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Abstract To deal with the high-dimensional sparse modeling

problem, this paper derives a zero-norm penalized feature selec-

tion criterion based on the the empirical risk minimization prin-

ciple, and combines it with support vector machines through an

embedded paradigm. Numerical results on both synthetic and

real data sets show that the proposed approach does not only

perform well for feature selection tasks, but also shows good

performance compared to the conventional sparse modeling tech-

niques, in the sense of classification accuracy and generalization

capability.
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2Ï 4¼�: Äu"�êAÆÀJ�|±�þÅ�. 253Äu�ê�å��KzAÆÀJ�{Kk�/)û
ù�¯K, Ïd3C
5Úå
2�'5Ú�\ïÄ[5].du 2-�ê�å��KzAÆÀJ�{Øä�AÆÀJUå, Ïd 1-�ê�{3C
5¤Ǒ
Ì6ïÄ��[6] . ,
 1-�ê�å�{Ǒ�3X�
J±�Ñ�nØ"�, X8I¼ê�à5Øî�, AÆÀJUåÉ��Nþ���, 4�/��
T�{�ïÄÚA^[7] . �C�ïÄL², Äu
1-�ê�å�AÆÀJ�{3DÕAÆ�m�ûüºx�éu"�ê�å�{ìC/ªu�¡�, ù�(ØǑâ» 1-�ê�å��{µeJø
nØ�â[8] . ò"�ê�å�{Ú\|±�þÅ�Ì�(J3u8I¼ê�à, ���A��g5y¯KJ±�). Ǒ)ûT¯K, �©ÏL/�i\ª�ª�Og�[9], JÑ��ä�gÄAÆÀJUå�|±�þÅ©a�., ¡Ǒ 0-Norm SVM. ¢�êâL², 0-Norm

SVM Ø=ä�û��gÄAÆÀJUå, Ó��±
DÚ
SVM �{3���ÆS?Ö¥�5U`³Ú�zUå.

1 �{[!
0-Norm SVM �{�.düÜ©�¤: Äk3�©AÆ�mÏLAÆµ�, 3��É�&E��ºxeçÀÑ�|�©AÆf8; ,�æ^ SVM �{l*ÿêâÑu�éTAÆf8?1ï�. ±e©O?1`².

1.1 �E 0-NormAÆÀJ�{du?Û©a¯Kþ��©)ǑeZ�©a¯K. Ø���5, �©3Xepd�5�.Ä:þé�©a¯K�m?Ø.� yyy L« n�ǑA�þ (yi ∈ {−1, 1}), �OÝ
X �L p �Æ�m� n �êâ���*ÿ�, βββ = (β1, · · · , βp)TL« p �AÆëê�þ, ± ǫǫǫ ∼ N(0, σ2) L«pdDÑêâ.�ǑA�þ yyy �ý¢)¤�.Ǒ
yyy = Xβββ + ǫǫǫ (1)AÆÀJ�8I´3�©AÆ�m¥Ïé÷vXe`z^�� β̂ββ = (β̂1, · · · , β̂p):

β̂ = arg min
β

{

‖yyy − Xβββ‖2} (2)éu;.�DÕï�¯Kk p ≫ n, � βββ ¥�õê��Ǒ". =Æ��Ý
 XTX ǑÛÉ
, Ïd¯K (2) Ø·½.Ǒ)ûTgñ, Äk�8I¼ê (2) Ú\�� 2-�ê�å^�:
p

∑

i=1

β2
i = a, a > 0 (3)Ú\ 2-�ê�åØ=)û
DÕï��Ø·½¯K, 
�U
wÍJp�.�zUå,k�;�L[Ü.d	du�å^��î�à5, (�
`z)��35Ú��5[5] . ,
é β̂ββ �\ 2-�ê�å�(J�´¢y
ëê�²w,
�{ò�
P{�ÚØ�Z�AÆüØ3�.�	. Ǒ¢yAÆÀJ�8I, �Äé8I¼ê (2) ?�Ú�\"�ê�å:

‖βββ‖0 = b, b > 0 (4)�â.�KFéónØòª (4) U�ǑXe�éó¯K:

β̂ββ = arg min
β

{

‖Y − Xβββ‖2 + ξ‖βββ‖2 + λ‖βββ‖0

}

(5)Ù¥, .�KF�f ξ > 0, λ > 0. Äk�Ä3�Ó�Ý�AÆ�.m?1'���¹, d� ‖βββ‖0 �±�ÀǑ~ê. éu

�½�Ý�AÆ�., ¯K (5) òzǑ��î��à`z¯K, Ù�`)Ǒ β̂ββ = (XTX + ξIn)−1XTyyy.�e5�Ä3ØÓ�Ý�AÆ�.m?1ÀJ��¹.d�. (1) � yyy − Xβββ ∼ N(0, σ2). ± log2 f(xxxn|βββ) L«l*ÿêâÑu���éêq,¼ê, K: ‖Y − Xβ̂ββ‖2 ∝

