may differ in their beliefs concerning the economy,
information and learning mechanism, risk aversion, impatience (time preference
rate) and degree of habits. Each individual in our model is represented by a gen-
eralized version of the catching-up-with-the-Jonses power utility function of Chan
and Kogan [6]. This model of preferences is sometimes referred to in the literature
as exogenous habit-formation, since it incorporates the impact of a certain given
stochastic process on individual’s consumption policy. Agents are assumed to pos-
sess only a partial information regarding the events associated with the evolution
of the market. More specifically, the stochastic dynamics of the mean growth-rate
of the economyH is unobservable and the agents’ information set consists of the
aggregate endowment and a publicly observable signal. The agents are rational
in the sense that they use a standard Kalman filter to update their expectations
about the economy’s growth rate. However, agents may be irrational in the way
they interpret the public signal: Some of them may be over- (or, under-)confident
about the informativeness of the public signal. We use the standard way of model-
ing over-(or, under-)confidence, originated by Dumas, Kurshev, and Uppal [10] and
Scheinkman and Xiong [25]: We assume that agents’ beliefs concerning the instan-
taneous correlation of the public signal with the economy’s growth rate may differ
from the actual value of this correlationE The heterogeneous filtering rules yield
highly non-trivial dynamics for the individual consumption and the equilibrium

state price density, determined by the market clearing condition. In particular,

LAn agent is said to survive in the long run if the ratio of his consumption to the aggregate
consumption stays positive with positive probability as time goes to infinity.
2We assume that the mean growth rate follows an Ornstein-Uhlenbeck process.

3This is a a realistic assumption as correlations are extremely difficult to estimate empirically.
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subjective probability densities describing agents’ beliefs give rise to multiple new
state variables, governing the dynamics of the economy.

As in Yan [29], we show that an agent’s long run survival is determined by a
single number, the survival index, and we explicitly calculate this index in terms of
an agent’s characteristics. We show that the agent with the lowest survival index
dominates the economy in the long run and all other agents vanish. We then show
that the interest rate and the market price of risk behave asymptotically as those
of an economy populated solely by the single surviving agent.

To derive our results, we develop new techniques based on ergodicity of certain
stochastic processes and Strassen’s functional law of iterated logarithm. To the best
of our knowledge, these methods have never been used in the general equilibrium
literature before.

We now discuss related articles. The most closely related to ours are the papers
by Yan [29] and Cvitanié¢, Jouini, Malamud, and Napp [5]E Namely, these authors
consider a special case of our model corresponding to the case when there is no learn-
ing and agents having standard CRRA preferences without any habit formation.
In terms of modeling heterogeneous beliefs and learning, our model closely follows
the one of Dumas, Kurshev, and Uppal [I0] and Scheinkman and Xiong [25], who
considered a special case of our model: A two-agent economy with standard CRRA
utility functions, and the public signal being a pure noise, uncorrelated with the
economy’s growth rate. Chan and Kogan [6] consider a special case of our model
with homogeneous catching-up-with-the-Joneses habit levels and a continuum of
agents with heterogeneous risk aversions. Xiouros and Zapatero [28] derive a closed
form expression for the equilibrium state price density in the Chan and Kogan [6]
model. Cvitanié¢ and Malamud [7] study how long run risk sharing depends on
the presence of multiple agents with different levels of risk aversion. Kogan, Ross,
Wang and Westerfield [I8] and Cvitani¢ and Malamud [§] study interaction of sur-
vival and price impact in economies where agents derive utility only from terminal
consumption. Fedyk, Heyerdahl-Larsen and Walden [12] extend the model of Yan
[29] by allowing for many assets. Kogan, Ross, Wang and Westerfield [19] study the
link between survival and price impact in the presence of intermediate consumption
and allow for general utilities with unbounded relative risk aversion and a general
dividend process. Another quite large direction of the complete market risk shar-
ing literature concentrates on the equilibrium effects of heterogeneous beliefs. With
CRRA agents differing only in their beliefs, the equilibrium state price density can
be derived in a closed form and thus many equilibrium properties can be analyzed
in detail. See, e.g., Basak [1I 2], Jouini and Napp [16], [I7], Jouini, Martin and Napp
[15] and Xiong and Yan [27].

4Bhamra and Uppal [3], Dumas [9], and Wang [26] considered the same model, but only with

two agent types and heterogeneity coming only from risk aversion.
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The paper is organized as follows. In Section 2, we introduce the model and
provide some preliminary results that will be employed in subsequent sections.
Section 3 is devoted to a brief description of the equilibrium state price density in
homogeneous and heterogeneous settings, and to the derivation of formulas for the
interest rate and market price of risk. In Section 4, we present the main results of
the paper and discuss some special cases and corollaries. Section 5 deals with some
auxiliary results (limit theorems for certain stochastic processes) that are crucial
for the proof of the main result. In Section 6, we provide a proof for the main
result. Finally, in Section 7 we establish long run results for the interest rate and
the market price of risk. Some of the results appearing in Sections 5 and 7 are of

an independent mathematical interest.

2. PRELIMINARIES

We consider a continuous-time Arrow-Debreu economy with an infinite hori-
zon, in which heterogeneous agents maximize their utility functions from consump-
tion. The uncertainty in our model is captured by a (complete) probability space
(€, Foo, P) and a continuous filtration F := (Ft),¢(g o), With Fo = {0, Q}. We fix
three standard and independent Wiener processes (Wt(i))te[om), 1=1,2,3, adapted
to the filtration F. There are N different types of agents in the economy, labeled
by ¢« = 1,..., N. Each agent ¢ is equipped with a non-negative endowment process
(e;{)te[opo), which is adapted with respect to the filtration G (see (2.1)). We denote

by D; = Zi\;l el the aggregate endowment process and assume that (Dt)1ef0,00)
satisfies

dD
(2.1) 7: =pPdt + oPaw) | Dy =1

or equivalently,
' 1 M
(2.2) D; = exp (/ pPds — §(O'D)2t + ocPW, ) ,
0

where the constant o” > 0 represents the volatility. The mean-growth rate (uP )te0,00)
is an Ornstein-Uhlenbeck process that solves uniquely the SDE:

(2.3) duP = —E(uP — mdt + ot dw,?,
that is
t
(24) pe =T+ (po —m) e +ote™ / AW,
0

where 71, pio and o# are some real numbers and £ > 0. The numbers T, po will be

referred to as the average and initial mean-growth rate respectively.
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2.1. The Financial Market. We consider a financial market@ that consists of
at least two long-lived securities: A risky asset (St):e[o,+oc) and a bank account
(59)te[0,400)- In addition there are other (not explicitly modeled) assets guarantee-
ing that the market is dynamically completeld The bond is in zero net supply and
the stock is a claim to the total endowment of the economy (D¢)c[0,0c) and has
a net supply of one share. The risk-less bond is denoted by SP = elo 7sds wwhere
(7¢)tej0,00) is the risk-free rate process. We assume that there exists a unique posi-
tive state price density denoted by (My)icjo,00), that is, a positive adapted process
that satisfies

Mt = E |:6ftu TSdSMu’gt:| 5

for all u > t, and

(o) Mu
St =F |:/t MDudu‘gt:| )

for all ¢ > 0, where the filtration G := (Gt);¢(9 ) 18 defined in 7). Note that
our assumption excludes arbitrage opportunities in the model and implies that the
market is complete. The state price density as well as all other parameters are to

be derived endogenously in equilibrium.

