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EXPONENTIAL RETURN TO EQUILIBRIUM FOR
HYPOELLIPTIC QUADRATIC SYSTEMS

M. OTTOBRE, G.A. PAVLIOTIS & K. PRAVDA-STAROV

ABSTRACT. We study the problem of convergence to equilibrium for evolution
equations associated to general quadratic operators. Quadratic operators are non-
selfadjoint differential operators with complex-valued quadratic symbols. Under
appropriate assumptions, a complete description of the spectrum of such opera-
tors is given and the exponential return to equilibrium with sharp estimates on
the rate of convergence is proven. Some applications to the study of chains of
oscillators and the generalized Langevin equation are given.

1. INTRODUCTION

The spectral properties of hypoelliptic operators and the problem of return to
equilibrium for the associated parabolic equations are topics of current interest. Such
operators arise naturally in non-equilibrium statistical mechanics as the generators of
Markov processes which model the dynamics of classical open systems [3] 5], [6], [25] [29].
A standard example of hypoelliptic equation is the Fokker-Planck equation [30],

(1) { Of +v-Vuof =V, V(x) Vyf =9V, - (U + /Bilvv) f=0,
f(xavat)|t:0 = fo(.’E,U).

This equation is the forward Kolmogorov equation for the Langevin stochastic differ-
ential equation

T =,

) { 0= =V, V(z) = v+ /2987 IW,
where W (¢) denotes a standard Brownian motion in R%, «y the friction coefficient and 3
the inverse temperature. Several properties of the Fokker-Planck equation have been
studied including spectral properties and convergence to equilibrium [3] 9, [14], homog-
enization [T, [§], short time asymptotics [10] and semiclassical limits [TT], 12| 13} [15].
Related problems have been studied for the Fokker-Planck equation corresponding to
the generalized Langevin equation under a Markovian approximation [25].

Recently, the theory of hypocoercivity [33] has been developed for studying the
convergence to equilibrium of kinetic equations. This theory applies to evolution
equations of the form

3) Ohf+(A"A+ Xo)f =0,

where A, Xy are some operators defined on an appropriate Hilbert space H, which
is usually the L? space weighted by the invariant measure of the underlying Markov
process, with Xy being skew-adjoint in this space, X§ = —Xo. Under appropri-
ate assumptions on the commutators between the operators A, Xy and higher order
commutators, it is possible to prove the exponential return to equilibrium for these
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evolution equations. Regarding the Fokker-Planck operator, quantitative estimates
on the rate of convergence can be obtained via the analysis of the spectral gap. How-
ever, it is not possible in general to determine exactly the spectrum and one of the
few instances when this is possible is the case of quadratic potentials [I5].

In the present work, we consider evolution equations associated with general qua-
dratic operators

ou w
(4) { a(tvx)"_q ({E,DI)’LL(t,{E) =0
u(t,)|i=o = uo € L*(R"),

and address the problem of the exponential return to equilibrium for these systems.
Quadratic operators are pseudodifferential operators defined in the Weyl quantization

1 o T4y
Y(x, Dy - i(z—y).£ ( ) dud
o) (. DoJule) = e [ (S Ju(w)dyde,

by symbols ¢g(x,§), with (z,£) € R™ x R™ and n € N*, which are complex-valued
quadratic forms

q: Ry xR — C.

These operators are differential operators with simple and fully explicit expression.
Indeed, the Weyl quantization of the quadratic symbol z¢?, with (a,8) € N?7,
|ao+ 3| = 2, is the differential operator

xDP + DBz~

2

Notice that quadratic operators are non-selfadjoint operators and that those with
symbols having non-negative real parts are accretive. Since the classical work by
J. Sjostrand [31], a complete description for the spectrum of elliptic quadratic opera-
tors is known and has played an important role in the analysis of partial differential
operators with double characteristics. Elliptic quadratic operators are quadratic op-
erators whose symbols satisfy the ellipticity condition

(6) (2,8) €R*™, q(z,6) =0 = (2,£) = 0.

In a recent work [I6], the spectral properties of non-elliptic quadratic operators, that
is operators whose symbols may fail to satisfy the ellipticity condition on the whole
phase space R?", were investigated. For any quadratic operator whose symbol has a
real part with a sign, say here a symbol with non-negative real part

(7) Re ¢ >0,

it was pointed out the existence of a particular linear subvector space S in the phase
space R2", S C R?", intrinsically associated to the symbol g and called singular space,
which plays a basic role in the understanding of the properties of this non-elliptic
quadratic operator. In particular, this work [I6] (Theorem 1.2.2) gives a complete
description for the spectrum of any non-elliptic quadratic operator ¢*(x, D,) whose
symbol ¢ has a non-negative real part, Re ¢ > 0; and satisfies an assumption of partial
ellipticity along its singular space .5,

(8) (1‘75) €5, Q(xvg):Oj(l"g):O

Under those assumptions, the spectrum of the quadratic operator ¢* (z, D,) is showed
to be composed of a countable number of eigenvalues with finite multiplicity and the
structure of the spectrum is similar to the one known for elliptic quadratic opera-
tors [31I]. This condition of partial ellipticity is weaker than the condition of ellipticity
in general, S C R?", and allows to deal with more degenerate situations. An impor-
tant class of quadratic operators satisfying condition are those with zero singular

., D, =i"t9,.
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space S = {0}. In this case, the condition of partial ellipticity trivially holds and
these differential operators have been showed to be hypoelliptic [27] (Theorem 1.2.1).
More precisely, they enjoy specific subelliptic properties with a loss of derivatives
with respect to the elliptic case depending directly on the structure of their singular
spaces. We refer the reader to [27], 28] for a complete presentation of these subelliptic
properties and examples of such subelliptic quadratic operators.

In the present work, we shall consider this class of hypoelliptic operators with zero
singular space and study further the structure of the bottom of their spectra. More
specifically, we shall see that the first eigenvalue in the bottom of their spectra has
always algebraic multiplicity one with an eigenspace spanned by a ground state of
exponential type. We shall also give an explicit formula for the spectral gap which
is computable via a simple algebraic calculation; and finally answer the question of
long time behavior of the associated evolution equations by proving the property of
exponential return to equilibrium for these quadratic systems.

Let us finally mention that the singular space theory [16] 17, [I8] 27, 28] apply in
various settings and that certain applications to the study of chains of oscillators and
the generalized Langevin equation are discussed at the end of this article.

2. STATEMENTS OF THE MAIN RESULTS

We begin by recalling miscellaneous facts and notations about quadratic operators.
In all the following,

Ry xRy — C
(@,8) = qx,9),
stands for a complex-valued quadratic form with a non-negative real part
(9) Re g(z,€) >0, (z,£) € R*" n € N*.

We know from [20] (p.425-426) that the maximal closed realization of the operator
q“(x, D), i.e., the operator on L?(R") with domain

D(q) = {u € L*(R") : ¢*(z, Dy)u € L*(R")},
coincides with the graph closure of its restriction to S(R™),
q“(z,D,) : S(R") —» S(R");
and that this operator is maximally accretive
Re(qw(z, Dgc)u,u)L2 >0, u € D(q).

Associated to the quadratic symbol ¢ is the numerical range Y (gq) defined as the
closure in the complex plane of all its values,

(10) E(q) = q(RE x RE).

The Hamilton map F' € M,,(C) associated to the quadratic form ¢ is the unique map
defined by the identity

(11) a((z, )i (y.m) = o (2.9, F(y,m). (x,8) € R* (y,n) € R*™;

where ¢(-;-) stands for the polarized form associated to the quadratic form ¢ and o
is the canonical symplectic form on R2",

(12) o((x,), (y,m) =&y —xm, (z,€) € R*™, (y,n) € R**.
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It directly follows from the definition of the Hamilton map F' that its real part and
its imaginary part
— 1
F+F)and Im F = 2—(
i
are the Hamilton maps associated to the quadratic forms Re ¢ and Im ¢, respectively.
One can notice from that a Hamilton map is always skew-symmetric with respect

to 0. This is just a consequence of the properties of skew-symmetry of the symplectic
form and symmetry of the polarized form

(13) VX,V €R®, o(X,FY) = ¢(X;Y) = q(V; X) = o(Y, FX) = —0(FX,Y).