− log2 f(xxxn|β̂ββ). ± log2 g(xxxn|βββ) L«êâý¢)¤�.�éêéÜ�Ý¼ê. ±�ö ��êÆÏ"5Ǒyûüºx:

Risk = Eβ{− log2 fβββ(xxxn) − [− log2 gβββ(xxxn)]} (6)Uì²�ºx��z�K, ¯K (5) �`z8I�Óu�) β̂ββ, ��3?¿^�e�ûüºxþ��e., =
Minimax �`. �â�ÅE,ÝnØ, � n → ∞ �, ûüºx (6) 3���¹e�e. (4�4��) Ǒ[10]:

min
f

max
βββ∈Θ

Risk =
‖βββ‖0

2
log2

n

2πe
+

log2

∫

K

√

det I(βββ)dβββ + o(1) (7)Ù¥ I(βββ) Ǒëê©Ù� Fisher &EÝ
, K Ǒëê�m Θ�;f8. ò σ2 �4�q,�O σ̂2 = ‖Y − Xβββ‖2/n �\ª (7), È©�Ü¿�ëê�.�'�~ê�� C, ��:

min
f

max
βββ∈Θ

Risk =

(

log2 n −
1

2
log2 ‖Y − Xβ̂ββ‖2

)

‖βββ‖0 + C

(8)duª (8) Minimax �`, Ïd λ = log2 n − 1
2

log2 ‖Y −

Xβ̂ββ‖2 Ǒª (5) ��`), dd(½
�. (5) ¥��½ëê
λ. é,���½ëê ξ �ÀJ�±ÏL���y�{²���. 3¢SA^¥, duêâý¢)¤�. g(xxxn|βββ) Ø��, Ǒ���`�AÆf8, �©|^¯K (5) é�½ ‖βββ‖0´î�à¼ê�A:, æ^
�©Ú£8{S��).

1.2 �E SVM©aì�e53
ã����`AÆf8þæ^ SVM �{�E©aì. ÄkǑ(����©, æ^��5N� φ(xxx) òêâN��p�AÆ�m. du�©�8I´)û|±�þÅ3p�AÆ�m�DÕï�¯K, ÏdÀJ3k�&E"y��¹eE,�zUåû��pd»�ÄØ¼ê[11]:

K(xxx,xxxT) = 〈φ(xxx), φ(xxxT)〉 =

exp

(

−
‖φ(xxx) − φ(xxxT)‖2

2δ2

)�é�©a¯K (1), ÔöÆS�8I´lÔöêâÑuÏé�²¡ 〈www, φ(xxx)〉 + b = 0, Ù¥ www ∈ R
p, b ∈ R, ��üa��8Ü�T�²¡²1�>.�m�ål��z. Ú\.�KF�ê ααα ∈ R

n �, 8I¼ê�±U�Ǒ
Ψ(www, b,ααα) =

‖www‖2

2
−

n
∑

i=1

αi (yyyi [〈www, φ(xxxi)〉 + b] − 1) (9)éó`z8I´:

max
ααα

W (ααα) = max
ααα

(min
www,b

Ψ(www, b,ααα)) (10)



254 g Ä z Æ � 37ò�)T¯K���`©a¡�ëêXe:

www∗ =

n
∑

i=1

αiyyyiφ(xxxi)

b∗ = −
1

2
〈www∗, (φ(xxxm) + φ(xxxn))〉 (11)Ù¥, φ(xxxm) Ú φ(xxxn) Ǒ÷vXe^��?¿|±�þ: αm

> 0, αn > 0, yyym = 1, yyyn = −1. dd��©aì�.Xe:

ŷyyi = sgn (〈www∗, φ(xxxi)〉 + b∗) (12)±þïá
 0-Norm SVM �{�êÆ�., A^T�.éDÕêâ?1ï��Ú½Ǒ: Äk�â1 1.1 !�Ñ�ûüºxµ��I, 3AÆ�m|¢Ñ���`AÆf8. ,�A^�!£ã�pd»�Ä|±�þÅ�{éÔöêâ?1ÆS, 3�`f8þ��k'©aì��.ëê. ��ÏL�|�yêâu��.�©a5UÚ�zUå.

