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Abstract. We first introduce a set of conditions which assure that a free spin % field with
m > 0 can be consistently ('unitarily’) quantized on all four-dimensional curved spacetimes,
i.e. also on spacetimes which are not assumed to be solutions of the Einstein equations. We
discuss a large — and, as we argue, exhaustive — class of spin % field equations obtained from the
Rarita-Schwinger equation by the addition of non-minimal couplings and prove that no equation
in this class fulfils all sufficient conditions.

Afterwards, we investigate the situation in supergravity, where the curved background is
usually assumed to satisfy the Einstein equations and, hence, detailed knowledge on the space-
time curvature is available. We provide a necessary condition for the unitary quantization of
a spin % Majorana field and prove that this condition is not met by supergravity models in
four-dimensional Robertson-Walker spacetimes if local supersymmetry is broken. Our proof is
model-independent as we merely assume that the gravitino has the standard kinetic term.

1 Introduction

Since the first consistent formulation of classical supergravity [DeZu76l, FENE76], super-
gravity theories have been studied with increasing interest, both from the conceptual and
from the phenomenological point of view, see e.g. [VNi&1] INill83]. On the conceptual side,
most works have been concerned with the quantization of supergravity on backgrounds
constituted by locally supersymmetric solutions of the field equations, i.e. Minkowski
spacetime and (anti-) de Sitter spacetime. Indeed, it is known that a unitary quantiza-
tion of supergravity is possible on such spacetimes, see e.g. [VNi81, Mal97], but, to our
knowledge, this statement has never been proven for general spacetimes.

However, the universe we live in is not a spacetime of constant curvature like Minkowski
or (anti-)de Sitter spacetime, but rather a more general and less symmetric one. Hence, if
supergravity theories are supposed to describe (part of) nature, one has to clarify whether
these theories can exist as quantum theories on spacetimes other than those with constant
curvature. Even setting aside this fundamental point of view and taking a more pragmatic
approach, one has to acknowledge that the gravitino, part of any supergravity theory, is
a good candidate for dark matter [PaPr81] and, hence, at least the status of quantum
supergravity on cosmological Robertson-Walker spacetimes has to be clarified.
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Admittedly, the prevailing attitude in particle physics is that gravity is a weak force,
such that spacetime curvature can be neglected or treated perturbatively in particle
physics computations and analyses — the expectation is that the results of analyses in
standard quantum field theory on Minkowski spacetime can be understood as ‘Minkowski
limits’ of more general quantum field theory in curved spacetime treatments, and that one
is very close to that Minkowski limit in most cases. Hence, one usually does not worry
much about deriving the existence and/or consistency of this limit from first principles.

This is true enough for the quantum field theories describing the particles we have
observed yet, i.e. particles of spin < 1, but may not be true for particles of spin > 1.
Indeed, there are examples of physical theories with small parameters which are not
perturbative in these parameters. Consider e.g. the quantum field theory of a single
massive vector field with mass m. This theory describes three degrees of freedom for
m > 0, however small m may be, but only two degrees of freedom if m = 0. This
qualitative change in the m > 0 theory can not be captured by a perturbative expansion
around the m = 0 theory.

In this work, we prove that a similar phenomenon occurs in supergravity — as soon as
the smallest bit of (non-constant) spacetime curvature is present, which usually means that
local supersymmetry is broken, supergravity can not exist as a consistent, i.e. unitary,
quantum theory. In more detail, we proove that the free gravitino can not exist as a
unitary quantum field in this case, which means that supergravity can not be quantized
perturbatively — but it may still be non-perturbatively quantizable.

Usually, unitarity of a quantum field theory is not a big issue in the context of non-
interacting theories, so what can go wrong? As we shall explain in more detail in the main
body of this work, in a potential quantum theory of a free spin % field, the anticommutator
of the quantum field 1® and its adjoint 1), corresponds to an expression of the form
ATA 4+ AAT, such that the canonical anticommutation relations can be written as

ATA 4+ AAT = cl

with ¢ a c-number. If we take the expectation value of this equation in an arbitrary state
|2) with (©|Q2) = 1, we find

= (Q(ATA + AAN|Q) = (AQJAQ) + (A1Q[ATQ) > 0.

Hence, ¢ > 0 is required by consistency. As we shall explain, ¢ is given in terms of
the anticommutator function of the spin % field, which in turn is just the difference of
the advanced and retarded Green’s functions of the free spin % field equation. Thus,
a consistent quantization is possible if this anticommutator function is such that ¢ >
0, whereas, if the anticommutator function does not bear this property, a consistent
interpretation of 1® and ), being operators on some Hilbert space is impossible, at

least if one wants to impose the usual anticommutation relations required in canonical

LA rather mathematical analogon is the function f(z) = 0% := lim,_,o €*!°8¥, which is identically zero
for x > 0, whereas f(0) = 1.



quantization. Indeed, one of the two main results of this work is that ¢ > 0 does not
hold for the gravitino field in flat four-dimensional Robertson-Walker spacetimes of non-
constant curvature. Our result depends entirely on the kinetic term in the field equation
for the free gravitino and is thus independent of the details of the supergravity model,
i.e. the other fields and the interactions, and, if local supersymmetry is broken, on the
detailed breaking mechanism.

Before we reach this result, we take a broader point of view and consider the question
whether arbitrary free spin % fields, i.e. arbitrary linear equations for a spin % field,
can lead to a consistent quantum field theory on all curved spacetimes, that is, also on
spacetimes which are not required to be satisfy the Einstein equations. This approach is
usually taken in quantum field theory on curved spacetimes (see, e.g. [BiDa82l, [Wa95],
and [HaclQ] for a recent review) and is, although more general at first glance, different
from the supergravity setting. Namely, in the latter case, one usually assumes that the
background spacetime satisfies the Einstein equations for consistency [DeZu76, Tow77],
whereas, in quantum field theory on curved spacetimes, one generally first checks that
everything works without a detailed knowledge of the background spacetime and then
considers the situation of special backgrounds in a second step.

Following this route, we introduce four conditions on possible spin % field equations
in four-dimensional curved spacetimes and prove that they are sufficient to ensure that a
consistent quantization of the associated field theory is possible. In brief, these conditions
are

o (Irreducibility) The field equation describes an elementary spin % particle, i.e. prop-
agates the correct number of degrees of freedom.

e (Covariance) The number of degrees of freedom is independent of the background
spacetime curvature.

e (Causality) The solutions of the field equation propagate causally.

e (Selfadjointness) The adjoint field equation can be obtained by partial integration.

Our proof of the sufficiency of these conditions holds only for topologically trivial curved
spacetimes, but we argue that an extension of the proof to spacetimes of non-trivial
topology is possible.

Given these conditions, we consider a large class of linear spin % field equations ob-
tained from the minimally coupled Rarita-Schwinger equation by the addition of non-
minimal couplings, and prove that no field equation in this class satisfies all four sufficient
conditions. While proving this it becomes apparent that an enlargement of this class of
field operators can hardly improve the result, such that, on practical grounds, one could
claim that no modified Rarita-Schwinger operator can satisfy all these conditions.

As we consider modified Rarita-Schwinger operators, our no-go theorem only covers

field equations in the Rarita-Schwinger representation (1,3) @ (3,1) of SL(2,C), where



the spinor is written with one Dirac index and one Lorentz index, but does not encompass
field equations in the other possible spin % representation, the Buchdahl representation
(3,0) @ (1,3), where the equations are written in terms of two-spinors [Buc58, Buc82].
These two representations are equivalent in Minkowski spacetime and for free fields, but
fail to be so in curved spacetimes, see e.g. [[ISch99]. Indeed, Buchdahl has written
down a set of equations in the Buchdahl representation [Buc82) Wiin85] which have the
advantage that they solve the consistency problem for higher spin field equations [Buc58]
simultaneously for all spins. These equations have been analysed in great detail, see
[MISch99| for a review, and the possibility to obtain a consistent quantum theory for these
equations has been explored [Miih07, Mak11]. However, the results to date have not been
promising and, although not proving a no-go theorem for the Buchdahl equations and
modifications thereof, we shall argue why a consistent spin % quantum field theory on the
basis of the Buchdahl equations seems unlikely to exist.

After addressing the general issue of consistent spin % quantum field theories in curved
spacetimes, we focus on supergravity theories. As the four sufficient consistency conditions
are only sensible if one wants to quantize the spin % field without any knowledge of the
background spacetime curvature, our general no-go theorem does not cover supergravity
theories. Moreover, the conditions used in this theorem are only proven to be sufficient,
but they may not be necessary. To improve on these drawbacks, we introduce a new
condition, which is a weaker version of (Selfadjointness) — we require that the canonical
classical current associated to the field equation is covariantly conserved. Afterwards, we
prove that this condition is a necessary condition for a free Majorana spin % field theory to
be consistently quantizable, no matter how much information of the spacetime curvature
enters the quantization. Using this result, we reach the second main conclusion of this
work, and find that the gravitino can not be unitarily quantized on flat four-dimensional
Robertson-Walker backgrounds which are not Minkowski or (anti-)de Sitter spacetime.

Our paper is organised as follows. In section 2 we recall the quantization of the
free Rarita-Schwinger field in Minkowski spacetime, and discuss why it is consistent, i.e.
unitary. Afterwards, we discuss the issue of consistency of spin % quantum theories in
curved spacetimes in section 3, and introduce four conditions to assure this consistency.
In section 4, we discuss various spin % field equations present in the literature and argue
why the fail to satisfy the consistency conditions. We then consider a class of modified
Rarita-Schwinger equations for spin % fields in section 5 and prove a no-go theorem for
their consistent quantization. Finally, in section 6 we address the issue of supergravity
theories and prove a no-go theorem for their consistent quantization on Robertson-Walker
spacetimes. The appendices A to F contain background material and the proof of a few
fiducial technical results.

The reader only interested in the results on supergravity theories may readily skip the
sections 4 and 5, whereas the sections 2 and 3 may be helpful to understand the general
obstructions in constructing a consistent spin % quantum field theory.

