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Abstract

We consider the estimation of a structural vector autoregressive model of nonstationary and
possibly cointegrated variables without the prior knowledge of unit roots or rank of
cointegration. We propose two modified two-stage least-squares estimators that are consistent
and have limiting distributions that are either normal or mixed normal. Limited Monte Carlo
studies are also conducted to evaluate their finite sample properties.
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1. Introduction

We consider the estimation of an equation in a structural vector autoregressive
model (SVAR) involving integrated and possibly cointegrated variables without the
prior knowledge of the location of unit roots or rank of cointegration. Although the
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location of unit roots or rank of cointegration can provide information for
identification and may improve the efficiency of the estimates, many econometric
models are identified without prior information on this. For instance, the
Klein—Goldberger (Klein et al., 1955) and the large-scale Wharton quarterly models
(Klein and Evans, 1969) are identified through exclusion restrictions.

The SVAR we consider is different from the reduced-form VAR considered by
Johansen (1988, 1991), Phillips (1995), or Sims et al. (1990) in that we allow more
than one current variables to appear in each equation. The model is similar in spirit
to the Cowles Commission structural equation specification in which each equation
describes a behavioral or technological relation except that no strict exogeneity
assumption has been imposed on some of the variables as in Hsiao (1997a, b). It is
shown by Hsiao and Wang (2004) that an identified equation in such a system may
be consistently estimated by the conventional two-stage or three-stage least-squares
estimator (2SLS or 3SLS). However, their limiting distributions may be non-
standard, hence a chi-square distribution may not approximate well the limiting
distribution of a conventional Wald test statistic. In this paper we propose two
modified estimators that are either asymptotically normally or mixed normally
distributed, thus allow the construction of a Wald-type test statistic that is
asymptotically chi-square distributed.

We set up the basic model in Section 2. We propose a modified two-stage least-
squares estimator (M2SLS) in Section 3 and an alternatively modified two-stage
least-squares estimator (A2SLS) in Section 4. Section 5 extends the discussion by
adding an intercept term to the basic model. Section 6 provides some Monte Carlo
studies comparing the performance of 2SLS, M2SLS, and A2SLS. Conclusions are
in Section 7.

2. The model

Let w be an m x 1 vector of random variables that can be represented by the
following pth order autoregressive model:'

ALyw =¢, t=1,...,T, @2.1)
~t ~t

where A(L) = Ao+ AiL+ .-+ A,L” is a pth order matrix polynomial of the lag
operator L. We assume that

Al : Ay is nonsingular.

A2 : The roots of |A(L)| = 0 are either 1 or outside the unit circle.

A3 : The m x 1 error vector ¢ is independently, identically distributed (i.i.d.) with
zero mean, nonsingular covariance matrix Y. and finite fourth cumulants.

'For ease of notations, we postulate (2.1) without the intercept term. The basic conclusions of this paper
remain unchanged with the addition of intercept term in (2.1), see Section 5.
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Since we are interested in the asymptotic properties of the estimators of (2.1), for ease

of exposition, we shall also assume that the initial values, w ,w ,...,w are given.
~0 ~—1 ~_p+1

Remark 2.1. Assumption Al is needed to ensure that (2.1) contains m linearly
independent behavioral equations. The purpose of A2 is to relax the stationary
assumption implicitly assumed in the original Cowles Commission framework to allow
for the presence of (1) variables. A3 is a standard assumption for VAR models. The
existence of fourth moments is made to ensure that (functional) central limit theorem
will hold in deriving the limiting distributions of the proposed estimators.

Let A =[Ay, A1, ..., A4p] and define a (p + 1)m dimensional nonsingular matrix M as
_Ilﬂ Il‘ﬂ e Iﬂl_
0 I I,
M=|0 0 ... Iyl 2.2)
0 0o I,

p—1
Z Avw +A4w =¢, (23)
=0 ~i—j ~t—p ~t

where v = (1 - L), 4 0 AL =01, .p. Let A*=[45,..., A% = [Ag, 4],

then A* = AM. The coefﬁ01ent matrices Al and A* provide the implied short-run
dynamics and long-run relations of the system (2.1) as deﬁned in Hsiao (2001).

Model (2.1) is different from the conventional VAR model of Johansen (1988,
1991), Phillips (1995), Sims (1980), Sims et al. (1990), Tsay and Tiao (1990), etc. in that
Ap 1s not an m-rowed identity matrix /,,. In other words, more than one current
variables can appear in an equation. It can be viewed as a Cowles Commission
structural equation model without the strict exogeneity assumption on some elements

of w (e.g. Koopmans et al., 1950; Hsiao, 1997a). Multiplying Aal to (2.1) yields the
~t
conventional VAR which may be viewed as a reduced-form representation of (2.1),

w—le +--+Iw +v, (2.4)
~ir—1 ~t—p ~t

where IT; = —Ay' 4;,v = Ay'e .
~ 2
We shall assume that at least one root of |A(L)| =0 is equal to 1. More
specifically,
A4 :

(a) A* =aff’ where x and [3 are m x r matrices of full column rank r,
O<r<m —1;
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(®) o' JB is nonsingular, where J = Z” lA* and ﬁ are mx (m—r)
~)

matrices of full column rank such that oc o= 0 =p B (If r =0, then we

~L~
takeoa =1,=p0).
<1 ~L

Under A1-A4, w has r cointegrating vectors (the columns of f) and m — r unit
roots. As shown byJohansen (1988, 1991) and Toda and Phillips (1993) A4 ensures
that the Granger representation theorem (Engle and Granger, 1987) applies, so that
vw is stationary, ﬁ'w is stationary, and w is an I(1) process when r<m.

Suppose that the gth equation of (2.1) satlsﬁes the prior restrictions a ch = 0’

where «' denotes the gth row of 4 and &, denotes a (p + 1)m x R, matrlx with
~g

known elements. Let &) = M- CD\,,, the existence of prior restrictions a’ @, = 0" is
~g ~

equivalent to the existence of prior restrictions a*/d); = 0', where a* is the gth row of
~g ~ ~g
A*. Hsiao (2001) proved the following lemma.

Lemma 2.1. Suppose that the gth equation of (2.1) is subject to the prior restrictions
a P, = 0 A necessary and sufficient condition for the identification of the gth equation
of (2.1) or (2.2) is that

rank(A®,) =m — 1, (2.5)
or

rank(4*@7) =m — 1. (2.6)

Remark 2.2. The identification condition (2.5) or (2.6) does not require the prior
information about the existence or location of unit roots or rank of cointegration.

3. The modified two stage least-squares estimator

For ease of exposition, we assume that prior information is in the form of
excluding certain variables, both current and lagged, from an equation. Let the gth
equation of (2.1) be written as

w =2Z0 +¢, (3.1)
~g A

where w and ¢ denote the T x 1 vectors of (wyi,...,w,r) and (gu,...,&7),
9
respectively, and Z, denotes the included current and lagged variables of w . Let

~t
X=W_i,W_,,...,W_,). The 2SLS estimator of ¢ is given by
~yg

~ ~

5 =[ZXX'X)' X' Z) ' Z,X(X'X) ' X'w ]. (3.2)
~¢,2SLS 7 ) ~g
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To derive the limiting distribution of 2SLS estimator, we let M, be the
nonsingular transformation matrix that transforms Z, into Z; =Z,M,=
(Z,,Z},), where Z7, denotes the {,-dimensional linearly independent /(0) variables
and Z7, denotes the 7" observations of b, linearly independent /(1) variables, then

wo=Z,M M6+
g 9 g
=Z,0"+¢, (3.3)
g g
where §* :Mglé (R 5*/) with 5* and 5* denoting the £, x 1 and b, x 1
~g ~g ~gl ~g2 ~g2
vector, respectively. Such transformatlon always exists. For instance, if no

cointegration relation exists among the g, included variables, say W , then Z7,
~ gt ¢
consists of the first-differenced current and p — 1 lagged included variables, Z7, is

simply the T x g, included w lagged by p periods, w . Suppose there exist
~gt ~gt=p
g4 — b, linearly independent cointegrating relations among the g, included

Variables,ﬁ/w, then Z7, consists of the current and p—1 lagged vag and

Wo_p— W _png where W1, is Tx (g4 — by), Wy, is T x by, n isby x (g4 —

by) of constants, and Zj, consists of the T observed b, linearly 1ndependent I(1)

variables Wgz,_p.

Let M, be a nonsingular transformation matrix such that XM, = (X7, X3), where
X7 consists of the linearly independent /(0) variables and X5 consists of the linearly
independent /(1) variables, say dimension b. It is shown by Hsiao and Wang (2004)
that

Lemma 3.1. The 2SLS estimate of 0" is consistent and
~yg

VT —5* =N, GA(ME MM )T, (3.4)

~g1,2SLS Zg1X1 X1X1 X1Zg1

1 -1
TGN s )=>{ / B.B. dr( / B.B, dr) / B.B. dr}
~g22SLS  ~g2 2 2 N 2 g
-1
X{/BZZZB;f dl’(/ B‘(;B;; dr> |:/ B‘C; dB;q:| }, (35)

where = denotes convergence in distribution of the associated probability measures,

Zg1,X1 X1X1

1 1
M = phm zZhXy, My, = phm?X’f’X*, (3.6)
B;, denotes the Brownian motion of &, with variance a B, denotes a b x 1 vector
Browman motion of 7 x* with covariance matrix Qoxsyx where Qqgya 1S the long-run
~2

covariance matrix of \yx* , and B~* denotes a b, x 1 vector Brownian motion of 7 z*
21 ~g2,t
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which appears in the gth equation. Moreover /T (3* — 0% ) and T(S* —0")
are asymptotically independent. g128LS  ~gl 9228LS - ~g2

The limiting distribution of (3.5) is nonstandard. It involves a matrix unit root
distribution that arises from using lagged w as instruments when w is I(1) and is
~ ~t

contemporaneously correlated with & . The long-run ‘“endogeneities” of the
~t

nonstationary instruments X7 leads to a miscentering and skewness of the limiting

distribution of (3.5). However, since 5 =M gS* , the limiting distribution of
~4,2SLS ~g,2SLS

D . . K

0 is given by the components of that have slower rate of convergence.