1
Re F =

5( F*F)v

Associated to the quadratic symbol ¢ is the singular space S defined in [I6] as the
subvector space in the phase space equal to the following intersection of kernels

(14) S = (ﬁoKer[Re F(Im F)j]) AR,
7=0

where the notations Re F' and Im F' stand respectively for the real and imaginary
parts of the Hamilton map associated to q. Notice that the Cayley-Hamilton theorem
applied to Im F' shows

(Im F)*X € Vect(X,...,(Im F)*"'X), X e R, ke N;

where Vect(X,...,(Im F)?*"~1X) is the vector space spanned by the vectors X,...,
(Im F)?"~1X. The singular space is therefore equal to the finite intersection of the
kernels

2n—1
(15) $=( [ Ker[Re F(Im F)']) NR",

§=0

As mentioned above, when the quadratic symbol ¢ satisfies a condition of partial
ellipticity along its singular space .5,

(16> ($7§) €5, q(x7§) =0= (w7§) =0,

Theorem 1.2.2 in [I6] gives a complete description for the spectrum of the quadratic
operator ¢*(x, D,) which is only composed of eigenvalues with finite algebraic multi-
plicity

(17) o(q”(x, D,)) = { 3 (rx + 263) (=) : ky € N},
A€o (F)
—iA€CLU(Z(qls)\{0})
where F' is the Hamilton map associated to the quadratic form ¢, r) is the dimension
of the space of generalized eigenvectors of F in C2?” belonging to the eigenvalue A € C,

Y(qls) = ¢q(S) and Cy = {z € C:Re z > 0}.
In the present paper, we study evolution problems associated to accretive quadratic
operators ¢*(x, D,) with zero singular space S = {0}. Notice that in this case ¢(S) =

{0} and the condition of partial ellipticity along the singular space trivially holds.
The spectrum is then reduces to

(18) o (¢ (x, Dy)) = { 3 (ra 42k (iN) thy € N}.
eo(F)
—ixeCy




RETURN TO EQUILIBRIUM FOR HYPOELLIPTIC QUADRATIC SYSTEMS 5

Define
(19) po= Y —iiry
Aeo(F)
—iAeCy
and
20 = min Re(2(—i\)) =2 min Im A,
(20) 70 A€o (F) (( )) Aeo(F)
—ixeCh Im A>0

Our first result shows that the first eigenvalue in the bottom of the spectrum pg
has always algebraic multiplicity one with an eigenspace spanned by a ground state
of exponential type and that the spectral gap is exactly given by the positive rate
70 > 0.

Theorem 2.1. Let ¢*'(z,D,) be a quadratic operator whose symbol
q: Ry xRy — C
(:I:) é—) H q(x7 €)’

is a complez-valued quadratic form with a non-negative real part Re ¢ > 0 and a zero
singular space S = {0}. Then, the first eigenvalue in the bottom of the spectrum
defined in has algebraic multiplicity one and the eigenspace

Ker(q" (2. D) — o) = Cu,
is spanned by a ground state of exponential type
up(x) = e~ € S(R),
where a is a complex-valued quadratic form on R™ whose real part is positive definite.

Moreover, the spectral gap of the operator ¢ (x, D,) is exactly given by the positive
rate 79 > 0 defined in ,

o(q“’(x,Dg;)) \{po} C{z€C:Re z>Re g+ 70}

Let us underline that operators satisfying the assumptions of Theorem are not
elliptic in general and that their symbol may fail to satisfy the ellipticity condition

(z,6) € R*™, g(2,6) = 0= (2,8) = 0.
However, the assumption about the singular space S = {0} ensures that such an

operator enjoys noticeable subelliptic (hypoelliptic) properties

(21) ({2 )2 0) ul| . < Cllg" (@, Da)ull 2 + [Jull2),
with ((2,€)) = (1 + |z|> +]£]?)'/? and a loss of derivatives with respect to the elliptic
case 0 < 6 < 1. More specifically, consider
q: Ry xRy — C
(-T, f) H q(x7 f)’

a complex-valued quadratic form with a non-negative real part

Re ¢(z,€) >0, (z,€) € R*", n e N*,
and zero singular space S = {0}. According to the definition of the singular space
, there exists a smallest integer 0 < ky < 2n — 1 such that

ko

(22) ( () Ker[Re F(Im F)J]) AR = {0},

j=0
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FIGURE 1. Notice that the first eigenvalue in the bottom of the spec-
trum is not necessarily real.
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where F stands for the Hamilton map of g. Theorem 1.2.1 in [27] shows that the
quadratic operator fulfills a global subelliptic estimate with loss of § = 2kq/(2ko + 1)

derivatives with respect to the elliptic case, that is, there exists C' > 0 such that for
all v € D(q),

(23) | (((, €))2/ D) |, < C(llq" (w, Da)ullzz + |l r2),
with
D(q) = {u € L*(R") : ¢“(x, D,)u € L*(R™)}.

Those subelliptic estimates are a key argument for getting sharp resolvent estimates
and proving the property of exponential return to equilibrium. Next result proves
this property of exponential return to equilibrium and provides an exact formula for
the optimal rate of convergence:

Theorem 2.2. Let ¢“(x,D;) be a quadratic operator satisfying the assumptions of
Theorem . By using the notations introduced in and , we consider the
operator

Q = qw(x7D3?) — Ho-
Then, for all 0 < T < 19, there exists a positive constant C > 0 such that

Vi > O, ||€7tQ - HO||£(L2) < C(—;’i‘rt,

where Iy is the rank-one spectral projection associated with the simple eigenvalue zero
of the operator Q and || - ||z(z2) stands for the norm of bounded operators on L2(R™).
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Let ¢“(z,D;) be a quadratic operator satisfying to the assumptions of Theo-
rems or [2:2] and o be the first eigenvalue in the bottom of the spectrum. Theo-
rem [2.1] shows that

Mo = Z —iAry € C,

Aeo(F)
—iAeCy

where F' stands for the Hamilton map of the quadratic form g. We shall now consider
the specific case when this quadratic operator is real in the sense that ¢*(z, D, )u is a
real-valued function whenever u is a real-valued function. We begin by checking that
this assumption ensures that p is real and that the quadratic form a defining the
ground state
uo(x) = e—@) ¢ SMR™), ¢“(x,Dy)ug = pouo,

is then positive definite. Indeed, by using that the operator is real and passing to the
complex conjugate in the equation

q" (2, Dy)e” ") = pge™ ),
we obtain that B B

qw(x7 Dz)e—a(x) — ﬁoe—a(z).
It shows that [, is also an eigenvalue for the operator ¢*(x, D,). Since by Theo-
rem we have

o(q"” (2, D)) \ {po} € {z € C:Re z>Re po + 70},

with 79 > 0, Re pio = Re iy implies that the eigenvalue po is real. Furthermore,
notice that e~® and e~ are therefore two eigenvectors associated to the eigenvalue

o- We deduce from Theorem that there exists A1, Ay € C, not both equal to zero
such that for any x € R”,

—a

)\16_“(””) + )\ge_a(w) =0.

Recalling that a is a quadratic form, we obtain with = 0 that Ay = —\y, which
implies successively that e @ — e @ = 0, e”® — ¢ = 0, 2 = 1, sin(2b) = 0,
cos(2b) = 1, if b stands for the imaginary part of the quadratic form a. This shows
that the quadratic form b is constant

0 = Oy, (sin(2b)) = 2cos(2b)8,,b = 20,,b.