2.2. Preferences and Equilibrium. Agent ¢ is maximizing his intertemporal von

Neumann-Morgenstern expected utility

sup EPi [/ e—PitUi(cit)dt} ,
0

(cit)te[0,00)

from consumption, under the constraints that the consumption stream (c;t)¢e[0,00)
is a positive adapted process with respect to G (which is defined in (2.7)) and lies

in the budget set:
E [/ c};Mtdt} <E [/ ethdt} .
0 0

Here, ET%[.] stands for the expectation with respect to the subjective probability
measure P; of agent 7. The exact form of P; is specified in (ZI0). We assume that

5More precisely, the model (to be set below) can be implemented by a complete securities
market with a unique state price density derived in equilibrium. See Duffie and Huang (1986) for
a detailed exposition of this issue.

6Formally7 as there will be only two Brownian motions driving the economy, one additional
asset can complete the market. However, since the price of this asset would be determined
endogenously, one would have to verify endogenous completeness. This can be done using the
techniques of Hugonnier, Malamud and Trubowitz [14]. Otherwise, we can just assume that there

are sufficiently many (derivative) assets, completing the market.



6 R.Muraviev

all agents are represented by ’catching up with the J onsesﬁ’ preferences:

1 Cit 1=
UZ(Clt)_l_’Yi <Hz> .

0,00) is an exogenously given stochastic process that represents the sub-

Here, (Hit)te[
jective index of ’standard of living’. We consider here a more general specification
for H;; than the one in Chan and Kogan [6]. Namely, we set H;; := X, = efiot,

for some B; > 0, where

t
(2.5) zy=e M. (:Eo +A- / et log(DS)ds) ,
0
or equivalently, (z¢)¢cjo,00) is the unique solution of the SDE:
dxy = Mlog(Dy) — xt)dt.

In this setting, the process (Xt)te[o,oo) is the index representing the ’standard of
living” in the economy. For each agent i, the number [3; measures the impact of
the index X; on the agent; in particular, when ; = 0, the agent is not influenced
by the index at all. For large f3;, the influence is somewhat heavy. In complete
markets, the optimal consumption stream can be easily derived as in the following

statement.

Proposition 2.1. The optimal consumption stream of agent i in a complete market

represented by a state price density (&)ie(0,00), 5 given by

piy —+ L ri—l
_ =t Vi 77 Vi
Cit = €7 'gt lZitl 'Hit Yot Cio,

IR

where the process (Zit)iejo,00) i given in (2.13).

and

Proof of Proposition 2.3l The assertion follows by standard duality argu-
ments involving the first-order conditions. [

Finally, we introduce the notion of Arrow-Debreu equilibrium.

Definition 2.1. An equilibrium is a pair ((Cit)te[o,oo); (gt)tE[O,oo)) such that:

a. FEach stream (cit)icjo,00) 95 the optimal consumption stream of agent i and

"This paradigm of a utility function was first introduced in Abel (1990), and is commonly re-
ferred to in the literature as a utility with exogenous habits. This specification describes a decision
maker who experiences an impact of the ”index of standard of living’ index. Our specification is

based on the now standard model of Chan and Kogan [6] for the standard of living in our economy.
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(M¢)te(0,00) 18 the state price density that represents the market.

b. The market clearing condition is satisfied:

N

(26) Z Cit = Dt,
i=1

for allt > 0.

2.3. Diverse Beliefs and Learning. The are two processes in the economy that
are observable by all agents. The first one is the aggregate endowment process

(Dt)tef0,00), and the second one is a certain public signal:

se = oW + /11— 2w,

for some ¢ € [0, 1). That is, the public signal exhibits a non-negative correlation ¢ €
[0,1) with the shock governing the mean growth-rate process. The corresponding

filtration is denoted by

(2.7) Gi:=0 ({su, u <t} U {Dy;u < t}) .

In contrast to this, the mean-growth rate process is unobservable. That is, neither
of the agents possesses an access to the data revealing the dynamics of the process
(uP )te[0,00)- Furthermore, agents may have diverse beliefs concerning the average
and initial mean growth-rate. More precisely, each agent ¢ reckons that the initial
mean-growth rate is some po; € R and that the average mean-growth rate is some
7i; € R. That is to say, before filtering, agent 4 assigns in his mind the following

model for up:

t
(2.8) T; + (o — ;) et + U”e_ft/ eSS dw .
0

Furthermore, individuals may have irrational perception of the information supplied
by the signal. Le., each agent i believes that the public signal (s¢):e[0,00), has a
correlation ¢; € [—1,1) with (Wt@))te[o)w), when if fact, the correlation is ¢ € [0, 1).
Therefore, under the belief of agent ¢, the following model is attributed to the signal

St
(2.9) ¢ + /1 - 2w .

We denote by @Q° the measure corresponding to agent’s i—th beliefs regarding the
models in [2.8) and (23), where Wt(l),Wt(Q) and Wt(3) are independent Wiener
processes under Q*. Consequently, agents are in the process of learning and filtering
out the dynamics of the mean-growth rate, which is deduced by using the theory
of optimal filtering.

Definition 2.2. The process

. t
pit = B9 T+ (pio — ;) e + U#eigt/ egdes“’lgt] ;
0
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is called the subjective mean growth-rate of agent .

Proposition 2.2. We have

— t t t
i i 1 Viuliu i

(2.10) pb = Hio | S / Yiudu + —— Dy ap, + 72 / Yiudsu,
Yie Yt Jo (6P) yir Jo u Yit  Jo

where

1 t
(2.11) Yit = exp <§t + W/o Visds) ,

and the variance process
i i 2
= B9 [(u - 59 [uPla])” o

is deterministic and given by

e(ai2_0¢i1)t -1

(2.12) vie = i - (07)* elaiz=ei)t — a0 fay
where

iy = /& + (o /oD (1 0) — &
and

an = —\/€ + (o1 /o) - (1 - 67) — €.

