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Non-Perturbative Prediction of the Ferromagnetic Transition in Repulsive Fermi Gases
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It is generally believed that a dilute spin-1/2 Fermi gas with repulsive interactions can undergo a ferromagnetic
phase transition to a spin-polarized state at a critical gasparameter (kFa)c. The perturbation theory fails to predict
quantitatively the ferromagnetic transition since (kFa)c is not small. In this Letter we study the non-perturbative
effects on the ferromagnetic transition by summing the particle-particle ladder diagrams to all orders in the gas
parameter. To the leading order of the effective range expansion, such a resummation predicts a second order
ferromagnetic phase transition. The predicted critical gas parameter (kFa)c = 0.858 is in good agreement with
recent Quantum Monte Carlo result (kFa)c = 0.86 for a nearly zero-range potential [S. Pilati,et al., Phys. Rev.
Lett. 105, 030405 (2010)].
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Itinerant ferromagnetism is a fundamental problem in con-
densed matter physics, which can be dated back to the basic
model proposed by Stoner [1]. While the problem of itinerant
ferromagnetism in electronic systems is quite complicatedand
the phase transition theory is still qualitative, a dilute spin-1/2
Fermi gas with repulsive interactions may serve as a clean sys-
tem to simulate the Stoner model. It is generally thought that
the repulsive Fermi gas could undergo a ferromagnetic phase
transition (FMPT) to a spin-polarized state with increasedin-
teraction strength [2]. Recently, the experimentalists realized
a two-component “repulsive” Fermi gas of6Li atoms in a har-
monic trap by using a nonadiabatic field switch to the upper
branch of a Feshbach resonance with a positive s-wave scatter-
ing length [3]. Therefore, it is possible to investigate itinerant
ferromagnetism in cold Fermi gases.

The physical picture of the ferromagnetism in repulsive
Fermi gases can be understood as a result of the competition
between the repulsive interaction and the Pauli exclusion prin-
ciple. The former tends to induce polarization and reduce the
interaction energy, while the latter prefers balanced spinpop-
ulations and hence a reduced kinetic energy. With increasing
repulsion, the reduced interaction energy for a polarized state
will overcome the gain in kinetic energy, and a FMPT should
occur when the minimum of the energy landscape shifts to
nonzero polarization or magnetization.

Quantitatively, to study the FMPT in dilute Fermi gases
at zero temperature, we should calculate the energy density
E as a function of the spin polarization or magnetization
x = (n↑ − n↓)/(n↑ + n↓) at given dimensionless gas parameter
kFa which represents the interaction strength [2]. Here,kF is
the Fermi momentum related to the total densityn = n↑+n↓ by
n = k3

F/(3π
2) anda > 0 is the s-wave scattering length. Gener-

ally, the energy density can be expressed asE(x) = 3
5nEF f (x),

whereEF = k2
F/(2M) is the Fermi energy withM being the

fermion mass. The dimensionless functionf (x), which de-
pends on the gas parameterkFa, represents the energy land-
scape with respect to the magnetizationx.

Known results forf (x) are based on the perturbation theory
(PTh) which treats the gas parameterkFa as a small number.

Up to orderO((kFa)2), the result is universal, i.e., independent
of the details of the short range interaction,

f (x) =
1
2

(η5
↑
+ η5
↓
) +

10kFa
9π
η3
↑
η3
↓
+

(kFa)2

21π2
ξ(η↑, η↓), (1)

whereη↑ = (1 + x)1/3 andη↓ = (1 − x)1/3. The 0th-order
term corresponds to the kinetic energy, and the 1st-order term
coincides with the Hartree-Fock mean-field theory [2]. The
coefficientξ(η↑, η↓) in the 2nd-order term was first evaluated
by Kanno [4]. Its explicit form is

ξ = 22η3
↑
η3
↓
(η↑ + η↓) − 4η7

↑
ln
η↑ + η↓

η↑
− 4η7

↓
ln
η↑ + η↓

η↓

+
1
2

(η↑ − η↓)2η↑η↓(η↑ + η↓)[15(η2
↑ + η

2
↓) + 11η↑η↓]

+
7
4

(η↑ − η↓)4(η↑ + η↓)(η2
↑ + η

2
↓ + 3η↑η↓)ln

∣

∣

∣

∣

∣

η↑ − η↓

η↑ + η↓

∣

∣

∣

∣

∣

. (2)

Settingx = 0, we recover the well-known equation of state for
hard sphere Fermi gases, which was first obtained by Huang,
Yang, and Lee [5] and recovered by Hammer and Furnstahl
[6] in recent years using effective field theory.

