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COUPLING OF GRAVITY TO MATTER, SPECTRAL

ACTION AND COSMIC TOPOLOGY

BRANIMIR CACIC, MATILDE MARCOLLI, KEVIN TEH

ABSTRACT. We consider a model of modified gravity based on the spec-
tral action functional, for a cosmic topology given by a spherical space
form, and the associated slow-roll inflation scenario. We consider then
the coupling of gravity to matter determined by an almost commutative
geometry over the spherical space form. We show that this produces a
multiplicative shift of the amplitude of the power spectra for the density
fluctuations and the gravitational waves, by a multiplicative factor equal
to the total number of fermions in the matter sector of the model. We
obtain the result by an explicit nonperturbative computation, based on
the Poisson summation formula and the spectra of twisted Dirac opera-
tors on spherical space forms, as well as by a heat-kernel computation.
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1. INTRODUCTION

Models of gravity coupled to matter based on Noncommutative Geometry
are usually obtained (see [2], [6], [9], [L0]) by considering an underlying ge-
ometry given by a product X x F' of an ordinary 4-dimensional (Riemannian
compact) spacetime manifold and a finite noncommutative space F.

The main purpose of the paper is to show how the slow-roll inflation
potential derived in [20], [21] is affected by the presence of the matter con-
tent and the almost commutative geometry. We first consider the Poisson
summation formula technique and the nonperturbative calculation of the
spectral action and then a heat kernel argument to show that the amplitude
of the slow-roll potential is affected by a multiplicative factor N equal to
the dimension of the representation, that is, to the total number of fermions
in the theory.

1.1. Spectral triples. Noncommutative spaces are described, in this con-
text, as a generalization of Riemannian manifolds, via the formalism of spec-
tral triples introduced in [11]. An ordinary Riemannian spin manifold X is
identified with the spectral triple (C*°(X), L?(X,S), IP), with the algebra
of smooth functions acting as multiplication operators on the Hilbert space
of square integrable spinors and the Riemannian metric reconstructed from
the Dirac operator .

More generally, for a noncommutative space, a spectral triple is a similar
set (A, H, D) consisting of a x-algebra represented by bounded operators
on a Hilbert space H and a self-adjoint operator D with compact resolvent
acting on H with a dense domain and such that the commutators [D, a]
extend to bounded operators on all of H. A finite noncommutative space is
one for which the algebra A is finite dimensional.

A recent powerful reconstruction theorem ([12], see also [27]) shows that
commutative spectral triples that satisfy certain natural axioms, related to
properties such as orientability and Poincaré duality, are spectral triples of
smooth Riemannian manifolds in the sense mentioned above.

In the models of gravity coupled to matter, the choice of the finite geom-
etry F' = (Ap,Hr, Dr) determines the field content of the particle physics
model. As shown in [9], the coordinates on the moduli space of possible
Dirac operators Dp on the finite geometry (Ap, Hp) specify the Yukawa
parameters (Dirac and Majorana masses and mixing angles) for the parti-
cles. A classification of the moduli spaces of Dirac operators on the finite
geometries was given in [3].

1.2. The spectral action. One obtains then a theory of (modified) gravity
coupled to matter by taking as an action functional the spectral action on
the noncommutative space X x F', considered as the product of the spectral
triples (COO(X)v L2(X7 5)7 lD) and (AF7 Hr, DF)

The spectral action functional introduced in [0] is a function of the spec-
trum of the Dirac operator on a spectral triple, given by summing over the
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spectrum with a cutoff function. Namely, the spectral action functional is
defined as Tr(f(D/A)), where A is an energy scale, D is the Dirac operator
of the spectral triple, and f is a smooth approximation to a cutoff function.
As shown in [6] this action functional has an asymptotic expansion at high
energies A of the form

(L) (DAY~ kak][\Dr—k+f<o><D<o>+o<1>,

keDimSp

where the fj, are the momenta f;, = fooo f()v*1dv of the test function f,
for k a non-negative integer in the dimension spectrum of D (the set of poles
of the zeta functions (, p(s) = Tr(a|D|~%)) and the term |D|~* given by
the residue at k of the zeta function (p(s).

These terms in the asymptotic expansion of the spectral action can be
computed explicitly: for a suitable choice of the finite geometry spectral
triple (Ap,Hp,Dp) as in [9], they recover all the bosonic terms in the
Lagrangian of the Standard Model (with additional right handed neutrinos
with Majorana mass terms) and gravitational terms including the Einstein—
Hilbert action, a cosmological term, and conformal gravity terms, see also
Chapter 1 of [I3]. For a different choice of the finite geometry, one can
obtain supersymmetric QCD, see [2].

The higher order terms in the spectral action, which appear with coeffi-
cients f_op = (—1)k!/(2k)!£3*)(0) depending on the derivatives of the test
function, and involve higher derivative terms in the fields, were considered
explicitly recently, in work related to renormalization of the spectral action
for gauge theories [31], [32], and also in [7]. In cases where the underly-
ing geometry is very symmetric (space forms) and the Dirac spectrum is
explicitly known, it is also possible to obtain explicit non-perturbative com-
putations of the spectral action, computed directly as Tr(f(D/A)), using
Poisson summation formula techniques applied to the Dirac spectrum and
its multiplicities, see [7], [20], [21], [30].

1.3. Almost commutative geometries. It is also natural to consider a
generalization of the product geometry X x F', where this type of almost
commutative geometry is generalized to allow for nontrivial fibrations that
are only locally, but not globally, products. This means considering almost
commutative geometries that are fibrations over an ordinary manifold X,
with fiber a finite noncommutative space F. A first instance where such
topologically non-trivial cases where considered in the context of models of
gravity coupled to matter was the Yang—Mills case considered in [1].

In the setting of [I], instead of a product geometry X x F', one considers
a noncommutative space obtained as an algebra bundle, namely where the
algebra of the full space is isomorphic to sections I'( X, €) of a locally trivial
x-algebra bundle whose fibers £, are isomorphic to a fixed finite dimen-
sional algebra Ap. The spectral triple that replaces the product geometry
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is then of the form (C*(X,&),L*(X,£ ® S),Dg), where the Dirac opera-
tor Dg = co (VE @1+ 1® VP) is defined using the spin connection and
a hermitian connection on the algebra bundle £ (with respect to an inner
product obtained using a faithful tracial state 7, on &,. The spectral triple
obtained in this way can be endowed with a compatible grading and real
structure and it is described in [1] in terms of unbounded Kasparov product
of KK-cycles. In the Yang—Mills case, where the finite dimensional algebra
is Ap = My(C), it is then shown in [I] that this type of spectral triples
describes PSU (N )-gauge theory with a nontrivial principal bundle and the
Yang—Mills action functional coupled to gravity is recovered from the as-
ymptotic expansion of the spectral action.