Proof of Proposition[2.2l Observe that Theorem 12.7 in Lipster and Shiryaev

[21] implies that (uﬁ)te[o 00) satisfies the following SDE:

v; dD
@13) = e ) drot iy (T ufat) + 0o,
(@) \ Dy
where the variance process v;; is detected through the following Riccatti ODE:

1
iy = —=26vi + (0,)* - (1= ¢7) — —55 - Vit
()
with ;0 = 0. One can solve the above equation and verify that v;; is given by (2.12)).
Now, we shall solve the SDE (Z2I3)). By definition, we have y}, = (£ + (G”+)2)yit,
and y;0 = 1. Notice that the preceding observation combined with Ito’s formula
implies that
DY — 70 vie  dDy B o
d (yieriy) = EMyandt + (O_D)Q Yit D, + " iyirdst,

completing the proof. (I
Remark 2.1. Dumas et. al. [I0] consider the static version of (ZI0). That is, the

functions vy and y; are substituted by the corresponding asymptotic limits. This

can be justified by Lemmal5.3 of the current paper.
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We denote by ¢ = 0 a fictional agent who is rational in the sense that he knows
the correct average and initial mean growth-rate, and the correlation parameter ¢.
Let us denote by ul) := EF [utD}Qt] the estimated mean growth-rate of this agent.
As in Proposition 2.2] we have

_ t t t
up = Lo 4 B / Youdu + —— Youbou gy, 4 770 / Youdsa,
Yor Yot Jo (6P) yot Jo  Du Yo Jo
where yo¢ and vo; are defined similarly as in (2.11]) and (2Z12]). It follows by Theorem
8.1 in Lipster and Shyraev [20] that Wt(o) = t(l) - fot “‘)D;;D”i‘)ds is a P—Brownian
motion with respect to the filtration G. We set

Yl 7

it =
oD

(2.14)

to be the i—th agent’s error in the mean-growth estimation. The dynamics of
(Dt)tef0,00) from i—th agent’s perspective, admits the form
dDy

0

it

where,

daw ) = aw® — 5,at
is a Brownian motion (by Girsanov’s theorem) under the equivalent probability
measureE P; and the filtration G, where

dP? ¢ I
(2.15) Zy =E [dP \gt] = exp </O SisdW 0 — 5/0 5$Sds).

3. THE EQUILIBRIUM STATE PRICE DENSITY

In the current section we briefly depict the structure of the equilibrium state

price density in both settings of homogeneous and heterogeneous economies.

3.1. Homogeneous Economy. Consider an economy where all agents are of the
same type i, and denote by (M;t).e[0,00) the corresponding equilibrium state price
density. The homogeneity of the economy combined with the completeness of the

market allows to derive the corresponding state price density explicitly.

Lemma 3.1. The equilibrium state price density in a market populated by one
agent of type i is given by

(3.1) Mit — e*PitDt—’Yz'ZitH;i—l _

¢ 1 1
o (= [ (ot (42 = 5672 + 302 ) as)
0 2 2
t
exp <(% — 1) Bix +/ 83 dW0) — ’Yz‘UDWt(l)) :
0

80ne can check that the process (Zit)te[o,oo) is a true martingale by verifying Novikov’s con-
dition on a small interval and then applying a similar argument as the one in Example 3, page
233, Lipster and Shiryaev [20].
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Proof of Lemma B.Il The assertion follows by employing the market clearing
condition and Lemma 211 O

We derive now the risk free-rate and the market price of risk in a homogeneous

economy.

Lemma 3.2. The risk free rate and the market price of risk in an economy popu-
lated by one agent of type i, are given respectively by

1 2
it t= pi + Yiph — 3 (eP) v (vi + 1) = B; (vi — 1) (z — log (D)),

and

Oit =" — bur.

Proof of Lemma Consider the process:
t t
1 1
Yie := —/ (pi + i (s — 5(0D)2) + 55125)d8+ (vi—1) 5i$t+/ (615 —vi0”)aWw 0.
0 0
The dynamics of M;; are given by
dM;;

it

1
=dYy + §d<Yi, Yi)e.

where

1 1

Bi(yi — 1) - (log(Dy) — ao)dt + (8 — 7io) dW,?,
and
d(Y;, Vi) = (61 — vioP)” dt.
The rest of the proof follows by the fact that the risk free rate and market price of

risk coincide with minus the drift and minus the volatility of the SPD respectively.
O

3.2. Heterogeneous Economy. Consider an economy populated by N different
types of agents. By Lemma 2] the optimal consumption stream of agent ¢ is given
by

Piy 1 1 vi—1 M 1/
_ 5 Yi 7% Vi _ v
(32) Cit =€ i - Mt Zit . Hz’t * Cio = Ci0 (—t> . Dt,

where (M¢)ie[o,00) stands for the corresponding heterogeneous equilibrium state

price density, and Mj; is given by (B.I). Therefore, the market clearing condition
@30) admits the form

N 1/%‘
M
3.3 0 =1.
(3-3) ;c() (Mt)
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Example 3.1. Consider a homogeneous risk aversion economy, i.e., y1 = ... =

YN =7. Then, the equilibrium state price density is given explicitly by

N . vy 50\
M, = Z Gio€ plt/wzit/’yf—[itW
; Dy
=1
Furthermore, if the habits are homogeneous, that is, 51 = ... = By = B, we have

N . it 1/’7 v
My — -1z, (Z %) |
t

i=1
If the beliefs among the agents are not varying, i.e., Z1t = ... = Zn+ = Zy, then,

we have
¥

—1
N , I
Cioep’“t/’}l]{it’Y

M, = Z, Z B,

i=1

Finally, we provide formulas for the risk free rate and the market price of risk.

Proposition 3.3. We have

N
0; = E witbit,
i1

and
N LN .
re = ;wimt +5 ;(1 — 1/ wit (Bs — 0,)2,
where
(3.4) Wit 1= 1/7ict

N
Zj:l /e

denotes the r.

Proof of Proposition [3.3l The proof is identical to the proof of Proposition
4.1 in Cvitanié¢ et. al. [5]. O

4. THE MAIN RESULT: THE LONG RUN SURVIVING CONSUMER

The current section is devoted to the study of the long run behavior of the op-
timal consumption shares in a heterogeneous economy. We establish the existence
of a surviving consumer in the market, i.e., an agent whose optimal consumption
asymptotically behaves as the aggregate consumption. This dominating individual
is determined through the survival index. That is, a quantity depending on individ-
uals’ characteristics and specifies the surviving agent versus the extincting agents

in the economy.
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Definition 4.3. The survival index of agent i is given by

(1) it (W= 5072 (it (L2080 +

V(7 -7\ &+ (0"/a?) (1 d)
= +
2< 7 ) 21/ + (o /oP)? (1 - 42)

The following is assumed throughout the entire paper.

Assumption 4.1. There exists an agent I whose survival index is the lowest one,

namely k1, < ki, for all i # Ik.
We are now ready to state our main result.

Theorem 4.1. In equilibrium, the only surviving agent in the long run is the one

with the lowest survival indez, i.e.,

tlggo D, =0
for all i # Iy, and

lim &t

t—o0 Dt -

The survival index is a complicated function of the individuals’ underlying pa-
rameters. In order to isolate the effects of various agents’ characteristics on the
long run survival, we will discuss special cases in which agents differ with respect
to only one or few particular parameters.