~g,25LS ~g.2SLS

Therefore, if p>1 and interest is in testing a particular coefficient, say d, = c, then

the conventional test statistic, (Sgk,ZSLS_Ck)/Sd(Sgk,ZSLS) is asymptotically ¢-

distributed. However, inference about the null hypothesis Pd = ¢ can be tricky,
~ =
where P and ¢ are known matrix and vector of proper dimensions, respectively.If

VTP
~g,2SLS

nonsingular matrix L such that

— J ) has a singular convariance matrix, it means that there exists a
~g

. Py P éyl
LPég =LP ég =10 By 5* 3.7
~ o
with nonzero P»,. Then
(PS —¢) Cov(PS ) '(Ps —¢)
~g2SLS  ~ ~g,2SLS ~g2SLS  ~
A /
1311 P12 ~g1,2SLS A
= 0o P . —~Lcy Cov(LPO )7
v 22 5 ~ ~¢,2SLS
~g2,2SLS
i)ll i)12 ~g1,2SLS
X 0 Py 3 N — L ¢
~ ~g2.2SLS
/ -1
:>T<P115* —|—I~3128* —Z’> Cov (ﬁf’né* )
~g1,2SLS ~g2,2SLS ~1 ~g1,2SLS
x(i’“S* +P128* —C ) —i—Tz(i)zzS* —¢ )
~g1,2SLS ~g2,2SLS  ~1 ~g22SLS  ~2

-1
x Cov (szgé* ) <ﬁ228* —C >, (38)

~g2,2SLS
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where L¢ = (¢,
~ o~

chi-square distributed. The second term, according to Lemma 3.1 has a nonstandard
distribution. Hence (3.8) is not asymptotically chi-square distributed.

). The first term on the right-hand side of (3.8) is asymptotically

Remark 3.1. Our interest lies in the statistical properties of the estimators of é , not
0" (or 0™ to be introduced in Section 4). The matrices Z; and X~ anzl the
C(g)rresporfding parameter vector é* are introduced for the ease of deriving the
limiting distributions of 2SLS of é yand the corresponding Wald test statistic. The

9
transformed matrices Z or X™ is not used in actual estimation or in constructing

Wald test statistics. Therefore, it is sufficient to know that transformation of Z, or X
to Z or X* (or Z;* or X™ in later section) exists. For instance, consider a three

equation model of the form

Agw + Ayw  +Aw =¢, 3.9)
~¢ ~r—1 ~i=2 ™~
where
1 a2 O ain a0
Ay = 0 I aops |, A, = 0 mp aip |,
apz1 0 1 amz 0 a3
a1 axyn 0
Ay = 0 ayn a3 |,

a3 0 a3
and all three equations satisfy the rank condition for identification (2.5). Consider
the first equation (g = 1) of (3.9). We can rewrite it in the form of (3.1),
w =210 +¢, (3.10)
~1 ~1~
where Zy =(w ,w ,w ,w ,w ),and § = —(ag12,a1,11,a1,12,a2,11,42,12) -
~2 ML=l ~2,-1 ~1,=2 2,2 ~1
Suppose that 4, takes the form
Ay =Ag— A1+ o' B,
where o and f are 3 x r matrices, 0<r<3. When r = 0, there is no cointegration
among wy,, wy; and ws,. Then Z7 = Z, M = (Z7},, Z},), where
1 0 0 00

0 1 0 0 0
Mi=|-1 0 1 0 0],

0 -1 0 1 0

0 0 -1 0 1
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Zi, =(ww,yw ,yw ), and ZH=w ,w ), and &*=M;'s =(5",
~2 o T, ~1 ~1 ~1

-1 2~ ~11
*/\/ */ */

éu) néll = —(a0,12, a1,11, 40,12 + 01,12),§12 = —(a111 + a1, 4012 + a2 +az).  The
instruments X = (W_;, W_;) and X* = XM, = (X7, X3), where

1 0O 0 0 00

0 1 0 0 0 O

0 0 1 0 0 0
Mx_ >

-1 0 0 1 0 0

0O -1 0 010

0 0 -1 0 01

X7 =(vW_y), and X5 = (W_,).
Suppose that

P 1 =1 0 i o o 0 a3

N0 1 -1 B w03 )’

then model (3.9) is in the spirit of King et al. (1991) three-equation model in which
there are two cointegrating relations (wj, — wy, (money and income), and wy; — w3,

(income and interest rate)). The corresponding transformation of Zj and X™ then
becomes Z7 = Z, M| = (Z7,, Z},) with

1 0 0 0 O

0 1 0 0 0
Mi=|-1 0 1 0 0f,
0 -1 0 1 0
0 0 -1 -1 1
Zi=(ww,yw ,yw ,w  —w ) and Zi,=w ), and
~2 Mol M-l =2 22 ~2,-2
X* = XMx == (X*’X;)a
1 0 0 O 0 0
o 1 0 0 0 O
y 0 0 1 0 0 0
* -1 0 0 1 0 of
0o -1 0 -1 1 0
0 0 -1 0 -11
Xi=wW_,w —w ,w —w ), X5=(w ). (Theparameter vector 6* =
~l—2 0 ~M2,-2 M2 32 ~3,-2 ~1
(6”,0") now has the form, 6% = —(ag12,a111,aq012+ ar12,a1.11 +ar1y) and
~11~12 ~11

x/
én = —(00,12 +ain+a+ain +axn).)
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We note that the application of 2SLS does not provide asymptotically normal or
mixed normal estimator because of the long-run endogeneities between lagged (1)
instruments and the (current) shocks of the system (Hsiao and Wang, 2004). But if
we can condition on the innovations driving the common trends it will allow us to
establish the independence between Brownian motion of the errors of the conditional
system involving the cointegrating relations and the innovations driving the common
trends. The idea of the modified 2SLS estimator is to apply the 2SLS method to the
equation conditional on the innovations driving the common trends. Unfortunately,
the direction of nonstationarity is generally unknown. Neither does the identification
condition given by Lemma 2.1 require such knowledge. In the event that such
knowledge is unavailable, we propose to modify Phillips (1995) fully modified VAR
estimator that is used to estimate the reduced-form VAR of the form (2.4) with
desirable properties.

Rewrite (3.1) as

w = ZgMgMg_lé + ¢

~yg Y9 Ty
5**
(qu Zg2) 5** + Ez}
~g2 h
= Z;*é** + ¢, (3.11)
gy
where Z**:ZM =(Z}.Z,), Zgl_(ng,vW _1,...,vW 1) Ly =

_,,,(5** = M (3 ,vW,._; denoting the T x g, stacked first difference of the

mcluded variable vw ~and v W, denoting the T x (g, — 1) first difference of the
included variables v?i: jexcluding vwg. The decomposition (Z7f, Z;5) and (3** =
(é*’l” é::’) are 1dent1c419tto (Z3,Z3,) if there is no cointegrating relations dmong wgt,
n = 0. Unlike (Z7,,Z,),(Z}1,Z;5) are well defined and observable. When

gl»
ZZI #Z],
(Z5, 255D, = (Z

gl»
there exists a nonsingular transformation matrix D, such that

1o ;‘2). Then

5 =D,'5*. (3.12)
~g T g

Remark 3.2. Using the example (3.9), Z}* = Z, M| = (Z}}, Z}3), where
I 0 0 00

Il

|

—_

o

—_
S = O O
- o O O
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with Zi7 =(yw,yw ,vyw )and Z5=w ,w ), and 0" = —(ag12,a111,
~2 T ~o1 v ~1,-2 ~2,-2 ~11
ap o + 01’12), O = —(01’11 + azi1,a0,12 + a2 + Clzﬁlz) irrespective of the cointegra-
~12
tion rank in the system.
Let
Cg == (W/_p \Y4 Wfp - TAvwvw)-Q;;,vavacga (313)

where Q,, and 4,, denote the long-run covariance and the one-sided long-run
covariance matrix of two sets of 7(0) variables, (u ,v ),
~t ™t

Qm' = Z Fuv(i)a (314)
Jj=—00
and
Auv = Zrltv(j)a (315)
J=0

where I',,(j)) = Eu v’ . Let
~tvi—j

~ , ~ ~A—1
Co= (W, v W_p— TAgu)Q0 o Lo, (3.16)

where qu and Zluv are the kernel estimates of Q,, and 4,,, which, following Phillips
(1995), takes the form

T—1
Qu=Y_ KG/OIu(), (3.17)
j=—T+1
and
~ T_l A
Aw =Y KG/T (), (3.18)
j=0

where K(-) is a kernel function and k is a truncation or bandwidth parameter, and

r w(J) 1s the sample covariance function of (u,v ),
~r g

T
fWh%Zay. (3.19)

=1 T

A modified 2SLS estimator following Phillips (1995) fully modified VAR estimator
can be defined as
8** — {Z**/X**(X**/X**)—l X**/Z:k*}—l
~g,m2SLS g g
X7'w
~y
x Z**/X** X**/X** -1 ) , 3.20
g ( ) X3¥w —Cy (3.20)
~g
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where X** = XM, = (X7, X5), X7 = (YW_1,...,yW_p41), and X3 =W_,.
Just like (Z77, Z73), (X7, X57) are well defined and observable.
Following Phillips (1995), we assume that

Assumption KL. The Kernel function K(-) : R — [0, 1] in (3.17) and (3.18) is a twice
continuously differentiable even function with:

(a) K(0)=1,K'(0) =0, K"(0)#0; and either
(b) K(x) =0, |x| =1, with limy_[K(x)/(1 — |x|)2] = constant, or
(c) K(x) = O(x7?) as |x| = oo.