A reconstruction theorem for almost commutative geometries (defined in
this more general topologically nontrivial sense), was recently obtained in
[4], as a consequence of the reconstruction theorem for commutative spectral
triples of [12]. In this more general setting, an abstract class of almost com-
mutative spectral triple (A, H, D) with a commutative base is defined and
proved to be equivalent to the concrete definition, where H = L?(X, V), with
V a self-adjoint Clifford module bundle, and where the algebra is given by
sections A = C*°(X, £) with € a unital *-algebra sub-bundle of End, () V),

and D is a Dirac type operator on V.

1.4. Cosmic topology and inflation. The asymptotic expansion of the
spectral action provides naturally an action functional for (Euclidean) mod-
ified gravity, where in addition to the ordinary Einstein—Hilbert action with
cosmological term one also has a topological term (Euler characteristic) and
conformal gravity terms like the Weyl curvature and a conformal coupling
of the Higgs field to gravity. It also produces the additional bosonic terms:
the action for the Higgs with quartic potential and the Yang-Mills action
for the gauge fields. Thus, it is natural to consider the spectral action as
a candidate action functional for a modified gravity model and study its
consequences for cosmology.

Cosmological implications of the spectral action, based on the asymptotic
expansion, were considered in [17], [19], [22], [23], [24], [25]. For recent
developments in the case of Robertson-Walker metrics see [§].

In [20] and [21] the nonperturbative spectral action was computed explic-
itly for the 3-dimensional spherical space forms and the flat 3-dimensional
Bieberbach manifolds, via the same type of Poisson summation technique
first used in [7] for the sphere case. In these computations one considers the
spectral action as a pure gravity functional (that is, only on the manifold X,
without the finite geometry F). It is shown that a perturbation D? 4 ¢? of
the Dirac operator produces in the nonperturbative spectral action a slow-
roll potential V(¢) for the scalar field ¢, which can be used as a model for
cosmic inflation.
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It is shown in [20], [30] and [21] that nonperturbative spectral action for
the spherical space forms S3/T" is, up to an overall constant factor that de-
pends on the order of the finite group I', the same as that of the sphere
53, hence so is the slow-roll potential. Similarly, the spectral action and
potentials for the flat Bieberbach manifolds are a multiple of those of the
flat torus T3. In particular, for each such manifold, although the spectra de-
pend explicitly on the different spin structures, the spectral action does not.
These results show that, in a model of gravity based on the spectral action
functional, the amplitudes and slow-roll parameters in the power spectra for
the scalar and tensor fluctuation would depend on the underlying cosmic
topology, hence constraints on these quantities derived from cosmological
data (see [18], [28], [29]) may, in principle, be able to distinguish between
different topologies.

Here we discuss a natural question arising from the results of [20] and
[21], namely how the presence of the finite geometry F' may affect the be-
havior of the slow-roll inflation potential. As a setting, we consider here
the case of the spherical space forms S3/I" as the commutative base of an
almost commutative geometry in the sense of [4], where the Clifford module
bundle V on S3/T is a flat bundle corresponding to a finite-dimensional rep-
resentation o : I' = GLy(C) of the group I'. As the Dirac operator on the
almost commutative geometry we consider the corresponding twisted Dirac
operator DI on $3/I'. From the point of view of the physical model this
means that we only focus on the gravity terms and we do not include the
part of the Dirac operator D that describes the matter content and which
comes from a finite spectral triple in the fiber direction.

Our main result is that, for any such almost commutative geometry, the
spectral action and the associated slow-roll potential only differ from those of
the sphere S by an overall multiplicative amplitude factor equal to N/#T.
Thus, the only modification to the amplitude factor in the power spectra is
a correction, which appears uniformly for all topologies, by a multiplicative
factor IV depending on the fiber of the almost commutative geometry. In
terms of the physical model, this IV represents the number of fermions in the
theory. We first compute the spectral action in its nonperturbative form, as
in [7], [20], [21], [30], using the Poisson summation formula technique and
the explicit form of the Dirac spectra derived in [5]; then we recover the
same result via an argument based on the perturbative form of the spectral
action, and heat kernel methods.

1.5. Basic setup. We recall the basic setting, following the notation of
[5]. Let I' € SU(2) be a finite group acting by isometries on S3, identified
with the Lie group SU(2) with the round metric. The spinor bundle on
the spherical form S3/I" is given by S3 x, C> — S3/I', where o is the
representation of I' defined by the standard representation of SU(2) on C2.

A unitary representation a : I' — U(N) defines a flat bundle V, =
53 x4 CN endowed with a canonical flat connection. By twisting the Dirac
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operator with the flat bundle, one obtains an operator DL on the spheri-
cal form S3/I" acting on the twisted spinors, that is, on the I'-equivariant
sections C(S3,C% ® CNV)I', where T' acts by isometries on S3 and by
oc®a on C2® CN. These are the sections of the twisted spinor bundle
5% X g0 (C2 @ CN) — S3/T. Thus, DL is the restriction of the Dirac oper-
ator D ® idgn to the subspace C®(S3,C? ® CM)I' ¢ C>(S3,C? ® CN).

This setup gives rise to an almost commutative geometry in the sense
of [], where the twisted Dirac operator Dg represents the “pure gravity”
part of the resulting model of gravity coupled to matter, while the fiber
CN = Hp determines the fermion content of the matter part and can be
chosen according to the type of particle physics model one wishes to consider
(Standard Model with right handed neutrinos, supersymmetric QCD, for
example, as in [9], [2], or other possibilities). Since we will only be focusing
on the gravity terms, we do not need to specify in full the data of the almost
commutative geometry, beyond assigning the flat bundle V, and the twisted
Dirac operator DY, as the additional data would not enter directly in our
computations.

2. POISSON SUMMATION FORMULA

Following the method developed in [7] and [20], [30], we compute the
spectral action of the quotient spaces S3/I" equipped with the twisted Dirac
operator corresponding to a finite-dimensional representation « of I' as fol-
lows. We define a finite set of polynomials labeled P, and P, which
describe the multiplicities of, respectively, the positive and negative eigen-
values of the twisted Dirac operator, in the sense that P (u)(\) equals the

multiplicity of the eigenvalue
(2.1) A=-1/2+(k+1), k>1

whenever k = m mod cr, where cr is the exponent of the group I, the least
common multiple of the orders of the elements in I'.