4.1. The Effect of Risk-Aversion and Habits. Let the initial priors (77;),_;

and the over-confidence parameters (¢;) n be fixed and identical for all agents.

i=1,...,
As it will be seen in the proof of Theorem 4] the survival index is invariant under

additive translation, and thus it is determined in the current setting by

oD)2
pi + (u— ( 2) ) (v + (1 =) Bi)
If 51 = ... = By = 0, the survival index is the same as in Cvitani¢ et. al. [5]. In

(eP)?
2
will survive in the long run, as in the models of Yan [29], and Cvitanié¢ et. al. [5].

particular, in a growing economy (i.e. u — > 0) the least risk-averse agent
The presence of habits may change the behavior. Here, if the habit is sufficiently
strong (8; > 1), the effect completely reverses: It is the most risk-averse agent who
survives in the long run. Effectively, ’catching up with Jonses’ preferences change

an agent’s risk aversion from ~y; to

Vi + (1 =) Bi.
Therefore, for strong habits, agents with a high risk-aversion effectively behave as

agents with a low risk aversion. When risk aversion is homogeneous, the effect of
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habits strength on survival depends on whether risk aversion is above or below 1. If
risk aversion is above 1, we get the surprising and at the first sight counter-intuitive
result that agents with stronger habits survive in the long run. The reason for this
is that the presence of habits forces the agent to trade more aggressively and make
bets on very good realizations of the dividend in order to sustain the aggregate
habit level generated by the 'catching up with the Jonses’ preferences. This makes
an agent with strong habits effectively less risk averse. This is beneficial for survival

in a growing economy.

4.2. The Effect of Diverse Beliefs. Consider an economy where agents may
differ only with respect to their average mean growth-rate estimations (7;)i=1,... n
and their correlation parameters (¢;);=1,... n. In this case, the survival index admits
the form

(4.2) ,{i_l(ﬁ;;ﬁ> L &t (e"/e?) (21_¢¢i)
2/& + (o107 (1 - 62)

2
Note that in this case the survival index is a decreasing function of the correlation
parameter ¢; in the interval [—1,¢], and an increasing function in the interval
(¢, 1]. Therefore, in an economy where the only distinction between agents is their
correlation parameters, the surviving agent is derived as follows. If either all agents
are over-confident (¢ < ¢, for all ¢ = 1,..., N) or under-confident (¢ > ¢, for all
t=1,...,N) in the signal ¢, then, the survival index is given by

and thus the individual with the most accurate guess of the correct correlation
will dominate the market. If some agents are over-confident and some are under-
confident in the signal, the situation becomes more complex. For simplicity, let
us analyze the case of an economy which consists of two agents: The first agent

underestimates the correlation and believes that it is ¢1 € [—1, ¢], whereas the

D
second agent overestimates the correlation by ¢ € [¢, 1]. Let us set a := ( fgu ) .

If ¢1 € [—1, 2% — 1}, the second agent will survive. Now, assume that

2(a+1)p—(at+1+¢)$1
a+1+¢%—24¢1
2(a+1)p—(a+1+9)$1
at1+¢%—24¢1
agent will survive. To demonstrate the above scheme numerically, let us consider
the case where a = 1 and ¢ = 1/2 (see Figure[). If ¢1 € [—1,—0.2], then the sec-

ond agent survives. If ¢ € [—0.2,0.5], then: If ¢ € [0.5, g:ziﬂ’ the second agent

¢1 € [2% - 1,¢] Then, if ¢; € [qﬁ,

] , then the sec-

ond agent will survive; otherwise, that is, if ¢o € [ , 1|, the first

is the one to survive. Otherwise, that is, if ¢o € [2:221 , 1} then the first agent

will survive. The preceding fact yields an economically surprising observation: Too

overconfident agents will not survive when they compete with agents that believe
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in a weak negative correlation. Assume for instance that the second agent believes

that the correlation is some ¢o € [8/9,1]. Then, if ¢; € [S:igz, |, the first agent

will survive, despite of the negative correlation.

1 T
8/0 S R .
1 1 _ 8-9¢
o2 ; ; 7= 5mis
1/2 : :
-1 & —0.2 0 1/2

First agent survives [ ]
[ ]

Second agent survives
FIGURE 1. The long-run surviving consumer

If the only source of heterogeneity in the economy is the belief regarding the av-
erage mean-growth rate, then the survival index depends only on the error between

the subjective mean-growth-rate and the correct one, namely,
ki = |p—Tm] -

Therefore, the consumer with the best forecast of the average mean-growth rate is
the one to dominate the market.
4.3. The Relative Level of Absolute Risk Tolerance. As in Cvitani¢ et. al.
[5], we define the relative level of absolute risk tolerance of agent i by

L/vi - cit
-~
Zj:l 1/7j - ¢

The following is an immediate consequence of Theorem (4.1

Wit =

Corollary 4.1. We have
lim w; = 0,
— 00

for all i # I, and

lim wy,: = 1.
t—o00

Proof of Corollary 4.1l Note that (3:2) implies that

_ Gt L/
Dy 521/ coj(Mje /M)

Wit
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The identity B3]) yields
1
N 1 1 < m
ijl ZCOJ(MJt/Mt) /i k=1,..., N

The preceding observations combined with Theorem @ Tland the equality Efvzl Wit =
1 complete the proof of Theorem Il O

5. AUXILIARY RESULTS

In the present section we introduce some results that will be crucial for proving
Theorem 1l First, we introduce the following estimates indicating that vy, 1/yt,
their derivatives, and v;; are close to certain functions, of a simpler form. The errors
in these estimates are shown to be decaying exponentially fast to 0, as t — oco.

Lemma 5.3. We have

(51) ’Vit - Oéig(UD)z} < Ce—?(mg—i—&)t’

(52) Yis — €XD (_ Q2 e~ Zﬁ) elaint8)t < Cef(ai2+£)t,
o1
(5.3) Yir — (g + &) exp (_Zﬂ ¢ iif) et < Ce (e,
21
(5.4) 1 exp (%e— Ziﬁ) e~ (@2 tOt| < OB+t
Yit (€731

< 06—3(0ti2 -1‘5)757
Yit Q1 -

1 ! 2 %
(55) ‘ (—) + (2 + &) exp (a-Qe aj) e (@i2+&)t

for all t > 0 and some constant C > 0.

Proof of Lemma Inequality (&) is due to the fact that ‘Vl't — a5 (O’D)2’ =
(e —aiz)aia(e”)? Next, by definition (see Proposition 2.2), it follows that y;;

ajre2(@iztOt .0 | °
admits the form

Yit = exp ((aiz +O)t— Qiz 32 (1 _ 6—2(0¢i2+5)t)> ,

Qi1

One checks that the inequality e* — 1 < (e — 1)z, for all 0 < 2 < 1 concludes the
validity of (5:2)). Recall that y;; satisfies the ODE y}, = (5 + (:Tt)z) Yit, and thus

we can estimate

<

Qg %
Yir — (g + &) exp (——126 aﬁ) elaiz+o)t
i1
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Qo _ “i2 ) Vit
exp (— a; e ail) elaizto)t W — aiz| +
Vit Qiz -2 (aia+E)t
— ) |y — e ——Ze T e St
(§+ (UD)Q) o Xp( i1 )

which implies (@3] by applying inequalities (&) with (52). Inequalities (5.4]) and
(E3) are proved in a similar manner. O

For each d > 1, we denote by (Co ([0,1;R?),||-||s) the space of all R-valued
continuous functions on the interval [0,1] vanishing at 0 endowed with the sup

topology.