Assumption BW. The bandwidth parameter & in (3.17) and (3.18) has an expansion
rate of the form:

k = O.(T?) for some g € (1/4, 2/3), where the symbol O, is the expansion rate
symbol such that

k=0T if k~crT?as T — oo

for some ¢z which is slowly varying at infinity (i.e. ¢yv/cr — 1 as T — oo for x>0).
Thus k/T?3 + T"*/k — 0 and k*/T — oo as T — oc. Then

Theorem 3.1. Under assumptions A1-A4, KL and BW, the modified 2SLS estimator

5" = D; 5" is consistent. Furthermore
~g,m2SLS 9 ~gm2SLS
5 *—1 -1
VI(3 = )N g ) G2
and is independent of
¥ * x—1 * -1 *
T<ég2,m2SLS - égZ) ( Zgy wazszxzzgz) MZgz)sz‘C')’Cz /B dBLz/ X3
(3.22)
which is a mixed normal of the form
*—1 *
/ * 0N( 02 (M MLM ) ) dP(M?,), (3.23)
XX
where aé.vx; = 03 — Q9 Quxsyx; Qonse, -
Proof. See Appendix A. [
Corollary 3.1. Under the assumptions of Theorem 3.1, when r = 0, we have
ok p
T<5 — 0" > -0, (3.24)
~g2,m2SLS ~g2 ~
ie & is hyperconsistent in the sense that its rate of convergence is faster than T.
~¢2,m2SLS
M: . =plim (1/T)Z; X7, M}, = plim (1/T)XT/X*,M’§N2 and M3, are by x b

and b x b matrices of random variables that have the limiting distributions as that of

(1/T2)Z;’2X* and (1/T*) X3 X35, respectively.
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Proof. See Appendix A. [
Remark 3.3. The modified 2SLS estimator of § can be obtained as

g
b = My = M D, , (3.25)

~¢,m2SLS ~~g,m2SLS o T~g,m2SLS
where M ¢ 1s a known matrix but in general, not D,. However, although the modified
2SLS estimator of §* is either asymptotically normal or mixed normal, the Wald type
test statistic 9

1 . .
— (P - )PIZX(X'X)' X' Z]P}) ! (Pé - c) (3.26)

02" ~gm2SLS ~gm2SLS ~ ~

does not always have the asymptotic chi-square distribution under the null

hypothesis Pd = ¢, where P is a known k X g, matrix of rank k. To see this,
~y =

rewrite (3.26) in terms of 5
~g,m2SLS
1 * RF ' * K Yk vy — | ok 7k 1 pxiy—1
o <P HgéngSLS —g) (PP H [ Z) X (X" X™)" XY Z|H P}
g 9,
x (P*H;,S* - c>, (3.27)
~gm2SLS ~ ~
where
. . . 7121, 0
P*=PM,DsH,~ and H,= 0 T‘llbg )
The null hypothesis becomes P*H gé* = ¢. Notice that the asymptotic
~g,m2SLS ~
covariance matrix of Hgé* converges to
~g,m2SLS
- * -1
af}(M:;lX] Mi‘;[xl] Mxlzm 9
2 * “1yme =1 |
9, G(I-V~’~'§ (Mz_z/ZXZ M;kfzxz szzgz)

while Hg[ZZ/X*(X*’X*)_lX’”Z;‘]H; in (3.27) converges to
* x—1 * —1
5 (Mzglxl Mxllexlz_z/l) 9

! 0 (M MMy )

~ ZgaX2 X2X2 X2Zg2

g

Wald statistic (3.26) (or equivalently (3.27)) is asymptotically chi-square distributed

with k degrees of freedom if and only if P (or equivalently P*H qé* ) in
~g,m2SLS " ~g,m2SLS

the hypothesis does not involve the 7T-consistent component 5" . Otherwise,
~¢2,m2SLS

H,[Z7 X" (X" X H~lx ¥'Z/1H would overestimate the asymptotic covariance matrix
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Nk . .
of H,0 because o2 _ . <o> for the submatrix corresponding to x* and z* . In
95 g.m2sLs gvy —od ~2 ~g

general, the test statistic (3.26) is a conservative test, with its asymptotic distribution
a weighted sum of k independent ] variables with weights between 0 and 1.

4. An alternatively modified 2SLS estimator

Section 3 shows that without pretesting for or the prior knowledge of the
cointegrating space, the modified 2SLS estimator is consistent and has the desired
property that coefficient estimates of the transformed system are either /7-
consistent and asymptotically normally distributed or 7-consistent and mixed
normally distributed in the limit. However, the construction of the modified 2SLS
estimator requires nonparametric estimation of the long-run covariance matrix and
the one-sided long-run covariance matrix. It is well known that kernel estimator and
hence the finite sample performance of the modified 2SLS estimator could be
affected substantially by the choice of the bandwidth parameter. In addition, since
we cannot approximate the asymptotic covariance matrix of the modified 2SLS
estimator properly, Wald test statistics based on the modified 2SLS estimator using
the formula of (3.26) may not be chi-square distributed and critical values that are
based on chi-square distributions can be used for conservative tests only. In this
section, we propose an alternatively modified 2SLS estimator with the following
properties: (1) it is fully parametric, (2) coefficient estimates of the transformed
system are +/7-convergence and asymptotically normally distributed in the
stationary direction and 7-convergence and asymptotically mixed normally
distributed in the nonstationary direction, and (3) its asymptotic covariance matrix
can be properly approximated so that Wald test statistics remain > distributed in the
limit.

We note that (2.1) implies the existence and uniqueness of a vector autoregressive
moving average process of order p and 1, respectively,
+--~+Jpv1f[ +7, 4.1

o~

t

vw =Jiyw
~t ~t—1
where n = —PL)v, and v = A ¢ | subject to the constraint that the roots of
~¢ ~t ~t ~t
[{—Jiz—---—J,z2’| =0 lie outside the unit circle and @ is symmetric and
.

i L B o o I
idempotent. Let W = Wy — 2,02, m and Wy, = wy — Q2,,Q,,
~t

1,
1, where Q. , and
~t

Q,, are the long-run covariance between ¢, and # and the long-run covariance

~t
matrix of n, respectively, ng,ﬁw,ﬁ denote their estimates, Q;ﬂ denotes the
~ ~
generalized inverse of ,, and f);nzfl,mﬁ—T_dlm, where d € (0,}). The
alternatively modified 2SLS estimator (A2SLS) is defined as

A ~ Ak ~ A%
5 = M6 = M,D,6 4.2)
~g,a2SLS ~g,a2SLS A ~g,a2SLS
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where

Ak

~g,a2SLS
X'w
~yg

— [Z;*,X**(X**/X**)71X**/ZZ*]_] ZZ*/X**(X**/X**)71 (43)

Xz*/ﬁ}wL

g

The difference between the modified 2SLS and A2SLS is in the adjustment factor.

The modified 2SLS uses C'g (3.16). The A2SLS adjusts w by —ngﬁzlﬁ . There is
~gt ‘ ~t

no serial correlation adjustment factor for A2SLS because # is at most a moving

average process of order 1. Furthermore, €, and Q,, can be estimated
parametrically. One such estimator is

T T—1
Q= Z A AT bl (4.4)
=1 t=1

~¢ ~1+1

and

T— T
Z nn Ty @i (4.5)
=1 "t~ t+l =2 ~tt—

where &, and #j are the 2SLS residuals of (3.1) and the MLE residuals of (4.1),
~t
respectively. The estimators (4.4) and (4.5) converge to their true Values, Q. and Q,

ZS)
?:>

at the speed of 7''/%. However, since Q,, may be singular, Q MQ may not converge

i
to ,,,. Adding T~ a1, for d € (0, 1/2) to va does not affect the consistency

property of Q,m, but ensures the convergence of Q, nQ

Appendix B that the optimal value of d = 1/4.
The reason for adjusting w by —Q,,Q,, 11 is that the elements of the long-run
~gt
covariance matrix between ¢ and n that correspond to the stationary directions are
~g
zero because the corresponding elements of n are in the form of o ‘(v —v ) with
~t ~t—1

zero long-run covariance. Only the elements of # that drive the nonstationary

'to Q; Q.. It is shown in

nm nm:

direction (o’ v ) will have nonzero long-run covariance. They are the only elements
~1~
that enter into the adjustment, hence establishes the orthogonality between the

conditional error ¢t = ¢ ngqQ - 11 of the gth equation and the innovations
gt "yt

driving the common trends.
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Let
X7T'w
¥ _ v vk vy =1y kg —1 s yx R yy—1 Ty ~9
ég,a2SLS =[Z; X" (X" X)) XYZ)] | Z) XN (X XT)T DL X3t , (4.6)
~yg
where X* = X**D,. It follows that
Theorem 4.1. When p>=2, the alternatively modified 2SLS estimator 5 is
consistent. Furthermore, 9:a2SLS
T -5 ¢
f(”gl,a2SLS Ngl) ~gl N(O Z l) A 7)
6 —sy || Sz, ~oNO.Zp) PO, | &
~g2,a2SLS  ~g2 ~g2
where ¢ and ¢ are independent, and
gl ~g2
*—1 —1 * 1 1 * -1 —1
91 - (M qlYlM’CleM;kfllgl) MzglletlYIZ lMtl’leYIA/l(MzglxlM;IXIM;IZ;/I) ’
* x—1 * —
2 g2 — Gg+(Mqu‘C7M¥2>»2MX22gz)
O-Z+ Q‘SLJVIQ QWSL/’
2 * /
~ M?:k‘cl Mtﬂh] + @2
Zgl = oo 5
O- Mw,lxl + @2 Zéll

where

M. = plim TXI X7,

X1X1

1
M*. = plim TX**/W

X1 Wyt gl,—p>

2 ok
Zgl = Gg+Mlt,1‘h/1 + (Q an ® M

nn Wq1 X1

)Cov(@)(g Pz, @ M5, )+ 01+ 6,

‘cln 1

1 o
M: o =plim— qu W

Wyl Wgl -p " gl,—p>

0, =E[T'/? W;; U ®Q,,Q

gl, —p]