In the 1st-order PTh, the FMPT is of second order and
occurs atkFa = π/2 [2]. However, taking into account
the 2nd-order corrections, one finds a first order FMPT at
kFa = 1.054 [7]. This can be understood by noticing the
non-analytical term∝ x4ln|x| with positive coefficient in the
small-x expansion of the coefficient ξ(η↑, η↓). In fact, Be-
litz et al. [8] have argued that the correlation effects or the
coupling of the order parameter to gapless modes generally
leads to non-analytical terms in the free energy. The general
form of the Ginzburg-Landau free energy then takes the form
fGL(x) = tx2 + υx4ln|x| + αx4 + O(x6), where we can keep
α > 0. If the coefficientυ is positive, the phase transition is
always of first order. On the other hand, for negativeυ, we
always have a second order phase transition. Up to the order
O((kFa)2), we find that the Fermi gas problem corresponds to
the caseυ > 0.

However, since the critical gas parameter of FMPT is not
small, there naturally arises a serious problem: Does the
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Fermi gas problem really correspond to the caseυ > 0 if the
non-perturbative effects atkFa ∼ 1 are taken into account?
For the two-body problem in the vacuum, it is well known that
an infinite set of bubble diagrams with the leading-order con-
tact interaction must be resummed if the two-body scattering
length is large [9]. Therefore it is natural to extend the resum-
mation method to finite density so that the predicted equation
of state works well even atkFa ∼ 1. The results from recent
Quantum Monte Carlo (QMC) simulations [10, 11] enable us
to judge how good the resummation theory is.

The main purpose of this Letter is to calculate the function
f (x) by resumming certain class of ladder diagrams. We re-
quire that the resummation theory (RTh) satisfies the follow-
ing two criteria: (i) The physical result does not depend on the
renormalization scale; (ii) The functionf (x) recovers Eq. (1)
when we expandf (x) to the orderO((kFa)2).

For a short range interaction characterized by a momentum
scaleΛ, one can construct the effective field theory [9] de-
scribing scattering at momentak≪ Λ according to the effec-
tive range expansionkcotδ = −1/a+ 1

2Λ
2∑∞

n=0 rn(k2/Λ2)n+1

for the s-wave scattering phase shiftδ. We will keep the first
term in this expansion and neglect the effective range effect. In
this universal case, it is possible to obtain a non-perturbative
result of f (x) satisfying the criterions (i) and (ii).

At finite density, the free propagators for the two spin com-
ponents are given by [12]

Gσ(k0, k) =
Θ(|k| − kσF )

k0 − ωk + iǫ
+
Θ(kσF − |k|)

k0 − ωk − iǫ
, (3)

whereσ =↑, ↓, k↑,↓F = kFη↑,↓ are the Fermi momenta of the
two spin components,ωk = k2/(2M) is the free dispersion,
andΘ(z) is the Heaviside step function. For each spin compo-
nent, the propagator describes two types of excitations, parti-
cles with momentum|k| > kσF and holes with|k| < kσF . The
simplest resummation scheme which satisfies the criterions(i)
and (ii) is to sum the particle-particle (pp) ladders [9, 13,14].
The elementary pp bubble shown in Fig. 1(a) is given by

B(p1, p2) = M
∫

d3k
(2π)3

Θ(|k1| − k↑F)Θ(|k2| − k↓F)

q2 − k2 + iǫ
(4)

wherek1,2 = P ± k. Herep1 andp2 are external momenta of
the two spin components, and we have defined their half sum
P = (p1 + p2)/2 and half differenceq = (p1 − p2)/2. Notice
that the imaginary part ofB vanishes automatically.

We can separateB into a vacuum part and a medium part us-
ing the identityΘ(−z) = 1−Θ(z). The vacuum part is linearly
divergent and we choose the dimensional regularization with
power divergence subtraction (PDS) [9]. For convenience, we
define two dimensionless quantities:s= |P|/kF andκ = |q|/kF.
The elementary pp bubble can be evaluated as

B(κ, s) = −
Mµ
4π
+

MkF

4π2
Rpp(s, κ), (5)

whereµ is the renormalization scale introduced in the PDS
scheme [9]. The functionRpp(s, κ) is defined asRpp(s, κ) =
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FIG. 1: (a) The elementary particle-particle bubbleB(p1,p2) with
external momentap1 andp2 for the two spin components. The solid
line with arrow corresponds to the particle term of the propagator
(3). The dashed line represents the interaction vertexg. (b) A typ-
ical particle-particle ladder diagram contributing to theinteraction
energy.