J
and therefore identically equal to zero. The quadratic form a is therefore a positive
definite quadratic form.
On the other hand, notice that the adjoint operator (see [20], p.426) is actually
given by the quadratic operator

qw(x’ Dm)* = qw(x, Dr)a

whose symbol is the complex conjugate symbol of g. It is therefore a complex-valued
quadratic form with non-negative real part and a zero singular space for which The-
orem [2.1] applies.

Then, ug is also the first eigenvalue in the bottom of the spectrum for the qua-
dratic operator ¢“(x,D,)*, and we know from Theorem that the eigenspaces
associated with the eigenvalue po for both operators ¢*(z, D,) and ¢*(z, D,)* are
one-dimensional subvector spaces with ground states of exponential type. We shall
assume further that the two operators have same ground state

(24)  Ker(q"(x, Da) — o) = Ker(q"(z, D,)* — io) = Cup © S(R™),

with ug(z) = e~ @)z € R™; where a is a positive definite quadratic form on R™.
Under those assumptions, one can specify further the result given in Theorem [2.2



8 M. OTTOBRE, G.A. PAVLIOTIS & K. PRAVDA-STAROV

Theorem 2.3. Let ¢“(x,D;) be a quadratic operator satisfying the assumptions of
Theorem . Assume that this quadratic operator is real and satisfies . Using
the notations introduced in and , we consider the operator

Q = qw(vaa:) — Ho-
Then, for all 0 < T < 19, there exists a positive constant C > 0 such that
vt > 0,Yu € L*(R™), |e " Qu — cyuol|p2@ny < Ce™ ™ |ul| p2@n),

where ¢, is the L*>(R™) scalar product of u and u0/||u0||%2(Rn),

Cu = ||“0||Z22(Rn)(u’ Uo) 12 (k)

We finally recall that the singular space theory [16] [I'7, [I8] 27 28] was mainly
inspired by the seminal work on the Fokker-Planck equation [I5] and aims at extending
to wider classes of doubly characteristic operators some results proved for Fokker-
Planck operators in [I1], 12 13} [15]. After preliminary advances in this direction
n [26], the main algebraic fact discovered in [16] was to notice that the symbols of
operators satisfying the assumptions of Theorem have real parts which may not
be positive definite in general; however, when the real part of these quadratic symbols
are averaged by the flow of the Hamilton vector field associated to their imaginary
parts HImq7

e tH
(25) (Re g)r(X) = —= / Re g(e 1m0 X)dt > 0,

2T J_p
with X = (z,€) € R?", quadratic forms (Re ¢)7 become positive definite for any
T > 0. This averaging condition is a key property in the works [111 [12] [13] [15].
One of the main interest of the singular space theory is to provide an easily computable
algebraic condition on symbols of general quadratic operators for checking that the
averaging property holds. The remainder of this article is organized as follows.
Next section is devoted to the proofs of Theorem 2.1} 2:2] and [2:3] whereas various
applications of these results to the study of chains of oscillators and the generalized
Langevin equation are discussed in Section

Acknowledgement. The third author would like to express his gratefulness to
Johannes Sjostrand for enriching remarks and comments on the present work.

3. PROOF OF THE MAIN RESULTS

This section is devoted to the proofs of Theorems and

3.1. Proof of Theorem We begin by noticing that the set
(26) {AeC:Aeo(F), —ixeCi}t={AeC:Aeo(F), Im X >0},

is non-empty. Indeed, the work [I6] gives an alternative description of the singular
space in terms of eigenspaces of the Hamilton map F associated to its real eigenvalues.
More specifically, when ¢ is a complex-valued quadratic form with a non-negative real
part fulfilling the partial ellipticity condition on its singular space

(l‘,f) €5, Q(1'7£) =0= (I,f) =0,

which is obviously satisfied when S = {0}, then the set of real eigenvalues of the
Hamilton map F' can be written as

O'(F) NR = {)\1, ...,AT, —)\1, coey —AT},
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with \; # 0 and \; # £ if j # k. The singular space is then ([I6], p.807) the direct
sum of the symplectically orthogonal spaces

(27) S =8, @t Sy, &7 .. a7t S,

where Sy, is the symplectic space

(28) Sx, = (Ker(F — \;) ® Ker(F + A;)) NR>™.

Recalling from Proposition 4.4 in [20] that the subvector space
Ker(F — ;) ® Ker(F + ),

is the complexification of its intersection with R?", condition S = {0} therefore implies
that the Hamilton map F' has no real eigenvalue

a(F)NR = 0.

On the other hand, we know from [I9] (Lemma 21.5.2) that V) the space of generalized
eigenvectors of F' belonging to the eigenvalue A € C is the dual with respect to
the symplectic form of the space of generalized eigenvectors V_, belonging to the
eigenvalue —A. It follows that

Aeo(F)e —Aea(F).
This implies that the set
{AeC:Aeo(F), —ixeCi}={AeC:Aeo(F), Im X >0},

is non-empty; and that the quantities ug € C and 75 > 0 are well-defined in and
. Since from the spectrum of the operator ¢* (z, D, ) is only composed of the
following eigenvalues with finite algebraic multiplicity

(29) (¢ (z, D,)) = { S (rat2ka)(—iN) s ha € N},
A€o (F)
—iXeC,

we notice that the first eigenvalue in the bottom of the spectrum is equal to

Ho = Z —iATY;

A€o (F)
—ixeC,

and we easily identify the spectral gap to be the positive rate
7o = min Re(2(—i\)) =2 min Im A > 0.

A€o (F) A€o (F)

—iA€eCy Im A>0
It remains to check that this eigenvalue po has algebraic multiplicity one with an
eigenspace

Ker(q"(@, D) — o) = Cu,

spanned by a ground state of exponential type

up(z) = e~ ¢ S(R"),

where a is a complex-valued quadratic form on R™ whose real part is positive definite.

In order to do so, we shall first consider the case when the real part of the quadratic
symbol Re ¢ is positive definite. In this specific case, the symbol ¢ is elliptic on the
whole phase space R?",

(2,6) €R™, q(x,6) = 0= (z,8) = 0;
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and one can refer to the original work by J. Sjostrand on elliptic quadratic differential
operators [31]. Following this fundamental work on which relies the analysis led in [16],
we consider the positive Lagrangian plane (Proposition 3.3 in [31]),

Vi= @ W

AEo(F)

—ixeCh
where V) is the space of generalized eigenvectors belonging to the eigenvalue A of the
Hamilton map F' associated to the quadratic symbol q. We recall that a complex
subspace A C C?" of dimension n is called Lagrangian if the canonical symplectic
form o vanishes identically on A. Furthermore, a Lagrangian plane A C C?" is said
to be positive if

—io(X,X) >0,

for all 0 # X = (x,€) € A. According to (3.5) in [3I] (p.95), there exists a symmetric
matrix BT whose imaginary part Im B7 is positive definite such that

VT ={(z,B%z): 2 € C"}.

Define the two quadratic forms
1
bt (z) = (x,BTx), x € R™; a(x) = —iib+(sc), x € R™.

Notice that the real part of the quadratic form a is positive definite. Keeping on
following the analysis led in [31I] (p.98), on can then use a Jordan decomposition for
the Hamilton map F in order to find a canonical transformation K of C?" such that

ra—1

X
Gg=2 Z (Z ATj AN + Z %',ij,xﬁjH,A)a
j=1

Aeo(F) j=1

—iAeCT
with § = go/C~1. Here, zix, &, with1 < j <7y, A € o(F) and —i\ € C; stands for
a relabeling of the standard real symplectic coordinates (z,£) € R*"; and v, » € {0,1}
with vo0,x = ¥r,,» = 0. We recall that 7, stands for the dimension of V) the space of
generalized eigenvectors associated to the eigenvalue A € C. This reduction is proved
in [31] (p.98) in (3.15) and (3.16). Consider the two quadratic operators

X
@’ (z, Dy) = Z ZA(IJ})\D%‘.A + D%‘,A‘TJQA)
A€o (F) j=1
—iAeCy

and
ra—1

@3 (x, D) =2 Z Z ViATiADz g -
Aeo(F) j=1
—iAeCy

Notice that these two operators commute and that
q" (v, Dz) = ¢’ (%, Dz) + ¢35’ (z, Dy).