Definition 5.4. We denote by K9 the space of all functions f = (f1,..., fa) €

Cy ([07 1];Rd), such that each component f; is absolutely continuous, and

d T
/ 2
Z/ (f!(2)2dz < 1.

We note that K9 is a compact subset of Cp ([0, 1];Rd) (see Proposition 2.7,
page 343, in Revuz and Yor [23]). The next result deals with the asymptotics of

certain multiple stochastic integrals.

Lemma 5.4. Let (Wi)ic(0,00) and (Bt)ie(o,00) be two arbitrary standard Brownian
motions and denote Z; = fot e *- W%,(ezs_l)st. Then, we have
()

(Z)oo := lim (Z)y = o0.

t—o0
(ii)
t —as S au
lim foe fo e dW,dB; _0o

t—o00 t ’

for any a > 0.
(iii)
t —(a+b)s S jau [ bz
tlim Joe (a+b) I e tfoe dWmdUst:O
—00

)

for all a,b > 0.

Proof of Lemma [5.4] (i) First, note that a change of variable implies that
(Z)¢ = f(f e 2. (W%_(ezs,l))st = fO%(em_l) %du. Consider the functional
F:Cy([0,1];R) — R4, which is given by
1 og20,
F(f) = /0 ﬁd%
Note that F' is a continuous functional. Indeed, for a fixed f € Cp ([0, 1];R) and
all e > 0, let § = €(2||f]|oc + €) and observe that if ||f — g||lcc < d, for some
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g € Co ([0,1];R), then |F(f) — F(g)| < . It follows by Strassen’s functional law of
iterated logartigm (see Revuz and Yor [23], page 346, Theorem 2.12) that P-a.s,

1
limsup F' | ——————=W, = sup F(h).
N—}oop ( 2N loglog(N) Nt) heKI?l) )

Notice that sup,c gy F(h) > F(h) > 0, where h(x) = 2. Therefore, we have

1
limsup F | ——=Wn¢
N—o00 2N loglog(N)

1 W N w2
= limsu 710 (1—%)2 o = limsu 7f0 (Ntu)® du >0
Voot 2NToglog N~ Noos 2loglog(NV) '
Furthermore,
N w2 N w?
lmsup 0_TEPM o do T
Nooo 2loglog(N) = Nooo 2loglog(N) ~
In part1cular it follows that limsup_, o f N (1Z-Vu)2 du = oo, but, since the function
2
fo (1+u) du is monotone increasing in N, it follows that limy_ o fo 1+u)2 du =

0o. This accomplishes the proof of part (i).

(ii) Denote Y; = [y e™® [o e*dW,dBs and X, = [ e“dW,. Note that (X), =
% . (th — 1), therefore, since X; is a martingale vanishing at 0 and (X)s, = o0, it
follows by the Dambis, Dubins-Schwartz theorem (shortly DDS, see Revuz and Yor
[23], page 181, Theorem 1.6) that X; = W1 .(e2t—1), for a certain Brownian motion

W,. Therefore, we can rewrite

and thus by part (i), we have, lim;, o (Y): = (Y)s = oo. Therefore, the DDS

theorem implies that Y; = §<y>t, for some Brownian motion Et. Now, denote
¢(z) = 2z loglogz and let us rewrite 2t = f(}g;;i) : ‘z’((?t). By the law of iterated

logarithm, we have limsup,_, . % < 1, and hence it is enough to concentrate

on the asymptotics of the second term:

Jye2 (Wy ) ds-loglog (f e 25-(%.(6%_1))%8)

t 12

Note that ¢(5(e** —1)) < e*y/Iog2s and thus, the law of iterated logarithm implies
that

lim sup
t—o00 t—o0

Y log(2t) log log(t log 21
) Slimsup\/og( )ogtog( 0g2t) _
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This accomplishes the proof of part (ii).
(iii) By Fubini’s Theorem, we have
ft e—(a+b)s fs eau fOu b AW, dud B, B

lim 22 0
t—o00 t

t —as S bz t _—(a+b)s S ,(a+b)zx
L. Jo e ® [y e dW,dB, 1 - foe (a+b) I elatd)z gy dB, _o,
a t—oo t a t—oo t

where the last equality follows by part (ii). This completes the proof of Lemma
B4 O

We proceed with the following statement.

Lemma 5.5. Let (Wt)te[o,oo) be a standard Brownian motion. Then, we have
(i)
fg e 98 fos e AW ds

lim =0,
t— 00 t

for all a > 0.
(ii)
ft e—(a-‘rb)s f()s et fou ebdewdudS

lim 22 =0,
t—o0 t

for all a,b > 0.

Proof of Lemma (i) By using integration by parts and Fubini’s Theorem,

we get
t —as S au t —as (5 au
i Jo Sy e dWads o Jy (We —ae”® Jo e Wadu) ds
t—o00 t _t~>oo t -
JaWads = afy (W frerds)du gt g
lim = lim =+— =0,
t—o00 t t—o00 teat

where the last equality follows by the law of large numbers.
(ii) As in (i), one checks that the limit is equal to

1 t s t s
— lim (/ e_bs/ P AW, ds —/ e_(“+b)s/ e(“+b)dewds>,
a t—oo \ Jo 0 0 0

which vanishes according to (i). O

In the next limit theorems, the main tool is ergodicity of certain stochastic pro-
cesses. Similar ideas as below (even though we have provided a straightforward

argument) could be applicable to deduce the previous lemma.
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Lemma 5.6. Let (Wi),c(0,00) and (By)
tions. Then, the following holds

(1)

t€[0,00) be two independent Brownian mo-

) fot e 98 fos e dW,ebs fos e dB,ds B
tliglo t =0

for all a,b > 0.
(ii)

lim
t—o00

fg (emas OS e“dWm)st 1
t T 24

for all a > 0.

(iii)

i fot e—(a+b)s fOS e AW, fOS b AW, ds _ 1
t—ro00 t a+ b,

for all a,b > 0.

Proof of Lemma (i) First observe that fos e**dW, is a martingale with
(JoeredW,), = 82(“;1, and thus by the DDS Theorem, we have fot e dW, =

2
W e2ae_, for some Brownian motion (W;)ie[0,00). A similar argument implies that

2a
fot e’®dB, = ch;tb,l, for a Brownian motion (B;)¢cjo,o)- The construction in the

DDS Theorem implies that (Et)te[o,oo) and (Et)te[o,oo) are independent. Recall that
e~ W20 and e~ B_au are two independent stationary Orenstein-Uhlenbeck pro-
cesses and thus the process e~ (“TOHV 20, Eem is stationary. Therefore, an ergodic
theorem for stationary processes implies that
t —(a+b)sTi/ E d
e as sasS
(5.6) lim o Gt

t—o00 t

= 6_(a+b)E [We2a§e2b:| = 0.