R↑(s, κ) + R↓(s, κ) + R↑↓(s, κ), whereRσ(s, κ) reads
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∣

∣
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and the functionR↑↓(s, κ) is

R↑↓(s, κ)
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, (8)

wherer2 = (η2
↑
+ η2
↓
)/2.

Particle-particle ladder diagrams which contribute to thein-
teraction energy can be built from the elementary bubble, see
Fig. 1(b) for a typical example. All contributions form a geo-
metric series and the interaction energy is given by

Eint = g
∫

d3p1

(2π)3

∫

d3p2

(2π)3

Θ(k↑F − |p1|)Θ(k↓F − |p2|)

1− gB(p1, p2)
, (9)

where the running coupling constant is given byg(µ) = (−µ+
1/a)−14π/M from the renormalization group equation in the
vacuum [9]. Finally,Eint is independent of the renormalization
scaleµ, and the functionf (x) can be expressed as

f (x) =
1
2

(η5
↑
+ η5
↓
) +

80
π

∫ ∞

0
s2ds
∫ ∞

0
κdκI (s, κ)F(s, κ), (10)

whereF(s, κ) is given byF(s, κ) = kFa[1 − kFaRpp(s, κ)/π]−1.
The functionI (s, κ) appears due to the angular integration. Its
explicit form is

I (s, κ) = Θ(r2 − s2 − κ2)Θ(η↑ − |s− κ|)Θ(η↓ − |s− κ|)

×

[

η2
↑
− (s+ κ)2

4s
Θ(s+ κ − η↑) + (η↑ → η↓) + κ

]

. (11)
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FIG. 2: (Color-online) The equation of state for the balanced case
x = 0. The blue squares are the QMC data for the hard sphere (HS)
potential [10], the red circles for the upper branch (UB) of asquare
well potential [10], and the green diamonds for the upper branch
(UB2) of an attractive short range potential [11]. For UB andUB2
cases, the effective range is much smaller than the s-wave scatter-
ing lengtha. The solid line is the result calculated from RTh. The
dashed line is the 2nd-order perturbative result [5]. The dash-dotted
horizontal line corresponds to the energy of the fully polarized state,
i.e., f (1) = 22/3.

To check the consistency with Eq. (1), we expand the func-
tion F asF = kFa+ (kFa)2Rpp/π + O((kFa)3). One can check
that
∫ ∞

0
s2ds
∫ ∞

0
κdκI = η3

↑
η3
↓
/72 and

∫ ∞

0
s2ds
∫ ∞

0
κdκIRpp =

ξ(η↑, η↓)/1680. Therefore we can compare the results from
our RTh and the 2nd-order PTh on the same footing and study
the non-perturbative effects on the FMPT.

To show the advantage of our RTh, we first compare the
equation of state for the balanced case (x = 0) with that ob-
tained from the QMC simulations [10, 11]. The results are
shown in Fig. 2. While the 2nd-order perturbative result can
fit the QMC data only forkFa . 0.4, our RTh can fit well the
data up tokFa ∼ 0.8 where the FMPT is estimated to occur
[10]. With increasingkFa, the result of the 2nd-order PTh be-
comes lower and lower than the QMC data. Therefore, the
2nd-order PTh overestimates the critical gas parameter, and
our RTh may predict the FMPT more accurately.

The order of the ferromagnetic phase transition and the crit-
ical gas parameter (kFa)c can be obtained by studying care-
fully the behavior of the energy landscape, i.e., the function
f (x). To very high numerical accuracy, we haven’t found any
maximum atx , 0 in the energy landscape. Instead, we find a
second order phase transition atkFa = 0.858 where the func-
tion f (x) starts to develop a minimum atx , 0. This is in con-
trast to the 2nd-order PTh which predicts a strong first order
phase transition atkFa = 1.054 [7] where the magnetization
jumps from zero toxc = 0.573.