Proposition 3.10 in [3I] shows that every monomial is a generalized eigenvector of the
operator

7“(z,Dg) : P(R") — P(R"),
where P(R™) stands for the space of complex polynomials regarded as functions on
R™. More specifically, the spectrum of the operator ¢*(x, D,) acting on the space
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P(R"™) is exactly given

(30) { Ag(:F) (ra + 2k ) (—iN) < iy € N}.
ZireCy

Proposition 3.10 in [31] also shows that the space of generalized eigenvectors
B(q"(z,D;), P(R™), 1),
associated to an eigenvalue u is of finite dimension
dim E(§"(z, Dy), P(R™), pn) < 4o00.
Inspecting the proof of Proposition 3.10 in [3I] shows that

X
D A(@jaDa, , + Da, yw2)pa = —iA(rx + 2k )pa,

Jj=1
for any homogeneous polynomial of degree ky in the variables 1 x,..., Z,(x) - This
implies that the monomials

p@)= [ »@),
Ao (F)
ZixecC

constitute a basis of eigenvectors for the operator ¢’(z, D, ) acting on P(R"™),
@@, Da)p =D (ra+2ka)(—iM)p.

A€o (F)
ZixeC,

According to this description, we notice that the first eigenvalue in the bottom of the
spectrum for the operator ¢¥¥(x, D,.) acting on the space P(R™) is the value 1o defined
in . Furthermore, this eigenvalue pg has algebraic multiplicity 1. Indeed, all the
non-negative integers k) must necessarily be zero and the only possible eigenvector
associated to pg is up to a non-zero constant the constant polynomial 1. Keeping
on following the proof of Proposition 3.10 in [31], one may notice that the operator
G¥ (z, D,) is nilpotent on any space of generalized eigenvectors

E(@'(x, Dz), P(R™), 1),

with p € C; for the operator ¢}’(x, D, ) seen as acting on the space P(R™). This proves
in particular that pg is an eigenvalue with algebraic multiplicity 1 for the operator

q"(z, D) : P(R") = P(R™),

with eigenvector equal to the constant polynomial 1. According to [31] (p.100), there
exists a bijection

K : P(R™)e (®)/2 5 p(R™),
such that
(31) G“(x,D;) o K = K oq¥(x,D,).

More specifically, according to (3.22), (3.23), (3.24) and (3.25) in [31], this mapping
may be written as

(32) K =K3KK; : P(R")eib+(x)/2 — P(R™),
with some operators
(3) Ky PRYEY 2 o PRY), K= e @12y,

(34) Ky : P(R") — P(R"), Kyu=F"'(e ©/2Fy);
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and
(35) K3 : P(R") = P(R"), (Ksu)(z)=u(Cz);
where F is the Fourier transformation, b~ a quadratic form and C' an invertible
complex matrix. Proposition 3.11 in [3I] then establishes that the spectrum of the
operator

qw(x,Dz) . P(Rn)eib+(m)/2 N P(Rn)eib+($)/2,
is also exactly given by ; and that for every eigenvalue the corresponding space
of generalized eigenfunctions is finite dimensional. More specifically, we deduce from

, , , and that po is an eigenvalue with algebraic multiplicity 1

for the operator
¢"“(z,D,) : P(R™)ei" (/2 _ p(R™)eit" (@)/2,
with associated eigenvector K ~1(1). An explicit computation shows that
K’l(l) _ eib+(x)/2 _ efa(x),

with @ = —ib™ /2. As a final step in the proof of Theorem 3.5, it is proved in [31]
(p-102) that for any u € C, the space of generalized eigenvectors associated to the
eigenvalue p for the operator

q“(z,D,) : P(]R")e“fr(r)/2 _ P(Rn)eilﬁ(m)/Q’

exactly coincides with the space of generalized eigenvectors associated to the eigen-
value p for the operator

q“(z,D,) : L*(R™) — L*(R"),
that is -
E(qw(l', Dz)v P(Rn)elb /2a /U') = E(qw(l', Dz)v Lz(Rn)v M)
This implies that when the real part of the quadratic symbol Re ¢ is positive definite,

Lo the first eigenvalue in the bottom of the spectrum of the operator ¢* (z, D,) acting
on L?(R™) has algebraic multiplicity 1 with a ground state of exponential type

qw (JI, Da:)u() = HoUg,
with ug(z) = e *(®) € S(R™), where a is a complex-valued quadratic form on R™,
whose real part is positive definite. This proves Theorem [2.1]in the special case when

the real part of the quadratic symbol Re ¢ is positive definite.
Let us now consider the general case when the quadratic symbol

Ry xRy — C
(@,8) = q(z,9),

is a complex-valued quadratic form with a non-negative real part Re ¢ > 0 and a zero
singular space S = {0}. We shall now inspect the analysis led in [I6] in order to prove
Theorem [2.1]in the general case. Notice that in this general case the real part of the
quadratic symbol Re ¢ is not necessarily positive definite. However, as noticed in [16]
(p-809-810) (see also Proposition 2.0.1 in [16]) and mentioned above, the fact that the
singular space S is reduced to zero implies that the average of the real part of the
quadratic form ¢ by the flow generated by the Hamilton vector field of its imaginary
part Himg,
T

1
(Re g)r(X) = o / Re (e X, X = (2,) € B

is positive definite for any T' > 0. We shall now inspect more specifically the proof
of Proposition 3.1.1 in [I6]. Notice that we consider in [I6] complex-valued quadratic
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symbols with non-positive real parts. One can therefore apply all this analysis when
considering the symbol —¢q instead of ¢ and this accounts for sign differences when
referring to results proved in [I6]. Following [I6] (p.826), we shall discuss certain
IR-deformations of the real phase space R?", where the averaging procedure along
the flow defined by the Hamilton vector field of Im ¢ plays an important réle. To that
end, let G = G be a real-valued quadratic form on R?" satisfying

(36) HIqu = —Re q+ <Re q}T.
As in [I1], we solve by setting

(37) G(X)= / kr(t)Re g(etma X)dt,
R
where kp(t) = k(t/2T) and k € C(R\ {0}) is the odd function given by
k(t) = 0 for [t| > % and k'(t) = —1 for 0 < |t| < %

Let us notice that k£ and k7 have a jump of size 1 at the origin. Associated with G is
a linear IR-manifold, defined for 0 < ¢ < ¢g, with €9 > 0 small enough

(38) Ag = eHe(R?") C C?",
where €716 stands for the flow generated by the linear Hamilton vector field ie Hg
taken at time 1. Keeping on following [I6] (p.827) (see (3.1.23)), we consider the

quadratic symbol
(39) ¢ (X) = g(e*Ho X)),
whose real part is easily seen to be equal to
Re ¢.(X) = Re ¢(X) + eHimgG(X) + 02 | X ).