In the following, we shall denote Lorentz/spacetime indices by small Greek letters,
whereas Dirac spinor indices will be suppressed throughout. All expressions are valid



in an arbitrary basis of the considered vector bundles unless otherwise noted. We work
with spacetime signature (4, —, —, —) and our conventions and notations regarding Dirac
spinors and curvature tensors are collected in the appendices [Al and [Bl

2 The free Rarita-Schwinger field on flat spacetime and conditions for a
consistent quantization

2.1 The classical free Rarita-Schwinger field on flat spacetime

We briefly review the classical theory of the free Rarita-Schwinger field ¢* in flat space-
time, and already present it in a form suitable for our analysis in this work. The Rarita-
Schwinger field is a function on Minkowski spacetime which carries one spacetime index
and one Dirac index, i.e. mathematically speaking, ¥* € I'(RM) is a smooth (i.e. in-
finitely often differentiable) section of the Rarita-Schwinger bundle RM := DM @ TM
over M, where TM and DM denote the tangent and Dirac bundles over M respectively,
and I'(B) (I'g(B)) denotes the smooth sections (smooth sections with compact support,
i.e. ‘test sections’) of a bundle B. To endow this field with dynamics, one imposes the
Rarita-Schwinger equation [RaSch4l]

Ro® :== (—ig + m)v* =0 (1)
and the constraint

Y=y =0. (2)

The latter constraint corresponds to removing the spin % piece (%,0) @ (0, %) from the

2 )
reducible representation

(Go)e2)eGa)=(2)ea) e (o) (02)

of SL(2,C) corresponding to DM@ TM. Upon contracting the Rarita-Schwinger equation
with v* and applying the constraint,

Ou® =0 (3)

follows, and, applying the operator i¢ + ml to the Rarita-Schwinger equation yields the
Klein-Gordon equation
(O +m?)y* = 0.

If m = 0, there is a gauge freedom present. Indeed,
P and Y+ 0%, x eT(DM) & Jx =0

are gauge-equivalent [RaSch41]; we shall see in the discussion of the quantization why
“gauge-solutions” 1¥* = 9%y represents “unphysical” degrees of freedom. In analogy to
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the Dirac field case, one can show that the Dirac-conjugated Rarita-Schwinger field 1"
(cf. appendix [A] for the exact definition) solves the conjugated Rarita-Schwinger equation
(i +m)y” = 0 iff Royp™ = 0.

As (ig +ml)Ry is the unit matrix times the Klein-Gordon operator, i.e. a hyperbolic
differential operator, one can proove that unique advanced and retarded Green’s opera-
tors/functions for the Rarita-Schwinger operator exist [BGP07, Miih10]. Denoting them
by G*3, their operator versions fulfil

RoG*5f% =GRy f* = f* Vf* e 'y(RM)

and have the usual causal support properties, i.e. G5 i (G5 f?) is only non-vanishing
in the forward (backward) lightcone of the support of f?. By defining

G Tng®) = (17,6459 = [ da ) [6420°] (@)

M

and interpreting Gig(fg, g%) as

G (s g") / dady fo(z)G2 (2, y)g(v)

MxM

one obtains the Green’s functions Gig(x,y) associated to the Green’s operators Gig.
These fulfil Ro,xGig(:ﬁ,y) = 050(x,y), which is equivalent to RoG*3f” = f*. For our
discussion, viewing the Green’s solutions of the Rarita-Schwinger operator as operators
rather than functions (bi-distributions) is more convenient since it allows for a concise

notation. The difference
. —x +a
g =G B G B

defines the causal propagator G%, a surjective map [BGPQO7, thm. 3.4.7] from T'g(RM)
to the solutions of the Rarita-Schwinger equation with compactly supported initial con-
ditions, whose space we denote by S(Rg, M). In other words, every solution of Ro1)® = 0
with compactly supported initial conditions on a Cauchy surface/equal-time surface, i.e.
every “Rarita-Schwinger wave packet”, is of the form ¢* = G f? with some f# € T'y(RM).
Such f? is non-unique, as the kernel of G§ is non-trivial. Indeed, Gggﬁ = 0 for all ¢*
of the form ¢° = Ryg” for some §° € I'y(RM). In the quantized Rarita-Schwinger field
theory, the causal propagator is employed to defined covariant canonical anticommutation
relations (CAR) as we shall discuss in the next subsection, which is why G?(z,y) is often
called “anticommutator function”. Note that G”(z,y) = 0 if z and y are spacelike sepa-
rated, which is why G?(z,y) = 0 is indeed a physically sensible choice of anticommutator
function.

2Theorem 3.4.7 in [BGP07] does not prove the surjectivity of the causal propagator for Rarita-
Schwinger operators, but the proof holds analogously for all strictly hyperbolic operators.



The above synopsis of the solution theory of Roy® = 0 has been independent of
the constraint ¢ = 0. In fact, it is important to clearly fix the convention that ¢ = 0
is considered as an additional constraint on solutions, i.e. elements of S(Rg,M). To
distinguish constrained and unconstrained solutions, we define

F(Ro, M) := {¢* € S(Ro, M) | ¢f = 0}

Vo(RM) := {f* € To(RM) | G5 f* € $(Ro, M)} .

To make sure that the classical Rarita-Schwinger field theory is non-trivial, one has to
check that J(Ro, M) does not contain only the zero solution. To this avail, one can derive
that, for all ¥* € S(Ro, M) their contraction ¢ fulfils

(O+m*)¢¥=0.

Since this is again a hyperbolic differential equation, demanding that ¢ and its derivatives
are vanishing on a Cauchy surface is enough to assure that ¢ = 0 on the full spacetime
without further restrictions on ¢ itself. With other words, ¥/ = 0 can be regarded as a
constraint on the initial conditions of elements of S(Ry, M) and one can check that the
constrained space of initial conditions is non-trivial; hence, $ (R, M) is non-trivial either.

Our way to introduce and define the Rarita-Schwinger equation mimics the original
definition by Rarita and Schwinger [RaSch41], whereas in modern treatments of the sub-
ject, a slightly different approach is taken. Namely, instead of specifying the differential
equation (I]) plus the constraint ,1* = 0, one specifies only a differential equation which
is such that its solutions automatically fulfil this constraint. Since these two approaches

yield different results upon minimal coupling to spacetime curvature, we briefly review
the modern definition. To this avail, let ¢* € I'(RM) fulfil

Rugpt = (177,05 + my¥y™) 1y = 0, (4)

where [ | denotes idempotent antisymmetrisation and ¢***? is the unique antisymmetric
tensor with €923 = 1. Let now m > 0. Using e#?7~> = ~lq¥~yP°l and

”}/[“1 . ~f>//’l'”} — fy[/’“ .. .f}/lu‘”*l]fy/‘l‘” — (n — 1)7[“1 e fy“n*2g“nfl}ﬂn (5)
— ,ym,y[uz . -,yun} _ (n _ 1)7[;@ . _,yﬂnflg/ln]/ll :

one finds that contracting R1¢® = 0 with 0, yields gy = 9,4" for all solutions of ().
Inserting this into (@) and contracting the result with =, leads to ¥y = 0 on shell and,
hence, to 0,9" = 0 on shell. Finally, inserting these identities into (4), one finds that, on
solutions, Ry = Ry, hence, $(Ro, M) = S(R1,M). In the massless case, one can use part
of the gauge equivalence of ¥* and ¢* + 0%y with arbitrary x € I'(DM) to require ¢ = 0
(see e.g. [VNi8&1]), which, once more, leads to the on-shell identities 0,9 = 0, Ry = Ry.



2.2 The consistency of the free Rarita-Schwinger quantum field in flat spacetime

To canonically quantize a classical field theory, one imposes canonical (anti)commutation
relations. In the case at hand, the covariant CAR of the Rarita-Schwinger field are
specified by the causal propagator G i.e.

{97(2), %a(W)} = ¥ (@)Pa(y) + Pa(y)¥’ () = iGL ()1, (6)

where we shall denote the (anticommuting) quantum field ¥ with a bold-faced letter here
and in the following, in order to distinguish it from the (c-number) classical solutions )*
of the field equation. By means of the results discussed in appendix [D] these covariant
CAR can be seen to be equivalent to the often imposed equal-time CAR. To understand
this, we first recall that a quantum field ¥*(z) at a spacetime point x is too singular to
be a well-defined operator on some Hilbert space. In other words, if |{2) is a normalised
state, i.e. a Hilbert space vector of unit norm, 1(x)|{2) is not normalisable any more,
which is related to the fact that the anticommutator function iG2(z, y) is singular if x = y
(in fact, if  — y is lightlike). To cure this, one can “smear” the covariant field ¥*(z),
i.e. integrate it with a test section f,. In contrast, in the equal-time formalism, the
quantum field (¢, ¥) is a well-defined operator once integrated with a solution of the
Rarita-Schwinger equation rather than a test section, hence, we employ the capitalised
notation to distinguish the equal-time quantum field ¥ from the covariant quantum field
¥®. In more detail, the smeared fields

WO (f) = / dr fo(2)p%(x) and W© (@) - / 7 {Gﬁfg}(t,f)\pa(t,f)

are considered to represent the operators, such that the discussion in appendix [Dl can be
subsumed as

i / dzdy fs(x)Galz,y)g*(y) = iGalfs, 9%) = (" (f5), ¥al9®)} = (7)

— (WG, Wa(Gig )} = — [ dr [GRR] (210 (Gl (1.2).
Hence, the covariant CAR (@) are equivalent to the equal-time CAR
{\Ila(tv fl)v Hﬁ(tv j’2)} = 155 (flv i‘»?)l )

where IT, := i¥,4" is the momentum canonically conjugated to ¥,

We shall now discuss a non-trivial condition for the above canonical quantum theory
of the free Rarita-Schwinger field in flat spacetime to be consistent, i.e. ‘unitary’. To this
avail, let us note that the proposed anticommutator of a smeared Rarita-Schwinger field
and its adjoint

{a(F), 9" (f5)}



is bound to be a positive operator, i.e. to have positive or vanishing expectation value in
any quantum state |2). Indeed, Hermitean conjugation (i.e. conjugation with respect to
the Hilbert space scalar product) acts on the quantized Rarita-Schwinger fields as

@) = Pa(f) @Balf)) =9 () VS € To(RM),

which corresponds to the classical identity

*

(%, Py = / dr (@) (@) | = WP, 1)

M

with * denoting complex conjugation; hence, the considered anticommutator can be writ-
ten as

{Pa(f*), 0" (fa)} = ATA+ AAT  A:=4"(fs),

and this expression fulfils
(QUATA 4+ AAN Q) = (AQAQ) + (ATQ|ATQ) > 0.