Since an analytical result for the functionf (x) can not be
achieved in our RTh, we cannot understand clearly how the
non-partuebative effects modify the order of the phase transi-
tion. In fact, analytical results cannot be obtained from the or-
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FIG. 3: (Color-online) The dimensionless inverse spin susceptibility
χ0/χ. The blue squares and red circles are the QMC data [10] for the
HS and UB cases, respectively. The solid line is the result calculated
from RTh. The dashes line is the 2nd-order perturbative result.

derO((kFa)3) even for the balanced casex = 0 in the PTh [6].
However, some definite conclusions can be drawn from our
numerical results: (1) Higher-order terms in the gas parame-
ter can also generate non-analytical terms∝ x4ln|x| and may
generate other important non-analytical terms which are not
known due to the mathematical limitation; (2) The coefficients
of the non-analytical terms generated by the higher-order con-
tributions are certainly not always positive, and they are gen-
erally proportional to (kFa)n for then-th-order contributions.
Since the phase transition occurs at a gas parameterkFa ∼ 1,
the non-perturbative effects from the sum of the higher order
contributions are very important. As we have shown numer-
ically, their effects are not only reducing the critical value of
the gas parameter but also changing the order of the phase
transition.

A second order FMPT is precisely controlled by the spin (or
magnetic) susceptibilityχ. To show this, we expand the func-
tion f (x) nearx = 0 as f (x) = f (0)+ tx2+ · · · . The coefficient
t is related to the spin susceptibility byt = 5

9χ0/χ [10] where
χ0 = 3n/(2EF) is the spin susceptibility of a non-interacting
Fermi gas. Therefore, the second order FMPT occurs exactly
when the inverse of the spin susceptibility vanishes. In the
2nd-order PTh, the inverse spin susceptibility can be analyti-
cally evaluated asχ0

χ
= 1 − 2

π
kFa − 16(2+ln2)

15π2 (kFa)2 [4], which
vanishes atkFa = 1.058. This differs from the critical gas pa-
rameter (kFa)c = 1.054 due to the fact that the FMPT is of first
order in the 2nd-order PTh.

The quantityχ0/χ can be calculated numerically from our
RTh. It is shown and compared with the QMC data in Fig. 3.
We find that the inverse spin susceptibility predicted by our
RTh deviates from the 2nd-order PTh result forkFa & 0.4.
Our RTh result agrees well with the QMC data for the upper
branch (UB) of the square well potential where the effective
range is much smaller than the scattering length. Neverthe-
less, the RTh result is also not bad for the hard sphere (HS)
case. The predicted critical gas parameter (kFa)c = 0.858 is
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in good agreement with the results (kFa)c = 0.86 for the UB
case and (kFa)c = 0.82 for the HS case [10]. Two remarks
may help us understand the good agreements: (1) In a very in-
teresting paper [13], Steele suggested that the pp ladder sum
is the leading-order contribution of the 1/D expansion, where
D is the number of space-time dimensions. All other contribu-
tions like hole-hole ladder sum and effective range corrections
are suppressed by a factor 1/D; (2) In a recent work [15], Liu
et al. found that for sufficiently smalla > 0, the energy spec-
trum of three interacting fermions in the upper branch of the
Feshbach resonance can be interpreted as that of three “re-
pulsively” interacting fermions. Therefore, for many-body
problem the upper branch may serve as a universal “repulsive”
Fermi gas for sufficiently smallkFa.
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FIG. 4: The elementary bubbles organized in the number of theMI.
The solid line with a cut represents the MI part of the propagator, and
the pure solid line corresponds to the vacuum part.

In the final part we check whether our conclusion that the
FMPT is of second order is changed by other contributions.
We consider the contribution of the hole-hole (hh) ladder di-
agrams by summing the combined pp and hh ladders to all
orders inkFa while keeping the criteria (i) and (ii) satisfied.

Following a recent work by Kaiser [16], we rewrite the
propagator (3) in an alternative formGσ(k0, k) = G0(k0, k) +
2πiδ(k0 − ωk)Θ(kσF − |k|), where the first term corresponds to
the vacuum propagatorG0(k0, k) = (k0 − ωk + iǫ)−1 and the
second term is a so-called “medium-insertion” (MI) [16]. The
elementary bubbles in this treatment are shown in Fig. 4. The
first diagramB0 is purely a vacuum part and we use the same
PDS scheme. For our purpose of resummation, we are inter-
ested in the following two quantities,B0+B1+B2 andB0+B1,
which are mutually complex conjugate. We have