We deduce from and the facts that the quadratic form (Re g)r is positive definite
and Re ¢ > 0,

€
(40)  Req:(X) = (1 -&)Re g(X) +=(Re q)r(X) + O |X) = 5 |X P,
for C > 1and 0 < e < 1. We proved in [I6] (Lemma 3.1.1) that for any 0 < ¢ < &,
with g9 > 0 sufficiently small, the spectrum of the quadratic operator ¢¥(z, D,) is
actually independent of the parameter 0 < ¢ < €,

V0 <e<e o(q’(z, D)) = { ST (ra+2ka)(=iN) k€ N},

Aeo(F)

—iXeCy
where F' is the Hamilton map associated to the quadratic form ¢, r) is the dimension of
the space of generalized eigenvectors of F in C?" belonging to the eigenvalue A € C.
The independence of the spectrum of the operator ¢¥(z, D,) with respect to the
parameter 0 < ¢ < gg, is linked to the fact that the Hamilton map F; of the quadratic
form ¢, is isospectral for any 0 < € < 1 with the Hamilton map F' of the quadratic
form ¢, since the symbols ¢ and ¢. are related by a canonical transformation. As
a final step in [I6], we proved in (p.830-831) that if the positive constant g9 > 0 is
chosen sufficiently small then the spectrum of the operator ¢*(z, D,) is equal to the
spectrum of the operator ¢¥(x, D,) for any 0 < ¢ < g9. Furthermore, eigenvectors
and generalized eigenvectors agree, see [16] (p.830-831) and [I8] (Proposition 2.1).
This implies that one can deduce the result of Theorem in the general case when
the quadratic symbol has a non-negative real part Re ¢ > 0 and a zero singular space
S = {0} from the one proved previously in the particular case when the real part of
the symbol is positive definite. This ends the proof of Theorem
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3.2. Proof of Theorem [2.2 We consider
q: Ry xR — C
(z,8) — q(z,9),
a complex-valued quadratic form with a non-negative real part
Re q(z,€) >0, (z,£) € R?", n € N*,

and zero singular space S = {0}. According to the definition of the singular space
, there exists a smallest integer 0 < ky < 2n — 1 such that

ko
(41) ( () Ker[Re F(Im F)j]) AR = {0},

§=0
where F' stands for the Hamilton map of ¢; and Theorem 1.2.1 in [27] shows that the
operator ¢ (x, D) fulfills a global subelliptic estimate with loss of § = 2kg/(2ko + 1)

derivatives with respect to the elliptic case, that is, there exists C' > 0 such that for
all u € D(q),

[ ({2, )2/ Cror) %, < C(llg" (x, Da)ul 2 + [ful ),
with
D(q) = {u € L*(R") : ¢*“(z, D,)u € L*(R™)}.
By using the proof given for establishing Theorem 1.2.1 in [27], one can actually

directly obtain the more general estimate that there exists a constant C' > 0 such
that for all v € D(q) and v € R,

(42) (| (2, €))> Rt D) 0|, < C(Ilg" (2, Da)u — ivul g2 + |[u £2).

To prove this fact, it is actually sufficient to notice that one can replace the operator
qVick by the operator ¢"Vi°® — v in the estimate (2.10) in [27]. Indeed, we recallﬂ
that real Hamiltonians get quantized in the Wick quantization by formally selfadjoint
operators on L2. Since the weight function g given by Proposition 2.0.1 in [27] is
real-valued and ¢ a positive constant, we have the equality

Re((l _ gg)Wick(quck _ ,“/)) _ Re((l _ 8g)Wicquick)7

which justifies that one can actually replace the operator ¢"Vi°k by the operator ¢
iv in the estimate (2.10) in [27]. Then, by noticing that

Re(quck o il/) _ Re(quCk),

one can also replace the operator ¢Vi°® by the operator ¢ iv in the estimate
preceding the estimate (2.19) in [27]. Finally, after having done these two slight
modifications, one can then use exactly the same proof as the one given for proving
Theorem 1.2.1 in [27] in order to establish the estimate (42).

We now need to recall few facts about the relationship between pseudo-differential
calculus and functional calculus when using the Sobolev scale A", r € R; defined by
the operator

Wick

Wick

A% = (L+ 2] + € =1+ |z + Do
In order to do so, it will be convenient to directly refer to the presentation given by
F. Hérau and F. Nier in [14] (Appendix A, p.205). Our study corresponds to the
specific case when the potential V' in [I4] is taken quadratic

1
Viz) = §|1'|2

1. see the appendix about Wick calculus in [27]
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Define
H = {ueS'R"): ({(z,9))")"uv e L*R")}, r € R;
and
[l = [1({(z,€)") ullz2.

By referring to [14] (Proposition A.4), we notice that, for any r € R, the operator
A" is a pseudo-differential operator whose Weyl symbol belongs to the symbol class
S(((x,€))", dz* 4 d&?) composed by C>(R2";,C) functions satisfying

Va € N, 3C, > 0,Y(z,€) € R*", [0 ca(x,€)| < Cal(z,))".

Furthermore, for any r € R, the domain of the operator A" is equal to the space H"
with equivalence of the two norms ||u|lg- and ||[A"ul||p2. It follows from that there
exists a constant C' > 0 such that for all u € D(q) and v € R,

(43) 1A/ Rt D7, < C(llq” (2, Da)u —ivull7a + |ulZ2).

Consider now the metric

_ dx? + dg?
((z,8))?
and weight M (z,&) = ((x,£))%. We recall for instance from [22] (Lemma 2.2.18
and section 2.2) that this metric is admissible with gain M. Any quadratic form is
obviously a first order symbol in the symbolic calculus associated to this metric

q € S(M,g).

One can then directly deduce from the Fefferman-Phong inequality (See for instance
Theorem 2.5.5 in [22]) that there exists a positive C' > 0 such that for all u € D(A?),

(44) lg* (z, Da)ul|Z2 < Cl|A%ulf7,
with
D(A?) = {u € L*(R™) : (1 + |z|* + |Ds|*)u € L*(R™)}.
Notice from Theorem together with and that
o(¢”(z, Dy)) NiR = oaise (¢* (z, Dy)) NiR = 0.

One can apply the abstract functional analysis led in [9 Sec. 6.1] in order to obtain a
specific control of the resolvent of the operator ¢*(z, D,) in particular regions of the
resolvent set. More specifically, following the analysis in [9, p.67-69], we deduce from
the hypoelliptic estimates and that there exists some positive constants ¢
and C' such that

(45) {z€C:Rez>-1/2, Rez+1<c|z+ 1\2k$+1}ﬂa(qw(x,Dw)) =
and

(46) 1(q” (2, Dy) = 2) 71| < Clz + 1] o7,

for all z € C such that Re z > —1/2 and Re z + 1 < ¢|z + 1|W1+1

The property of exponential return to equilibrium may deduced from those resol-
vent estimates. Indeed, Theorem is a consequence of the abstract analysis led
in [0 Theorem 6.1] or [I5] (section 12, p.754-756). Following more specifically the
presentation given in [I5] (section 12), we notice from and that under the
assumptions of Theorem the quadratic operator ¢%“(x, D,) is a closed densely
defined unbounded operator acting on L?(R") fulfilling the assumptions (12.1) and
(12.2) in [15] (p.754) with

1

0.
2k + 1 o
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Define for any ¢ > 0,

1 _
E(t) = 5 / e_tz (Z - qw(x7DI)) 1dZ7
2mi J,
where v is a contour to the left of the spectrum that outside a compact set coincides
with the curve

1
Re z = 6|Im 2|1/ (kot1)

)

with C' > 0 and + oriented in the direction of decreasing Im z. According to (45)) and
, this integral is convergent and defines a bounded operator depending smoothly
on the parameter ¢ > 0. It is then proved in [I5] that this integral operator is actually
the semigroup e %" (#:P=) generated by the accretive quadratic operator ¢ (z, D,),

w 1 —1
—tq" (z,Dy) — —tz _w D dz.
€ 21, [ye (Z e x)) ’

Let 0 < 7 < 719 with 7y the positive rate given by Theorem Keeping on following
the analysis led in [I5] (p.755) in the particular case when h = 1, we introduce two
contours v and 4. Both contours are given by the curve

FIGURE 2.

