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Abstract. Among the still unmeasured neutrino properties, the third neutrino mixing angle,
θ13, is likely to be the one we will next find out. In this contribution, first a brief summary of
the limits and the preliminary measurements of this angle is given. Second a critical assessment
of a widely used formula connecting two- and three-flavor evolution is provided.

1. Introduction

Solar, accelerator, and reactor experiments performed during the last two decades firmly
established that neutrinos mix. In general, for three flavors, the neutrino mixing matrix contains
three mixing angles, one CP-violating phase and two Majorana phases. The Majorana phases are
accessible only in double beta decay experiments. Two of the mixing angles are well measured.
From solar and reactor experiments we know the value of one of them (usually denoted θ12).
In the atmospheric neutrino experiments we measured the other one (usually denoted θ23).
Contrary to the original (and naive) expectations, both angles are large. In fact one gets
θ23 ∼ π/4. To have the complete information on neutrino mixing, we still need to know three
more pieces of information: i) the value of the remaining mixing angle, θ13, ii) the mass hierarchy;
and iii) the value of the CP-violating phase. Of these three, the remaining mixing angle is likely
to be the next piece to be measured.

One popular parametrization of the neutrino mixing matrix is

T23T13T12 =





1 0 0
0 C23 S23
0 −S23 C23









C13 0 S13e
−iδCP

0 1 0
−S13eiδCP 0 C13









C12 S12 0
−S12 C12 0
0 0 1



 (1)

where Cij = cos θij, Sij = sin θij , and δCP is the CP-violating phase. Note that although the
CP-violating phase multiplies S13 in Eq. (1), there is nothing special about this choice; one
could have placed δ elsewhere in the mixing matrix. In fact the combination

P (ν̄µ → ν̄e)− P (νµ → νe), (2)

which quantifies the CP-violation in neutrino oscillations, is proportional to the sines of all the
mixing angles. However, since we know the other mixing angles are non-zero, observation of
CP-violation in neutrino oscillations hinges on a non-zero value of θ13.

The current limit on θ13 quoted by the Particle Data Group is sin2(2θ13) < 0.15 at 90%
C.L. [1]. There are strong hints for a non-zero value of θ13. Already several years ago, it was
pointed out that the slight discrepancy between solar neutrino experiments and the KamLAND
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reactor neutrino experiment could be explained by a small, but non-zero value of θ13 [2]. Indeed
global fits indicate a slight preference for a non-zero value of θ13 [3]. (A recent brief summary of
the θ13 phenomenology is given in [4]). Recent low-threshold analysis of the Sudbury Neutrino
Observatory yields θ13 = 7.2+2.0

−2.8 degrees, albeit with non-Gaussian errors [5]. A global analysis

by the KamLAND collaboration indicates sin2 θ13 = 0.009+0.013
−0.007 at the 79% C.L. [6]. Currently

three reactor neutrino experiments (Double Chooz [7], Daya Bay [8], and RENO [9]) as well as
the T2K accelerator experiment [10] are working on a measurement of this angle. So far the best
hint for a non-zero value of θ13 came from the T2K experiment which announced a 2.5σ result:
0.03 < sin2 2θ13 < 0.28 for the normal and 0.04 < sin2 2θ13 < 0.34 for the inverted hierarchies,
both for δCP = 0 [11].

2. Reduction of three-flavor evolution

To extract θ13 from solar neutrino data many times the formula

P3×3(νe → νe) = cos4 θ13 P2×2(νe → νe withNe cos
2 θ13) + sin4 θ13 (3)

is used. Since many fits to solar neutrino data that give a non-zero value of of θ13 use Eq. (3),
here we wish to give an assessment of the accuracy of this formula. To do so, following Ref.
[12], we introduce the combinations

Ψ̃µ = cos θ23Ψµ − sin θ23Ψτ , (4)

Ψ̃τ = sin θ23Ψµ + cos θ23Ψτ , (5)

which leads to the MSW evolution equation

i
∂

∂t







Ψe

Ψ̃µ

Ψ̃τ






= H̃







Ψe

Ψ̃µ

Ψ̃τ






(6)

where

H̃ = T13T12





E1 0 0
0 E2 0
0 0 E3



T
†
12T

†
13 +





Veµ 0 0
0 0 0
0 0 0



 . (7)

In writing Eq. (7), since it is proportional to the identity, the neutral current contribution is
dropped and

Veµ(x) =
√
2GFNe(x). (8)

To write the evolution operator associated with Eq. (6),

i
∂

∂t
Ũ = H̃Ũ, (9)

following the procedure of Ref. [13] we introduce the evolution operator U:

Ũ = T13UT
†
13 (10)

which satisfies the equation

i
∂

∂t
U = HU (11)



with

T
†
13H̃T13 = H =







1
2 Ṽ −∆21 cos 2θ12

1
2∆21 sin 2θ12

1
2Vµe sin 2θ13

1
2∆21 sin 2θ12 −1

2 Ṽ +∆21 cos 2θ12 0
1
2Vµe sin 2θ13 0 1

2(∆31 +∆32) + Vµe − 3
2 Ṽ






,

(12)
where we took the CP-violating phase to be zero and introduced the modified matter potential

Ṽ = Vµe cos
2 θ13 (13)

as well as the quantity

∆ij =
m2

i −m2
j

2E
=
δm2

ij

2E
. (14)