Next, the process (W/)icjo,00) given by W/ = \/2aw2i for t < 1, and W/} =
vV 2aWt2—_l + QaW% for ¢ > 1 is a Brownian motion. Thus, we have Wezas,l =
a a T

\/% 2as — W%, for all s > 1. We define the process (Bj):e[o,00) in & similar man-

ner. We emphasize that (W/);c[0,00) and (Wt)te[o,oo) are independent of (B});¢[0,00)
and (Et)te[o,oo)' Thus we can rewrite ([B.0]) as

Jy e @05 (A=Whaae = W) (g Blaw — By ) ds

lim
t—00 t

Next, the law of iterated logarithm implies that for every € > 0 there exsits an
Foo-measurable random variable N(g) : © — Ry such that for all s > N(e),

% < 1+ ¢, and hence
as
t| —as—bsyy/ t log(as)
e W', ds —ds
lim J | = < (1+4¢) lim M:o.

t— 00 t t— 00
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This fact combined with (56]) accomplishes the proof of part (i).

(i) As in (i), [7edW, = Wea , and Wea , = =W, — W.
2a 2a

ergodicity yields

—~ 2
ft (e_as eQas) ds .
lim 2 > W] =1

t—oo t e2a

Finally, the above limit combined with similar arguments to those appearing in (i)
conclude the proof.

(iii) The idea of the proof is to rewrite the required limit in terms of limits of the
same form as those in (ii). First, observe that e~ fos e dW, = Wy—ae™ ™ fos eW, du.

Thus we can rewrite,

t s 2
(5.7) / (e_“s/ e““qu) ds
0 0
t t s t s 2
:/ W3d3—2a/ e_‘”WS/ e““Wududs+a2/ g~ 2as (/ e““Wudu) du.
0 0 0 0 0

Observe that Fubini’s Theorem implies that

t s 2 t gt t
(5.8) / e 2as (/ ea“Wudu> du :/ / eaHaszWy/ e 2% dsdady
0 0 0 Jo max{z,y}
1 [t s 1 t 2
= —/ e_‘”WS/ e W, duds — P (/ Wwe”dw) .
a Jo 0 2ae2@ 0

This fact combined with (57)) and (B.8]) implies that

—a S _au 2
- fot (emat [5 e™dW,)" ds

t— 00 t

2
f(f Wfds — afot e Wy fos W, duds — 2;% (f(f eaSWSdS)
= lim .

t—o00 t

By using similar arguments and exploiting the preceding observations, one can
check that

t _—(a+b)s [ az JW. S b WV d

e e z |, € 2ds
(5.9) lim J s s =

t—o00 t

2
Jy W2ds = a [y e W, [3 e Wyduds + 55z ( [y e Wids)
a+bt—oco t

+

2
fot W2ds — bfot e W, fos e Wyduds + 5zar (fot eaSWsds)
a+btaoo t )
The latter fact combined with part (ii) completes the proof. [

The next statement is heavily based on the above lemma.
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Lemma 5.7. Let (W) y and (Bt)

) be two independent Brownian mo-

t€[0,00 t€[0,00
tions. Then, we have
(i)
lim fo ( (a+d)s fs e fox eb“qud:r)2d$ _ 1
t—00 t 2b(a + b)(a + 2b)’
for all a,b > 0.
(ii)
i f(f e~ (2a+b)s fos e dW,, fos ebu fou e AW duds _ 1
t—00 t 2a(2a +b)’

for all a,b > 0.
(iii)
fot e~ (ath)s fos ela—§u fou eSUdW,du fos e(b=&u fou e dWduds

1im =
t—o0 t

S
(a—&Bb—-& \a+b 26 a+& b+€)’
for all a,b,& > 0.
(iv)
J"O 2(a+b)s fS ey fy budW dyf (a+Db) de ds 1

lim =

t—00 t 2(a+b)(a+2b)’

for all a,b > 0.
(v)
J" a+b fS eay fy budW dyf a+b de dS
lim 0 =
t— 00 t ’

for all a,b > 0.

Proof of Lemma B.7L (i) Notice that [ e [ e dW,dx = L [ et (e

e®)dW,,. Therefore, the required limit is equal to

Jo (7% [ eaw,)’ds 2 [y e (@0 [ elettugyy, [¥ et qw, ds

a2tll>rgo t _ﬁtllglo t
t —(a+b)s S5 J(a+b)u 2
_|_i lim fO (8 (a+h) fO e(Jr) qu) dS'
a“ t—oo t

Parts (ii) and (iii) in Lemma [5:6] complete the proof of (i).
(ii) As before, one checks that the limit is equal to
1 .. fot e~ 2as (fos e‘“”dWw)2 ds

b tlggo t

f e (2a+b)sf v dW, J" a+b)de$d8

b t~>oo t
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and the rest is a consequence of parts (ii) and (iii) of Lemma [5.6]
(iii) The limit is equal to
y Jo(emam [ ermdW, ) du + [ e (@O [V eamqyy, [ bW, du
(a—O)b—¢) \imm t
t —(a u Y &z U ax to— u [Y &z U bz
iy Jo€ (atOu [HesrdW, [ e dWydu + [ e~ (0T [“efrqiy, [ eb dWmdu)'

t—o00 t

The rest then follows by applying items (ii) and (iii) of Lemma [5.6l
(iv) One checks that the required limit is equal to

1 fot 67(2a+b)s fos ebuqu fos e(aer)achde_'—

— lim
a t—oo t
—(a s S (a u 2
Ly Jo e (Jg et awn,) ds
a t—oo t ’

and the rest follows by parts (ii) and (iii) of Lemma (.0l
(v) As in (i), one checks that the limit is equal to

1 f() (2a+b)s fs ebudW f (a+Db) de dS

— lim

a t—oo t
1 i fOt 672(a+b)s fOS e(aer)uqu fos e(aer)achzdS
a 00 t ’

which vanishes due to part (i) of Lemma O

6. PROOF OF THE MAIN RESULT

We provide now a proof for Theorem [l Fix an arbitrary i # Ix. Recall that
Zjv 1 ¢t = Dy, and thus it suffices to show that lim; . &t = 0. Note that (5.3)
implies that M; > cIIK Mi,.+. Therefore, identity ([3.2)) ylelds

2 o % L/ < Cio ' Mit 1/vi
Dy o M o C'YIK/'“ My, .

IO

In virtue of identity (BII), we have
M
MIKt

= exp (a;(t) — ar (1)),

where

O'D 2
aj(t) == (v; — )z + <( 2) N — pj) t+

t 52
/ 'YJ/LS - |ds+ 5Jde DWt(l)v
0

for all j = 1,..., N. Therefore, in order to complete the proof of the statement, it
suffices to show that

_ai(t) —an (1)
tlg]élof—m}( —Kk; <0.
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To this end, we proceed with the computation of the following limits.