Im 2z,

[ ] L] _
0 ° Re 2
[ ] ]
[ ]
[ ] [ )

1
Re z = — |Im z|'/(Zko+1),

Sl |
in the region where Re z > b, with b = Re pg + 7. In the region, where Re z < b, the
contour < is given by the equation Re z = b; while 7 joins the two points

s ~2ko+17 2ko+1 s ~2ko+172ko+1
b4 1C"Tp*F 0T and b — ¢CErOTHpOT

further to the left so that 4 is entirely to the left of the spectrum of the quadratic
operator ¢ (x, D,), while v will only have the first eigenvalue in the bottom of the
spectrum g given by Theorem to its left, since 0 < 7 < 71y. Let i, denote the
vertical part of the contour  in the region where Re z = b and let eyt denote the part



RETURN TO EQUILIBRIUM FOR HYPOELLIPTIC QUADRATIC SYSTEMS 17

of v in the region where Re z > b. On the exterior piece 7ext, we have the resolvent
estimate

(47) (2 = ¢" (2, D)) || < O(|Tm 2|~ 7071);
whereas on the interior piece vi,t, we have
(48) (= = ¢“(z, D.)) || < O1),

since the compact contour ~in; does not intersect the spectrum of the operator ¢* (z, D,,).
According to Theorem 1o is an eigenvalue with algebraic multiplicity 1 for the
operator ¢*(z, D). Arguing as in (12.13) in the article [I5], we may write that

1

49 —tq" (z,Dy) _ 7/ —tz _w D 71d
(49) e 5] ae (z q“ (z, :c)) 2z

. 1 _
(50) = e MM, + — / e (2 — q¢“(z,Dy)) 1dz,
8!

27

where IZIMJ stands for the rank-one spectral projection associated with the eigenvalue
o for the operator ¢“(x, D,.). Using the decomposition v = vint U Yext together with
and , one can then estimate from the above the two parts of the integral

1 —tz w -1 1 —tz w -1
e Vet(zfq (z, D)) dz—m/%tet(zq (z,Dy)) dz
1 _
Yo, G- a"@ D) e
as follows
1 ¢ -1 —bt
- z _w Da: dz = ,
57 /ymt e (z q* (z, )) 2= Or2)(e™™)

1 _ 400 N
/ e—tZ (Z — qw(l'7 Z)z)) le = Oﬁ(LZ)(l)/ e,éyzkoﬁ— y 2k(31+1dy
Yext

27 C2ko+1p2ko+1
= OE(LQ) (tiQko) /
bt

+oo

1 1
e gk ldy = OL(L?)(1)<1 + n + 12k )efbt,

uniformly for ¢ > 1. Since the accretive operator ¢*(z, D,) defines a contraction
semigroup, we deduce from , and the previous estimates that

(51) et D) — ¢TI, 4 Oy (e7™),
uniformly for ¢ > 0. Recalling that b = Re po + 7 and considering now the operator
Q= q"(z,Dz) — po,
we directly deduce from that there exists a positive constant C' > 0 such that
vt >0, ||e*tQ —ollz(z2y < Ce ",

where Il is the rank-one spectral projection associated with the simple eigenvalue
zero of the operator Q.
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3.3. Proof of Theorem Let ¢*(z, D,) be a quadratic operator satisfying the
assumptions of Theorem Assume furthermore that this quadratic operator is
real and satisfies . As noticed in the discussion preceding the statement of Theo-
rem the lowest eigenvalue pig is necessarily real and the quadratic form a defining
the ground state

uo(z) = e~ =) ¢ S(R™), ¢“(x,Dz)ug = pouo,

is positive definite. It remains to check that the rank-one spectral projection Il
associated with the simple eigenvalue zero of the operator

Q = q"(z,Dy) — po,
provided by Theorem [2.2]is orthogonal
Hou = HUOHZE(RH)(U,UO)L2(R7L)Uo, u e LQ(RH),

in order to deduce Theorem from Theorem This property is a direct conse-
quence of the assumption

(52) Ker(q“(z, Dy) — po) = Ker(¢“(z, Dy)* — po) = Cug C S(R™).

Indeed, notice from (6.52) in [21], II1.6] that the adjoint of the spectral projection II
associated with the eigenvalue zero for the operator @ is also a spectral projection for
the operator Q*,

(e - Qe T = —— [ (2 - Q") ld

1
53 II, =
(53) 0 2im J§

a m T

with T being the mirror image of I' with respect to the real axis and I' a circular
contour centered in the eigenvalue 0 with a sufficiently small radius. Notice that
in the integrals both contours I' and T are taken in the positive direction and
that IIj is actually the spectral projection associated with the eigenvalue zero for the
operator Q*. Since Il and II} are both projections, one may decompose the L?(R"™)
space in two (possibly different) direct sums

L*(R™) = Ker(Ily) @ Ran(IIy) and L?(R™) = Ker(II}) @ Ran(IT).
It follows from that
Ran(Ilp) = Ran(II};) = Cuyp.

Indeed, Theorem applies for both quadratic operators ¢ (x, D,) and ¢* (z, D;)*;
and the eigenvalue zero has therefore algebraic multiplicity 1 for both operators @
and Q*. Furthermore, since

Ker(ITp) = Ran(IT})* = (Cug)* and Ker(IT})) = Ran(Ilp)* = (Cug)*,
we conclude that the spectral projection Ilj is orthogonal
Myu = Hu0||222(w)(u7uo)Lz(Rn)uo, u € L*(R™).

This ends the proof of Theorem

4. SOME APPLICATIONS

In this section, several applications of the singular space theory are discussed.
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4.1. The Kramers-Fokker-Planck operator with quadratic potential. As pointed
out in [I6], a noticeable example of quadratic operator with zero singular space is the
Kramers-Fokker-Planck operator considered on the unweighted L?(RZ ) space

’02

1
K=-Ay+ =5 +v0; - V.V (x).0,, (z,v) € R?

with a quadratic potential
1
Viz) = ia;vQ, a € R*.

Indeed, this operator writes as
1
K= qw(l‘,’U,Dw,Dv) - 57
with a symbol

1 .
Q(‘rava§>n) = 772 + Z'UQ + Z('UE — axn),

which is a non-elliptic complex-valued quadratic form whose real part is non-negative.
Simple algebraic computations show that the associated Hamilton map

4(3”7”75,77) - J((Z7U7§777)7F(x7v7£777))7

is

0 2 0 0
1 .
—5ai 0 0 1
F= 0 0 0 Zai [’
0 -1 —3i 0

and that the singular space is equal to zero S = {0}. More precisely, the integer ko
appearing in is equal to 1:

Ker(Re F) NKer(Re F Im F)NR* = {0}.
Now a computation shows that A € C is an eigenvalue of 2F precisely when

A R
(*-5)

and we easily see that when a < 0, the eigenvalues A of 2F with Im A > 0 are given

by
—i+iV/1 —4a
2 b
When a > 0, we get the eigenvalues

\ 1+1iv1 —4a A\ 1 —1v/1—4a
1= ) 2 = .
2 2

According to , the spectrum of the operator ¢* (z,v, D,, D,) is given by

1 /\1 1 /\2
Grm) 3o (Grm) 3 men).

In particular, when a > 0, we observe that the lowest eigenvalue of the spectrum of
the operator ¢*(x,v, D, D,) is

i+ 11— 4a

A = 5

Ay =

1
2 )
whereas when a < 0, this lowest eigenvalue is equal to
v1—4a

7

Mo =

Ho =
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The spectral gap 79 > 0 appearing in Theorem is respectively equal to

Vi—da—-1 1-y1—4a 1
2 ’ 2 X

when
a<0, 0<a<1/4, a>1/4

Notice that the lowest eigenvalue is always real. This is consistent with the fact
that the quadratic operator ¢"(z,v, Dy, D,) is real. Further calculations allow to
determine explicitly the ground state

qw(x,v, DI) D’U)UO = HoUg-

When a > 0, we obtain the usual Maxwellian

v2

uo(z,v) = em19° T = o3 (T V(@) ¢ S(R?),

whereas when a < 0, the ground state is given by

uo(x,’u) _ e%\/174a127azv77ﬂ;4“v2 c S(Rz)

Notice further that the assumption
Ker(qw(ac,Dm) - Mo) = Ker(qw(x,Dm)* - ,uo) = Cug C S(RQ),

holds true only if a > 0. Theorems and therefore apply whenever a # 0,
whereas Theorem [2.3] only applies when a > 0.