Since {1, (f*),¢"(fs)} is equal to the smeared causal propagator times the unit operator
1, and ¢l has positive expectation values iff ¢ > 0, the quantization of the free Rarita-
Schwinger field on Minkowski spacetime is only consistent if ¢ times the causal propagator
is a positive semidefinite distribution on “constrained test sections”, i.e.

iGo(fs, f*) 20 Vf* € Vo(RM).

It is important to require this condition for all test sections f¢, since ¥”( fs) for different
f® represent different operators in general. In more detail, if |2) is the vacuum state,
%7 (f5)|€) corresponds to a single particle state associated to the classical wave packet
Y = Gj f8. Hence, the consistency condition discussed above is loosely equivalent to
demanding that all wave packet quantum states have positive norm (they may have zero
norm if the corresponding classical wave packet ¢* is vanishing).

We shall now discuss why the causal propagator bears the positivity property required
by consistency in Minkowski spacetime and at the same time obtain a more hands-on
understanding of why the smeared anticommutator of a Fermionic quantum field should
have positive expectation values. By (), we have to check if

- [ @GRl (G D 20 v e To(RM),

ie. if

- / AT, (1, B 0 (8, 7) > 0



for all wave-packet solutions v, of Royp® = 0 which fulfil 4 = 0. Since the Rarita-
Schwinger equation is diagonal in the Lorentz-index, every ® € S(Rg, RM) can be
expanded as

v(6.3) = [ dRigoe. ),

where 1&?‘]; are coefficients rapidly decreasing in k for large k and v;';(t, Z) are orthonormal

and complete modes of the Dirac field given in appendix [Cl These properties of v%(t, )
imply that

— / AT, (t, D)y ") (t, T) / di Z( wk)

We now recall that ¢ = 0 implies 9,1* = 0. Hence, the mode expansion coefficients of
»® fulfil

where
o Fw [+
(ki) = ( i ) w=1\kZ+m?2.

Let now m > 0, then (k*)® is timelike, hence, ¢a must be spacelike for all i and & on
account of the linear independence of the Dirac modes Consequently,

/de( ,m) >0

and we find that iG is strictly positive on the constrained test sections. If m =0, (k*)~
is lightlike and the coeﬂi(nents w‘% are thus either spacelike or proportional to (k*)°.
The constrained solutions ¢® Wlth the latter property are precisely the “gauge solutions”
Y* = 0%y briefly mentioned in the previous subsection. If one divides them out from the
allowed solution space (which heuristically corresponds to removing “zero norm states”),
i(G§ is strictly positive on the resulting constrained solution space of “gauge-equivalent”
solutions.

3 Conditions for a consistent canonical quantization in curved spacetimes

The discussion in the previous section on what canonical quantization of an elementary
spin 3 3 field means in flat spacetime can be directly taken over to general four-dimensional
curved globally hyperbohcﬁ spacetimes (M, g,,). We consider a first order differential

3For a full definition of such spacetimes, see e.g. [BGP07,[Wa84]. Loosely speaking, on such spacetimes
there always exist unique solutions of hyperbolic partial differential equations with suitable initial data
on equal-time surfaces.
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operator R on smooth sections ¥* of RM = DM ® TM, where TM and DM are the
tangent and Dirac spinor bundles of (M, gu,,)H and a supplementary constraint on the
contraction ¥ = v,* of solutions ¢ of Ryp* = 0, i.e. ¢ is (locally) a function on M
carrying a tangent space index and a (suppressed) Dirac index. To canonically quantize
the field theory related to R and the supplementary constraint, we impose canonical
anticommutation relations

{¥7(x), %a(y)} = iGo(z,y)1

specified by the causal propagator G§ = G‘g — G+g of R, provided that unique advanced

and retarded Green’s operators Gig exist for R. Again, a quantum field 1)” (x) at a point
x is too singular to be a well-defined operator on some Hilbert space, and one rather has
to consider fields integrated with test sections (i.e. compactly supported smooth sections)

W (fo) = / dyr Fula)(2)  Balf) = / dye o (2)f*(z) 1€ To(RM),

M M

where dyz denotes the metric-induced covariant measure on M, as candidates for proper
Hilbert space operators. As the causal propagator Gig of R maps test sections f* to wave-

packet solutions of Ry = 0 in a surjective manner, ¥ (f.), ¥, (f®) can be considered
as the quantum field operators corresponding to the classical wave packet ¥* = G§ f5.
These operators should be interrelated by Hermitean conjugation T as

(W (o) = %a(f) (@alf)) =9(fa),

thus consistency requires that their anticommutator has a positive expectation value; this,
i.e. “unitarity of the quantum theory”, in turn is fulfilled only if

G £2) = 107 G2%) =i [ dyafale) [G21] () 2 .

M

This condition on iG?(fs, f*) is, however, only required for f¢ which are such that Gy i
solves the supplementary constraint on 7,G5 f B as we are only interested in quantizing the
degrees of freedom corresponding to an elementary spin % field, which in flat spacetimes
corresponds to an irreducible representation of the Poincaré group specified by R = Ry

and the constraint ¥ = 0. Note that iGZ(fs, g*) > 0 on constrained test sections implies
that (-,-) defined as

(Gof*, Grg") =iGo(fs. 9%)

gives a positive semidefinite product on constrained wave packet solutions of Ry* =0

41t is well-known that a spin structure exists on all four-dimensional, globally hyperbolic curved
spacetimes [Ger68|, [Ger70], such that DM can always be constructed for such manifolds.
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From the above outline of the canonical quantization of a free Rarita-Schwinger field
on general curved spacetimes we can already read off a few necessary conditions for such
quantization to be well-defined. In the following, we complete and/or transform these
conditions to a — as we will argue — complete set of sufficient conditions. Note that,
strictly speaking, we are only dealing with algebraic conditions on the quantum field
theory at hand and it does not matter how the Hilbert space on which ©*(f,), ¥, (f%) are
supposed to act looks like. In fact, if iG?(f5, f*) fails to be positive semidefinite, one can
not consider ¥*(f.), ¥, (f) as operators on any Hilbert space. Moreover, the question
of selecting a Hilbert space in quantum field theory on curved spacetime is always tricky
if the curved spacetime does not possess any symmetries, see e.g. [BiDa82l [Wa95|, [Hac10]
for a general discussion.

We now state the anticipated conditions and comment on them afterwards.

Definition 1 Let R be a first order differential operator on smooth sections I'(RM) >
Y of RM = DM @ T M. Moreover, let A, be a differential operator which maps smooth
sections of RM to smooth sections of DM and let S(R, M) and $(R, M) be defined as

S(R,M) :={¢* €e '(RM) | Ry = 0 and ¢ has compact support on any Cauchy surface}

F(R,M) = {y* € S(R, M) |9 = Aay"} .

We say that R and A, lead to a consistent canonical quantum field theory of an elementary
spin 2 field on (M, g,), if the following conditions are satisfied.

(Irreducibility) In Minkowski spacetime, Ao, =0 and $(R,M) C g(Ry, M).

(Covariance) $(R, M) is locally covam’amﬁ, i.e. for every globally hyperbolic re-
gion (M', g, |m) C (M, g,) whose causal structure is independent of (M, g,,) out-
side of (M’,gW|M/)|§L F(R, M) is independent of (M, g,.) outside of (M', g,u|mr),
i.e. F(R,M") = F(R,M)|ry. Moreover, either A, = 0 on all spacetimes, or
Y = A is automatically fulfilled for all solutions, viz. $(R, M) = S(R, M).

(Causality) R is strictly hyperbolic.
(Selfadjointness) R is formally selfadjoint w.r.t. (-,-), i.e. (RTg% f*) = (Rg”, f*)
with RT defined as

(Rig%, ) = / 0y RIGalD) () := / 0y Ga(@)RF*(z) = (6% R %)

M M

for all f*, g® in To(RM).

>This condition has been emphasised and elevated to a principle in [loWa01, [BFV03].

®By this we mean that every causal curve between two points in (M’, g,.|m) as a subspacetime of
(M, g,uv) lies completely in M’, such that the embedding of (M, g, |am) into (M, g,.) does not add new
causal relations between points in M.
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Let us first comment on (Causality). This condition avoids that solutions of R prop-
agate acausally or have no sensible propagation behaviour at all. Additionally, it as-
sures the existence of unique advanced and retarded propagators Gig of R, such that
covariant canonical anticommutation relations can be formulated at all by means of

5= G_g — G+g. (Causality) is in particular fulfilled if there exists a fiducial operator R

such that RR is a normally hyperbolic operator, i.e. a wave operator [BGPOT7, Mih10],
but the more general condition that R be strictly hyperbolic is sufficient for R to have
a good solution theory, see e.g. [CoHi89, [CDD96|, [Hor94]. Without going into details,
we briefly mention that strict hyperbolicity is a condition on the principal symbol — the
coefficient of the highest derivative — of a differential operator.

