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Nuclear dynamics at the balance energy of mass
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Abstract

Using the quantum molecular dynamics model, we study the nuclear dynam-
ics at the balance energy of mass asymmetric colliding nuclei by keeping the
total mass of the system fixed as 40, 80, 160, and 240. The calculations are
performed by varying the mass asymmetry (η = AT−AP

AT+AP
; where AT and AP

are the masses of the target and projectile, respectively) of the reaction from
0.1 to 0.7. In particular, we study the various quantities like average and
maximum density, collision rate, participant-spectator matter, anisotropic
ratio, relative momentum as well as their mass asymmetry and mass de-
pendence. We find sizeable effects of mass asymmetry on these quantities.
Our results indicate that the mass dependence of various quantities increases
slightly with increase in η.

Keywords: heavy-ion collisions, quantum molecular dynamics (QMD)
model, balance energy, mass asymmetric reactions, nuclear dynamics

1. Introduction

It is now well established that collective transverse flow of the nucleons is a
signature of the interaction and can provide information about the equation
of state (EoS) as well as nucleon-nucleon (nn) cross-section of the nuclear
matter. Extensive studies have been done over the past three decades on the
sensitivity of collective transverse flow towards the nuclear EoS, nn cross-
section as well as entrance channel parameters such as incident energy of
projectile, size of the system (ATOT = AT +AP ) and colliding geometry (i.e.
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impact parameter) [1, 2, 3, 4, 5, 6]. The disappearance of flow is predicted
to appear at some incident energy, which is termed as Balance Energy (Ebal)
[7]. This balance energy has been subjected to extensive theoretical and
experimental calculations to known its accurate value as well as its mass and
impact parameter dependence [8, 9, 10, 11, 12].

Recently, the sensitivity of collective transverse flow and Ebal towards the
mass asymmetry of the reaction has been carried out at different colliding
geometries by keeping the total mass of the system fixed [11, 12]. It has
been found that almost independent of total system mass as well as colliding
geometry, mass asymmetry has a uniform effect on the collective transverse
flow and its disappearance [11]. This study was motivated from the recent
observations by FOPI collaboration on the mass asymmetric reactions of
40Ca+197Au and 197Au+40Ca [13]. They observe that flow in asymmetric
reactions is a key observable for investigating the reaction dynamics. The
difference between the reaction dynamics for symmetric and asymmetric re-
actions is attributed to the different role played by excitation energy in these
reactions. In symmetric reactions most of the excitation energy is deposited
in the form of compressional energy, whereas an asymmetric reaction de-
posit it in the form of thermal energy [14]. Therefore, in the present paper
this study is further extended for the central collisions to see the effect of
mass asymmetry of the reaction on the nuclear dynamics at the balance en-
ergy. Similar work has been carried out by Sood and Puri [15] for the nearly
symmetric and symmetric reactions at the balance energy. But the role of
mass asymmetry on the participant-spectator matter, average and maximum
density, net collisions, anisotropic ratio, relative momentum as well as on the
mass dependence of these quantities is not taken care of. This has been taken
care in the present study. The study is made within the framework of Quan-
tum Molecular Dynamics (QMD) model [9, 11, 12, 14, 15, 16, 17, 18], which
is explained in section 2. Results and discussion are explained in section 3
and finally we summarizes the results in section 4.

2. The quantum molecular dynamics model

The quantum molecular dynamics model [9, 11, 12, 14, 15, 16, 17, 18]
simulates the reaction on an event by event basis. Here each nucleon i is
represented by a Gaussian wave packet with a width of

√
L centered around

the mean position ~ri(t) and mean momentum ~pi(t). Here each nucleon is
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represented by a coherent state of the form:

φi(~r, ~p, t) =
1

(2πL)3/4
e[−{~r−~ri(t)}

2/4L]e[i~pi(t)·~r/~]. (1)

The Wigner distribution of a system with AT + AP nucleons is given by

f(~r, ~p, t) =

AT+AP
∑

i=1

1

(π~)3
e[−{~r−~ri(t)}

2/2L]e[−{~p−~pi(t)}
22L/~2]

′

, (2)

with L = 1.08 fm2.
The center of each Gaussian (in the coordinate and momentum space) is

chosen by the Monte Carlo procedure. The momentum of nucleons (in each
nucleus) is chosen between zero and local Fermi momentum [=

√

2miVi(~r);
Vi(~r) is the potential energy of nucleon i]. Naturally, one has to take care
that the nuclei, thus generated, have right binding energy and proper root
mean square radii.