4.2. Chains of oscillators. This application comes from the series of works [3], [4] [6]
and was studied in [I2] (Section 6). We shall begin by recalling the setting of the
analysis [12] and explain how the results obtained there relate with the present work.

This example is a model describing a chain of two oscillators coupled with two
heat baths at each side. The particles are described by their respective position and
velocity (x;,y;) € R??. For each oscillator j € {1,2}, the particles are submitted to
an external force derived from a real-valued potential V;(x;) and a coupling between
the two oscillators derived from a real-valued potential V.(z2 — z1). We write V' the
full potential

V(z) = Vi(ay) + Valao) + Vel — 21), @ = (21,22) € R*,

y = (y1,y2) € R?? the velocities and z = (z1,22) € R?*? the variables describing
the state of the particles in each of the heat baths. In each bath, the particles are
submitted to a coupling with the nearest oscillator, a friction force given by the friction
coefficient v and a thermal diffusion at temperature T}, j € {1,2}. We denote by wj,
j € {1,2}, two d-dimensional brownian motions with mean 0 and variance 1; and
write w = (wy,wz). The system of equations describing this model reads as (see [6]),

d.’tl = yldt

d.’EQ = ygdt

dyy = =0, V(x)dt 4+ z1dt

dys = =0,V (x)dt + z2dt

dz1 = —yz1dt + yr1dt — /29T dw
dZQ = 7’}/22dt + ’)/Z'th — v 2’yT2dw2

(54)



RETURN TO EQUILIBRIUM FOR HYPOELLIPTIC QUADRATIC SYSTEMS 21

Following [12] and setting 77 = a1h/2, To = ash/2, the corresponding equation for
the density of particles becomes

(55) hdf + %al(—hazl)(hazl + O%(z1 - x1)>f

+ Jan(—hov,) (ho, + O%(zg —a2)) 4 (9o, — (V,V(2) — 2)hd, ) f = 0.

2
Define
2 22
O(z,y,2) :V(z)Jr?Jr? —zx
and
1 _ 20
MO( = —€ o¢h,7

with a > 0 and C' > 0. One may check that the function M, with @« = a3 = as, is a
Maxwellian of the process when the temperatures are the same. Considering now the
general case when temperatures may be different, the function M, is used to define
the weighted space Lz(e*%dxdydz). In order to work in the flat L2 space, we change

the unknown by setting f = M},/ %u. The new equation for the unknown u reads as

(56) howu + %al ( —ho,, + é(zl — xl)) (haz1 + (o% — é)(zl — x1)>u+
%ag (—hé%—ké(zz—zg)) <h322+(a12—$) (zg—x2)>u—|— (yh@x—(va(x)—z)hﬁy)u =0.

We consider the case when external potentials are quadratic. For simplicity, we may
assume that h =1, v =2, d = 1 and take

1 1 1
(57) Vi(z1) = 5‘”%» Va(z2) = §bx§, Ve(rr — m2) = 50(391 — 29)%,
with a, b, c € R. Equation writes as

ou+q*(X,Dx)u—2u=0, X = (z,y,2) € R®,
where ¢¥(X, Dx) is the quadratic operator with symbol

q=o01(t + G+ Bi(z1 — 21)* + Ba(z2 — 2)? +1[261C1 (21 — @1) + 202(2(22 — 22)
+ &+ y2&e —m((a+ )z — cwg — 21) — m2( — cxy + (b+ )z — 22)],
with

2 1 2 1
61:ﬂ(77*>7ﬁ2:%(77*>751:%71362:%717
a N\« a \ay @ @ o

the notations &, 7, ( standing respectively for the dual variables of x,y, z. The condi-
tion

1
o> B max(aq, @),

appearing in [I2] (Section 6) exactly ensures that this quadratic symbol has a non-
negative real part Re ¢ > 0. Notice that only the case with identical temperatures
a = a1 = a9 is discussed in [I2]. More precisely, the authors mention that no
Maxwellian is known in the case of different temperatures and that it prevents them
from finding any supersymmetric structure. Here, we consider the general case with
possibly different temperatures a; # ao for the quadratic potentials defined in

and assume that
1
a > §max(a1,a2), ar >0, as > 0.
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Direct algebraic computations using the definition of Hamilton maps and the explicit
expressions

Re ¢ = oy (Z 4 s + Bi(z1 — 21)% + Ba(z2 — 22)?,

Im g = 201C1(21 — x1) + 202Q2(22 — 22) + y1&1 + Y22
—nl((a—i—c)xl —cxy — zl) —772( —cr1 + (b+c)zg — zg),
show that (&,7,%,¢,7%,() = (Re F)(z,y,2,¢,1,() with

F1=0, 2=0, 1 =0, G2 = 0,3 = 11, %2 = aals, & = Pi(21 — 1),

2= fa(22 — ), 1 =0, 7o =0, & = —Bi(z1 — x1),Co = —Pa(z2 — T2),

and (2,7, %,€,7,() = (Im F)(z,y,2,&,1,¢) with
N 1 1 5 1 5 1
1= gY1, T2 = Y2, Y1 = *5((a+0)$1*69€2*21), Y2 = *5(*011+(b+6)$2*22),
- 5 ~ 1 1
Z1 = 01(z1 — ®1), Zo = 02(22 — x2), & = 01C1 + Q(a +e)m — 5612,
~ 1 1 1 1 - 1
:6 — = 7b N, = —— No — — — :—6 — =
§2 = 0202 ¢+ 2( +c)ne2, 2517 72 252, G1 161 5"
. 1
Co = —02(2 — 7

It follows that
Ker(Re F)NR'? = {(z,y,2,&,1,() €eRZ: (=0, z = 2},
Ker(Re F) N Ker(Re FIm F)NRY? = {(2,y,2,&,1,() ER¥Z:y=n=(=0, 2 =z}

and

Ker(Re F') N Ker(Re FIm F) N Ker(Re F(Im F)?) NR*?
={y=¢=n=(=0,z=2, (a+c— 1)z —cry=0,—cx1 + (b+c—1)zy =0}.
When the condition
(58) (a+c—1)b+c—1)—c*#£0,

holds, the singular space reduces to {0} after intersecting exactly ko + 1 kernels with
here 0 < ky =2 < 11. Notice that condition corresponds exactly to the assump-
tion V(z) — 22/2 is a Morse function required in [12] (Lemma 6.1) to ensure that
the needed dynamical conditions hold. The other conditions 95V;(z) = O(1), when
la] > 2, for j = 1,2,¢; and |V, V(z) — 2| > 1/C when |z| > C, are also satisfied
for quadratic potentials fulfilling condition . When this condition holds, Theo-
rems and applies. This shows in particular that the first eigenvalueﬂ in the
bottom of the spectrum pg has algebraic multiplicity one with an eigenspace

(59) Ker(q“’(X, Dx) — Mo) =CMoa,,ass
spanned by a ground state of exponential type

(60) Moy 0n (XY, 2) = e~ @w:2) ¢ S(RG),

2. which may be computed explicitly by using the formula
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where a is a complex-valued quadratic form on R whose real part is positive definite.
Notice that the operator

q“(X,Dx)u=2u+ al(— 0., + é(zl — ml)) (821 + (o% — é)(zl — xl))u—i-
Qo ( —0,, + é(zz — 1'2)) (822 + (o% — é)(zz — 1’2))U+ (y@x —(V,V(z)— z)8y>u7

is real. The discussion preceding the statement of Theorem then shows that the
quadratic form a is positive definite. This proves the existence of a Maxwellian M, o,
in the general case when the temperatures may be different oy # as. It would be
interesting to push further the computations in order to derive the exact expressions
for the eigenvalue p, the spectral gap 79 and the Maxwellian Mg, o,. Another
question of interest would be to investigate if Theorem applies by checking the
validity of condition . Those questions are left for a future work. From now, we
may only notice from (45 and that the following resolvent estimate holds

EC > 0, {Z S (C . Re z 2 —1/2, Re z+ 1 S C|Z+1|%}ma(qw(X7DX)) :@7
3C > 0, [[(¢“(X,Dx) —2) Y < Clz + 1|75,

for all z € C such that Re z > —1/2 and Re z + 1 < ¢|z + 1|5, since the integer kg is
here equal to 2.