The main technical result we will prove is the following relation between
these polynomials:

cr Cr—l
_ NCI‘ 1
(2.2) ;Pg(u) = mEzjopm(u) =77 <u2 — Z) .

Since the polynomial on the right-hand-side is a multiple of the polynomial
for the spectral multiplicities of the Dirac spectrum of the sphere 52 (see [7]),
we will obtain from this the relation between the non-perturbative spectral
action of the twisted Dirac operator D% on S3/I" and the spectral action on
the sphere, see Theorem [2.1] below.

Furthermore, we shall show that the polynomials P! (u) match up per-
fectly with the polynomials P, (u), so that the polynomials P (u) alone
describe the entire spectrum by allowing the parameter % in equation 2.1] to
run through all of Z. Namely, what we need to show is that
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(2.3) P(u) = Py (u),

m

where for each m, m’ is the unique number between 0 and cr — 1 such
that m + m’ + 2 is a multiple of cr. To be more precise,

cr—2—m, ifl<m<er—2

(2.4) m' =< er —1, ifm=cr—1
cr — 2 ifm=cr
Define
(2.5) gm(u) = P (u)f(u/A).

Now, we apply the Poisson summation formula, to obtain,

Tr(f(D/A) =D > gm(1/2+ col +m + 1)

m ez
N _ _
= T ng(O) +O(A™™)

— % </Ru2f(u/A) - %/Rf(u//\)> +O(A™)

- X <A3 72)(0) - iAﬂm) +OM),

and so we have the main result.

Theorem 2.1. Let T be a finite subgroup of S, and let o be a N -dimensional
representation of I'.  Then the spectral action of S3/T equipped with the
twisted Dirac operator is

N

(2.6) Tef(D/A) = 1

<A3f<2>(0) - iAf(O)) +O(A—),

Here ]?(2) denotes the Fourier transform of u?f(u).

Similar computations of the spectral action have also been performed in
[20], [21], and [30]. In the sequel we describe how to obtain equation (2.2I),
by explicitly analyzing the cases of the various spherical space forms: lens
spaces, dicyclic group, and binary tetrahedral, octahedral, and icosahedral
groups. In all cases we compute explicitly the polynomials of the spectral
multiplicities and check that (2.2]) is satisfied. Our calculations are based
on a result of Cisneros-Molina, [5], on the explicit form of the Dirac spectra
of the twisted Dirac operators DL, which we recall here below.
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2.1. Twisted Dirac spectra of spherical space forms. The spectra of
the twisted Dirac operators on the quotient spaces are derived in [5]. Let us
recall the notation and the main results.

Let Ej denote the k + 1-dimensional irreducible representation of SU(2)
on the space of homogeneous complex polynomials in two variables of degree
k. By the Peter-Weyl theorem, one can decompose C(S3,C) = @1 E), ®
E} as a sum of irreducible representations of SU(2). This gives that, on
C>®(53,C? @ CN) = @E, ® Ef ® C?2 ® CV, the Dirac operator D ® ideny
decomposes as ©ridg, ® Dy ® iden, with Dy, 1 B} ® C? —» Ef ® C2. Upon
identifying C*°(93,C? @ CV)I' = @LE, ® Homr(E), C?> ® CV), one sees
that, as shown in [5], the multiplicities of the spectrum of the twisted Dirac
operator DY are given by the dimensions dim¢ Homr(E}y, C? @ CV), which
in turn can be expressed in terms of the pairing of the characters of the
corresponding I'-representation, that is, as (xg,, Xowa)r- One then obtains
the following:

Theorem 2.2. (Cisneros-Molina, [5]) Let o : I' = GLy(C) be a represen-
tation of T'. Then the eigenvalues of the twisted Dirac operator DY on S3/T
are

1

5 (k + 1) with multiplicity (XB,. > Xa)T(k + 1), k>0,
1

-5t (k + 1) with multiplicity (xg,_,, Xa)r(k + 1), k>1,

Proposition 2.3. (Cisneros-Molina, [5]) Let k = cpl+m with 0 < m < cr.
(1) If -1 €T, then

%(Xa(l) + Xa(—1)) + (XEpn» Xa)r  if k is even
T_Fll(xa(l) = Xa(=1)) + (XEm> Xa)r if k is odd

(2) If =1 ¢ T, then

<XEka Xa>F - {

NCFZ
I

<XEk7Xa>F = + <XEm7XO!>F

2.2. Lens spaces, odd order. In this section we consider I' = Z,,, where
n is odd. When n is odd, —1 ¢ T, which affects the expression for the
character inner products in Proposition 23]

For m € {1,...,n}, we introduce the polynomials,
N mN @« mN N
P+ _ 2 o MUY Pm Wy Ay
m (1) n + (B n Jut 2 2n  4n’
where

/8% = <XEm717XO!>F7

and m takes on values in {1,2,...,n}
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Using Theorem and Proposition [2.3], it is easy to see that the polyno-
mials P} (u) describe the spectrum on the positive side of the real line, in
the sense that P (u)(\) equals the multiplicity of the eigenvalue

A=—1/24 (k+1), k>1

whenever k£ = m mod n.
For the negative eigenvalues, the multiplicities are described by the poly-
nomials
N 2N N 3N N o
Pn:,(u)z—uz—i-(——km—— O‘)u o Ym
n n n
m € {0,1,...n — 1}, in the sense that P, (u)(\) equals the multiplicity of
the eigenvalue
A=-1/2—(k+1), k>0
whenever £k = m mod n. Here 77, is defined by

’Yf)lq, = <XEm+1 ) X01>F'

Let us denote the irreducible representations of Z, by x:, sending the
generator to exp(27”t) Here t is a residue class of integers modulo n.
For the sake of computation, we take Z, to be the group generated by

27

en 0

211 .
0 e n

B =

Then in the representation Ej, B acts on the basis polynomials Pj(z1, 22),
j€40,1,...k} as follows.

B - Pj(z1,22) = Pj ((21,22) B)
_ ( 2;ILI"L zl e 2;ILI"L zz)
2i

(e z1)F (e 22222)3»

27

=en B 2Pz, 2).

Hence, B is represented by a diagonal matrix with respect to this basis,
and we have

Proposition 2.4. The irreducible characters xg, of the irreducible repre-
sentations of SU(2) restricted to Zy, n odd, are decomposed into the irre-
ducible characters xp; of Zn by the equation

i=k
(2.7) XE, = Z X[k—24]
§=0

Here, [t] denotes the number from 0 to n— 1 to which t is equivalent mod n.

In the case where —1 ¢ T, that is to say, when I' = Z,, where n is odd, by
equating coefficients of the quadratic polynomials P, and P, ,, the condition
[2.3lis replaced by one that may be simply checked.