B0 + B1 + B2 = −
Mµ
4π
+

MkF

4π2
[R(s, κ) − iπI (s, κ)] , (12)

whereR(s, κ) = R↑(s, κ) + R↓(s, κ).
To sum all ladder diagrams built from the elementary bub-

bles, we first notice that the non-vanishing contributions to the
interaction energy come from diagrams with at least two ad-
jacent MIs [16]. Then a typicaln-th-order contribution would
look like the ring diagram of Fig. 1 (b) withn vertices and at
least two adjacent MIs. Naively, all thesen-th-order diagrams
are summed to givegn[(B0 + B1 + B2)n − (B0 + B1)n] where
the subtraction gets rid of those diagrams which have no adja-
cent MI pairs. However, this expression is complex and there-
fore cannot be the correct one. The crucial observations are
that: (1) Eachn-th-order ring diagram has an-rotational sym-
metry. Therefore, we should introduce an additional factor

1/n; (2) An n-th-order ring diagram comes from closing two
open MI-lines of ann-th-order ladder diagram, which intro-
duces an integration over the allowed phase space|p1| < k↑F
and|p2| < k↓F, but does not contribute a factorB2 to the energy
as the naive expression does. These amendments lead to the
correctn-th-order contribution to the interaction energy [16]:
gn[(B0+ B1+ B2)n − (B0+ B1)n]/(2iIn). The summation over
n leads to two complex-conjugated logarithms and the final
result is real.

Therefore, the functionf (x) in this theory also takes the
form (10), while the functionF(s, κ) becomesF(s, κ) =
[ln(1 − kFa

π
R + ikFaI) − c.c.]/(2iI ). We can also check that

∫ ∞

0
s2ds
∫ ∞

0
κdκIR = ξ(η↑, η↓)/1680, which reflects the fact

that the hh ladders start to contribute at orderO((kFa)3)
[6, 13, 14]. Numerically, we also find a second order phase
transition, which occurs at a smaller gas parameterkFa =
0.786. We notice that the inclusion of hh ladders may not
improve the quantitative result.

In summary, we have studied the non-perturbative effects
on the ferromagnetic phase transition in repulsive Fermi gases
by summing the ladder diagrams to all orders in the gas pa-
rameterkFa. The non-perturbative effects not only reduce the
critical gas parameter but also change the order of the phase
transition. The resummation of particle-particle ladderspre-
dicts a second order phase transition occurring atkFa = 0.858,
in good agreement with the QMC result [10]. The equation of
state and the spin susceptibility calculated from our resumma-
tion theory are also in good agreement with the QMC results.
Therefore, the resummation theory provides a more quanti-
tative way to study the ferromagnetic transition in repulsive
Fermi gases.

Acknowledgments: We thank S. Pilati and S. -Y. Chang
for providing us with the QMC data, N. Kaiser for helpful
communications, and A.Sedrakian for reading the manuscript.
LH acknowledges the support from the Alexander von Hum-
boldt Foundation, and XGH is supported by the Deutsche
Forschungsgemeinschaft (Grant SE 1836/1-2).

∗ Electronic address: lianyi@itp.uni-frankfurt.de
† Electronic address: xhuang@itp.uni-frankfurt.de

[1] E. Stoner, Phil. Mag.15, 1018 (1933).
[2] K. Huang,Statistical Mechanics, Wiley, New York, 1987.
[3] G.-B. Jo,et.al., Science325, 1521 (2009).
[4] S. Kanno, Prog. Theor. Phys.44, 813 (1970).
[5] K. Huang and C. N. Yang, Phys. Rev.105, 767 (1957); T. D.

Lee and C. N. Yang, Phys. Rev.105, 1119 (1957).
[6] H. W. Hammer and R. J. Furnstahl, Nucl. Phys.A678, 277

(2000).
[7] R. A. Duine and A. H. MacDonald, Phys. Rev. Lett.95, 230403

(2005); G. J. Conduit and B. D. Simons, Phys. Rev.A 79,
053606 (2009).

[8] D. Belitz, et al., Phys. Rev. Lett.82, 4707 (1999).
[9] D. B. Kaplan,et al., Nucl. Phys.B534, 329(1998).

[10] S. Pilati,et al., Phys. Rev. Lett.105, 030405 (2010).
[11] S.-Y. Chang,et al., Proc. Natl. Acad. Sci.108, 51 (2011).

mailto:lianyi@itp.uni-frankfurt.de
mailto:xhuang@itp.uni-frankfurt.de


5

[12] A. L. Fetter and J. D. Walecka,Quantum Theory of Many-
Particle Systems, McGraw-Hill, New York, 1971.

[13] J. V. Steele, arXiv: nucl-th/0010066.
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