Part I. We claim that
(6.1) lim —t =7 —
Recall that by [2.8) and ([2:2)), we have

Tt

xo—l—)\-fge)‘s (fosufdu——( Dy2 s +oPwi )ds
lim — = lim

t—oo t t—00 tert

f[f eASWS(l)ds

Now, note that the law of large numbers implies that lim; TNt = 0.
"t As
Next, it is evident that lim;_, t“e”% =0 and lim;_, o Jo ::M ds _ 1/\. Let us show
now that
t D
_ Jomwddu
(6.2) t1i>r£o t -
By (), we get
t(_ N _ 2
. f(f M{?du ] fO (,U +(uo— 1) e §s 4 gh fOS eS(u s)dW& )) ds
lim =— = lim .
t—00 t t—o00 t

Jo (Bt (po— me*fs)ds

Clearly, we have lim;_ s

5 &(u—s) @'
yields limy_s oo Jo Jo 7 dw,”ds
by L’hopital’s rule, we get

t e _
lim f A fo pPduds B fO pPds _ B
t—00 teAt t~>oo MA+1 A

= 7. Furthermore, part (i) of Lemma
= 0. This asserts the validity of ([G2]). Next,

proving (G.)).

Part II. We claim that
fg (51;(5 - 515) dws(l)

lim =0.
t—00 t
By definition (see (ZI4)), it suffices to verify that
D dWS (1)
lim Jo Jo H5s®s 0,
t—o0 t

holds for all j = 1,..., N. It is not hard to check by employing Lemma [5.3] combined
with the law of large numbers, that the preceding limit does not change when the
functions ¥, y%u and vy, are substituted by e(®2tOt e=(@i2+8t and qyy(oP)?
respectively. In view of latter observation, by definition (see (ZI0)), we need to
show that

, fo( 7, — 1) (1= e7%) + (noi — o) =& + £22 (1—e—<f+an>s))dwél>
i3 :
b e (Eram)s 5 oeta)u (4 (ug — 1) e €*) dud Wi
t

4o lim
t—o00
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S em(erans = gasan [ &gy qudw (D
t

U —(64aiz)s S L(E4+aiz)u (1)
+ot¢; lim fo e 2) fo e PtdsudWs —
t—00 t
One checks that the first two summands vanish by the law of large numbers. The

+ajot lim
t—o00

third and fourth limits vanish by part (iii) and (ii) of Lemma[5.4] respectively. This
completes the proof of the second part.

Part III. We have,
Lo (G- )ds 1 <m —ﬁ)2+ €+ (o"/7")" (1~ 690)
2ot 2N et e (- )
1 (mK — ﬁ>2 24 (0"/aP)* (1= ¢or,)
’ 2 /e + (02 /o2 (1—7,)
This can be derived by applying Lemmata [£.4] [5.5] and 5.7 The proof is now

accomplished by combining the above three parts, some routine algebraic transfor-

oD

mations and the law of large numbers. [

7. INTEREST RATE AND MARKET PRICE OF RISK: FURTHER LONG RUN
RESULTS

The current section deals with asymptotic results for the interest rate and the
market price of risk in heterogeneous economies. More precisely, it is shown that
asymptotically, the latter parameters behave as those associated with a homoge-
neous economy populated by the dominating consumer. Under some mild con-
ditions, we prove that the distance between these parameters in a heterogeneous
economy and those associated with any of the non-dominating consumer homoge-

neous economies, becomes unbounded as time goes to infinity.

7.1. Market Price of Risk. The next statement provides a full characterization

of the market price of risk asymptotics in heterogeneous economies.

Theorem 7.2. (i) We have

tlig)lo |9t — 9]Kt| =0.

(i) If ¢; = ¢1,, for some i # Ik, then

. 1 —
Jim (00 = 0u) = o (v = %) = —5 (Fne =) -

If ¢; (for some i # I ) is such that
€4 (0"/oP) (1 -60) , €+ (0/0")" (1~ 601
2/& + (o1 /oPP (1= g2) 2/ +(0n/oP)? (1-3,)
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then

lim sup |6; — 0;+] = +o0.
t—o00

Proof of Theorem (i) First, we shall prove that lim;_, . w;:6;; = 0, for
all i # Ix. As in Section 5, the DDS Theorem implies the existence of a Brownian
motion (E(t)) : such that

te[0,00
t 2at
~ -1
efat/ easdBS — €7atB (6 ) ,
0 2a

where a > 0 is some constant and (By)

t€[0,00) is a Brownian motion. By exploiting

D
the preceding fact, one checks that lim;_, . \/%fgt < oo, for all i = 0, ..., N, which
implies that
(7.1) lim sup Oy < 00,
t—oo /logt
for all j = 1,..., N. On the other hand, it was shown in Theorem [Tl that w;; <
%: max;—1,.. N Y, for all i # Ix. We have in particular proved in Section 6 that

B < e~ %! for some a; > 0, for all i # Ix. This implies that

(7.2) wi <e % max 1y,

i=1,...,

holds for all i # Ik, and thus by (1)) we have w;0;; < e’“;t, for all i # Ik, and
some constant a} > 0. Therefore, by Proposition B3] we have

N N
(73) |9t — wIKtHIKt| = Z witHit < Z e_ait.
i=1,i£lx i=1,i£lx

Finally, observe that |6; — 07,.¢| < |0; — wIKtoth|+Z7];\Ll7igé]K witOr,.¢, since sz\il Wi =
1. The proof of part (i) is now concluded by (1)), (Z2) and (Z.3).

(ii) If ¢; = ¢, , by part (i) we can substitute 1 by 6r,.7. The assertion follows
then by noting that

1
o (vi — Vi) + D (1t — pit)| -

g re = 0l = Jim,
Assume now that

£+ (0"/P)* (1 - ¢) , £ (o))’ (1 = 91,

2/e + (010 (1—¢2)  2\/& + (0n/oP) (1 - 6%,)

By part (i), the claim is equivalent to proving that

(7.4) lim sup |, — pit| = +oo.
— 00
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First, one checks by employing Lemma that the limit ((C4) does not change
when substituting v, y;; and ﬁ by a2(oP)?, exp (—g—ﬁe*ﬁ) elaiz 8t and

Q2

exp (—eiﬁ) e~ (@240t regpectively. Next, note that Fubini’s Theorem yields

Qi1
Qo T u @)
z QiU Ex 2 _
76(§+0‘i2)T/0 e /0 e~ dW,"du =

! Su g (2) 1 ! ( Ou g (2)
cu ai2+§)u
efT/o it e<an+£>T/o e

By exploiting the latter observations and the DDS Theorem, one checks that
limsup |u; — pp, | = limsup | fi(t) — fr, (1),
t—o00 t—o0

where
1 - ) )
£it) = ——==== (oPaiaB" (t) — 0" (66, = 1) B(t) + 06:/T = B (1)) .
(aiz + &)t
Here, Bil(t), B(t) and B®(t) denote three independent Brownian motions. By
applying further the DDS Theorem, we can rewrite
1

(1) = M (1,
(7.5) fi(®) o) =B (lit),

where B()(t) is a Brownian motion, and
2
li= (0P ai)” + (0")? (1 — ¢¢:)* + (0" ¢:)? (1 — ¢?) .
Finally, one checks that limsup,_, . |fi(t) — f1, (t)| = oo by using the law of iterated
2 ot /oD 2., ;
logarithm and (Z5) combined with the fact that —4 —2¢6oP+2(0P)? €1+(c"/07) (1-¢9))

aafe 2\/e+(on /PP (1-92)
This completes the proof of Theorem |

7.2. Interest Rate. Analogously to Theorem[(.2] we analyze in the next statement

the asymptotics of the interest rate in heterogeneous economies.