Additionally, the first two of the above conditions assure that the field theory defined
by R and A, is a covariant generalisation of the free Rarita-Schwinger field theory on
Minkowski spacetime. Particularly, we want to assure that the considered field theory
does not contain more (or less!) physical degrees of freedom than those possessed by a
free Rarita-Schwinger field theory (with m > 0) on flat spacetime, and that we can analyse
these physical degrees of freedom in an arbitrarily small region of a spacetime without
knowing what the spacetime looks like far away from this arbitrarily small regionlf]. One
may think that simply writing down the Rarita-Schwinger equation and the constraint as
covariant tensor equations is enough to achieve this. That this is not the case and what
can go wrong will become clear when we discuss the minimally coupled Rarita-Schwinger
equation in the next section.

The additional requirement posed in (Covariance), namely, that A, = 0or g(R, M) =
S(R, M), is in principle stronger than the local covariance we would like to achieve, but we
have not been able to prove that the constraint ¥ = A,y fulfils local covariance except
in these two special cases. Indeed, if R is a covariant differential operator and (Causality)
holds, then S(R, M) is locally covariant, because initial conditions in M’ C M completely
determine elements of S(R,M’); given that S(R,M) is locally covariant, $(R, M) is
locally covariant as well if one of the two required conditions on A, is fulfilled, as both are
trivially “spacetime-independent”. Hence, with our current understanding, the additional
conditions on A, posed in (Covariance) are only sufficient, but not necessary.

One might hope that abandoning (Irreducibility) and allowing for a non-trivial coupling
of the components with spin % and spin % of p* € I'(DM ® T M) simplifies the situation.
However, we will see in the next section that two examples of operators which fulfil
(Covariance), (Causality), and (Selfadjointness), but not (Irreducibility), do not lead
to a consistent quantum field theory. Of course, a composite field of spin %, eg. a
tensor product of a Dirac field and a vector field, can be quantized consistently. But this
composite field fulfils a differential equation of mixed (second and first) order, and we
are only considering first order operators on I'(DM ® T'M) in this treatment (this also
rules out a tensor product of three Dirac fields, which can certainly also be quantized in
a consistent manner).

"See [BEV03| for an in-depth discussion of the physical idea behind local covariance.
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We finally comment on (Selfadjointness). As we have seen in the last subsection,
the relation between equal-time and covariant CAR is essential for the proof that the
free Rarita-Schwinger field in Minkowski spacetime can be canonically quantized in a
consistent way. This relation in turn relies on the fact that R is formally selfadjoint.
Indeed, as discussed in appendix [D| formal selfadjointness of a first order differential
operator R implies that the principal symbol o* of R defines a covariantly conserved
current

7 [0 ] = Va0

and that the smeared causal propagator iG2(fs, g*) is just the “charge” corresponding to
this current, i.e. the time-component of j* integrated over an equal-time surface. We are
not aware of any way to assure the duality between equal-time and covariant CAR without
using formal selfadjointness of the considered first order differential operator R, but,
although it may be awkward to abandon this duality, one might consider the possibility
that only covariant CAR can be implemented and iG?(fs, f*) > 0 can be proven even if
R is not formally selfadjoint. However, our results in appendix [E] demonstrate the tight
relation between positivity of iG?(fs, f*) and formal selfadjointness of R. On the one
hand, we are able to prove that selfadjointness implies positivity on curved spacetimes,
if positivity on flat spacetime is already known. On the other hand, we prove a weak
converse of this: if positivity holds for Majorana fields, then the current j# constructed
out of the principal symbol of R must be conserved. Hence, although we don’t have a
full proof that selfadjointness of R is necessary for the unitarity of the canonical quantum
theory associated to R, we altogether consider selfadjointness to be an essential ingredient.

Note that, in principle, it is sufficient to prove selfadjointness of R only on test sections
f* which via Gg correspond to solutions ¥ of Ry® = 0 that fulfil the constraint ¥* =
A, However, as we have not been able to characterise these constrained test sections
explicitly and without knowing selfadjointness a priori, we require the sufficient condition
that selfadjointness holds on all test sections. This holds for e.g. the Rarita-Schwinger-
operator Ry on Minkowski spacetime and for the Dirac operator on all curved spacetimes.
Moreover, if (R, M) = S(R, M), as optionally required in (Covariance), then all test
sections trivially belong to the class of constrained test sections.

4 (Modified) Rarita-Schwinger equations present in the literature and their
drawbacks

We shall now comment on various versions of the Rarita-Schwinger equation on curved
spacetimes present in the literature, and remark why they fail to satisfy one or several
consistency conditions formulated in definition [II

14



4.1 The original Rarita-Schwinger operator with ¢ =0

The minimally coupled original Rarita-Schwinger operator Ry on RM is defined as
Ro = —’LV + ml

and supplemented by the constraint
Y=0,

where V is the covariant derivative associated to the Levi-Civita connection on DM QT M.
Ry and A, = 0 manifestly fulfils (Irreducibility). Moreover, (Causality) is fulfilled as
(1¥ 4+ m1)Ry is a wave operator, and one can easily verify that (Selfadjointness) holds
as well. However, (Covariance) does not hold, as one can check by a direct computation.
Namely, using ¥ = 0 A Royp® = 0 = Vo = 0 and the curvature identities listed in
section [Bl, we can compute

VoY +mige =0 = V.V =0 = [Vo V=0 = R’ =0.

Unless the spacetime (M, g,,) is an Einstein manifold, i.e. unless R, = iRgW, the
latter identity can only hold if 9% = 0, hence, Roy* = 0 A ¢ = 0 has only the trivial
solution on general spacetimes (M, g,,,). This phenomenon is well-known since the works
of Buchdahl [Buch8] and usually called ‘inconsistency of the classical field equation’.
Moreover, this is in conflict with (Covariance) as one can see by considering the following
gedankenexperiment: we image that we are living in a region of spacetime, where R, =
iRgW holds, e.g. in a locally Ricci-flat region, and we ask ourselves if non-trivial solutions
of Rop®* = 0 A ¢ = 0 exist. There is no way to unambiguously answer this question by
knowing only our local Ricci-flat spacetime region. If there is an arbitrarily small and
arbitrarily distant region in spacetime, where R, # iRgW, then (R, M) contains only
the trivial element, but if R, = iRgW on the full spacetime we are living in, then
S(Ro, M) is as large as it is suitable for the solution space of the equations describing an

elementary field of spin %

4.2 The original Rarita-Schwinger operator without ¢ = 0

Since in the previous example, the constraint ¥y = 0 has been used in the derivation of
RapyP® = 0 for all solutions of Rg1)® = 0, abandoning this constraint immediately avoids
this very strong restriction on solutions or on the background spacetime [Mith11]. Indeed
this setup fulfils (Covariance), (Causality), and (Selfadjointness) [Miih11], but obviously
fails to satisfy (Irreducibility). Hence, looking at the proof of unitarity in Minkowski, one
can easily find elements * of S(Ry, M) which fail to fulfil

- [ @, anem) 2 0,
e.g. all ¥* whose mode expansion coefficients dfl]; are timelike for all i, k would do.
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4.8 The ‘modern’ Rarita-Schwinger operator

Let us now consider the minimally coupled version of R, i.e. the equation
Rip" = (ie"* P,V + myay ), =0 y* € T(RM).

Following the route taken in the analysis of this operator on Minkowski spacetime, one can
contract the above equation with both V, and 7, to obtain derived identities satisfied
on shell. Upon doing so, one finds that this differential equation can be equivalently
expressed as

(—iV +m) ™ + (N“ + %7“> Y =0,

and that solutions of this equation satisfy

3im

By = Gy 3m*V,0r = (Y’ - T) G ®)

with G, denoting the Einstein tensor R, — %Rguy. From this we can immediately infer
that this equation does not satisfy (Covariance), since 3m*y = G, 7" is identically
fulfilled if G,, = 3m?2g,,, but restricts the solution space otherwise [DeZu76l, [Tow77].
Furthermore, the above equation satisfies (Irreducibility) only if m > 0, and (Selfadjoint-
ness) only if G, = 3m?g,, implies ¥y = 0 and one inserts this into R; and considers
the resulting “effective differential operator”; this is possible only on Einstein manifolds
which do not fulfil G, = 3m?g,,. Additionally, there are difficulties with (Causality), as
already pointed out by Velo and Zwanziger in [VeZw69]. They have analysed the equa-
tion Rqy* = 0 in the context of a classical electromagnetic background field rather than
on a classical curved background, but their results also hold in the latter case. We will
not perform the computations necessary to see the failure of (Causality) for R, at this
point since we will present the same calculations in a more general context in the next
section. For the moment, we would like to point out that the notion of a “minimally
coupled Rarita-Schwinger” field in curved spacetimes is ambiguous, as this can mean the
minimally coupled version of either Ry, or R;, whereas both equations have different
drawbacks and are not equivalent on general curved spacetimes.

4.4 The projected Rarita-Schwinger operator on RM mod ¢ = 0

This operator is the version of the Rarita-Schwinger operator which is usually discussed
in the rather mathematically oriented literature, e.g. [BaGill], see also [FrSp95] for a
generalisation to arbitrary half-integral spin. It can be constructed by implementing the
condition ¥ = 0 directly into the underlying vector bundle. This is achieved by defining
the (pointwise) projector P as

1
Py = 4 = 7Y,

16



and considering the (with obvious notation) bundle PRM := P(DM ® T'M) rather than
RM = DM ® TM. In order to obtain a well-defined field theory on PRM, one has to
make sure that the considered differential operator R maps I'(PRM) into itself rather
than into I'(RM). The latter is indeed the case for Ry, but this can be easily cured by
considering the operator Rp := PR, instead. Hence,

Rpt® = (i 4 mD® + oV, =0

is in principle a well-defined field equation for ¢ € I'(PRM). Moreover, the authors of
[BAGIL11l [FrSp95| verify that Rp fulfils (Causality) and in [BaGill] it is remarked that Rp
fulfils (Selfadjointness), but that the current j*[¢), 1*] built out of the principal symbol
o" of Rp does not give a positive result once integrated over a Cauchy surface. However,
the authors of [BaGill|] require that such positivity holds for arbitrary ¢* € I'(PRM),
whereas for a unitary quantum theory it only has to hold for solutions of Rpy® = 0.
Notwithstanding, as Rp does not fulfil (Irreducibility), one can not repeat the positivity
proof obtained for Ry in Minkowski spacetime. Although one can very well repeat it
for the solutions of Rp1® = 0 which satisfy 0,9 = 0 in addition, one can employ the
mode expansion of solutions of the Dirac equation in Minkowski spacetime to explicitly
construct a mode expansion for solutions of Rp1)® = 0 which do not satisfy 9,1 = 0 and
find examples for which j#[1)%, ¥*] integrated over an equal-time surface gives a negative
result.