10 BRANIMIR CACIC, MATILDE MARCOLLI, KEVIN TEH

Lemma 2.5. Let I' be any finite subgroup of SU(2) such that —1 ¢ T' the
condition is equivalent to the condition

Xa(1)7 iflSmSCF—2

28 Oc_|_ a/:
(28) P 1 {2xa(1), ifm=cpr—1,cr

where a is an irreducible representation of I'. Furthermore this condition
holds in all cases.

Using proposition 4] it is a simple combinatorial matter to see that
n
n+1
(2.9) > (X Xadr = N —,

m=1

for any representation « of Z,
For the argument to go through, one also needs to check the special case

P (1/2) =0.

By direct evaluation one can check that this indeed holds.
For the negative side, we see that

n
n-+3
(2'10) Z <XEm+17Xa>F =N 9

m=1

for any representation « of Z,, and so

Proposition 2.6. Let T be cyclic with #I odd, and let o be a N -dimensional
representation of I'. Then

n n—1
> Pi(u) =) Py(u)=Nu® - g
m=1 m=0

Note that in the statement of theorem 2.2 the first line holds even if
we take kK = —1, since the multiplicity for this value evaluates to zero.
Therefore, we automatically have

Po1(=1/2) =0,
which we still needed to check.
2.3. Lens spaces, even order. When n is even, we have —1 € Z,,. When

—1 € I', from Theorems and 2.3] it follows that the multiplicity of the
eigenvalue

A=1/2+lcr +m, €N
is given by, Pt m € {1,2,... cr},
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Pl (u) :i(Xa(l) + (=)™ o (1) +

T
(5;:3 - m(xa(1) + <—1>m+1xa<—1>>> u
+ 50— (D) + (F1 xa(-1)

1

- 2#—Pm(xa(1) + (=1 xa(-1))).

The one case that is not clear is A = 1/2. It is not an eigenvalue of the
twisted Dirac operator. However, it is not clear from Theorems and 2.3
that

(2.11) Pr(1/2) =0,

and this needs to hold in order for the argument using the Poisson sum-
mation formula to go through. Evaluating equation (2.I1), we see that one
needs to check that

(2.12) (XEep 1+ Xa) = %mm + (—1) g (1)),

and indeed it holds for each subgroup I' and irreducible representation c.

Proposition 2.7. For any subgroup T' C S® of even order, the sum of the
polynomials P is

cr
3 B (u) = ya()u?
m=1

4T
Exal)  er(al) = Xa(=1) | < o
+<_ 2#T 94T +7;5m>“
CFXOc(l) C%‘Xa(l) cr 1 el o
oAl 4HT 4#PXQ(_1)+§T’;@”

Since the coefficients of the polynomial are additive with respect to direct
sum, it suffices to consider only irreducible representations.

In the case of lens spaces, cr = #I', and x;(—1) = (—=1)!. As a matter of
counting, one can see that

Proposition 2.8.

n+2

cr . .

Z E if t is even
mo 2 iftis odd

m=1 2
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Putting this all into the expression of proposition 2.7 we have, for an
N-dimensional representation, «,

(2.13) Z Pt (u <u — %) .

The negative eigenvalues are described by the polynomials

P (u) zﬁ(xa(l) + (=)™ o (1)) +
(a0 + (1™l 1) =5 )
S b1+ ()™ (1) - 355,

m € {0,1,...cr — 1}. And so, we have the following proposition.

Proposition 2.9. For any subgroup T' C S® of even order, the sum of the
polynomials P, s

Z Pon() =Zxa(1u+

« 1 2 o 1 « -1 ol
X()Cr+3X()CF+X( Jer e
2#I 2#I 2#I

0

m

-1
Xao(1)er Xa(l)c% + Xao(—1)er _ lcr a
94T A#T A#T 2 mzzo Tm-

By counting, one can see that

cr—1 n+4 - .
D B if t is even
(2.14) Z Tm { "TH if ¢ is odd

To complete the computation of the spectral action one still needs to
verify the condition (Z3]). We have the following lemma, which is obtained
by equating the coefficients of P and P_,, and it covers the cases of the
binary tetrahedral, octahedral and icosahedral groups as well.

Lemma 2.10. Let I' be any finite subgroup of SU(2) such that —1 € T" the
condition (23)) is equivalent to the condition

Xo(D(Xa(1) + (=1)"xa(-1)), #f1<m<ecr—2
(2.15) B+ = 4 2Xa(1)(xa(1) + xa(—1)), ifm=c—1
2Xa(1)(Xa(1) = Xa(-1)),

where a is an irreducible representation of I'. Furthermore this condition
holds in all cases.

if m=cr
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2.4. Dicyclic group. The character table for the dicyclic group of order
4r is, for r odd,

Class | 14 1_ 2; ro | T
de |2 (2D [+ 0] o0
x1 | 1 1 1 I [1
xo | 1] -1 (—1) i | —i
x3 | 1 1 1 —1| -1
xa | 1 -1 (-t | =i ] 4,
and for r even,
Class | 14 1_ 2; ro | T
Yo [ 2 21" +¢ [ 0] 0
x1 | 1 1 1 I [1
xo | 1] -1 (—1) i | —i
x3 | 1 1 1 —1|-1
xa | 1 -1 [ =

Here (5, = e%, 1<t<r—1,1<1<r—1. The notation for the different
conjugacy classes can be understood as follows. The number indicates the
order of the conjugacy class. A sign in the subscript indicates the sign of
the traces of the elements in the conjugacy class as elements of SU(2).

For the dicyclic group of order 4r, the exponent of the group is

| 2r ifriseven
T=\ 4 ifrisodd

One can decompose the characters xg, into the irreducible characters by

inspection, and with some counting obtain the following propositions.

Proposition 2.11. Let I' be the dicyclic group of order 4r, where r is even.

er Xa € {X1, X2, X3, X4}
> b=
m=1

= NI

Xa = V¢, t is even
r+1 xo=1v, tisodd

er—1 5+1 Xa € {x1,x2, X3, x4}
ny%: r+2 Xo=1, tiseven
= P41 X =, tis odd

Proposition 2.12. Let I' be the dicyclic group of order 4r, where r is odd.