4.3. The generalized Langevin equation. The spectrum of the Fokker-Planck
operator associated to a linear stochastic differential equation in R¢ has been calcu-
lated in [24], see also [23]. In this section we consider a particular system of linear
stochastic differential equations that is obtained as a finite-dimensional Markovian
approximation of the non-Markovian generalized Langevin equation (GLE) in R9,

(61) = -V, V(2) _/0 Y (t — s)i(s)ds + F(t),

where V() is a smooth confining potential and F'(t) a mean zero stationary Gaussian
process with autocorrelation function «(t), in accordance to the fluctuation-dissipation
theorem
(F(t)© F(s)) = B~ 1t — s)I.

Here 8 > 0 stands for the inverse temperature and I for the identity matrix. The GLE
equation together with the fluctuation-dissipation theorem appear in various settings
such as surface diffusion [I] and polymer dynamics [32]. This equation also serves
as one of the standard models of non-equilibrium statistical mechanics describing the
dynamics of a ‘small’ Hamiltonian system (the distinguished particle) coupled to one
or more heat baths which are modelled as linear wave equations with initial conditions
distributed according to appropriate Gibbs measures [29]. For further details, see [25]
and the references therein.

For simplicity, we will consider the case d = 1. As in [25], we study the case when
the memory kernel is a sum of exponentials

m
’)/m(t> _ Z /\?efaj\ﬂ’
j=1
with a; > 0, A\; #0, 7 = 1,...,m. Equation is then equivalent to the dynamics
of the following system
dx = ydt,
(62) dy = =V, V(x)dt + 37" \jz;dt,
de = —()\jy+ajzj)dt+ \/2043'571 de, jzl,...,m,
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with (z,y,2) € R™2, 2z = (21,...,2y) € R™ and (W;);=1._,, being independent
standard Brownian motions.
We consider the specific case when V' is a non-degenerate quadratic potential

1
Viz) = §w2m2,
with w # 0. The density of the invariant measure associated to the dynamics is
then given by
pla,y.2) = e PVEHETE),
Zs

with Zg being the normalization constant and | - | the Euclidean norm on R™. This
process is Markovian whose generator

(63) L= y@x — V’(Q:)ay + (Z )\ij)ay — yz )\jﬁzj — Z aijazj + Z ajgflﬁfj,
j=1 j=1 =1 =1
is an hypoelliptic operator acting on L2 = L?(pdxdydz), with L*-adjoint
LF = —yd, + V' (2)0, — (Z Ajzj)ay FyY N0+ Y a0 (2) + Y8702
j=1 j=1 j=1 j=1

acting on Li,l. By using the transformation
H=p 2L (p"?),

in order to work with an operator acting on the unweighted L?(R™2) space

Xr,Y,z
7‘[ = *yax +w2x8y — (Z )\ij)ay +yz )\jazj 720&;‘ (75 183] +ZZ]2) +§ ZO&j
j=1 j=1 j=1 j=1
and setting
- 1
(64) HZ—H+§Z:10¢]-,
j=

we notice that

H =q"(2,y,2, Dy, Dy, D,) = y0, — w’zd, + (i)\jzj)ay

j=1

_ yi A0, + iaj ( _ 5+ §z§>7
j=1 j=1

is a quadratic operator, whose symbol is given by

a(@,y,2,6,n,0) = i(yé — wPan) +1Y_Nj(zn—y¢) + D ay (5_1@2 + ﬁz> .

Jj=1 Jj=1

This quadratic symbol has a non-negative real part Re ¢ > 0 and a direct computation
shows that its Hamilton map

a(z,y,2,60.0) = o((2,y,2,&n,0), F(2,y,2,¢n,0),
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1. 1
= —fzf—i— ZZ)\ G, G = —52)\3‘77— Zﬂajzj.

It directly follows that
Ker(Re F) NR2™F2) = {(z,y, 2,6, n,¢) € RA™F2) . 2 — ¢ =0},

Ker(Re F) N Ker(Re FIm F) N R2(m+2)
= {2 8.0 R sy =2 =y = =0,

Ker(Re F) N Ker(Re FIm F) N Ker(Re F(Im F)?) N R2(m+2)
={@y, 260 ) R ip =y =2=¢=n=(=0}.

This proves that the singular space associated to the symbol ¢ reduces to {0} after
intersecting exactly ko + 1 kernels with here 0 < kg = 2 < 2(m+2) — 1. Furthermore,
notice that the quadratic operator # = ¢ («, vy, 2, Dy, Dy, D) is real. Setting

wo(2,,2) = 21 2p(w,y, 2)1/2 = e~ 3V

and

—H iy ) ¢ g(RmH2)

1 m
j=1

a direct computation shows
Hug = H ug = oo -
On the other hand, notice that

Re(Hu,u)r> = Re(H*u,u)p> = Z <||ﬂ 1/2Dz]u||L2 + H Zju

2
)
m

Z | Dz;ull pallzjull L2 > pollullZ,

>zza 15712D, uHLZ

since
Z%”DZJUHL?HZJUHH > Za]Re D u,izju)2 = ZaJ D., izjlu,u)pe
Jj=1 Jj=1

and

*ZO‘J 20 025]u, u) 2 = ZO‘JH“”L? pollullZz

Here the notatlon [Dzj,zzj] stands for the commutator of the two operators D, =
rlazj and iz;. This implies that 1o is necessarily the lowest eigenvalue in the spec-
trum of the quadratic operator H and that u is the associated ground state appearing
in Theorem We notice further that all the assumptions of Theorems and
[2:3|hold true. Thus, these three theorems apply. This proves the property of exponen-
tial return to equilibrium for this finite-dimensional Markovian approximation of the
non-Markovian generalized Langevin equation with quadratic potential. Here, Theo-
rem [2.1] provides an exact formula for the rate of convergence that may be computed
explicitly
o =2 min Im .

A€o (F)
Im A>0
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For simplicity, consider the specific case when m = 1 and denote A and « for the
parameters A\; and 7. An explicit computation of the characteristic polynomial of F’
shows that

1 2, 2\2 2 oy 2, Wa?
16(()\ +w?)?—2w’a?) X+ o1
This is a polynomial equation of the third degree in the variable Y = X? which may
be solved explicitly. Refraining from using Cardan formulas for giving an explicit,
but rather complicated, formula for the rate of convergence 7y, we may instead try to
compute numerically this rate in order to study its dependence on the parameters a
and A. A limited attempt in this direction is provided by the following calculations
where the rate 7y is numerically computed for different values of the parameters A
and « in the case when w = 1. Notice in particular that the spectral gap seems to
be maximized along a curve of the type a = yA?, with v > 0 a positive constant.
On the second figure, the spectral gap is computed as a function of the parameter
A while keeping the friction coefficient v = %2 fixed. We observe that the spectral
gap becomes almost constant for a large range of value s of A\. This is in accordance
with the numerical observations reported in [2]. It would be interesting to maximize
the spectral gap, i.e. to optimize the rate of convergence to equilibrium, by choosing
appropriately the parameters o; and A; in . This question, together with possible
applications to Markov Chain Monte Carlo (MCMC) techniques will be studied in
future work.

1
P(X) = det(F—XI) = X6+Z(a2—2)\2—2w2)X4+

FIGURE 3. Spectral gap 79 as a function of « and .
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FIGURE 4. Spectral gap 79 as a function of A\ with v = %2 fixed.
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