4.5 The Buchdahl-Rarita-Schwinger operator with ¢ = 0

This operator has been constructed by Buchdahl in [Buc82] and is in fact the first op-
erator in the enumeration of this section which contains a non-minimal coupling to the
background curvature. Buchdahl’s idea was to modify the minimally coupled operator R
in such a way that the equation R,,y*¢" = 0 resulting from Ry)* = 0 obtains a suitable
‘right hand side’ which assures that it is identically fulfilled on all curved spacetimes. To
this avail, one starts with the ansatz

Rptp® = (—i¥ +m)p* +¢* =0  ¢* € T(RM),

where ibvo‘ is the sought-for non-minimal coupling term. Contracting this equation with
V4 and 7,, combining the results, and using the spin curvature identities in section Bl
one obtains the following differential equation for ¢

(—i¥ + m)P* + 2iVo)® = Ry "

Realising that this is a DM-valued equation, one makes the ansatz that @Za is completely
determined by a Dirac spinor B, i.e.

Y = (aiV* + biv*V + em~y®) B..
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Inserting this into the equation for @Za, one obtains

(2b + a)
4

{(21) —a)d+ R+ 4em? + (a + 4b — QC)imV} B = R, A" .

If this equation is not an algebraic equation for B, it will not assure that B = 0 in
Minkowski spacetime, and the resulting operator would not fulfil (Irreducibility). Hence,
one chooses a = 2b, ¢ = 3b and finds that

T o | s a a Ruu7M¢V

P* = (20V* +iv*Y + 3my )12m2—|—R

is the only solution compatible with (Irreducibility). Note that the resulting operator
is well-defined also for m = 0, although the original derivation in |[Buc82] has assumed
m > 0. However, if m = 0, R g is not analytic in the spacetime curvature. R fulfils (Irre-
ducibility) and (Covariance) by construction, but one can compute that (Selfadjointness)
and (Causality) do not hold on general spacetimes. Again, we refer the reader interested
in computational details to the next section.

4.6 The Buchdahl-Wiinsch operator on BM

The Buchdahl-Wiinsch operator Ry is constructed on a bundle differing from RM, the
Buchdahl-bundle BM. We shall not go into details here, but only mention that this
bundle corresponds to the representation (2,0) & (1,1) of SL(2,C) — we refer the reader
interested in details to [Buc82, Wiin85] and [Miih07, Mak11l [BaGilI] for a recent review.
Much like in the case of the projected Rarita-Schwinger operator on RM mod ¢ = 0,
BM has an irreducibility condition similar to the constraint ¢ = 0 built in and Rpw
can be understood as the projection of a fiducial operator to I'(BM); this projection is
only possible for m > 0. Rpw on I'(BM) fulfils (Covariance) and (Irreducibility) (as
discussed above, in a generalised sense) and can be shown to fulfil (Causality) as well
[[ISch99l Miih07, [Miih10]. However, it does not fulfil (Selfadjointness) as observed in
[Mak11]. The problem here is that any canonical product on I'o(BM) which corresponds
to
(.9%) = [ do fus?
M

on I'g(RM) has to include two covariant derivatives in order to make sure that “all
free indices are contracted in a covariant way”. Consequently, there are three canonical
products on I'o(RM), corresponding to the three possibilites to distribute two covariant
derivatives among two sections. All, this does not pose a problem in flat spacetime,
where partial derivatives commute, hence, all canonical products on I'o(BM) and the
one on I'o(RM) are equivalent in this case [Makll]. However, in curved spacetimes,
covariant derivatives do not commute, consequently, the operator Ry is likely not to
satisfy (Selfadjointness)on I'o(BM) endowed with any of the canonical products. Indeed,
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in [Makl11] it has been shown that Rpy is not formally selfadjoint with respect to the
canonical product where the field on the right is differntiated twice on I'o(BM) by proving
that a necessary condition for (Selfadjointness) to hold, the covariant conservation of the
canonical current associated to Rpw and the chosen product on I'g(BM), is only met in
spacetimes of constant curvature.

5 A large class of modified Rarita-Schwinger equations and a no-go theorem
for their consistent quantization

After posing sufficient conditions for a consistent canonical quantization in definition [
and discussing several counterexamples, we proceed to the first main goal of this paper, i.e.
proving that a large class of first order differential operators R on I'(RM) fails to satisfy
all four conditions (Covariance), (Irreducibility), (Selfadjointness), and (Causality). In
the course of proving this no-go theorem, it will become clear that the proof can be
extended to any larger class of operators without much effort, such that the class we shall
consider can be safely regarded as effectively exhausting all possible covariant first order
differential operators on I'(RM). Our proof does not cover operators on the projected
bundle PRM (cf. subsection [4.4]), since any such operator must be equal to Rp on flat
spacetime due to the requirement that it maps I'(RPM) to itself, and we have seen that
already Rp itself does not fulfil (Irreducibility) in subsection [£.41

Theorem 2 Let R be a differential operator on T'(RM) 2 ¢® of the form
RyY* = (—i¥V + m) ¢* + agmy“Y + a1iV Y + agiy*V " + aziy* Yy + e

where a; € C are arbitrary constants and Ja contains the following explicit non-minimal
curvature coupling

Ja =my*B+mC*+iD* +in*FE
B := bR, + by Ry
C%:= 1R " + coR N + cs RY® + csR* P
D% = diR* W + do (VR®)) " + 3R 7' VY + da (VRY,) V'Y + ds RYY* + dg (Y R) ¢
+ d7R* V" 4 dg (VO R) Y + dg RV Y + d1oR* V'Y + d1y (V'RY) 4 + d1a R, VA YY
+diz (VO Ru) 79" + dua (VVRO‘M) ¥ + dis R AV, "
E = e Ry YY" + €2 (VRuw) V'Y + esRYY + ea (VR) ¥ + €5 (V, R) VY + eg RV, 00"
+e7 (VFRL) VY + esR, VY + eg R, VHYY

Here, derivatives in brackets are meant to act only on the curvature tensors in the brackets,
and b;, ¢;, d;, e; are arbitrary complex-valued functions of curvature invariants and m of

®Note that all couplings containing the Riemann tensor Raps,, can be expressed via the spin curvature
tensor R,p. Furthermore, we have omitted all couplings which would be linearly dependent by means of
Bianchi identities.
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mass dimension —2. No such R fulfils all four conditions (Irreducibility), (Covariance),
(Causality), and (Selfadjointness).

Proof. We start by checking (Selfadjointness), since this turns out to be the strongest
condition. Indeed, as one can check by direct computation, (Selfadjointness) is fulfilled
on arbitrary curved spacetimes iff the following conditions hold.

agp = ag as = aj as = as by = ¢ by = by =0 cy = C3 c)=0c4
di=dy=ds=dr=dy=dyg=dip=dis=e =e3=re5 =3 =e9 =0
* * * * * * *
d2:d2 d4:€2 d6:d6 d8:€5 d11:€7 d13:d14 €4 = €4

Here, * denotes complex conjugation. In essence, requiring (Selfadjointness) rules out
terms where a curvature tensor multiplies a derivative of 1¥*, because such terms generate
derivatives of curvature tensors by the partial integration involved in the definition of the
formal adjoint of Rf. These curvature tensor derivatives can not be cured by explicitly
adding couplings of ¥* to curvature derivatives, as such terms must be present both in
R and in RT. Hence, (Selfadjointness) rules out arbitrary terms where a curvature tensor
multiplies a derivative of “, extending the validity of this proof to a larger class of R
containing all possible such terms. Moreover, the remaining terms in R allowed by (Selfad-
jointness) must be either “symmetric” themselves or appear in a “symmetrised” fashion.
Altogether one sees why the Buchdahl-Rarita-Schwinger-operator R and the minimally
coupled “modern” Rarita-Schwinger-operator R are already ruled out by (Selfadjoint-
ness).

We proceed by checking (Causality). We have to check (see e.g. [BaGilll remark
2.27]) that the principal symbol o of R is an invertible linear map if contracted with
timelike or spacelike k¥, but is non-invertible once contracted with a lightlike £,. Let k,
be timelike or spacelike and let ¢ € I'o(RM) fulfil

ikuau¢a = kwa - alkalﬁ - a2f}/ak“¢ﬂ - a37ak¢ = 07

where we have already taken into account that the allowed principal symbols are reduced
by (Selfadjointness). We have to check for which a; the above equation implies * = 0.
By multiplying the above equation with ¥ and k%, we can obtain the following derived
equations

(1 - CLQ)&/]{?lﬂﬂu = (CLl + ag)kzgﬁ (1 - 3@2)]{kulp‘u = (1 + 3a3)k2¢,

which we can rewrite as

(G ) () -0

As k,, is timelike or spacelike, this equation together with ik,0"1* = 0 implies y* = 0 iff
the determinant of the appearing 8 x 8 matrix is non-zero; this in turn is the case iff

—3a1a2+a1+a2—2a3—17&0. (9)
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We do not discuss lightlike £, as (@) will be sufficient to prove the theorem [

Finally, we check (Covariance) and (Irreducibility). To this avail, we contract Ry® = 0
with both v, and V,, combine the results and use the spin curvature identities listed in
appendix [B] to obtain the following equation for .