The centroid of each wave packet is propagated using the classical equa-
tions of motion:

d~ri
dt

=
dH

d~pi
, (3)

d~pi
dt

= −dH

d~ri
, (4)

where the Hamiltonian is given by

H =
∑

i

~p2i
2mi

+ V tot. (5)

Our total interaction potential V tot reads as

V tot = V Loc + V Y uk + V Coul + V MDI , (6)

with
V Loc = t1δ(~ri − ~rj) + t2δ(~ri − ~rj)δ(~ri − ~rk), (7)

V Y uk = t3e
−|~ri−~rj |/m/ (|~ri − ~rj |/m) , (8)

with m = 1.5 fm and t3 = -6.66 MeV.
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The static (local) Skyrme interaction [19] can further be parametrized as:

ULoc = α

(

ρ

ρo

)

+ β

(

ρ

ρo

)γ

. (9)

Here α, β and γ are the parameters that define equation of state. The mo-
mentum dependent interaction is obtained by parameterizing the momentum
dependence of the real part of the optical potential. The final form of the
potential reads as

UMDI ≈ t4ln
2[t5(~pi − ~pj )

2 + 1]δ(~ri − ~rj ). (10)

Here t4 = 1.57 MeV and t5 = 5 ×10−4MeV −2. A parameterized form of
the local plus momentum dependent interaction (MDI) potential (at zero
temperature) is given by

U = α

(

ρ

ρ0

)

+ β

(

ρ

ρ0

)

+ δln2[ǫ(ρ/ρ0)
2/3 + 1]ρ/ρ0. (11)

The parameters α, β, and γ in above Eq. (11) must be readjusted in the
presence of momentum dependent interactions so as to reproduce the ground
state properties of the nuclear matter. The set of parameters corresponding
to different equations of state can be found in Ref. [17].

3. Results and discussion

For the present analysis, we simulated the reactions of 17
8 O +23

11 Na (η =
0.1), 14

7 N +26
12 Mg (η = 0.3), 10

5 B +30
14 Si (η = 0.5), and 6

3Li +
34
16 S (η = 0.7)

for ATOT = 40, 36
18Ar +

44
20 Ca (η = 0.1), 28

14Si +
52
24 Cr (η = 0.3), 20

10Ne +60
28 Ni

(η = 0.5), and 10
5 B +70

32 Ge (η = 0.7) for ATOT = 80, 70
32Ge +90

40 Zr (η = 0.1),
54
26Fe+106

48 Cd (η = 0.3), 4020Ca+120
52 Te (η = 0.5), and 24

12Mg+136
58 Ce (η = 0.7) for

ATOT = 160, and 108
48 Cd+132

56 Ba (η = 0.1), 8438Sr+
156
66 Dy (η = 0.3), 6028Ni+180

74 W
(η = 0.5), and 36

18Ar+
204
82 Pb (η = 0.7) for ATOT = 240, at their corresponding

theoretical balance energies (taken from Ref. [11]). The balance energies
at which these reactions are simulated were calculated using a momentum
dependent soft equation of state with standard energy dependent cugnon
cross-section and reduced impact parameter (b̂ = b

bmax
; where bmax = R1+R2;