Theorem 7.3. (i) We have

tli)rgo |re — rr.t| = 0.

(i) If i = Vi Bi = Bi, and ¢; = dryc, for some i # I, then
tli)rgo (Tt _Tit) = PIx — Pi +/YIK (ﬁ]}( _ﬁl) .

If at least one of the conditions: v; = v1,., Bi = Br,. and
&+ (o)) (1 =g¢s) _ &+ (0"/oP)’ (1= 601,
2/6 4+ (onfoP)2 (1 - ¢2)  2,/€ + (04 /oP)” (1 - 63,)
does not hold, for some i # I, then

lim sup |ry — r| = +o0.
t

—r 00
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Proof of Theorem [T.3l (i) By definition, we have

N N
1 2
Tt — WitTit = ‘ Z wjtrjt + 5 Z(l — l/wj)wjt (Hjt — 9,5) N
J=Lj#IK Jj=1

for all i =1, ..., N. We start with treating the second term. Observe that Theorem

L1 part (i) of Theorem [[2] (T4)) and (Z2)), imply that

N
D> (= 1/7)wje (B0 — 61)* < e,
j=1
for some constant a’ > 0. Next, note that (2] yields
N N
S wprpl < > e .
J=1j#1k J=1j#1k

As in the proof of Theorem E.T] one can check that limsup,_, ., “* < oo, for all
7 =1,..., N, and thus we conclude that

P — wrerrged] < e,

for some constant a’ > 0. Finally, the proof of item (i) is accomplished by employing
the inequality |rs—rr.¢| < |re—wietTrt|+71t]1—wr,+| combined with the fact that
1= Zjvzl wjt, ([C2) and the fact that limsup, ., 2+ < 400, for all j =1,...,N.
(i) If ¢; = dr1,, Vi = V1 and B; = Pry, for some i # Ik, the claim follows by
combining part (i) with the fact that

|7“it - T“IKt| = ‘pIK — pi + Vig (M?Kt - Mft))‘ .
Now, if at least one of the indicated conditions, fails for some ¢ # I, the proof is
in the same spirit as the one of item (ii) of Theorem [[21 The only distinction is as
follows. If A =&, one can check that the problem can be reduced to proving that
t t s
(7.6) lim sup e~ (aD/ MWy +/ / e)‘"de)ds) = +o00.
t—o0 0 0 0
If A =0, we need to prove that
t

lim sup <O’DWt(l) —|—/ Ws(z)ds> = +o0.

0

t—o00

Let G : Co ([0,1];R) — R be a functional given by G(f) = [, f(z)dx. Note that G
is continuous, since |G(f) — G(g)| < ||f — gl holds for all f,g € Cy ([0,1];R). By
Strassen’s functional law of iterated logarithm, we have

1 () fON 2 du
li G ———————w?) =1 _ G
Moo < 2Nloglog N Nm) S N aTogTog N seit ¢

where the subspace K'Y is given in Definition 54 Note that max e gy G(f) >
G(fo) > 0, where fo(z) = x. The preceding observation combined with the fact
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@
lim; 00 MV/VW 0 asserts that (6) holds for A = 0. Now, assume that

A # 0. By the DDS Theorem, (Z6]) is equivalent to

62)\t -1 t 62)\5 1
imsupe ™ (o750 (gt )+ 50 (S5 i) =

where B and B® denote two standard independent Brownian motions. By a

change of variables, the claim is equivalent to

. 1 D p(1) /t 3(2)(“) _
(7.7) h?iil.fp N (U BYW(t) + T 2/\udu = +o0.
ft BM (w) du
The LIL yields lim;_ L\/?” =0, and thus (7.7)) can be rewritten as
1 1 (" B®(u)
: li — (e"BY(t) + —~ / du | = +oo.
(7.8) Tisogp\/z(a ()—|—2)\ ! " u +o0

Fix some 0 < ¢ < 1. Consider the functional H : Cy ([O, 1]; RQ) — R, which is given
by
1 [tg(w)

Note that H is continuous, since ‘H(f,g) - H(f,ﬁ)‘ < P|If = flloo— logE||g oo

is satisfied for all f,g,f,ﬁ e Cy ([07 1];R2). Next, Strassen’s functional law of
iterated logarithm yields

1
s B (-t (B0 (), BO(v1)) ) = .
Noa ( 2N Toglog ¥ (BOVO, BONY) ) = max | H(f.g).

where K(?) is introduced in Definition [5.4l Observe that max s yexe H(f,9) >
H (h(z),h(z)) > 0, where h(z) = x. Therefore, we obtain that

N B2
(7.9) 1imsup; <a<D>B<1> (N) + L / B du> > 0.
€

Nooo V2Nloglog N 22 Jon u
We claim now that
limsup; ( (D) B 1) / ) > 0.
Nooo V2Nloglog N 2\
Assume in a contrary that this is not the case. Then, Kolmogorov’s 0-1 law implies
that

1 1 [N B®(u)
Pl — | oPBW(N —/ du] >0 =0.
( 1}315301) 2N loglog N <U (V) + 2\ ] Y

Therefore, by exploiting the symmetry of the Brownian motion, we obtain that

1 1 [N B®
lim ——oo [ P BW (N)+ —/ (u)du =0,
N—oo y/2N loglog N 22 1 u
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holds P—a.s. But, since 0” and )\ were arbitrary, we obtain that

1 1 N B®
limsup ——— o)1) (N) + —/ &du =
Nooo V2N loglog N 22X Jon u

1 1 [N B®(u)
li e ——— (D) _ BWY (N —/ —d
ljlvn_f;lop V2N loglog N ( (U \/E) (N) + 2\ )4 U Y

~ 1 [N B®(u)
1 - - 7 =
+B'Y (eN) ), " du) 0,
where BY (t) = \/eBD (1) is a Brownian Motion (independent of B(?)), and ¢ > 0
is sufficiently small. This is a contradiction to (T9)) proving (Z7). O
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