. (a2 - 1)(1 + a9 + 4&3)
2 — 4(1,2

+a —|—CL3) DZ%

(CLQ — 1)(1 + 4&0) 1+ ay + 4(1,3 .
1
+( 5 da, + 5 da, +ag | imYVy (10)
(CLQ — 1)(1 + as + 4@3) R 1+ 4@0 2 1
i N
+( 2 — day MY P sl s T
2 Lok v $=0
) i =0.
2—4&2 a 2—4&2

Here, requiring (Irreducibility) assures that 2 —4as # 0. To see this, note that contracting
RY* = 0 with ~, yields an equation which can be rewritten as

(2 — 4a)iV, 0" = (1 + ay + 4a3)iVe + (1 + dag)myf + ¢f . (11)

If 2 —4ay = 0, then iV, " = 0 would not follow from Ry* = 0 and ¢ = 0 on Minkowski
spacetime, hence g(R,M) C J(Ro, M) would not hold.

To assure that (Covariance) holds, we have to either guarantee that ¢ = A, "
holds automatically for solutions of RyY® = 0 or that A, = 0 on all spacetimes. Let us
check if the first of these conditions can be fulfilled. Without specifying A, explicitly,
we know that, in Minkowski spacetime, A, = 0 must hold on account of (Irreducibility).
However, in flat spacetime, ([I0) is a hyperbolic partial differential equation for ¢, as the
coefficient of [y is non-zero if we apply the condition (@) derived from (Causality) and
(Selfadjointness). Such a differential equation has certainly more possible solutions than
just ¥ = 0, hence, by combining (Causality), (Selfadjointness), and (Irreducibility), we
find that only the optional condition in (Covariance) that A, be identically vanishing on
all spacetimes can be fulfilled. Inserting this into (I0]), we are left with

1 a2—1

v m
BN STy

2-4@2

5 iV 4 iV, + $=0. (12)
In Minkowski spacetime, this equation is identically fulfilled and, hence, poses no addi-
tional constraints on solutions of R¢® = 0 and ¥ = 0. To check if (Covariance) holds,

we have to make sure that (I2) is identically fulfilled on all spacetimes once Ry® = 0

9From the mathematical point of view, strict hyperbolicity does not require that the notions of “time-
like”, “spacelike” and “lightlike” must be the ones inferred from g,,,, but they could be related to any
Lorentzian metric g;“, on M. However, our discussion of k,c* for k, spacelike or timelike w.r.t. g.,
implies that (@) is a necessary condition for R to be strictly hyperbolic w.r.t. to any Lorentzian metric
on M.
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and ¥ = 0 hold. To this avail, we insert ¥ = 0 into ([II), and both ¢ = 0 and (I1J) into
Ry = 0 to obtain

1 ~ . a as

iVt = YW+ Pp*=0.

These two equations are the only information on first derivatives of ¢* which one can
obtain from R¢* = 0 and ¢ = 0. However, the summand V,¢* in (I2)) contains first
derivatives of ¥ also in terms like e.g. R,, V*9", on which Ry = 0 and ¢ = 0 give no
information in general curved spacetimes. Hence, these terms must identically vanish in
V. *, which implies that the coefficients of all terms in ¢ which survive after inserting
1 = 0 and whose free index ¢ does not belong to v* or ¥ must vanish. Moreover the
coefficients of all terms where v* appears followed by other y-matrices must vanish as
well, as these terms also give rise to terms like e.g. R, V*9" if one considers them in
VMZM and commutes the contracted covariant derivative ¥ with the additional y-matrices
in order to use the available information on Y“. Analogously, the terms in @ZO‘ where
the free index ® belongs to ¢ but ¢ is multiplied by v-matrices are problematic in
YV and have to vanish identically. Altogether, avoiding the appearance of in general
undetermined ¢*-derivatives in (I2)) enforces

bh=c=c=dy=d¢=dz=dy=e=e;=0,
hence, the remaining terms in {DVO‘ not yet ruled out by (Covariance) are
Y =mes Ry + esv”* (V, R) ¢¥ .

We can now explicitly compute the left hand side of (I2)) by inserting this expression for
Ja and the knowledge on V9" and ¥ obtained from R¢® = 0 and ¢ = 0. The result
does not contain any derivatives of )%, but is a sum various curvature tensors multiplying
¥®. In general spacetimes, some of these terms are linearly independent and, hence,
have to vanish individually in order for (I2]) to be identically fulfilled on all spacetimes.
Particularly, since the only term in the left hand side of (I2]) containing the Ricci tensor
turns out to be the one explicitly visible in (I2), we obtain

RA"p" =0

as a necessary condition for (I2)) to hold on general spacetimes. However, this is in conflict
with (Covariance), which closes the proof. One can imagine that the steps taken in the
last paragraph of this proof can be generalised to arbitrary couplings of the curvature
to ¥, and we have argued in the discussion of (Selfadjointness) that the same holds
for arbitrary couplings of the curvature to derivatives of ¢®, hence, we presume that our
proof effectively exhausts all possible covariant first order differential operators on I'(RM).
Finally, we would like to emphasise that our proof covers both m > 0 and m = 0. O
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6 Supergravity - a possible way out?

In the first part of this work, we have proven a no-go theorem for the consistent quantiza-
tion of a free spin % field on spacetimes whose curvature is not explicitly known a priori.
To make sure that this lack of knowledge has no influence on the outcome of the quan-
tization procedure, we have imposed the consistency condition (Covariance) (cf. section
3), i.e. we have demanded that the number of degrees of freedom of the field theory is the
same in all curved spacetimes. As can be inferred from the previous section, the condition
(Covariance) has indeed played a crucial role in proving that none of the considered free
spin % field equations leads to a quantum theory satisfying the consistency conditions in
definition [

In supergravity theories, however, one is mostly concerned with a setup where the
background spacetime does satisfy the Einstein equation, even more, it satisfies the Ein-
stein equation with the energy momentum tensor determined by the field content of the
considered supermultiplets. Indeed, in the proof of the consistency of classical, simple
N = 1 supergravity [DeZu76] it has become clear that supergravity can solve the usual
problems related to higher spin equations [Buch8] by requiring that both the gravitino
and the background metric are on shell. Hence, (Covariance) is probably not a good
condition to ask for in supergravity (at least not without further modifications), since
the class of possible spacetime backgrounds is limited a priori. Consequently, our no-go
theorem in the last section is not directly applicable to supergravity theories.

In fact, it has been worked out that supergravity can be quantized consistently in
Minkowski spacetime, see e.g. [VNi&l], and (anti-)de Sitter spacetime, e.g. [Mal97], i.e.
on locally supersymmetric solutions of the Einstein equations obtained from supergrav-
ity Lagrangeans [DeZu76l [Tow77|. Hence, the prevailing belief is that supergravity is an
internally consistent theory (up to possible UV issues at high loops [Kal09]). However, it
seems that not many conceptual results on the status of supergravity theories on back-
grounds which break local supersymmetry, e.g. general flat Robertson-Walker spacetimes
of interest in cosmology, are available.

A detailed analysis in this direction is contained in a series of papers by Kallosh,
Kofman, Linde, and Van Proyen [KKLP99, Kof99, [KKLP00], where the authors analyse
e.g. the production of gravitinos after inflation from first principles. In their model, as
well as in all models where the gravitino has the standard kinetic term and the field
equations are derived from a minimally coupled Lagrangean rather than imposed ad hoc,
the free field equation for the gravitino is

(—i¥ +m) v° + (iVO‘ + %ﬂ) $=0. (13)
More specifically, in the model of [KKLP99, [Kof99, [KKLP00], both the mass m of the
gravitino and the background flat Robertson-Walker spacetime, i.e. the energy density
and pressure, are completely specified in terms of a classical scalar field ¢, which is
assumed to depend only on time and whose potential V(¢) is of F-term type. We shall
not go into details here, as the exact form of V(¢) is not important for our discussion,
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we shall just take into account that m is implicitly time-dependent. We have already
discussed the properties of the field equation (I3]) in subsection 2] however, the derived
equations obtained from (I3]) by contracting it with -, and V,, slightly differ from the
case discussed there because m is not constant. They are,

iVt = <ZV + gm) v

3m*Y = G + 2(0¥m)y — 2(iVam)h® . (14)

Notwithstanding, the kinetic term in this equation is independent of the mass term, and we
have mentioned in subsection 2] that the kinetic term in (I3)) fails to satisfy (Causality),
i.e. the solutions of the field equation (I3]) do not propagate causally in general. Hence,
the first non-trivial check of the consistency of (I3]) is to analyse whether this equation
leads to causal propagation in all backgrounds determined by the supergravity model.
Indeed, Kofman verifies in [Kof99] that this is the case, and proves that the specific F-
term form of the scalar potential V'(¢) assures the validity of (Causality). To achieve this
result, one realises that, in flat Robertson-Walker spacetimes, in comoving coordinates,
and under the assumption that m is at most time-dependent, (I4]) can be written as

oy = Aviy*, (15)

where A is some four-by-four matrix and the left hand side is implicitly summed over
i € {1,2,3}; in the case at hand, the detailed form of A depends on the specifics of the
background scalar field ¢. Note that, if local supersymmetry is unbroken, then (I4)) is
identically satisfied for all ¥* and does not give any information about ~y1°, thus, A is not
defined in this case. Motivated by the high symmetry of flat Robertson-Walker spacetimes
and by (I3)), the authors of [KKLP99, Kof99, [KKLPO0Q] split the classical gravitino field
¥® into a transversal part 1'% and a longitudinal part ¢, where 1¢ is defined by ;4% = 0,
and hence satisfies ¢9 = 0 due to (I5). ©¥§ corresponds to helicity 3 degrees of freedom
already present prior to local supersymmetry breaking, whereas 1% corresponds to helicity
% degrees of freedom induced by this breaking. Now one can observe that ¢¢ satisfies a
simple Dirac equation, whose kinetic term satisfies (Causality), whereas one can use the
specific form of A determined by the local symmetry of the model Lagrangean to show
that ¢¢ also propagates causally [Kof99].