Writing the Hamiltonian in Eq. (12) as

H = H0 +H1 (15)

with

H0 =







1
2 Ṽ −∆21 cos 2θ12

1
2∆21 sin 2θ12 0

1
2∆21 sin 2θ12 −1

2 Ṽ +∆21 cos 2θ12 0

0 0 1
2(∆31 +∆32) + Vµe − 3

2 Ṽ






, (16)

and

H1 =
1

2
sin 2θ13Vµe





0 0 1
0 0 0
1 0 0



 , (17)

we see that Eq. (11) can be solved perturbatively, assuming θ13 is small. (In seeking such
solutions we will take all the evolution operators at the neutrino production (t=0) to be the
identity operator). The contributions which are lowest order in θ13 will come from from the
quantity Ṽ and from the transformation in Eq. (10). Eq.(16) implies that if θ13 were zero, Ψ̃τ

would decouple from the other flavors. Writing U = U0U1, the solution of

i
∂

∂t
U0 = H0U0 (18)

is

U0 =

(

S 0
0 β

)

, (19)

where S is the evolution operator for the two-flavor problem with the modified matter potential
Ṽ and

β = exp

(

−i1
2
(∆31 +∆32)t− i

∫ t

0
dt′
(

Vµe(t
′)− 3

2
Ṽ (t′)

))

. (20)

The quantity U1 is the solution of

i
∂

∂t
U1 = (U†

0H0U0)U1 (21)

where

U
†
0H0U0 =

(

0 J
J† 0

)

(22)



with

J =
1

2
sin 2θ13VµeS

†

(

1
0

)

β. (23)

A perturbative solution of Eq. (21) is

U1(T ) =

(

1− ∫ T0 dt
∫ t
0 dt

′J(t)J†(t′) −i ∫ T0 dtJ(t)

−i
∫ T
0 dtJ†(t) 1−

∫ T
0 dt

∫ t
0 dt

′J†(t)J(t′)

)

+O(sin3 2θ13). (24)

Consider the integral appearing in Eq. (24):

I(T ) =

∫ T

0
dtJ(t) (25)

=
1

2
sin 2θ13

∫ T

0
dte−i(∆31+∆32)t/2 exp

(

−i
∫ t

0
dt′
(

Vµe(t
′)− 3

2
Ṽ (t′)

))

VµeS
†

(

1
0

)

.

In this integral the first exponential e−i(∆31+∆32)t/2 is a rapidly oscillating function in the Sun,
averaging to zero inside the integral. (Note that ∆32R⊙ ∼ 105 for a 10 MeV neutrino). Indeed,
Riemann-Lebesgue lemma ensures that

∫ b

a
dtf(t)eixg(t) → 0

as x→ ∞, provided that
∫ b

a
dt|f(t)|

exists. The leading contribution to the integral in Eq. (25) is [14]

∫ b

a
dtf(t)eixg(t) ∼ f(t)

ix(dg/dt)
eixg(t)

∣

∣

∣

∣

b

t=a

(26)

as x→ ∞. (For a proof of this statement with integration by parts see [13]). Using Eq. (26) to
calculate the integral in Eq. (25) yields

I(R⊙) = −i sin 2θ13
(

1

∆32 +∆31
Vµe(r = 0)

)(

1
0

)

. (27)

For a 10 MeV neutrino with δm2
32 ∼ 2 × 10−3 eV2, assuming an electron density of 100 NA /

cm3 in the neutrino production region, the quantity inside the parentheses in Eq. (27)

α ≡ 1

∆32 +∆31
Vµe(r = 0) ∼ 3× 10−2. (28)

If one takes α = 0, one finds, e.g. Ψe on the surface of the Sun to be

Ψe = cos2 θ13ψ1 − sin2 θ13β, (29)

where ψ1 is the electron neutrino wave function obtained in two-flavor evolution with the
modified matter potential Ṽ . Upon averaging over the Earth-Sun distance (see e.g. [15]) one
gets Eq. (3). Including the first order correction in U1, which is proportional t α of Eq. (28),
gives

P3×3(νe → νe) = cos4 θ13(1−4 sin2 θ13α)P2×2(νe → νewithNe cos
2 θ13)+sin4 θ13(1−4 cos2 θ13α).

(30)
Even for the largest value of θ13 quoted by T2K experiment, this correction to the survival
probability is less than one percent for a 10 MeV neutrino.



3. CP-violating phase

It is rather straightforward to show that the CP-violating phase factorizes out in the neutrino
evolution Hamiltonian of Eq. (6):

H̃(δCP ) = SH̃(δCP = 0)S† (31)

with

S =





1 0 0
0 1 0
0 0 eiδCP



 . (32)

Eq. (31) implies that the neutrino evolution operator can be similarly factorized. This
factorization gives us interesting sum rules: Electron neutrino survival probability, P (νe → νe)
is independent of the value of the CP-violating phase, δ; or equivalently, in the absence of sterile
neutrino mixing, the combination P (νµ → νe) + P (ντ → νe) at a fixed energy is independent of
the value of the CP-violating phase [16]. However the probability P (νµ → νe) depends on the
δCP . This is why the disappearance experiments such as those that use reactor antineutrinos
can quote a probability independent of δCP , whereas the appearance experiments, such as those
that use accelerator neutrinos, cannot disentangle θ13 from δCP . It is possible to derive similar
sum rules for other amplitudes [17].

4. Concluding Remarks

We provided a brief summary of the limits and preliminary measurements of the still poorly
known neutrino mixing angle, θ13. Many analyses of the solar neutrino data utilize a formula
connecting two- and three-flavor evolution. We gave a critical assessment of the validity of this
formula.

If the angle θ13 is rather large, there may be significant astrophysical implications. A brief
review of the impact of the value of the mixing angle θ13 on various astrophysical phenomena
was given in [18].
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