X0 —0). T2 W,
~9

= E[T7'2W,, _,(I1 ® Q4 2,)X(0 — 0)- T~/ o X
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with
I, ® VX
0 =vech (J%), J*=(J1,....J,), X= : ,
I, VX'
VX?Z(W:_I"-"VLV/,_IJ)

so that (4.1) is rewritten as v w = X 0+, where yw' = (YW, ...,vw ).
2 2T 2 ~ ~T
Proof. See Appendix B. [

The alternative 2SLS estimator (4.2) is related to 5 by 5 =M ,,3* .
~g,a2SLS ~ ~g,a2SLS 7~g,a2SLS

The limiting distribution of 5 is determined by the component that has the
~g,a2SLS

slower rate of convergence. Therefore, if none of the rows of M, are identically zero
in its first £, columns, 5 converges to 0 at the speed of 7'/? and its limiting
~g,a2SLS ~g

distribution is singular normal. On the other hand, if for some rows of M, the first

¢, columns are identically zero, then the corresponding components of B
~g,a2SLS

converges to their true values at the speed of 7. Let M, and M, . denote the

submatrix of M, that the first {, columns of each row are not and are identically

zero, respectively, and 6 and ¢ denote the subvectors of ¢ that correspond to
~g+ ~gtt ~g
M,y and M, ., respectively. Then

Theorem 4.2. When p>=2, the alternatively modified 2SLS estimator (4.2) is
consistent. Furthermore

20

n gl =
T(o -0 N|0,M, M ], 4.8
f(“%,aZSLS “g+>:> = 9 9 o 49

and is independent of
0 0

T(é -5 =>/ N|o, M PO IV dP(M*. ),
(“’g++,a25LS ~g++> 250 = g++ 9 222 g++ ( x:x;)
4.9)

which is mixed normal with mean 0 and conditional covariance matrix

o0
« | M,
9 292

My g+



C. Hsiao, S. Wang | Journal of Econometrics 135 (2006) 427463 443

Given that the limiting distribution of 5 is either asymptotic normal or
~g,a2SLS

mixed normal, the conventional Wald-style test statistic can be approximated by the
chi-square distribution with appropriate degree of freedom. For instance, suppose
that the null hypothesis is

Ho:P5 =c, (4.10)
°,=¢

where P is a known k x (¢, + b,) matrix with rank k and ¢ is a known k x 1 vector.
Under the null,

0 -0 P’ Cov
~g,a2SLS ~g q aZSLS q a2SLS ’”g

P
L 5*
Py P ~g1,a2SLS .
= —L ¢ Cov (LP(5 )

0 Pyn||§ ~g.a2SLS
~g2,a2SLS
Ak
Py P ~g1,a2SLS
X ~ —Lec 4.11
0 P22 S* ~ ( )
~¢2,a2SLS

’ -1
~ Ak ~ Ak ~ Ak
=T P + P56 —C Cov [ VTP;10
~gl1,a2SLS ~g2,a2SLS ~1 ~gl1,a2SLS
~ A% ~ A%
Piid + P12d -
~g1,a2SLS ~g2,a28LS  ~1

’ -1
~ A% ~ A% ~ Ak
+ T2 P225 —C Cov TP225 P225 —-Cc |,
~g2,a2SLS ~2 ~g2,a2SLS ~g2,a2SLS ~2

4.12)
where L is a nonsingular matrix that transforms LP¢é into the form (3.7) and
~g
Lc= (c ¢ ) Since /T is asymptotically normal, T 5 is asympto-
~gl1,a2SLS ~g2,a2SLS

tically rmxed normal, and the two limiting distributions are independent, (4.12)
converges to a > distribution with k degrees of freedom.

Corollary 4.1. When prior restrictions are in the form of exclusion restrictions and the

structural VAR model has order p>1, then M, = M, B =5 , Le., each
~g,a2SLS ~g+,a2SLS

element of the alternatively modified 2SLS estimator 5 converges to 6 at the
~g,a2SLS ~g
rate of J/T.
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Corollary 4.2. When rank of cointegration r = 0,

e P
T<5 i ) 0.
~g2,a2SLS ~g2 ~

Remark 4.1. The asymptotic efficiency of 5" is given by the asymptotic
~gl,a2SLS

efficiency of the first stage estimator, 0. Since the reduced-form specification (4.1)
ignores overidentification restrictions of (2.1), the MLE of 6 is not as efficient as the

MLE of 0 that incorporates the overidentification restrictions. Therefore, unless the

system is exactly identified, the estimator of 5" is in general less efficient than
~g1,a2SLS

the 2SLS of 6* . What it implies is that although alternatively modified 2SLS
~g1

estimator allows one to get rid of the nonstandard distribution of the part of the level

coefficients associated with estimating unit roots either explicitly or implicitly, it pays

a cost of efficiency loss.

Remark 4.2. Both estimators (3.20) and (4.3) have the desirable property of being
consistent and asymptotically normally or mixed normally distributed. However,
estimator (3.20) requires the nonparametric estimation of the long-run covariance
matrix ((3.17) and (3.18)), but estimator (4.3) does not because it is known that the
error of (4.1) is at most a first-order moving average process. This difference can
have implication on the finite sample performance of the two estimators. Moreover,
the asymptotic conditional covariance matrix of (4.2) can be properly approximated
so that the Wald-type test statistic can be approximated by a chi-square distribution.
But the chi-square approximation of the test statistic (3.26) may only give a
conservative bound if the null hypothesis P o = c isolates the coefficients that are T
convergent. o7

5. Structural VAR containing intercepts

For ease of exposition, we have formulated the data generating process (2.1) as
having no intercept term. In this section, we briefly illustrate that the basic messages
of previous sections remain unchanged when we add an intercept term. Let

ALw =7y +e, (5.1
~t ~ ~t

where y denotes the G x 1 intercept term, which may or may not be equal to zero.
Writing the gth equation of (5.1) in the form of (3.1) yields

w =20 +ey,+4g, (5.2)
~g ~go v

where e isa T x 1 vector with all elements equal to one. The 2SLS of (5.2) then takes
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the form
o z, , a (X o
~g,2SLS
K = o x| HOX Al (7,0
yg,ZSLS ~ ~
z X /x
X o (X, g) o (X, f) o »i/g . (5.3)

The limiting distribution of the 2SLS estimator (and the modified 2SLS
estimators) depends on whether the /(1) process w is with or without drift. We
shall first consider the case that there is no drift (y = 0). Then we can transform (5.2)
in the form of (3.3), ~ 7

w =Z0"+tey +¢e, (5.4)
~g ~go ~g
where Zp = Z,M, =(Z},,Z;,), é: = (é:/l,é:z)/ = M;lég and y5 =7,. Similarly
transform X = XM, = (X7, X}) as those defined after (3.3), then the 2SLS of (5.2)
is equal to

%

5 . 9
~gasts | _ (Mg 0 "85S (5.5)
gasLs 0 1 7 ’
9> ~g,2SLS
where
S* * —1
~g1,2SLS Zg/l XYX* XYe -1 Y
N zZ* * oy ~ *
0 = 2 (X7, X5, e ; Z' e
~¢2,25LS :/ ( 2) X T 4 (2 )
“:’Z,zsLs -
Xi'w
7 XYX* X" e -1 ~yg
T e N X3w (5.6)
¢ M oext T KNG '
- e'w
~ g
It follows that
Lemma 5.1.
N 2 * s—1 *
ﬁ<éql 2SLS B é:1> :>N(9’ O-‘](Mzulxl MXIXI Mxlzyl))’ (5'7)
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and are asymptotically independent of

T(é*z 8IS é*z) 1 1 1 /By, dB;,
g2, 9. — RS~ R/ -1Rs~ 7 ’ 53
ﬁi’z,zsLs ( ) N(0, 62) (5.8)
where
7 J B.. Bl dr / B dr
g f BY;B/Y; dr f Bx; dr

i Bx; dr 1

Since B, is not asymptotically independent of By, the 2SLS estimator of (5.2) has
the same problem as the 2SLS estimator (3.1), namely, the limiting distribution of

Nk . ..
0 is nonstandard because of the long-run endogeneities between X3 and ¢ .
~g2,2SLS ~g

Therefore, the Wald test statistic of the form (3.8) may not be asymptotically y>
distributed.
Transform (5.2) in the form of (3.11),
w =Z7 0" +ey" te, (5.9)
~g ~g ~ ~g
where Z7* and 6™ are defined after (3.11) and ;* = y,. The modified 2SLS for (5.2)
takes the form 7

A ~ A sk
0 M, 0 0
~g,m2SLS _ ~ ~g,m2SLS
K S , (5.10)
Yg,m2SLS ~ 7g,m2SLS
where
A sk .
2 7 O —
g1,m2SLS gl XX X e X
N gt *% ~ ok
= 2 (X, e) ;| (Z7e)
~g2,m2SLS T X T ¢ N
e ~
Aok ~
Y g.m2SLS
XTw
Z**, X**/X** X**/ e -1 ~yg
g ~ S$ok/ 2
L e x| 2w =G
e he e X T g
- e'w
~ g

(5.11)
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The limiting distribution of (5.11) can be derived from

K

4 1A

¢,m2SLS _ ¢ ~ 2 gmaSLS i
P I WV N I (5.12)
~¢,m2SLS ~ Vg,m2SLS

Using similar manipulations as Section 3, it can be shown that

Lemma 5.2. The limiting distribution of ﬁ(é* — é* ) is of the form (3.21)
and is asymptotically independent of gLmaSLS — ~g1

f Bx’z‘ dwa;

T<5 — 5 ) R
~g2,m2SLS ~g2 - "\~ -
g 22/ | =(RS™'R')"'RS N, 02)

Ak
A% TVg,m2SLs

(5.13)