Although local supersymmetry apparently solves the potential problem of acausal
propagation in the classical theory, the authors of [KKLP99, [Kof99, KKLP0O(] do not seem
to check whether their model leads to a consistent quantum theory. We shall now prove
that this is not the case, and our proof shall be valid for all models where the gravitino
has the standard kinetic term and the background spacetime is not a constant curvature
spacetime. We recall that, in a consistent, i.e. unitary, quantum theory of the the free
gravitino, which is the building block of any perturbative quantization of the interacting
gravitino, the anticommutator between a gravitino field and its adjoint has a positive or
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zero expectation value in all quantum states. As we have discussed in sections 2 and
3, a non-trivial prerequisite for this to hold is that ¢ times the anticommutator function
G%(x,y) — the difference of the advanced G*3(x,y) and the retarded G~3(z,y) Green’s
function of the free gravitino field equation — gives a positive number when integrated
with infinitely often differentiable functions of compact support. Moreover, as we prove in
proposition [f in appendix [E] this in turn only holds if the canonical current constructed
from the principal symbol o — the coefficient of the highest derivative — of the field
equation is covariantly conserved. In the case at hand, the principal symbol o* of the
field equation (I3) is

ot = =iy + g™ Y
and the corresponding canonical current of two classical solutions ¢¢ and ¢5 of the field
equation reads

FHTUR, 5] = Py a0ty
Proposition [6l now implies that

Vi [, v5) =0

is a necessary requirement for the canonically quantized field theory corresponding to
(I3) to be unitary and, hence, consistent. Let us compare the assumptions of proposition
with the considered case. In this result, it is required that the principal symbol is
covariantly conserved, such that V,o" and ¢#V, are the same differential operator. This
requirement is certainly fulfilled, as both the gamma matrices v* and the metric g** are
covariantly conserved. Furthermore, it is required that the field equation has Majorana
solutions; this is the case if the mass m is real. Finally, proposition [0l is valid only if one
considers Majorana spinors and states that the current j*[¢¢, w? | must be conserved only
for Majorana solutions which satisfy an additional irreducibility constraint like ¢ = 0.
This also applies here, as in supergravity one usually considers the gravitino to be a
Majorana Fermion. Moreover, no additional constraint is imposed in the discussed model.
Rather, the usual irreducibility constraint ¢ = 0 is replaced by the derived identity (I5])
which automatically holds for all solutions of (I3]).

To sum up, a consistent canonical quantization of the classical field theory associated
to (I3) is possible if and only if V,j#[¢)%, 5] vanishes for any pair of Majorana solutions
¥§, 1§ of (I3). Hence, one can prove a no-go theorem by giving examples for solutions
whose classical current does not vanish.

Theorem 3 Let the free gravitino on a flat Robertson- Walker spacetime be described by

the field equation
(—i¥ +m) —i—(zV +§7)7ﬁ—_0

where m is real and possibly time-dependent, and ¥* is taken to be a Majorana field.
Assume that the derived equation

3m*yf = Gy + 2(0¥m)y — 2(iVam)y®
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1s not fulfilled for all differentiable functions 1¥®, but only for solutions of the field equation;
then this equation can be written as

%IDO = A%W .

Finally, assume that the background spacetime is not an (anti-)de Sitter spacetime or
Minkowski spacetime; this implies A # —1, such that ¥ = 0 does not automatically hold
for all solutions Y* of the field equation. Under all these assumptions, a consistent, i.e.
unitary, canonical quantum theory of the free gravitino does not exist.

Proof. According to proposition [ in appendix [El the theorem is proven if we show that
there are solutions of the field equation whose current

. @ A «a A a | gk
Jqu 7w2ﬁ] = ¢1,a0uw2 = ¢1,a7u¢2 + 1o
is not covariantly conserved. A direct computation using the field equation yields
Vi g 05) = iVathys — iV

Let us now consider the case where 9§ is of longitudinal type, i.e., in comoving coordinates
of flat Robertson-Walker spacetimes, ¢ = 0 and ¢, = 0. We additionally require that
Y3 = 0, such that v,13 = —v,12. Moreover, we require that ¢ is of transversal type and
does not satisfy ¥; = 0. The existence of such solutions follows by the assumptions of the
theorem and the special symmetry of flat Robertson-Walker spacetimes. For the chosen
solutions, one has

Vg W8, 5] = iV athibs = i IV iy + i2Vathiyets = (iIV'Vih — i2Vath )ty

where we have made use of that fact that 77" = 7972 = 1. Let us assume that this is
vanishing for all solutions of the type considered. By our assumption on ¢, 1 is an
arbitrary solution of the Dirac equation. The space spanned by the values of all solutions
of the Dirac equation at a point z is equal to C* (or R* if one considers the Majorana rep-
resentation of the Clifford algebra and takes into account that ¢* are Majorana spinors);
this holds because one can give arbitrary C*-initial conditions for the Dirac equation at
one point. The vanishing of V,j*[¢7, wg | for all solutions of the considered type hence
implies that v'V 4, — 72V, itself must be vanishing by the non-degeneracy of the C*
scalar product. If this is the case, the Fourier transform of this expression with respect
to @, i.e.

kﬂl% - k272¢1
must vanish as well. Unless k; = ky = 0 (which we can rule out since there are solutions
1 which are not constant in z; and x5, and, hence, their Fourier transform will not be
a O-function in k; and ks), the vanishing of the above expression implies that ¥; is an
eigenvector of both 17, and ~9y;. However, the only possible such eigenvector is the zero
vector, hence, 11 must be vanishing, which contradicts our assumptions. Consequently,
there are solutions in the class we have considered whose current is not conserved. O
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The above proof shows that the crucial obstacle for a consistent quantization is the
additional first derivative term ¢V in the field equation. If the gravitino is massless and
the background spacetime is (anti-)de Sitter or Minkowski, one can “gauge away” this
term by the partial gauge fixing ¢ = 0. Hence, no problems arise if local supersymmetry
is unbroken.

Moreover, as the class of solutions we used as an example for a non-conserved cur-
rent was of mixed longitudinal-transversal type, one could be tempted to think that the
current is conserved with the class of longitudinal or transversal solutions, such that the
helicity % and % degrees of freedom could be quantized individually, but not as a coherent
superposition. This is certainly the case for the longitudinal degrees of freedom, but,
without giving a proof, it seems very unlikely that this holds for the transversal degrees
of freedom, since the individual spatial components of these solutions are in general not
linked by algebraic relations, but only by differential relations, as one can see by writing
down the field equation for o being a spatial index. However, it seems that only alge-
braic relations can help in assuring the conservation of the current for all solutions in a
considered class.

7 Conclusions

In this work, we have been concerned with the general issue of whether spin % theories can
be consistently quantized on curved spacetimes. In the general framework of quantum
field theory on curved spacetimes, where one usually requires that the construction of
the quantum theory is independent of the background spacetime, we have been able
to prove that a large class of non-minimally coupled Rarita-Schwinger field equations
does not satisfy a certain set of sufficient conditions for a consistent canonical quantum
theory. We have argued why we consider this class to effectively exhaust all possible
non-minimally coupled Rarita-Schwinger field operators, and why it seems unlikely that
the situation improves if one instead considers (modifications of) the Buchdahl-Wiinsch
operator, which is written down in the only alternative spin % representation of SL(2,C).

As the point of view in supergravity theories is different in that the background space-
time is assumed to be well-known and controlled by the Einstein equations, we had to
analyse these separately. We have shown that there is a necessary condition for a spin
% quantum field theory to be consistent which does not depend on whether or not one
assumes knowledge of the background curvature to enter the construction of the quantum
theory. We have shown that this condition is violated in all supergravity theories where
the gravitino has the standard kinetic term and the background spacetime is not eternal
(anti-)de Sitter or Minkowski spacetime. Hence, our result is model independent.

Our result strongly contradicts the usual intuition that curvature effects are small
and can be treated perturbatively, such that, in particle physics, one can mostly just
compute on Minkowski spacetime and trust the results. Quite on the contrary, quantum
supergravity is fine on Minkowski spacetime and (anti-)de Sitter spacetime, but fails to
be consistent as soon as the smallest bit of non-constant spacetime curvature is around.
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We stress that our proof implies that, in contrast to the usual failure of unitarity at high
energies, the failure of unitarity we find here is independent of the energy scale.

To close, we point out potential loopholes of our no-go theorem. Among other things,
our theorem is based on the assumptions that

e the gravitino is a Majorana particle (however, we presume that the crucial proposi-
tion [ in appendix [E] also holds for Dirac spinors),

e the gravitino has the standard kinetic term,

e one wants to canonically quantize the classical field theory, i.e. by means of the
canonical anticommutation relations.

There may certainly be (and there most likely are) more loopholes of our no-go theorem
we are not aware of. In any case, if no good and convincing evasion is found, the status
of supergravity as a theory describing (part of) nature is uncertain.
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A Dirac and Majorana spinors

By Pauli’s theorem, two different representations of the Clifford algebra y2+? + 48~ =
20?1 are related by a similarity transformation, hence, there are matrices 3, C' which
fulfil

() =pyp~t ()T =-CyC,
where T (T) denotes the Hermitean adjoint (transpose) of a matrix. One can additionally
fix 37 = 3, and, in a standard representation of the Clifford algebra (e.g. in the Dirac-,
Majorana-, or Weyl-representation) with (7°)7 =% (v))T = —4%, set 3 =+ = B~1. We
shall work with a standard representation throughout this work. Given 8 and C, one can
define the Dirac adjoint ¢ and charge conjugated ¢ version of a Dirac spinor a

vi=9'8 Y=oty

where * denotes complex conjugation and define the same operations on cospinors in such
a way that 1 = 1, (¥°)¢ = 1, (¥)° = —¢ and the same identities hold for cospinors.