Ri is the radius of projectile or target) of 0.25. The reactions are followed
uniformly up to 500 fm/c.
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In Fig. 1, we display the 〈ρavg〉/ρ0 (left column) and 〈ρmax〉/ρ0 (right
column) as a function of the reaction time. The average 〈ρavg〉 and maximal
〈ρmax〉 values of the density are calculated within a sphere of radius 2 fm
around the center-of-mass. The density is then computed at each time step
during the reaction using equation:

ρ(~r, t) =

AT+AP
∑

i=1

1

(2πL)3/2
e(−(~r−~ri(t))

2/2L). (12)

The results are displayed by varying η from 0.1 to 0.7 for different mass
ranges i.e ATOT = 40, 80, 160, and 240. It is clear from the figure that
the maximal ρavg decreases with increase in η. A similar trend can be seen
for the evolution of ρmax at all mass ranges. This is due to the decrease
in the interaction region with increase in mass asymmetry of the reaction.
Further, one should note that for nearly symmetric reactions with η = 0.1,
the maximal and average densities are comparable for the heavy systems,
indicating the wide and uniform formation of dense matter in the central
region of 2 fm radius. This is similar to as predicted in Ref. [15]. However,
a nonhomogeneous nature of the dense matter is seen for lighter systems
at all asymmetries. For each mass range, as η increases and for each η, as
ATOT decreases, the incident energy increases. Therefore, for each ATOT , the
reactions with larger asymmetries and for each η, the systems with smaller
ATOT , finishes much earlier. Similarly, the peak values of the densities are
also delayed for reactions of heavy colliding nuclei and smaller asymmetries.
Also, one should note that the time of saturation increases with increase in
η.

Similar to Fig. 1, we display the net collision rate as a function of the
reaction time in Fig. 2. It is directly connected with the density. Due to the
decrease in interaction volume with increase in mass asymmetry of colliding
nuclei, the net collision rate decreases with increase in η and the interactions
among nucleons also ceases earlier. This is observed for all system mass
ranges. As expected, with increase in system mass, opposite trend is observed
for each η. This behavior is also evident from the density profile (see Fig.
1).

It is well known that balance energy represents a counterbalancing be-
tween the attractive and repulsive forces, therefore, this fact should also be
reflected in quantities like spectator and participant matter. In Fig. 3, we
display the normalized spectator (upper panel) and participant (lower panel)
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matter as a function of reaction time. The results are displayed for different
asymmetries by keeping the total mass of the system fixed as ATOT = 80
and 240. All nucleons having experienced at least one collision are termed as
participant and the remaining matter is termed as spectator matter. One can
also define spectator and participant matter in terms of rapidity distribution,
however, the results are similar for both definitions, as shown in Ref. [15].
From the figure, one clearly see that at the start of the reaction, all nucleons
constitute spectator matter, therefore, no participant matter exists at initial
time (i.e. t = 0 fm/c). Due to decrease in the number of nn collisions with
increase in η, the spectator(participant) matter increases(decreases) with in-
crease in η. Similar behavior is seen for different system masses.

In Fig. 4, we display the time evolution of relative momentum < KR >
(left column) and anisotropy ratio < Ra > (right panel) for different η and
ATOT . The relative momentum is the indicator of local equilibrium while
anisotropy ratio is the indicator of the global equilibrium reached in the
heavy-ion reactions. The details of these quantities can be found in Ref.
[18]. From figure, we see that relative momentum decreases as the reaction
proceeds, while < Ra > ratio increases and saturates after the high dense
phase is over. Due to increase in incident energy with η, thermalization is
little bit better achieved for larger η. Similar behavior is observed for each
fixed system mass. However for each η, due to high density obtained in
heavier systems, the thermalization is better achieved compared to lighter
colliding nuclei.