Since B, y; is asymptotically independent of B,;, the modified 2SLS is either
normally distributed or mixed normally distributed.
Similarly, one can derive the alternatively modified 2SLS in the form similar to
that of (4.3) and its limiting distribution is either normal or mixed normal.
When y #0, then some or all elements of w are I(1) with drift. As T — oo, those
~ ~t

I(1) elements of w with nonzero drift will be dominated by the trend term / ¢, where
~ ~

h=A4, !'». However, as noted by Sims et al. (1990) those elements of w with nonzero

~t
drifts will be perfectly collinear. To derive the limiting distribution of 2SLS
or modified 2SLS or alternatively modified 2SLS, we can follow the Sims et al. (1990)
to transform w into w* = Hw , where H is an m x m nonsingular matrix of the
~t

~t ~t

form
L - ... 0 —=(m/hy
o 1 ... - —(hy/hy)
H=|... - ... - , (5.14)
0 - ... 1 —(hp1/hw)
o - ... 0 1

and there is no loss of generality in assuming #4,#0. The resulting

Wy, = Wy — (hg/ )W, g = 1,...,m — 1, becomes I(1) without drift and w*, = w,

remains /(1) with drift. Similarly, (5.1) can be expressed in terms of w*
~t

AWL)H 'w* =y +¢, (5.15)
~t ~ ~t

and the gth equation of (5.15) can be expressed in the form

11/* = ZNgé tey,te, (5.16)
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where Zg denotes the matrix of 7" observed current and lagged w* that appear in the
~t

gth equation. We can transform (5.16) into the form in terms of 7(0), 7(1) without
drift and 7(1) with drift variables:

% _ SF
w _le

*
g ™y

5 —i—eyj]‘—}—a , (5.17)
~go ~T g

where y; = 7,, Z: = Z,,MZ = (Zy1, 2y, Zy3), with Z7, denoting the {;-dimensional

linearly independent zero mean I(0) variables, Z7, denoting the b, linearly
independent (1) variables without drift, and Z; denoting the I(1) variable with

drift, w , and (5*/,5*/,Sz3> the corresponding partition of the transformed
~m,—p ~gl ~g2
~ ~ _1~

parameter vector =m0

9 ~
g 4

Similarly, we can transform X into X* = X]\;IikY = (X7, X3, X3), where X7, X7 and
X7 consist of linearly independent /(0), /(1) without drift, and /(1) with drift w

m,—p
variables, respectively. Then the 2SLS of (5.16) can be written as the transformation

of the 2SLS of & |

~¢,2SLS
3 R L%
0 MZ 0 0
~g2SLS | 9 < ~g,2SLS
5 =1 o0 o . (5.18)
~g,2SLS ~ ~g,2SLS
Lemma 5.3. The limiting distribution of ﬁ(g —S*> is asymptotically
~g12SLS  ~gl

normally distributed with mean zero and variance covariance matrix of the form
similar to (3.21), and is asymptotically independent of

o —%) ‘
~g22SLS  ~g2 7
A% - * ok—1 pry—1 px ox—1
TG s — ) [ SRS TRYRS T g | (5.19)

Tl/z(f);,zsLs - VZ)
where

J BZZzBXZ dr hy [ rB. dr [ B, dr
R = | hm frB;; dr " /3 I /2
[ B, dr hin /2 1
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BuB.dr hy, [rBedr [Bedr
27X, 2 2

S* = | hm [ 1B dr n /3 B /2
Ik B;; dr hm/2 1
c;/l = fo; dBS”,qZNN(O,§ 3/1,n) and q;~N(0, J?).
A% Ak ok
Although ¢ andd are asymptotically normal, ¢ is not asympto-
~gl2SLS  ~g2,2SLS ~¢3,2SLS
tically mixed normal. Since the 2SLS of (5.1) (or (5.15)) is a linear combination of
B) ,0 and & , the Wald test statistic (3.8) again may not be
~g1,2SLS ~g2,2SLS ~g3,2SLS

asymptotically chi-squaredistributed. To ensure that the Wald test statistic be
asymptotically chi-square distributed, the modified 2SLS or the alternatively
modified 2SLS can be applied to ensure the asymptotic mixed normality of the

estimated o
~g

6. Monte Carlo comparisons

In this section, a small simulation study is conducted to compare the finite sample
performance of the 2SLS, M2SLS and A2SLS estimators. For each estimator, we
compute its bias, root mean square estimation error, the size of the Wald test where
critical values are derived from the conventional chi-square distributions. All
computations are performed in MATLAB. It is hoped that this simulation study will
shed some light on the choice of the estimators in finite sample.

We consider a three variable vector time series {w },_71 generated by a second-
order structural VAR model of the form

Agw = A1w + Azw + ¢, 6.1
~t ~t ~t=2 ~t
where ¢ ~N(O0, ng)~ We let (6.1) be identified by the exclusion restrictions of the form
~t
1 ao,12 0 ap din 0
Ay = 0 I aps |, A= 0 aixn @ and
ao 31 0 1 a3 0  as

an a0

Ay = 0  ayn a3
a3z 0 ax33
To generate the time series {w}_ |, we initialize the system at t = —51 with
~t

(w ,w )=1(0,0). A sequence of independent trivariate standard normal random
~—50 ~-51 ~ o~
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variables {e }T__,q is generated by the RANDN function of MATLAB. Let
~t

1 —05 03\
r=|-05 09 04 and & =Te,
03 04 25 ' '

so that {¢ }I__ 5 is a sequence of independent normal random variables with mean 0
and cova;iance matrix I'. To generate {w 149, we use the following parameter
values of (Ay, 41, A2): I
1 -04 0 02 —-01 0
Ao=1 0 1 08, 4.=| 0 07 06 and
1 02 0 04

DGPl:a=f=(0 0 0),

DGP2:0=(0 —04 0),8=(0 1 2),

-05 0 03 1 0 1
DGP3 : o = and f= ,
~ 025 -04 O ~ 01 2

It is easy to check that [4y|#0 and that DGP1-DGP3 satisfy the rank condition
for identification. In addition, DGP1 represents a system of full-rank /(1) variables,
DGP2 represents a system of I(1) variables that has one linearly independent
cointegrating relation, and DGP3 represents a system of /(1) variables that has two
linearly independent cointegrating relations.

To see if there are distortions of using normal approximation in hypothesis testing,
we consider the following hypotheses: (A) (Test for the value of ap» alone),
Hp @ ap12 = co; (B) (A joint test) Hg: ao,12 = ¢o, a1,12 = €1, d2,12 = ¢2, Where ¢p, ¢; and
¢3 denote the true values of ag 12, a1,12 and as 12, respectively.

Our analysis shows that the standard normal distribution provides a good
approximation for the conventional f-statistic for H 4, be the estimator as 2SLS,
M2SLS, A2SLS. On the other hand, chi-square distribution may or may not be a
good approximation for the Wald-type statistic for Hg. For instance, Wald test of
Hpy for DGP3 involves standard limiting distribution, but not for DGP1 or DGP2.
For DGP1, DGP2 and DGP3, we can transform Hy into the form of (3.7), then test
B becomes a joint test of ap,12 = Co,d1,12 — dp,12 = €1 — Cp and a o+ ajn—
ap12 = c2+ ¢1 —co. For DGP1 and DGP2, test B isolates the coefficient of the
I(1) regressor, wa_»,a212 + a1 12 — ap12. For DGP3, it only involves the coefficients
of I(0) regressors, ywa,, VW21 and wy,—2» — 2w; >, hence the Wald statistic is
asymptotically chi-square distributed. In other words, chi-square approximation is
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Table 1
Average percentage estimation bias (Bias)

2SLS A2SLS M2SLS (Parzen) M2SLS (Tukey—Hanning) M2SLS (quadratic)

k=03k=05k=066k=03 k=05 k=066 k=0.3k=0.5k=0.66

DGP1
T =50 0.3424 0.7615 0.2500 0.4133 1.0228 0.1916 0.6275 23.0699 0.4333 1.0467 16.1004
100 0.1854 0.0865 0.1363 0.0983 0.0899 0.1202 0.0893  0.1601 0.0984 0.0994 0.5187
200 0.0878 0.0327 0.0853 0.0654 0.0437 0.0802 0.0576  0.0406 0.0705 0.0461 0.5743
400 0.0405 0.0164 0.0388 0.0372 0.0352 0.0384 0.0368  0.0335 0.0374 0.0347 0.0282

DGP2
T =50 0.2950 0.3477 0.3060 0.2637 0.1042 0.3054 0.6037  0.8564 0.2627 0.4577 0.8069
100 0.1372 0.1099 0.1463 0.1361 0.1079 0.1463 0.1229  0.6249 0.1417 0.1452 0.6046
200 0.0696 0.0696 0.0703 0.0637 0.0538 0.0685 0.0606  0.0452 0.0655 0.0539 0.6793
400 0.0399 0.0309 0.0401 0.0370 0.0335 0.0389 0.0361  0.0305 0.0375 0.0340 0.0189

DGP3
T =500.3728 0.1120 0.3290 0.2352 0.2804 0.2817 0.2275  0.9336 0.2321 7.1467 14.3012
100 0.1821 0.1139 0.1370 0.1001 0.1298 0.1117 0.1153  0.1996 0.0956 0.1304 0.1188
200 0.0897 0.1420 0.0614 0.0520 0.0622 0.0541 0.0556  0.0530 0.0506 0.0630 0.3021
400 0.0470 0.0730 0.0199 0.0232 0.0353 0.0148 0.0283  0.0405 0.0172 0.0340 0.2077

not appropriate for DGP1 or DGP2, but is appropriate for DGP3 if the sample is of
reasonable size.

Although the true DGP (6.1) has no constant term, in practice one usually
estimates a VAR with an intercept. It therefore seems more appropriate in this study
to include an intercept in the estimated structural VAR model. Sample sizes are fixed
at T = 50, 100, 200 and 400. The number of repetition is 1000.