. 2r  Xa € {x1,x3}
T
Z g — 2r+1 xa € {x2,x4}
— m 4r Xa = ¢, tis even
" A4r +2 xo =1, tis odd

S 2r+2 xa € {x1,x3}
T
Z o _ ) 2r+1 Xa € {x2 xa}
— Tm dr +4 xq =Yy, t is even
"= [ 47 +2 Xa =11, tis odd
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2.5. Binary tetrahedral group. The binary tetrahedral group has order
24 and exponent 12. The character table of the binary tetrahedral group is

Class | 14 | 1- | 4o+ | 4ps | 40— | 4o— | 6

Order | 1 | 2 6 6 3 3 4
X1 1 1 1 1 1 1 1
X2 1 1 | W? | w w w? 1
X3 1 1 w | w? ] w? w 1
X4 2 | =21 1 1 -1 ] -11]0
X5 2 [ -2 w? w —w | —w?| 0
X6 2 | 2] w | w? | =?] —w ]| O
X7 313 0 0 0 0 | -1

2mi
Here, w =¢€73".

For the remaining three groups, we can use matrix algebra to decompose
the characters x g, .

Let x;, z;j, j = 1,2...,d denote the irreducible characters, and represen-
tatives of the conjugacy classes of the group I'. Then since every character
decomposes uniquely into the irreducible ones, we have a unique expression
for xg, as the linear combination

d
_E k., .
XEk - Cij'
J=0

If we let b = (bj) j = 1,...,d be the column with b; = xg,(z;), and let
A = (a;j) be the d x d matrix where a;; = x;(z;) and let ¢ = (cf) j=1,...d
be another column. Then we have

b= Ac,

A is necessarily invertible by the uniqueness of the coefficient column ¢, and
so ¢ is given by

c= A",
By this method, we obtain the following proposition.

Proposition 2.13. Let I' be the binary tetrahedral group.

‘r 37 Xa € {X17X27X3}
Z B?)f], = 77 Xa € {X47X57X6}
m=1

97 XQ = X7
cr—1 4, Xa € {X17X27X3}
Z ’y% = 7, Xa € {X47X57X6}

m=0 12, Xo =Xx7
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2.6. Binary octahedral group. The binary octahedral group has order
48 and exponent 24. The character table of the binary octahedral group is

Class |14 | 1| 64 |60 | 6- |84 |8 |12
Order | 1 [ 2] 8 [ 4] 8 [ 6] 3] 4
x1 | 1]1 1 1 1 111
xe | 1| 1] =11 -1]1]1]-1
xs | 2] 271 0 2 0 [—-1]-1]0
xa | 2121 V20|21 ]|-1]0
xs | 21 -2]—=V2] 0| V2 |1]|-1]0
x¢ | 3|3 -1 ]-1] -1]0]o0]1
x7 | 3] 3 1 [-1] 1 00 |-1
xs | 4 | —4] 0 0 0 [-1] 170

Proposition 2.14. Let I be the binary octahedral group.

6, Xa € {x1,x2}

cr 12, Xa=Xx3
> BE =1 13, xa =€ {x1,X5}
m=1 187 Xa € {XG?X?}
26, Xa = X8

7, Xe € {x1,X2}
cr—1 14, Xa=Xx3

Z Ym =19 13, Xa =€ {x4, x5}
m=0 21, xa € {X67X7}
267 Xa — X8

2.7. Binary icosahedral group. The binary icosahedral group has order
120 and exponent 60. The character table of the binary icosahedral group
is

Class | 14 | 1| 30 | 204 | 20— | 1244 | 1254 | 124 | 12—

Order | 1 | 2 | 4 6 3 10 5 5 10
X1 111 1 1 1 1 1 1 1
X2 21-2]10 1 -1 7 v —u | —v
X3 2 1-210 1 1| —v | —u v 7
X4 313 |-1] 0 0 —v W —v W
X5 313 |-1] 0 0 W —v W —v
X6 41410 1 1 -1 | -1 -1 | -1
X7 4 1-41 0 | -1 1 1 -1 | -1 1
X8 5| 5 1| -1|-1 0 0 0 0
X9 6 |—-6| 0 0 0 -1 1 1 -1

5+1 V61

Here,,u:\/_T,andV: 5
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Proposition 2.15. Let I' be the binary icosahedral group.

15, xa=x1

31, Xa € {x2,x3}

cr 45, Xa € {x4, x5}
D> BL =160, Xa=xo
m=1 62, Xa = X7
757 Xa = X8
937 Xa = X9
( 167 Xa = X1

31, Xa € {x2, x3}

cr—1 48, Xa € {x4, X5}
D om=19 64 xa=xs
m=0 62, Xa = X7
807 Xa = X8
k 937 Xa = X9

2.8. Sums of polynomials. If we input the results of propositions 2.8],

217, 212, 13| 2.14] 215 into propositions 2.7 and also recalling propo-
sition we obtain the following.

Proposition 2.16. Let T' be any finite subgroup of SU(2) and let o be an
N -dimensional representation of . Then the sums of the polynomials P}
and P, are given by

cr—1

S P = S Py = YT (2L
;Pmu-;)m()—#r( 4>

3. A HEAT-KERNEL ARGUMENT

It may at first seem surprising that, in the above calculation, using the
Poisson summation formula and the explicit Dirac spectra, although the
spectra themselves depend in a subtle way upon the representation theoretic
data of the unitary representation o : I' — U(N), through the pairing of
the characters of representations, the resulting spectral action only depends
upon the dimension N of the representation, the order of I', and the spectral
action on S3.

This phenomenon is parallel to the similar observation in the Poisson
formula computation of the spectral action for the spherical space forms and
the flat Bieberbach manifolds in the untwisted case [20], [21], [30], where
one finds that, although the Dirac spectra are different for different spin
structures, the resulting spectral action depends only on the order #I' of
the finite group and the spectral action on S® or 7.

In this section, we give a justification for this phenomenon based on a
heat-kernel computation that recovers the result of Theorem 2Tl and justifies
the presence of the factor N/#I.
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3.1. Generalities. We begin with some background on the spectral action
for almost-commutative spectral triples. In what follows, let £ denote the
Laplace transform, and let S(0,00) = {¢ € S(R) | ¢(x) =0, = < 0}.

The following result establishes the basic properties of the spectral action
for almost-commutative spectral triples:

Theorem 3.1 ([26], Theorem 1]). Let V be a self-adjoint Clifford module
bundle on a compact oriented Riemannian manifold M, and let D be a
symmetric Dirac-type operator on V. Let f € C*°(R) be of the form f(x) =
L[¢](x?) for ¢ € S(0,00). Finally, let A > 0. Then f(D/A) is trace-class
with asymptotic expansion

61 TUOM)~ Y A / G aim a1 (2, D2)dVol(x),
k=—dim M

as A — 400, where an(x, D?) is the n-th Seeley-DeWitt coefficient of the
generalised Laplacian D?, and the constants ¢, are given by

60 = [ $ls)s"%ds,

In particular, since a,(-, D?) = 0 for n odd [I5, Lemma 1.7.4], one has
that the asymptotic form of Tr (f(D/A)), as A — +oo, is given by

S0, A2 qﬁg (m=n) Jas @2n(x D2)dVol( ) if dim M = 2m,
S0, A% o m—n)+1 [y G2n(z, D?)dVol(z) if dim M = 2m + 1.
Note also that for n > 0,

<z>_n—/ b(s)s™™/2ds n/2/ F(u)um .