190ne can define C via the complex-conjugated rather than transposed representation of the Clifford
algebra and then define the charge-conjugated spinor in a different manner such that the overall definition
is equivalent to the one used here.
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The above definitions of v¢, 3, C' and the associated conjugations can be extended from
Minkowski spacetime to a curved spacetime M by employing a frame/tetrad/vielbein-
basis of the tangent bundle T'M and Dirac bundle DM of M; the resulting section of
~v-matrices is covariantly constant with respect to the Levi-Civita covariant derivative,
see e.g. [San09, Hacl0, Mih1l]. Furthermore, the definitions of the Dirac and charge
conjugation can be straightforwardly extended to Rarita-Schwinger spinors by applying
them to the Dirac factor of the tensor product DM ® T M.

A spinor is defined to be Majorana if )¢ = 1. In the (real-linear) Majorana representa-
tion, where all y-matrices are imaginar , one can choose C' = 7, such that the Majorana
condition becomes ¥* = 1. Hence, one often says that Majorana spinors are real, but the
Majorana condition and the statement that every Dirac spinor is a unique complex linear
combination of two Majorana spinors is independent of the chosen representation of the
Clifford algebra, see e.g. [San09].

B Spinor curvature tensor identities

The curvature tensor R, of the Levi-Civita connection on DM fulfils the following iden-
tities, see e.g. [Hacl(Q, sec. 1.2.2] for a proof.

1 g v 1 14 v 1
R = ZRWMVPV — V"R =Ry = §RW7M VYR = Rypy'y” = §R

Note that, defining the Riemann and Ricci tensor, as well as the Ricci scalar by the
convention chosen in [Wa84], these identities are valid for both metric sign conventions.

C Mode solutions of the Dirac equation

A complete and orthonormal set of mode solutions of the Dirac equation on Minkowski
spacetime and in the Dirac representation of the Clifford algebra is given by

B 1 B 0
U%(t,x) = 5 M* 0 v%(t,:c) = - MT 0
(2m)2 v/ 2w(w + m) (2m)2+/2w(w + m)
0 0
(i — wt) 0 (i — wt) O
—URT — W —URT — W
ot 7) = —2 | Y ob(t,7) = —2 M|
(27)2 /2w(w + m) 1 (21)% /2w(w + m) 0
0 1

' kG (Fw+m)l |’

HTf one chooses signature (-,+,+,+), they are real.
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w=Vk2+ m?2, and & is the vector of Pauli matrices.

D The relation between equal-time and covariant canonical anticommutation
relations

Let R be a strictly hyperbolic first order differential operator on some Hermitian vector
bundle VM over a globally hyperbolic spacetime (M, g,,,) with principal symbol o*, re-
tarded and advanced Green’s operators G*, and causal propagator G = G~ — G*. One
can define a Hermitean product (-, -) on test sections of VM via

(f.g) = / dyr F(x)g(x),

M

where - denotes the adjoint with respect to the Hermitian product on VM. With this
setup, one can prove (see e.g. [BaGill]) that the smeared causal propagator is the
“charge” of a conserved current built from the principal symbol of R.

Lemma 4 Let R be formally selfadjoint with respect to (-,-), i.e. RT = R with RI
defined as (R'f,g) = (f,Rg) and let ¥ be an arbitrary (smooth) Cauchy surface of
(M, g,,) with volume measure d% and forward-pointing normal N*. Then G(f, g,.) can
be expressed as

G(f o) = — / IS [GFIo" N, (Gy) .

If M is foliated ad? {t} XX and T are coordinates on ¥, this identity is formally equivalent
to
G(tl, 11_3"1, t2, fg)|t1:t2 = —O'MNM(;(ZI_Z"l, fg) .

Proof. We split M into the future (X1) and past (X7) of ¥ and compute

GUF o) = [ dyr G+ [ do fGg = [ apTRG TGy + [ a0 RGFTIGs
>+ - »+ -
= <RG_f> ng>2+ + <RG+f> Gg>27
= <RG_f7 Gg>2+ - <G_f7 ,R’C:g>27L + <RG+f7 Gg>2* - <G+f7 RGg)Z* s

where the definitions and support properties of G* and G have been used and where the
index y+ means that the integration in the product (-,-) is restricted to ¥*. Since R is
formally selfadjoint, we can use Green’s identity

(RUF, ghat — (f Rt = / dOM FN P,

oM

12This is always possible on account of the results of [BeSa05, BeSa06].
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valid for a manifold M with smooth boundary M, boundary volume measure doM,
and outwards pointing boundary normal N*. Due to the support properties of G* f, the
only relevant boundary of ¥* is 3, with outwards pointing normal FN*. Hence, applying
Green’s identity and considering G = G~ — G concludes the proof. O

If one would like to associate to a hyperbolic first order differential operator R a
Fermionic quantum field theory whose covariant CAR are specified by G, i.e.

{¥(f),¥(9)} =iG(f, 9)1 = i(f,Gg)1,

the above lemma implies that one can deduce equal-time CAR from these covariant CAR
if the differential operator R is formally selfadjoint, and we are not aware of any other way
to do so if R does not bear this property. On the other hand, even if one imposes equal-
time CAR at one time although R is not formally selfadjoint, there is, to the knowledge
of the authors, no way to prove that these equal-time CAR are in fact time-independent
and, hence, covariant.

E On the relation between positivity /unitary of the quantum field theory
related to R and the selfadjointness of R

In this section we would like to point out the strong relationship between the positivity of
the product defined by the anticommutator function/causal propagator G of a first order
differential operator R and the selfadjointness of R. The first of our results implies that
positivity on general spacetimes follows from selfadjointness if positivity on Minkowski
spacetime is already known.

Proposition 5 With the notation and definitions of section [, let T(V M) (To(VM))
denote the smooth sections (compactly supported smooth sections) of VM and let S(R, M)
be the space of solutions 1 of Ry = 0 with compactly supported initial conditions. More-
over, let Cv = 0 be a linear, local and covariant constraint on I'(V M) and let $(R, M)
(Vo(VM)) be the subspace of S(R, M) (To(VM)) defined as

F(R, M) :={¢ € S(R,M)|C = 0}

Vo(VM) :={f eTo(VM)|Gf € J(R,M)}.
If R*f = Rf for all f € Vo(VM) on arbitrary spacetimes and iG(f, f) > 0 for all

f € Vo(VM) on Minkowski spacetime, then iG(f, f) > 0 for all f € Vo(VM) on all
globally hyperbolic spacetimes with the topology of R*.

Proof. Let ¥ be a Cauchy surface of M. For definiteness, we can pick a Cauchy surface
which lies to the past of the support of f. From lemma H we know that iG(f, f) can
be computed on ¥ and that the result is independent of . We can now use a result
of [FNW8I] to “deform” the past of ¥ in (M, g,,) into a piece of Minkowski spacetime
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(M, 7). In more detail, the authors of [FNW81] show that there exists a fiducial globally
hyperbolic spacetime (M, g;,,) which contains two Cauchy surfaces ¥; and X, such that
¥ lies to the future of ¥, the future of ¥, in (M’,g;,) is isometric to the future of ¥
in (M, g,,,) and the past of ¥, in (M’, g,,,) is isometric to the past of a Cauchy surface
Yo in (M, n,,). The computation of iG(f, f) > 0 on X in (M, g,,) is equivalent to the
same computation on X in (M, g;,), which, by lemma [ gives the same result as a
computation on ¥, in (M’, g),,) and, hence, on ¥ in (M, 7,,). By assumption, the latter
gives a positive result; this proves iG(f, f) > 0. O

The above proof may seem awkward, and one might think that it depends on the chosen
deformation. However, this is not the case, and the reason for this is the covariance of all
objects as well as the deterministic nature of solutions to hyperbolic partial differential
equations. Given sufficient initial data at one “time”, the future and past of the solutions
are completely determined, no matter how the background spacetime “looks like” at
those times. The apparent strength of the above employed deformation argument is the
reason for its ubiquity in modern works on quantum field theory in curved spacetimes,
e.g. [FNWS&I [K6h95, [San08, [DHP09]. We presume that the proof can be extended to
spacetimes of arbitrary topology by a separation of unity argument.

While proposition [l gives a sufficient condition for the positivity of iG(f, f), we now
prove a necessary condition. Unfortunately, we have not been able to prove that positivity
implies selfadjointness, but only a weaker statement.

Proposition 6 With the notation and definitions of section [D and proposition [3, let
RM = DM ®TM and let the Majorana subspaces of Vo(RM) and $(R, M) be defined as

PR, M) = {v* € J(R, M) [ ()" = ¢}
Vo(RM) :={f* e Vo(RM) [ (f*)" = f*}.

Moreover, let R commute with charge conjugation (i.e. R has real coefficients in the

Magjorana representation), let the principal symbol of R be covariantly conserved, i.e.
Vot =o'V, and let iG5(fs, f*) > 0 for all f* € Ys(RM). Then the current

7 [ 05] = a0
1s covariantly conserved on all constrained Majorana solutions, i.e.

Vit v ] =0 ver g € 3R, M)

Proof. We define (f¢,¢") = iG8(fs,9%). Since (f, f) > 0 for all f* € V§(RM),
(f®, g?) is a positive semidefinite sesquilinear form on I/§(RM) by the polarisation identity.
As R commutes with charge conjugation, the same holds for G2. From this and the
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definitions of the Dirac adjoint and charge conjugation one can deduce that, in addition,
(f*,9%) = ((f*)(¢°)) = (¢°. f*) for all f*,¢" in V5(RM), ie. (--) is symmetric,
which in turn implies that iGj is formally selfadjoint with respect to (-,). As the formal
adjoint of the causal propagator is the causal propagator of the formally adjoint differential
operator, and as causal propagators map test sections to solutions in a surjective manner,
we obtain
3 (R, M) C S(RY,M).
Let now o be defined as
Og = R — J“Vu y

i.e. as the “zeroth order part” of R. Note that oy is not the subprincipal symbol of R in
the mathematical sense, as the latter is not covariantly defined, but og is. One can check
that R' can be expressed in terms of o* and oy as

RV = —Bo"V .3 + Boof.
Using this, $¢(R, M) C S(R', M), and V0" = 6V ,, one can straightforwardly compute
that V,(¢1a0g) = 0 for all 1§, 45 € $9(R, M). O
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