Tables 1 and 2 present the average percentage estimation bias (Bias) and the
average percentage root mean square estimation error (RMSE), respectively.” In
terms of Bias, the 2SLS, A2SLS and M2SLS are of similar magnitude. In terms of
RMSE, 2SLS seems to be the best for 7<200. However, RMSE of A2SLS and
M2SLS decrease rapidly with sample size and are comparable to the RMSE of 2SLS
at T = 400.

Table 3 presents the actual sizes of tests A and B where the critical values are
derived from the chi-square distribution with appropriate degrees of freedom. For
2SLS, actual sizes of test A are close to nominal sizes for all three data generating
processes, which is consistent with the asymptotic results. Size distortions of test B
are severe if the limiting distribution of Wald statistics involves the unit root
distribution (DGP1 and DGP2); otherwise, chi-square distribution approximates

>The average percentage estimation bias (BIAS) is the absolute value of the percentage estimation bias
averaged over the five coefficients in the first equation. The average percentage root mean square
estimation error (RMSE) is the absolute value of the percentage root mean square estimation error
averaged over the five coefficients in the first equation.
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Table 2
Average percentage root mean square estimation error (RMSE)

2SLS A2SLS M2SLS (Parzen) M2SLS (Tukey-Hanning)

M2SLS (quadratic)

k=03k=05k=066k=03 k=05 k=0.66

k=03k=05 k=0.66

DGP1
T =501.77069.6121 2.7496 11.3405 62.6826 4.4299 16.6485 764.1035
100 5.8644 2.7339 4.3117 3.1076 2.8417 3.8020 2.8231  5.0624
200 0.48350.7795 0.5044 0.5863 0.8735 0.5225 0.6564  1.2814
400 0.3330 0.3796 0.3370 0.3436 0.3677 0.3389  0.3482  0.3913

DGP2
T =500.58353.3762 0.7141 1.0627 8.1326 2.5182 12.1853 34.4814
100 4.3390 3.4753 4.6274 4.3047 3.4108 4.6254  3.8877 19.7622
200 0.2041 0.7074 0.2173 0.2130 0.2262 0.2177 0.2156  0.3074
400 0.1361 0.1470 0.1471 0.1399 0.1397 0.1460  0.1385  0.1502

DGP3
T =501.0346 1.1079 1.0849 1.1022 1.5102 1.1076  1.3548 33.7875
100 0.6646 1.6121 0.7057 0.7058 0.7193 0.7107  0.7220  2.3839
200 0.4499 1.2146 0.4800 0.4691 0.4637 0.4815 0.4665 0.6184
400 0.3109 0.8831 0.3370 0.3212 0.3159 0.3354 0.3178  0.3552

12.8586 50.9528 480.6787

31111 3.1419 16.4015
0.5622  0.8773 19.9671
0.3415 0.3611 1.2031

1.1544 15.181 61.472

4.4809 4.5921 19.1205
0.2149  0.2297 23.4914
0.1427  0.1389  0.2692

1.1217 229.4205 451.0891
0.7147 0.7975 2.3263
0.4772  0.4720 11.9911
0.3292  0.3157 6.5968

Table 3
Finite-sample size

2SLS A2SLS M2SLS (Parzen) M2SLS (Tukey-Hanning)

M2SLS (quadratic)

k=03 k05 k0.66 k=03 k0.5 k 0.66

k=03 k0.5 kO0.66

Finite-sample size: DGP1

Test A: test a single coefficient parameter

o=0.01
T =50 0.003 0.153 0.014 0.025 0.036 0.020 0.030 0.049
100 0.005 0.075 0.011  0.020 0.034 0.015 0.028 0.040
200 0.001 0.051 0.005 0.011 0.019 0.007 0.014  0.038
400 0.010 0.014 0.012 0.014 0.023 0.012 0.014  0.031

o =0.05
T =50 0.033 0.220 0.053 0.087 0.119 0.067 0.101 0.130
100 0.044 0.139 0.057 0.085 0.114 0.066 0.092 0.136
200 0.043 0.103 0.047 0.069 0.091 0.051 0.076 0.104
400 0.055 0.078 0.057 0.057 0.074 0.056 0.061 0.086

o=0.1
T =50 0.075 0.292 0.099 0.155 0.192 0.134 0.184  0.211
100 0.094 0.195 0.112  0.137 0.175 0.125 0.148 0.197
200 0.082 0.157 0.100  0.122 0.148 0.109 0.130 0.155
400 0.104 0.137 0.109 0.113 0.138 0.114 0.116 0.148

Test B: joint test of several coefficient parameters

o=0.01
T =50 0.043 0.301 0.083 0.166 0.224 0.130 0.196  0.267
100 0.060 0.206 0.098 0.160 0.217 0.112 0.187 0.277

0.022  0.047 0.056
0.022  0.033 0.070
0.009  0.023 0.058
0.013  0.022 0.045

0.089  0.129 0.152
0.084  0.123 0.157
0.060  0.094 0.155
0.057  0.074 0.109

0.153  0.195 0.251
0.141  0.182 0.231
0.119  0.143 0.201
0.113  0.135 0.172

0.160  0.258 0.300
0.149  0.229 0.371
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Table 3 (continued)

2SLS A2SLS M2SLS (Parzen) M2SLS (Tukey-Hanning) M2SLS (quadratic)

k=03 k05 kK066 k=03 k0.5 k066 k=03 k05 kO0.66

200 0.053 0.143  0.074  0.113 0.173 0.083 0.130 0215 0.095  0.181 0.299
400 0.058 0.074 0.069 0.089 0.152 0.075 0.107  0.189 0.083  0.133 0.265
o=0.05
T=50 0.159 0402 0.196 0.265 0.320 0.228 0.304  0.378 0.269  0.363 0.424
100 0.144 0311 0.201  0.267 0.337 0.233 0293  0.39%4 0.260  0.357 0.489
200 0.159 0.240 0.172  0.215 0.277 0.184 0.235  0.313 0.204  0.277 0.404
400 0.176 0.160 0.174  0.214 0.267 0.190 0.225  0.307 0.208  0.225 0.363
o=0.1
T =50 0.238 0469 0.277 0.337 0.401 0.304 0.371 0.458 0.341  0.441 0.502
100 0.243 0390 0.291  0.350 0.426 0.315 0376 0.478 0.351  0.446 0.564
200 0.262 0316  0.268  0.299 0.359 0.282 0.324  0.409 0.292  0.365 0.499
400 0.279 0.219 0.292  0.314 0.353 0.292 0.319  0.385 0.300  0.344 0.436
Finite-sample size: DGP2

Test A: test a single coefficient parameter
o=0.01
T =50 0.032 0.069 0.055 0.060 0.069 0.056 0.054  0.082 0.061  0.077 0.091
100 0.013 0.041 0.035 0.034 0.031 0.042 0.031 0.042 0.042  0.033 0.057
200 0.015 0.046  0.029  0.029 0.020 0.030 0.027  0.023 0.030  0.024 0.047
400 0.012 0.026  0.055 0.021 0.012 0.043 0.017  0.014 0.026  0.014 0.018
o=0.05
T =50 0.097 0.138 0.126  0.141 0.157 0.141 0.1499  0.179 0.139  0.170 0.209
100 0.066 0.100 0.113  0.106 0.092 0.114 0.097  0.108 0.107  0.101 0.149
200 0.052 0.095 0.107 0.087 0.073 0.103 0.081 0.077 0.097  0.078 0.107
400 0.046 0.073  0.138  0.075 0.049 0.118 0.061 0.063 0.106  0.049 0.075
o=0.1
T =50 0.141 0208 0.189 0.212 0.228 0.222 0219  0.252 0.216  0.250 0.275
100 0.123 0.169 0.182  0.166 0.149 0.193 0.154  0.159 0.173  0.156 0.225
200 0.103 0.158 0.180  0.154 0.130 0.185 0.137  0.129 0.166 ~ 0.131 0.107
400 0.095 0.121  0.180  0.132 0.101 0.179 0.119  0.098 0.156  0.109 0.122

Test B: joint test of several coefficient parameters
o=0.01
T=50 0.175 0.275 0.264  0.329 0.393 0.317 0.353  0.450 0.330  0.427 0.527
100 0.123 0.206 0.203  0.224 0.254 0.206 0.241 0.300 0.220  0.262 0.387
200 0.094 0.152  0.137  0.151 0.193 0.144 0.165  0.209 0.146  0.190 0.280
400 0.119 0.158 0.138  0.122 0.130 0.132 0.116  0.122 0.122  0.118 0.187
o= 0.05
T =50 0.366 0.424 0.408 0.461 0.515 0.446 0.495  0.566 0.465  0.540 0.642
100 0.282 0.331 0.348  0.359 0.381 0.346 0.365 0411 0.365  0.387 0.496
200 0.248 0.295 0.305 0.291 0.302 0.298 0.293  0.325 0.296  0.315 0.382
400 0.272 0.288  0.312  0.240 0.237 0.300 0.228  0.254 0.272  0.213 0.274
o=0.1
T=50 0479 0.512 0514 0.541 0.594 0.528 0.560  0.629 0.546  0.611 0.696
100 0.418 0.446 0.461 0.456 0.463 0.462 0.462  0.473 0.455  0.471 0.560
200 0.380 0.390 0.422  0.389 0.388 0.435 0.389  0.410 0.412  0.401 0.444
400 0.402 0.362 0.399 0.321 0.326 0.399 0.315  0.315 0.370  0.303 0.375
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Table 3 (continued)