The following result guarantees that the ¢, can be chosen at will:

Proposition 3.2. For any (a,) € C% there exists some ¢ € S(0,00) such
that

ap = / 8"/2¢(s)d8,for alln € Z.
0

In fact, this turns out to be a simple consequence of the following re-
sult by Duran and Estrada, solving the strong moment problem for smooth
functions of rapid decay:

Theorem 3.3 (Durén-Estrada [14]). For any (a,) € C% there exists some
¢ € §(0,00) such that

ap = / s"¢(s)ds, for alln € Z.
0
Proof of Proposition [3.2. By Theorem B3] let ¢ € S(0,00) be such that

an = 2/ sl (s)ds, for all n € Z.
0
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Then for ¢(s) = ¥(y/s) € S(0,00),
/ §"2¢(s)ds = 2/ " Ly(t)dt = an, for all n € Z,
0 0

as required. O

We have already seen that the spectral action Tr (f(D/A)) converges and
admits an asymptotic expansion, which is derived from the heat kernel trace
asymptotics of D?. However, the exact spectral action itself can be rewritten
in terms of the heat kernel trace of D?, a result we shall use repeatedly in
the sequel:

Corollary 3.4. Under the hypotheses of Theorem [31], one has that

(3.2) Tr(f(D/A)) = /000 [/MTr (K(s/A? z,2)) dVol(z) | ¢(s)ds,

where K (t,z,y) is the heat kernel of D?.

Proof. Let ju, denote the k-th eigenvalue of D? in increasing order, counted
with multiplicity. Then, since f(D/A) = L[#](D?/A?) is trace-class,

Tr (f(D/A)) = Tr (L[g](D?/A?))

o

=) LI /A?)
k=1
- ~ e 51t /A% §(5)ds
%
— /OO Ze—sui/l\zl (s)ds
0 Lk=1

= /OO Tr (e_SDQ/M) o(s)ds
0 -

_ / / Tr (K (/A2 z, z)) dVol(z) | ¢(s)ds,
0 LS M

as was claimed. O

3.2. Non-perturbative results. We now give a non-perturbative heat-
kernel-theoretic analysis of the phenomenon mentioned above.

Let M — M be a finite normal Riemannian covering with M and M
compact, connected and oriented, and let I' be the deck group of the cov-
ering. Let v = M be a I- equivariant self-adjoint Clifford module bun-
dle, and let D be a I- equivariant symmetric Dirac-type operator on V.
We can therefore form the quotient self-adjoint Clifford module bundle
VY = 17/F M =M /T, with D descending to a symmetric Dirac-type
operator D on V; under the identification L?(M,V) = LQ(M, V)T, we can
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identify D with the restriction of D to C™® (M , 9)F, where the unitary action
U:T — U(L2(M,V)) is given by U()&(T) == £(Fy~1)y.

Our first goal is to prove the following result, relating the spectral action
of D to the spectral action of D in the high energy limit:

Theorem 3.5. Let f € C®(R) be of the form f(x) = L[¢](x?) for ¢ €
S§(0,00). Then for A > 0,
1 -

T (F(D/A)) = 55T <f(D/A)) FOA™), as A — +oo.
Remark 3.6. Theorem continues to hold even when inner fluctuations
of the metric are introduced, since for A € C>(M, End(Vl) symmetric,
D+ A onV liftsto D+ A onV, where A is the lift of A to V.

To prove this result, we will need a couple of lemmas. First, we have the
following well-known general fact:

Lemma 3.7. Let G be a finite group acting unitarily on o Hilbert space
H, and let A be a G-equivariant self-adjoint trace-class operator on H. Let
HE denote the subspace of H consisting of G-invariant vectors. Then the
restriction A | HY of A to HY is also trace-class, and

1
G\ _
Tr (A | HE) = %ZTr(gA).
geG
Proof. This immediately follows from the observation that # > geG 9 is the
orthogonal projection onto HC. O

Now, we can compute the heat kernel trace of D using the heat kernel for

D:
Lemma 3.8. Fort >0,

(3.3) 2 1 -~
Tr(e_tD ) = ﬁTr (e_tD)
- /M“ (p() @R (1,747, 7) ) dVol (@),
yel\{e}

where I~((t, Z,Yy) denotes the heat kernel of lN?, and p denotes the right action
of I' on the total space V.

Proof. Let v € I". Then for any £ € C’OO(M, V),

(vene ™) e vt ( [ Rz pemavoid)
— oY) ( /M@W)f«t,fﬁ@g@d%l@)

= | _p(y)@y Kt Ty, 9)EG)dVol(y)

S
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so that the operator U (’y)e_tf) * has the integral kernel

(t,7,9) = p(1) @Y K3y, 7).

Since L2(M,V) = L2(]T4/, 17)F, we can therefore apply Lemma B.7] to obtain
the desired result. O

Finally, we can proceed with our proof:

Proof of Theorem[3.3. By Corollary B.4] and Lemma [3.8], it suffices to show
that for v € G\ {e},

/OOO [/NTr (p(v)(%—l)l?(t,iy—l,m dVol(f)} é(s)ds = O(A~),

M
as A —oo0.
Now, since M is compact and since the finite group I' acts freely and
properly,
inf  d@y4L,7)= min d@y %) >0.
(ZT,y)eM T (Z,y)eMxT
Hence, by [16, Proposition 3.24], there exist constants C' > 0, ¢ > 0 such
that
sup | K (t, 37", 7)|]2 < Ce™/t, t>0,
zeEM
for || - ||2 the fibre-wise Hilbert-Schmidt norm, implying, in turn, that for
every n € N there exists a constant C,, > 0 such that
sup [ K (8,771, 7)[2 < Cpt", ¢ > 0.
zeEM