2 ¢�(J©Û
2.1 ¢�êâ£ã�©æ^��ýêâÏL��Å�{)¤. Ù¥��Nþ n = 100, AÆ�Ý p = 100, ý¢�.¥=�¹ 10 �k�AÆ. êâ�E�{ǑÄkUì��©ÙN(0, In) �Å)¤�� 100 × 100 ��OÝ
X. ,�Uì��©Ù N(0, 1))¤ 10 ��Åê�ǑAÆ�ý¢�­, 3 p �"�þ βββ ¥�ÅÀJ 10 �AÆ �, òþã�­�©OD�ù 10 �AÆ �. �e5Uì©Ù N(0, 0.1) )¤�� 100 ��pdDÑ�þ ǫǫǫ, ���â�. (1) O���*ÿ�þ yyy. æ^<óÜ¤êâ��?3uêâ�ý¢)¤�.®�, BuéAÆÀJ¢��ÑÑ(J?1°('é, ǑdP¹ βββ ¥�¹� 10�ý¢AÆ� �¢ÚXe: {7, 11, 41, 54, 55, 57, 64, 67,

87, 95}.Ǒ�*µd 0-Norm SVM �{3?ný¢DÕï�¯K��5U, �©?�Ú3n|úmÄÏ�¡êâ8þéT�{?1
�y, ¿Ò¢�(J��'ó�?1
'�. ùn|êâ©O´xÉ¾êâ8 (Leukemia),¡Jêâ8 (Lung cancer) Ú
�|Jêâ8 (Prostate

cancer)[12]. þãêâ��ÓA:´��Nþ�, AÆ�Ýp, �AÆpÝ�', AÆP{Ýp, ´;.�DÕï�¯K. k'êâ8��¤�¹o(uL 1. �©êâ5
´:

http://homes.esat.kuleuven.be/∼npochet/Bioinformatics/.L 1 n|ÄÏ�¡êâ8��¤�¹
Table 1 Summaries of the three microarray datasetsêâ8 ��Nþ Ôö8 ÿÁ8 AÆ�Ý
Leukemia 72 38 34 7 129

Lung cancer 181 32 149 12 533

Prostate cancer 136 102 34 12 600

2.2 0-Norm SVM�{�AÆÀJUåǑ�y�{�AÆÀJUå, ÄkÏL�ý¢��	�`f8�ÀJL§. Ǒ�ãI�, éAÆµ�IO?1
N�, �½ÀÑ�AÆêǑ 15. ¢�(Jë�ã 1, Ù¥ã 1 (a)w«
�{$1ÏmAÆ^S?\�.��¹. ã¥�î�IǑ8�z���.ûüºxü$Ç,p�IǑ�A�.

� OLS £8Xê. ã¥�p�I¶²1�J�L« 0-Norm

SVM �AÆÀJL§�~(å� �, �±wÑ 0-Norm

SVM �{T�ÀÑ
 10 �ý¢AÆ.ã 1 (b) �Ú�Ñ
 0-Norm SVM �{^SÀÑ� 15�AÆf83�ýêâ8þ� 10 Ó���y(J. Ù¥î�IǑ8�z���.�ÚÝ, p�IǑí�²�Ú. Ø�^/ã�¥%:p�IǑ���y���í�þ�, Ø��Ǒí����. l¥�±wÑ, T�{ÏLAÆÀJ¢y
é�.��� ��m�ò©, k�;�
L[Ü�¹�Ñy.

(a) AÆÀJ^S
(a) Feature selection sequences

(b) �Ó���y(Jé'
(b) 10-folds cross validation resultsã 1 0-Norm SVM �{3�ýêâ8þ�¢�(J

Fig. 1 Experimental results on synthetic datasetǑ?�Ú�y 0-Norm AÆÀJ�â�k�5, 3��Nþ n = 100 �^�e�O
n|�ýÁ�. ùn|Á�¤ÀJ�AÆ�m�ê p ©OǑ 102, 103 Ú 104, z�|�ýêâ¥�k�AÆêþǑ 10. ë�'���{�): ��d&E�â�{ (Bayesian information criterion, BIC), Äu 1-�ê�å� LARS �{, Úæ^ 1-2 �ê·Ü�å��5�ä (Elastic net, EN) �{. ¤kn|Á�þæ^ 10 Ó���y, (J�þ�P\L 2. �â LARS Ú EN �{¥
1-�ê�å^��A:, �©ÏLÄ�ëêN�5��ÀÑ�AÆê. du®�n|êâ¥� “ý¢” AÆêþǑ 10, Ïd3L 2 ¥P¹
ùü«�{çÀÑ�
 10 �AÆ�ÚOêâ.*	L 2 �±wÑ3¤ko«AÆÀJ�{¥, BIC �{�5ULy��, Ø=3�|êâþþ�3î­�L[Ü