2SLS A2SLS M2SLS (Parzen) M2SLS (Tukey-Hanning) M2SLS (quadratic)

k=03 k05 kK066 k=03 k0.5 k066 k=03 k05 kO0.66

Finite-sample size: DGP3

Test A: test a single coefficient parameter
a=0.01
T =50 0.019 0.030 0.027 0.024 0.020 0.025 0.023  0.023 0.025  0.020 0.029
100 0.018 0.028 0.027  0.025 0.021 0.030 0.022  0.027 0.029  0.021 0.041
200 0.011 0.024 0.018 0.015 0.013 0.017 0.014  0.022 0.016  0.012 0.040
400 0.013 0.035 0.036 0.014 0.013 0.029 0.016  0.019 0.019  0.011 0.034
o =0.05
T =50 0.070 0.088 0.081 0.069 0.080 0.085 0.071 0.079 0.073  0.081 0.105
100 0.062 0.076  0.097 0.076 0.068 0.091 0.072  0.084 0.079  0.078 0.117
200 0.059 0.080 0.087  0.065 0.055 0.080 0.058  0.070 0.072  0.057 0.110
400 0.056 0.093  0.107 0.062 0.057 0.100 0.054  0.073 0.081  0.059 0.091
o=0.1
T =50 0.125 0.157 0.140 0.131 0.137 0.137 0.132  0.142 0.144  0.146 0.166
100 0.120 0.136  0.152  0.138 0.125 0.151 0.134  0.142 0.144  0.137 0.184
200 0.106 0.138  0.157  0.125 0.107 0.158 0.115  0.124 0.138  0.113 0.161
400 0.116 0.152 0.170  0.120 0.118 0.167 0.122  0.125 0.139  0.116 0.153

Test B: joint test of several coefficient parameters
o=0.01
T =50 0.035 0.059 0.050 0.050 0.053 0.058 0.055  0.084 0.054  0.082 0.138
100 0.018 0.069 0.037 0.038 0.035 0.043 0.041 0.058 0.042  0.051 0.095
200 0.011 0.152  0.032  0.025 0.018 0.037 0.021 0.042 0.031  0.019 0.101
400 0.011 0.093 0.035 0.019 0.016 0.037 0.017  0.030 0.027  0.018 0.077
o=0.05
T=50 0.116 0.141 0.136  0.127 0.152 0.138 0.146  0.171 0.132  0.181 0.251
100 0.076 0.175 0.110  0.113 0.111 0.122 0.116 ~ 0.153 0.122  0.126 0.187
200 0.065 0.276  0.106  0.092 0.073 0.104 0.085  0.103 0.103  0.076 0.155
400 0.061 0.147 0.130  0.082 0.067 0.119 0.072  0.090 0.107  0.068 0.135
a=0.1
T=50 0.186 0.206 0.214 0.208 0.244 0.223 0222 0.258 0.225  0.263 0.333
100 0.133 0.283 0.185 0.179 0.187 0.195 0.179  0.210 0.195  0.202 0.257
200 0.111 0.350  0.187  0.154 0.126 0.183 0.144  0.165 0.181  0.137 0.229
400 0.113 0.198 0.198  0.147 0.118 0.192 0.128  0.134 0.171  0.123 0.186

well as sample size increases. For test B, the 2SLS seems to have smaller size
distortions than A2SLS and M2SLS for 7'<200. However, for DGP1 and DGP2 the
size distortion for 2SLS remains largely unchanged as 7T increases. On the other hand
the performance of A2SLS and M2SLS appear to rapidly improve with 7.

It is worth noticing that the results of M2SLS are sensitive to the choice of the
bandwith parameter and the kernel function. Our results does not corroborate the
findings in Yamada and Toda (1998), in which Monte Carlo experiments was
conducted to examine the size distortions of Granger causality test in the standard
VAR framework. Yamada and Toda studied the fully modified VAR estimator
(FM-VAR) with various kernel functions and bandwidth parameters and found that
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Parzen kernel with bandwidth parameter being the closest integer to 7% gives the
least size distortions for most combinations of parameter values and sample sizes
ranging from 50 to 200. Our simulation results of test B (which is a Granger causality
test in the structural VAR model) indicate that setting bandwidth parameter to the
closest integer to 7% produces larger size distortion whether we use Parzen or
Tukey—Hanning or quadratic kernel. In addition, setting bandwidth parameter to
the integer closest to 77 seems to produce substantially large Bias and RMSE for
small samples (7" = 50). Our results appear to indicate that Parzen kernel with k =
0.3 or 0.5 does better than k = 0.66 on Tukey—Hanning or quadratic kernel.

7. Conclusions

In this paper, we consider the single equation estimation of a structural VAR
model of nonstationary and possibly cointegrated variables without the prior
knowledge of unit roots or rank of cointegration. When all variables are integrated
of order 1, the conventional 2SLS and 3SLS estimators are consistent. However,
some coefficient estimates of the transformed system are +/T-convergent and
asymptotically normally distributed while others are 7-convergent and involve unit
root distribution in the limit. Thus, Wald-type test statistics for the joint hypotheses
may not be chi-square distributed. We propose a modified 2SLS estimator and an
alternatively modified 2SLS estimator that have the desirable large sample property
that coefficient estimates of the transformed system are either +/T-consistent and
asymptotically normally distributed or 7T-consistent and mixed normally distributed
in the limit. The modified estimators also have the nice property that both 7(0) and
I(1) variables are allowed in the model and we can therefore avoid the error in testing
the stationarity of the variables. Between the two, the modified 2SLS estimator
requires nonparametric estimation of the long-run covariance matrix and the one-
sided long-run covariance matrix, so its finite sample performance could be affected
by the choice of the kernel function and the bandwidth parameter. In addition, since
we can not approximate the asymptotic covariance matrix of the modified 2SLS
estimator properly, the resulting Wald type test statistics may not be chi-square
distributed and critical values that are based on chi-square distributions can be used
to construct conservative tests only. In comparison, the alternatively modified 2SLS
estimator does not require nonparametric estimation of the long-run covariance
matrix or the one-sided long-run covariance matrix and its asymptotic covariance
matrix can be properly approximated so that Wald test statistics remain chi-square
distributed. On the other hand, the constrained maximum likelihood estimation in
the first stage may be computationally more demanding.

Monte Carlo studies are also conducted to evaluate the finite sample performance of
various estimators. Unfortunately, the desirable properties of A2SLS and M2SLS in
large sample do not appear to carry over in finite sample. In general, we find that
2SLS, M2SLS and A2SLS have similar order of bias and RMSE. On the other hand, if
the null hypothesis involves transformations of unit root components, the actual size
of the Wald type test statistic based on the 2SLS estimates is severely distorted, so are
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M2SLS or A2SLS in finite sample despite that their limiting distributions no longer
involve the unit root distribution. However, the size distortion of the Wald test statistic
based on M2SLS or A2SLS appears to diminish as sample size increases, while the
conventional 2SLS remains the same as 7 increases. Therefore, if T is less than 200, it
is probably more desirable to just use 2SLS, in particular, if the hypothesis an
investigator is concerned with only involves a single parameter. One may attempt to
use the M2SLS or A2SLS only when 7 is large and one’s primary focus is not just in
estimating unknown parameters, but also in testing joint hypotheses.
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Appendix A. Proof of Theorem 3.1

9-r =
Z,], where Z7, consists of linearly independent /(1)

Let qu be the submatrix of D, that transforms Z77 into Wy pDp=W
~ %
[ngfp’ 112 p]_[Wal p’
variables of W , and qu consists of the remaining /(1) variables that has been
~ gt (
transformed into cointegrating relations. Let Dnz be the transformation matrix that
transform W_, into W2, = W_,D,, =[W{_, W;5_]=[W]_, X5], where X;
denotes the (m — r) linearly independent /(1) variables of w  and W7 . denotes
~t—p ?

the T x r cointegrating relations of w . Let C* = (W’i’ v W, = TAgwgw)

~r-p
- .
Qvu o @y, then Cp = D], C, and C = HZC Partition
k
" g1
Cg - * El
92

where C* = (W;t’_[7 v W* — TAgy: v“*)Qw o Qw1 = 1,2, and similarly for

C Then & = DJIS* can be written as
~g,m2SLS v ~g,m2SLS
8*
~g,m2SLS
X'w
~y
— {Z*/X*(X*/X*)—IX*/Z*}—I Z*/X*(X*/X*)—l T, pM/ — C
— ¥y g g ’
5 oW = C

(A1)
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Under A1-A4, KL and BW, following the arguments of Phillips (1995), one can
show that

XT*IS B XT*/E
! T-1/2 9
H W*—pf —C _ WT/ ])8 —C
Vet = G g =G
: N, oM, .,)
"ol ~ 1%
= N ’ "
~g2 Jo Bx:(r)dB, (1)
vt ¢ 1 independent of ¢ ) where B;, (1) = B, (1) — ,vx*Qvlv vy By (r), which is
Ng ¢

independent of By:(r). The convergence is due to the fact that under assumptions KL
and BW,
Cor = Op(k™) + Op(KT)™'7)

and
1
Cpo=T / By (1) dByy (N2 10 Lonse, + Op(T™2) + 0,(,3> T~ + op(1).

Therefore T7'/2C" g1 =0p(1) and 77 ng = fo By (r)dBy (r)va s +Qqxs, + 0p(1).
Theorem 4.1 follows from (A.2).

When the rank of cointegration, r = 0, the structural VAR model (2.1) implies
that vw follows a stationary VAR(p — 1) process of the form (B.3) with IT* =
When ' r=0,X3 = W_,,, then Qoo = (I — ZP‘ )~ 45" 2, Ay 1(1,,,
Z’lll 1, Q, e = Zeng Ay "I Z” ! )™ ! where Z” " denotes the gth row of

J
Z,L Therefore

2 2 1
. vx; T =0y~ qu V%vi‘ VX3

Qo = 0.

Corollary 4.2 follows from a o = =0.