Hence, for each n € N,

[ L (@ R s ) avol@)] ofs)as

< [vaian <sugu,,<,y>@)”2> <Sug\\f~<(tﬁv‘1,f)\\z> 0(s)]ds

zeM zeM

zeM

< Vol(M) - (SHBHP(’Y)(E)M) -Gy /OOO(S/AQ)"W(S)!dS

- (\fol(M) - (Sugllp(’y)(f)llz) .Gy /0 N s"ras(s)rds) A2,

zeM
yielding the desired result. O

Now, let a : I' = GLy(C) be a representation of I'; by endowing CV
with a I-equivariant inner product, we take o : I' — U(N). Since M — M
is a principal I'-bundle, we form the associated Hermitian vector bundle
F=M Xo CN — M; since I is finite, we endow F with the trivial flat
connection d. We can therefore form the self-adjoint Clifford module bundle
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Y ®F — M, which admits the symmetric Dirac-type operator D, obtained
from D by twisting by d, that is,

Dy, =D®1+c(l®d),

where ¢ denotes the Clifford action on V ® F.
We now obtain the following generalisation of Theorem B.1], which explains
the factor of N/#I appearing in Theorem 2.1] above:

Theorem 3.9. Let f € C®(R) be of the form f(x) = L[p](x?) for ¢ €
S§(0,00). Then for A > 0,

N ~
Tr (f(Da/A)) = Z5Tr (f(D/A)> FOA™), as A — +oo.
Remark 3.10. This result is again compatible with inner fluctuations of the
metric, insofar as if A € C*°(M,End(V)) is symmetric, then Do+ A®1 on
V@ F is induced from D+ A on 'V, where A is A viewed as a I'-equivariant
element of C*°(M,End(V)).

Proof of Theorem [7.9. On the one hand, consider the trivial bundle F =
M x CN over M, together with the trivial flat connection d. Then for the ac-
tion (Z,v)y := (Zv,a(y"1)v), F is a [-equivariant Hermitian vector bundle,
and d is a '-equivariant Hermitian connection on F. Then, by taking the
tensor product of I'-actions, we can endow V ® F with the structure of a I'-
equivariant self-adjoint Clifford module bundle, admitting the I'-equivariant
symmetric Dirac-type operator D, = D®1+ c¢(l®d). As a vector bundle,
however, we may simply identify V@ F with F&N , in which case we may
identify l/)\; with D ® 1n.

On the other hand, by construction, the bundle F defined above is the
quotient of F by the action of I'. Hence, under the action of I', the quotient
of V® F is the the self-adjoint Clifford module bundle V ® F, with l/)\;
descending to the operator D ® 1 + ¢(1 ® d) = D,,.

Finally, by Theorem and our observations above,

T (f(Da/8)) = 2 Tr (FDa/)) + 0(A)
_ #1& (/(D/8) @ 1) +O(A™)
_ %Tr (£(D/8)) +0(a), as A — 400,
as was claimed. O

One can apply these results to give a quick second proof of Theorem 2.1
Let I' € SU(2) be a finite group acting by isometries on S2, identified
with SU(2) endowed with the round metric, and let o : I' — U(N) be
a representation. Since S3 is parallelizable and I' acts by isometries, the
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spinor bundle C? — Sgs — S% and the Dirac operator [Dgs are trivially I'-
equivariant. Then, by construction, the Dirac-type operator D on Sgs @V,

is precisely the induced operator D,, corresponding to D = D gs, so that by
Theorem [3.9]

TY(f(Da/A))Z#iTr( (Pgs/A) +O(A), as A — +oo.

However, by [7, §2.2], one has that
— 1 -~ -
Tr (f(Psa/A)) = A*F@(0) = ZAF(0) + O(A™),
where ]7(?) denotes the Fourier transform of u?f(u). Hence,

T (1(Da/)) = 5 (427P0) ~ {A70)) + 0(A ),
as required.

3.3. Perturbative results. Let us now turn to the perturbative picture.
In light of Theorem [3.11 it suffices to compare the Seeley-DeWitt coefficients
of D? with those of D? and D2.

Proposition 3.11. Let D and D be as above. Let w: M — M denote the
quotient map. Then for all n € N,

an(7(Z), D?) = an(,D%), TeM,

and hence
/ an(g;,D2)dvol(x)=i / an (%, D?)dVol(Z).
M #U Jar

Proof. By [15, Lemma 4.8.1], there exist a unique connection V and en-
domorphism E on V such that D? = V¥V — E, and similarly a unique
connection V and endomorphism E on V such that D? = V*V. Since D? is
the lift of D? to V, it follows by uniqueness that V and E are the lifts of V
and FE, respectively, to V as well. s

Now, since the finite group I acts freely and properly on M, let {(U,, ¥4)}

be an atlas for M such that for each a, | Uy : Uy — w(Uy,) is an isometry.
Hence, the local data defining a,,(-, D?) on U, lifts to the local data defining

an(-, D?) on 7= 1(U,), so that ap(-, D?) is indeed the lift to M of ay(-, D?),
as required. O

Proposition 3.12. Let D and D, be as above. Then for allm € N,
an(7(%), D2) = Nan(%,D%), e M,

and hence

2 N an (%, D) dVol(Z
/Man(x,Da)dVol(x) = T /M n(Z, D?)dVol(Z).
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Proof. On the one hand, by [15, Lemma 1.7.5], ax(, D @1y) = Nag (-, D?),
for D2® 15 on V®N. On the other hand, D? ® 1y is the lift to VN of D?
on V ® F, so that by Proposition BII] ax(, D? ® 1y) is the lift to M of

an(-, D2). Hence, Nay(-, D?) is the lift to M of an(-, D2), as required. [

Let us now apply these results to the Dirac operator Dgs on the round
3-sphere S3, together with a finite subgroup I' of SU(2) acting freely and
properly on S3 2 SU(2), and a representation a : I' — U(N). Since ],7%3 =
(V9)*V¥ + 2 by the Lichnerowicz formula, it follows from [I5, Theorem
4.8.16] that

/ ao(x, P%s)dVol(z) :/ (4m) 73/ Tr(id)d Vol (z) = \/—E,
S3 s3 2

/53 as(w, Pgs)dVol(x) = /53 (4m) 22Ty (gid - gid> dVol(z) = _\/TE‘

Since the operator DY is precisely D, as induced by D= D gs, it therefore
follows by Proposition B.12] that

I')2 _ N ao(z, D> o Nvm
g 200 PRV = 2 [ e PR)avol(@) =

;\; (x,lpiﬁ)dVOI(x) — _(];;\I{il

/ as(y, (DL)?)dVol(y) =
$3/T

Finally, one has that

—

2 - 2du = 2= - uuzu:i
¢—3=W/0 f(U)UdU—\/—/ f(u)ud \/—f(2)(0)7

2 > —~
¢—1:m/0 f(u)du = \/7/ flu ()

where f/(2\) is the Fourier transform of f(u)u?. Hence,

T (F(Pss /) ~ %5 | | aofe PR)dVol(w)
+ Agp_q /SS as(z, lD%S)dVol(m) + O(A—l)