2Ï 4¼�: Äu"�êAÆÀJ�|±�þÅ�. 255y�, 
��XêâAÆ�DÕ§Ý\�, T�{�5UÑy²w�z, L²DÚ&E�â�{��©¤JÑ�"�ê�{�', 3DÕï�¯Kþ�3���A^Û�5. �e5�	 LARS Ú EN �{�5ULy, lL 2 �±wÑùü«�{�AÆÀJO(5 (��ÇÚØ�Ç�I) =3$��Úêâ8þ� 0-Norm �{��C, 3Ù{ü|DÕêâ8þ���Ç�Iþ²wpu 0-Norm �{, Ù¥3AÆDÕÝ4p�1n|êâþ��Ç$��C 45%. dd`²�éu 0-Norm �{
ó, LARS Ú EN �{éDÑêâ'�¯a, 3DÕï�¯Kþ, 0-Norm �{�5U­½5ÚAÆ½ O(5��.L 2 0-Norm SVM �Ù�²;�{��ýÿÁ(Jé'
Table 2 Comparative study of the 0-Norm SVM and other

typical feature selection methods on synthetic data

P Method # Recall FPR (%) FNR (%)

0-Norm 10.62 ± 0.74 0.68 ± 0.82 0.00 ± 0.00

102

BIC 16.99 ± 3.50 7.77 ± 3.89 0.00 ± 0.00

LARS 10.00 ± 0.00 1.15 ± 0.79 10.38 ± 7.13

EN 10.00 ± 0.00 1.12 ± 0.79 10.12 ± 7.13

0-Norm 10.65 ± 2.20 0.23 ± 0.22 15.94 ± 5.07

103

BIC 59.80 ± 1.52 5.17 ± 0.16 13.52 ± 6.55

LARS 10.00 ± 0.00 0.30 ± 0.05 30.02 ± 4.63

EN 10.00 ± 0.00 0.30 ± 0.04 29.70 ± 4.44

0-Norm 10.08 ± 2.20 0.02 ± 0.02 16.88 ± 4.64

104

BIC 89.00 ± 0.00 0.81 ± 0.01 16.00 ± 5.16

LARS 10.00 ± 0.00 0.04 ± 0.01 44.48 ± 5.10

EN 10.00 ± 0.00 0.04 ± 0.01 44.50 ± 5.14���Ù�n«²;AÆÀJ�{�', 0-Norm �{3�|Á�¥ÑÓk5U`³, �k|u³��.éêâ�L[Ü, Ǒ�U
·A3p�AÆ�m?1DÕï��I�.

2.3 0-Norm SVM�{�©aO(5Ǒ�y 0-Norm SVM �{�©aO(5, �©3n|ÄÏêâ8þæ^�©y©�Ôö8Úêâ8?1
ÿÁ,ÿÁ(JP¹uL 3. ¢�
é�ÜÄÏêâ?1
"þ�5�z?n, ¢�L§¥ SVM ëê��Ó�: C = 103,

δ2 = 1.L 3 dnÜ©SN�¤, Äk, Ǒ�	Ú\AÆÀJÅ�é SVM �{©aUå�KǑ, �©é 0-Norm SVM �{¥�¹� SVM ©a�{?1
üÕÿÁ, ¿±T¢�(J�ǑÄO (Baseline). ,�æ^ 0-Norm SVM �{3Ó�^�e?1ÿÁ, ¿Ò¢�(J�
ãÄOÿÁ(J?1ëì'é.��, Ǒ�*µd 0-Norm SVM �{�©a5U, �©éÜ©CÏuL��'ó��¢�(J?1
'�, Ù¥ÄuAÆÕá�[ò»5K�©a�{ (Features annealed

independence rules, FAIR) �¢�êâÚg©z [12], ²���d�{ (Empirical Bayes, EB) �¢�êâÚg©z
[13].ÏL�ÄOÿÁêâ'��±wÑ, 3�Ün|ÄÏ�¡êâ8þ, æ^Ó��|±�þÅ�{, Äu"�ê�å�AÆÀJÅ�U
k�Jp|±�þÅ�©aO(5. ù��¡�y
 0-Norm SVM �{¥AÆÀJ�{�k�5,