Appendix B. Proof of Theorem 4.1

We first show that there exists a unique VARMA(p, 1) representation (4.1) given
(2.1) under A.1-A.4. We then show that the errors of the conditional equation

~

=Z,0 +et (B.1)
~g

g ~yg

is independent of the innovations driving the common trends.
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Multiplying A4, ' to (2.1) yields the reduced form

P

w = IIiw +v, B.2

~t ; ‘/Nt—j ~t (B.2)
where IT; = —A4;'4; and v = 4;'e . Expressing (B.1) in the error correction form,
we have ! !

p—1
vw = Z I; vw +II'w  +v, (B.3)
R ~t—j ~i—p Tt

where I} = EQ:I H;—1 and IT* = >%_ I, — I, Suppose that rank (IT*) =r, i.e.
there are r linearly independent cointegrating relations among w, we can write
~t
IT* = o ', where o, 8 are m x r matrices of rank r. Let « be an m x (m — r) full
~ ~L ~1
column rank matrix such that o/ o = 0. We normalize « and o so that they are
~L~ o~ ~ ~1
orthonormal matrices.
Let R=[a,a ]. Then R is an m x m orthogonal matrix, i.e., RR' = RR=1,,.
~ o~

Premultiplying (B.3) by R, we have

o 7w p=1 [ oTI7 B o' v
ocN/ ;}’ :Z ocN’H* vw o+ B wo o+ O:/NUI (B.4)
~1 v ~¢ =~ T <) ~1~t
Note that (B.4) is identical to
o' w » g’HjVNVt ' o'v
~ ot = t
o yw Z of IIF 7w o v |’ (B.5)
~La =1 ~1 ~i—j ~Lve
where I} = 0, which implies that
oy w » o' IT; (v —v )
~ ~t ~ ~ o -l
o vw | T Z o | VY T o v ’ (B.6)
~1 o~ j=1 \~1 "/ = ~L~t
Multiplying R to (B.6) yields
P g/H] Ir 0
vy = Z R( |V woF Lu—R{ o o |RL v (B.7)
j=1 ~1 J J ~ =
Let J(L)=I—-JL—---=J,[7, and ®(L) =1 — ®L, where
g/Hj Ir 0
_ _ ~ /
J=Rl g |\ ®=R|g o

n ~
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Then (B.7) can be rewritten as

JL)yvw =Ly, (B.8)

with the properties that (i) the roots of |J(L)| = 0 lie outside the unit circle, and (ii) &
is symmetric and idempotent. Property (i) follows from

0 0
RM(L)RJ(L) = |I,,— R 5 I“ RL|J(L) = II(L), (B.9)
where
I 0
MWL) =\ =D,
Since |[I(L)| = |l —II)/L —---—1II,I”| =0 has m —r unit roots and m(p — 1) +r

roots outside the unit circle and |M(L)| = 0 has m — r unit roots, clearly, all the roots

of |J(L)| = 0 lie outside the unit circle. Therefore (B.8) is a stationary VARMA(p, 1)

model. However (B.8) is not invertible because |®(L)| = 0 contains r unit roots,

unless r = 0. However, the restriction that @ is symmetric idempotent is sufficient for

(B.8) to be the unique stationary VARMA(p, 1) representation of yyw . To see this,
~t

we make the following observations.
First, since (B.2) is the true data generating process of yw, for any stationary
~t

VARMA(p, 1) representation of yw ,C(L) v w =1n, where C(L) =1, — > 1, CiL'
~1 ~to~

and n is a MA(1) process, there exists a lag polynomial ¢(L) = I,, — ¢ L such that
~t

(I - L)C(L) = d(L)I(L) (B.10)
and n = qS(L)g . Then (B.9) and (B.10) imply that (1 — L)C(L) = ¢(L)RM (L)
RJ (L)t, or equivalently

RG(L)RM(L) = (1 — L)R' C(L)J(L)"'R = (1 — L)D(L), (B.11)

where D(L) = R'C(L)J(L)"'R. Since the left-hand side of (B.11) is a lag polynomial
of maximum order 2, D(L) must be a lag polynomial of maximum order 1. Let

D(L)=1,,— DL and ¢(L)= R¢(L)R=1,, — $L. Some simple calculation indi-
cates that (B.11) holds if and only if
N 1. (}512 <7’12

¢ = ~ and D= ~
0 ¢n ¢

O 1O
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So we have
I, ¢l
D(L) = ~ and
( ) 9 Im—r - ¢22L
. I, ¢y
¢(L) = Rd)(L)R, = Im —R ~ RL.
0 ¢

Second, the VARMA(p, 1) representation C(L) v w = # is stationary if and only
~ A

if roots of |C(L)| =0 are outside unit circle. Since C(L)= RD(L)R'J(L), this
condition is equivalent to that all roots of |D(L)| = |I,,—, — &522L| = 0 are outside the
unit circle. In particular, it requires |/,,_, — (2)22| #0. Third, for

R Ir (2)12 R
¢ = 0 ¢ ’

the restriction that ¢ is symmetric leads to

I, 0

SR
0 ¢

¢ =R
and (7522 being symmetric. When ¢ is further restricted to be idempotent, i.e. ¢ = ¢,

~ ~2 L~ ~
we must have ¢,, = ¢,,, i.e., ¢y, is idempotent. Then we can decompose ¢,, as
&22 = EFF’', where E is a (m — r) x (m — r) orthogonal matrix,

o
[ =]

and Ry is the rank of (2)22 (Judge et al., 1985, A.2.11, p. 942). Therefore, we have

(1—Dlg, 0
Iy — ¢l =E 0

I E,
m—r—Ry

and |1,,,_, — &522L| = (1 — L)®_ Since the stationarity of C(L) v w = n requires that
~ !

t
ey — (}22| #0, we must have Ry = 0, and hence
I 0
¢p=0 and ¢=R|  ,|R =9

We have therefore proved the following lemma.
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Lemma. Suppose (B.2) is the true data generating process of vw Consider a
VARMA(p, 1) specification of vw
ClLyvw =¢L)v, (B.12)
~t ~t
where ¢p(L) = I,,, — ¢ L. The constraint that ¢ is symmetric idempotent is sufficient and
necessary for (B.7)/(B.8) to be the unique stationary representation of \yw .
~t

Let

S\ [Fe )
. ~ B
i —l e )T o v
~2¢ ~1~t

then n = R&* and Qmen =2,525 é*f*. Hence &}, =¢, —Q an =gy —
2t

&85 ‘gt &gl
Z ~t

z%zc o &* is ii.d. and uncorrelated with & .
~21 ~21
Furthermore, since (B.8) is stationary, we can rewrite it as
5*
-1 ~lt
vw =J(L)  R| .
~ ¢
~2t
It follows that vw and ¢f, has zero long-run covariance, so is yx* and aji;.

Therefore, et

The process (vx ; L,) satisfies the multivariate invariance principle, i.e.
-1/2 ¥
,_21 V5 B(r)
=
1/2 Z {‘qt Sq (r)
where B.:(r) and st(r) are independent vectors of Brownian motion.

The maximum likelihood estimator of (B.8) is consistent and asymptotically
normally distributed (for detail, see Wang, 2001). Therefore, we can use the
estimated remduals n = <I>(L)v to construct W

Decompose sq as™! a
= T © (22 Qs 1)]ﬁ U7 ® 20y 2,101 ). (B.13)
Then, \
T2 W’{:_pf;r=>N(O, o M. (B.14)
and

1
T"X§/§;=> /0 B.:(r)dB,:(1). (B.15)
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The former (B.14) is asymptotically normal. The latter (B.15) is a mixed normal of
the form [, . ’ >ON(O o, M* _)dP(M* ), because By;(r) and ng(r) are indepen-

> g+ X2X2 X2X2
dent Brownian motions.

Because n —1 = )N((Q - Q), as T — oo,
T7-1/2 wi_,Ir® QS;/'?Q;;W)(’;Z —ﬁ)

= (QE.:/WQ??W ® T71 WT,,—p‘X/) : ﬁ(g - Q)

=(Q4,y 2y, ® M,22) - N(O, cov (0)) (B.16)
which is a normal with mean 0 and covglriance (2.4, ® M,:z) Cov (9)(9,,,79;75_(, ®
n ! +5) With M5z = plim (1/T) W*’
. . p
T X7 ® Qi 2, )1 1) = (2 ® T3PXYX)- VT - 0)0.
(B.17)

. A A x—1 ) .
Since Q,. n < Q. , and QZW < Q% at rate T'/? and T¢, respectively, it follows that

Q“],,Qm7 —Q,,Q,, = (O(T~%),0(T~'?+I)R (for detail, see Wang, 2001). To ensure

the maximum rate of convergence, we let d = 1 Then

T='PWY_ I ® (R — @y, l)]ﬁ - 0, for p=2, (B.18)
and

T X5 U7 @ (2 — Q@ 1)]ﬁ 0. (B.19)
at the rate T'/*. Substituting (B.13)~(B.19) into (4.6) yields Tl’ieorem 4.1. Corollary
7.1 follows from the argument that the limiting distribution of ég,aZSLS is given by the

component that has a slower rate of convergence.

When rank of cointegration r =0,® = 0 and n = v = A0 f It follows that
~t

Q MQ,]_" =202, 'Ao =d ,whered isthe gth row oon Then ¢t = O,o'g =0 for
oq og ~g,t

g=1...,m. Corollary 4.2 follows. Theorem 4.1 and Corollary 4.2 imply that

ﬁ(S - 5* J=N(0,2)and T((S —6%) "0, where ¥ is defined in
~gl1,a2SLS 2,a2SLS ~g2

Theorem 4.1 except that now 27, becomes oZ(M M* lM U

Zg1 X1 X1X] Zgl

When r>0, it is also possible for & to be hypercon51stent for some g if
~g2,a2SLS
@ =d'« . This follows from 8+ =¢y — E(eg|")=d b - E(d’ v |o' v)equaling
~og ~lL ~2t ~og™ ~og™t YLt
zero if and only if @ is a hnea.r combination of oc . From ocﬂ =IT"= -4, 1A*
og
where 4, = ZfZOA,-, a’ =d'o’ holdsif and only if &’ Ao IA; = 0, i.e., the gth row of
pd =4 Lo
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A;, a* = (0. Therefore, 5" is hyperconsistent if the gth equation is lying on the
“pg ~g2,a2SLS
nonstationary direction with ¢* = 0.
~pg  ~
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