—

_ A3F@)(0) — iAf(O) + O,
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and

T (/DD) ~ Ay [ onty, (DR )avol(s)

+Ap_y /SS/F as(y, (DX)H)dVol(y) + O(A™1)

_ N
= 77
which is indeed consistent with Theorem [2.11

(82780 - 1470)) + 04,

4. THE INFLATION POTENTIAL AND THE POWER SPECTRA

It was shown in [20], [2I] that for a 3-manifold Y that is a spherical space
form S3/T or a flat Biebarbach manifold (a quotient of the flat torus 7°
by a finite group action), the non-perturbative spectral action determines a
slow-roll potential for a scalar field ¢ by setting

Te(h(Dy g1 + ¢%)/A%)) = Tr(h(DY 51 /A%)) = Vi (9),

up to terms of order O(A™%°), where, in the spherical space form case the
potential is of the form

2 2
Vi (9) = T BV (55) + S A% (53),

where h the test function for the computation of the spectral action on the
4-manifold Y x S', a > 0 is the radius of the sphere and 3 > 0 is the size of
the circle compactification S'. The functions Vy and Wy are of the form

(4.1) Vy(z) = Ay Vgs(x) and Wy (x) = Ay Was(z),
where, for Y = S3/T', the factor Ay = (#I')~!, and

(4.2) Vaa(a) = / w(h(u+2)— h(u)du  and  Wes(z) = / h(u) du.
0 0
Thus, the potential satisfies

(4.9 Ve(6) = v Viol9) = 2.

The slow-roll potential Vy (¢) can be used as a model for cosmological in-
flation. As such, it determines the behavior of the power spectra P, y (k) and
Py (k) for the density fluctuations and the gravitational waves, respectively
given in the form

1 V3 1%
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with Mp; the Planck mass, see [28] and [2I] for more details. Including
second order terms, these can be written also as power laws as in [2§],

k > 1—-ns+% log(k/ko)

Pu(k) ~ Ps(k0)<k—0

k >nt+% log(k/ko)

Pu(k) ~ Pt(k‘o)<k—0

where the exponents also depend on the slow roll potentials through certain
slow-roll parameters. Since, as already observed in [20], [2I], the slow-roll
parameters are not sensitive to an overall multiplicative scaling factor in the
potential, we focus here only on the amplitude only, which, as shown in [21],
correspondingly changes by a multiplicative factor. Namely, in the case of
a spherical space form with the spectral action computed for the untwisted
Dirac operator, one has

(4.5)

Y

@ 3
k 1—n5753+ S’ZS log(k/ko)
ko >

Poy (k) ~ Ay Ps(ko) (-
(4.6)

53
k >nt753+ L5 log(k/ko)

Pry (k) ~ Ay Pi(ko) <I<:_0

Y

where, as above, A\y = 1/#T.

The amplitude and the exponents of the power law are parameters subject
to constraints coming from cosmological observational data, as discussed in
[18], [28], [29], so that, in principle, such data may be able to constrain the
possible cosmic topologies in a model of gravity based on the spectral action.
To this purpose, it is important to understand how much the amplitude and
the slow-roll parameter are determined by the model. A discussion of the
role of the parameters A, a, and § is included in [2I], while here we focus
on how the coupling of gravity to matter affects these parameters.

By directly comparing the argument given in [20] proving (4.6]) with the
result of Theorem 2.1l above, we see that, in our case, we obtain then the
following version of (4.6]), modified by an overall multiplicative factor N,
the total number of fermions in the model of gravity coupled to matter.

Proposition 4.1. For a spherical space form'Y = S3/T', consider the slow-
roll potential Vy o(¢) determined by the nonperturbative spectral action

Te(h((D} y w51 + 6°)/A?)) = Te(h(DZ y 51 /A%)) = Vya(9),
where D, y g1 18 the Dirac operator induces on the product geometry Y x St
by the twisted Dirac operator DY on Y. Then the associated power spectra
as in (&), [@EH) satisfy (L), with Ay = N/#T.
4.1. Inflation potential in the heat kernel approach. Let us now con-
sider inflation potentials on space-times of the form M x Sé for M com-

pact oriented Riemannian and odd-dimensional, arising from general almost-
commutative triples over M.
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Let D is a symmetric Dirac-type operator on a self-adjoint Clifford module
bundle ¥V — M, with M compact oriented Riemannian and odd-dimensional,
and let [Pz be the Dirac operator with simple spectrum %(Z + 1) on the

trivial spinor bundle C — Ss}i — Sé. We may immediately generalise the

construction of [7, §2.3] to obtain an odd symmetric Dirac-type operator

@2
DMxS}g on the self-adjoint Clifford module bundle (V X SS%) — M x Sé.

Hence, we may define an inflation potential Vs : C*° <M X Sé) — R by

Var(6) = T (h((D3 g1 +67)/A%)) = Tr (WD} 51 /A%) ).

where h = L[] for ¢ € §(0,00); note that D]2V[><Sl + ¢ has heat trace
B

M5 > = 2Tr <e_“p%) Tr (e_tDQ) e 9t

for ¢ locally constant. -

Let T — M — M,V — M,V — M, D, D, a, F — M and D, be
defined as in Subsection 3.2 with M and M odd-dimensional, generalising
the discussion above of I' — S% — Y. We may then form odd Dirac-type
operators Estév DMX%, and DmMX% from D, D and D,, respectively,

as above. On the other hand, if one trivially extends the action of I'" on
—~ —~ ~ —~ D2
M to M x Sé and the action onV — M to (V&Ssé) — M x Sé, then

2
Dy;. g1 becomes a I'-equivariant Dirac-type operator on (V XS S}a) , and
B
the constructions of Subsection applied to the I'-equivariant Dirac-type
operator D7 o1 reproduce precisely the Dirac-type operators D, Sy and
B

DQ7M>(S}_3 :

Now, let V7, Var, and Viy, denote the inflation potentials corresponding

to D, D, and D,, respectively, which we all view as nonlinear functionals
on C>*(M x Sé,R)F = C%°(M x SE,R). Then, since we also have that

1 1
MXSB MXSB
of D?

D2 +¢?is the lift of D3 ., + ¢* and <D2v - ¢2> ® 1y is the lift
B
+ ¢2, Theorems and B8], mutatis mutandis, therefore imply

MXSé,a
that
(4.7) V(o) = %VM(QS) +O(A™°), as A — +oo,
and
N _
(4.8) Vira(9) = Viz(@) + O(A™), as A — +oo,

#T
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thereby explaining the factor Ay in Equations [4.3] and and Proposi-
tion [£.11
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