,��¡L², ÏLAÆÀJ�Ø�©AÆ�m¥�Ø�Z½P{AÆ�, kÏuJp|±�þÅ�{�©aO(Ç.L 3 0-Norm SVM, FAIR Ú EB �{3n|ÄÏ�¡êâ8þ�Ôö�©aØ�
Table 3 Classification accuracies of the 0-Norm SVM, FAIR,

and EB algorithms on three microarray datasetsêâ8 ©a�{ ÔöØ� ÿÁØ� AÆ�Ý
Baseline 0/38 14/34 7 129

Leukemia 0-Norm 0/38 1/34 27

FAIR 1/38 1/34 11

EB 0/38 3/34 7 129

Baseline 0/32 15/149 12 533

Lung 0-Norm 0/32 4/149 22

FAIR 0/32 7/149 31

EB 0/32 1/149 12 533

Baseline 0/102 25/34 12 600

Prostate 0-Norm 0/102 3/34 37

FAIR 10/102 9/34 2

EB 38/102 4/34 12 600ÏL��'ó�?1'��±wÑ 0-Norm SVM �{3�Ün|êâ8þ�Lyþ`uÓ�Ú\
AÆÀJÅ�� FAIR �{. éuæ^�ÜÄÏAÆ?1ÆSÚ©a�
EB �{, 0-Norm SVM �{Ǒ��
 2 : 1 �`³, =3¡Jêâ8þ�ÿÁØ��IÑp. d	, �éuÙ�ü«�{(J�Ø­½, 0-Norm SVM ©a�{�ÿÁÚÔöØ�3n|êâ8þLyÑ­½þï�`³.

2.4 0-Norm SVM�{��zUåX
¤ã, SVM�{3���ÆS?Ö¥äkû���zUå´ÙâÑ�nØ`:��. �!òÏL¢�y², 3Ú\
AÆÀJÅ��, 0-Norm SVM �{Ó��±
û���zUå. �©æ^©z [6] �¢��{, én|ÄÏêâ©OUì 1 : 1 �'~�Åy©ǑÔö8ÚÿÁ8 (������é'~��©êâ8�±��),,�æ^ 0-Norm SVM?1ÆSÚ©aÿÁ, Ó�^�e­E¢� 30 Ó, é�ÓÿÁ���©aO(Ç�I�þ�Ú��O\L 4. �Ǒëì,L 3 �Ú^
©z [6] ¥ 2-Norm SVM Ú 1-Norm SVM �¢�(J.L 4 ÄuØÓ�ê�å�|±�þÅ�{��zUå'�
Table 4 Comparison of the generality capabilities of the

support vector machines with different norm penaltiesêâ8 0-Norm SVM 1-Norm SVM 2-Norm SVM

Leukemia 91.4 ± 2.3 90.1 ± 1.5 82.7 ± 1.0

Lung 92.2 ± 1.3 92.6 ± 0.5 92.9 ± 0.4

Prostate 94.0 ± 1.5 88.5 ± 0.8 90.8 ± 0.6ÏL*	L 4 �� 0-Norm SVM 3xÉ¾Ú
�|Jêâ8þ�©a°Ý�þ�`uÙ�üa�ê�å�|±�þÅ�{, 3¡Jêâ8þ�Ly�Ù�ü«�{��, �
0-Norm SVM �{����p. loNþw, ùna�{�



256 g Ä z Æ � 37ò²þ©a5ULy�©�C, þäkû��©aO(5Ú�zUå, Ù¥ 0-Norm SVM 3©aO(5þÓk�½�`³.

3 (Ø�©�Ì�8I´)û|±�þÅ�{3DÕï�¯K¥�AÆÀJ¯K. du 2-�ê�å�{Øä�gÄAÆÀJUå, 1-�ê�å�{q�3J±�Ñ�nØÛ�5, Ïd�©|^
i\ª�O�ª¥AÆµ�L§�ëê�OL§�'�A5, l²�ºx��z�KÑu�EÑ���y`z� 0-�êAÆÀJ�â, ¿æ^©Ú£8��{¢y
éT¯K�²��). �ý¢�Úý¢ÄÏ�¡êâþ�¢�(JL², 0-�ê�å�{Ø=ä�û��gÄAÆÀJUå, 
�ÏL�Äupd»�ÄØ¼ê�|±�þÅ�Ü,U
3DÕï�?Ö¥��²w�5U`³. d	, 0-Norm

SVM�{�5ULy�©­½,�±
|±�þÅ�{3���ÆS¯K¥�zUå��`ûA5. nþ¤ã, 0-Norm

SVM �{�JÑǑDÕï��{ÆïÄJø
��kF"�)û�Y, duDÕï�¯K´õ���Æ�+��
�ïÄ9:, Ïd�©�¤Jäk�½�nØÚA^d�.
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