In Fig. 5, we display the mass asymmetry dependence of the maximal
value of the average and maximum density as well as the final stage value
of (allowed) nn collisions and spectator/participant matter. The results are
displayed for different mass ranges. Lines are the linear fits (∝ mη). We find
that the maximal values of the average and maximum density decreases with
increase in η for each fixed system mass and the η dependence decreases
with increase in system mass. An opposite trend is observed for nn colli-
sions. The nn collisions also decreases with increase in η, but due to larger
interaction volume in heavier systems, heavier colliding nuclei show large
η dependence. Obviously, the spectator matter and the participant matter
will behave oppositely. For each system mass, the spectator(participant)
matter increases(decreases) with increase in η and similar to density, the η
dependence decreases with increase in total mass of the system. From this
figure, it is clear that mass asymmetry of the reaction has a significant role
on the nuclear dynamics of the reaction. Therefore, while studying various

6



phenomenon in the intermediate energy heavy-ion collisions, one should take
care of the mass asymmetry of the reaction.

In Fig. 6, we display the mass dependence of the maximal value of the
average and maximum density as well as the final stage value of (allowed)
nn collisions and spectator/participant matter. For the nearly symmetric
reaction having η = 0.1, the dependence is similar to that shown in Ref. .
All the quantities follow a power law behavior ∝Aτ

TOT . The values of power
factor τ are displayed in the figure. A slight decrease in the average density
with increasing size of the system is observed for nearly symmetric reaction
with η = 0.1, whereas a opposite trend is seen for η = 0.3-0.7. Similarly,
a decrease in the maximum density with increasing size of the system is
observed for reactions with η = 0.1-0.5, while a opposite trend is seen for
η = 0.7. For nn collisions, one sees a linear enhancement with the system
mass for each η. The spectator and participant matter is nearly independent
of the mass of the system. As one look carefully, the mass dependence of
various quantities shown in Fig. 6, increases slightly with increase in η.

4. Summary

We studied the nuclear dynamics (particularly, average and maximum
density, collision rate, participant-spectator matter, anisotropic ratio, rela-
tive momentum as well as their mass asymmetry and mass dependence) at
the balance energy of mass asymmetric reactions by keeping the total mass
of the system fixed as 40, 80, 160, and 240 and varying the mass asymme-
try of the reaction from 0.1 to 0.7. A sizeable effect of mass asymmetry
on these quantities is observed. Our results clearly indicated that the mass
dependence of various quantities increases slightly with increase in η.
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Figure Captions

FIG. 1. (Color Online) The time evolution of the average density 〈ρavg〉/ρ0
(left column) and maximum density 〈ρmax〉/ρ0 (right column) reached in a
central sphere of radius 2 fm for different system masses. The results for
different asymmetries η = 0.1, 0.3, 0.5, and 0.7 are represented, respectively,
by the solid, dashes, dotted and dashed-dotted lines.

FIG. 2. (Color Online) Same as Fig. 1, but the rate of allowed collisions
versus reaction time.

FIG. 3. (Color Online) The time evolution of the normalized spectator
matter (upper panel) and participant matter (lower panel). The results for
total system mass ATOT = 80 and 240 are displayed in left and right columns.
Lines have the same meaning as in Fig. 1.

FIG. 4. (Color Online) Same as Fig. 1, but for the relative momentum
< KR > (left column) and anisotropy ratio < Ra > (right column).

FIG. 5. (Color Online) The maximal value of the average density <
ρavg >max (left upper-panel), maximum density < ρmax >max (right upper-
panel), total number of the allowed collisions obtained at the final stage (left
lower-panel), and final saturated spectator/participant matter (right lower-
panel) as a function of mass asymmetry of the reaction. The results for
different system masses ATOT = 40, 80, 160, and 240 are represented, respec-
tively, by the solid squares, circles, triangles and inverted triangles. Lines
are the linear fits (∝ mη); m values without errors are displayed.

FIG. 6. (Color Online) Same as Fig. 5, but as a function of total mass
of the system. The results for different asymmetries η = 0.1, 0.3, 0.5, and
0.7 are represented, respectively, by the open squares, circles, triangles and
inverted triangles. The lines are power law (∝ Aτ

TOT ) fits to the calculated
results. The values of the power factor τ are displayed in the figure for various
quantities.
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