Journal of Econometrics 148 (2009) 101-113

journal homepage: www.elsevier.com/locate/jeconom

Contents lists available at ScienceDirect

Journal of Econometrics

Functional-coefficient models for nonstationary time series data”

Zongwu Cai*>“* Qi Li%¢, Joon Y. Park¢

2 Department of Mathematics & Statistics, University of North Carolina at Charlotte, Charlotte, NC 28223, USA
b Department of Economics, University of North Carolina at Charlotte, Charlotte, NC 28223, USA
¢ Wang Yanan Institute for Studies in Economics, Xiamen University, Xiamen, Fujian 361005, China

4 Department of Economics, Texas A&M University, College Station, TX 77843, USA
€ Department of Economics, Tsinghua University, Beijing 100084, China

ARTICLE INFO ABSTRACT

Article history:
Available online 15 October 2008

Keywords:

Nonstationary
Nonlinearity
Semiparametric estimation

This paper studies functional coefficient regression models with nonstationary time series data, allowing
also for stationary covariates. A local linear fitting scheme is developed to estimate the coefficient
functions. The asymptotic distributions of the estimators are obtained, showing different convergence
rates for the stationary and nonstationary covariates. A two-stage approach is proposed to achieve
estimation optimality in the sense of minimizing the asymptotic mean squared error. When the coefficient
function is a function of a nonstationary variable, the new findings are that the asymptotic bias of its

nonparametric estimator is the same as the stationary covariate case but convergence rate differs, and
further, the asymptotic distribution is a mixed normal, associated with the local time of a standard
Brownian motion. The asymptotic behavior at boundaries is also investigated.

Published by Elsevier B.V.

1. Introduction

Nonparametric estimation techniques offer numerous advan-
tages relative to parametric techniques, due mainly to their flexi-
bility and robustness to functional form misspecification, and have
been embraced by applied researchers in social, behavioral and
economic sciences. Asymptotic theory underlying nonparametric
estimators and test statistics for many commonly used models has
been well established for independent and identically distributed
(iid) data as well as for weakly dependence data. However, little is
known about the behavior with nonstationary (in particular, inte-
grated with order one, denoted by I(1)) data, which have predomi-
nately been modeled linearly. The early nonparametric asymptotic
analyses with nonstationary data include Phillips and Park (1998),
Park and Hahn (1999), Chang and Martinez-Chombo (2003) and
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Juhl (2005). Phillips and Park (1998) and Juhl (2005) considered
nonparametric estimation of regression models when the true data
generating process is a linear unit root process, while the others
considered the models linearized in the nonstationary variables.
More recently,! Wang and Phillips (forthcoming, 2008) considered
nonparametric estimation of a regression model with an I(1) re-
gressor and Xiao (forthcoming) considered a varying coefficient
model with I(1) regressors appearing in the parametric component
of the model. Finally, Karlsen et al. (2007) considered nonparamet-
ric estimation of a regression model for a different (a more general)
type of nonstationary processes, a subclass of the class of null re-
current Markov chains.

In this paper, we tackle a more general set-up for a class of semi-
parametric models with non-stationary covariates. Specifically, we
focus on the popular varying coefficient regression model with
some nonstationary covariates

Y = ﬂ(Zt)TXr + &,

where Y, Z; and & are scalar, X, = (X1, ...,Xw)" is a vector
of covariates with dimension d, 8(:) is a d x 1 column vector
function, and the superscript T denotes transpose of a matrix. For
ease notation, we assume that Z; is univariate case. Extension
to multivariate Z; involves fundamentally no new ideas but

1<t<n, (1.1)

1 The first version of this paper was written independently of these recent works
on nonparametric estimation of regression models with non-stationary covariates.
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complicated notations. We observe (Y, X;,Z;) fort = 1,...,n.
When {(X;, Z;, )} is stationary (denoted by I(0)) or iid, various
versions of (1.1) have been considered by many authors, including
but not limited to, for example, Chen and Tsay (1993), Hastie and
Tibshirani (1993), Cai et al. (2000), Li et al. (2002), and among
others. When ¢, is stationary and Z; = t, Eq.(1.1) has been tackled
by Robinson (1989, 1991), Cai (2007) and Chen and Hong (2007) for
stationary X;, by Park and Hahn (1999) and Chang and Martinez-
Chombo (2003) for nonstationary X;, and by Cai and Wang (2008)
for nearly integrated X;. When X; = 1 and Z; is I(1), Eq. (1.1)
becomes a standard univariate nonparametric regression model as
considered by Wang and Phillips (forthcoming, 2008) and Karlsen
et al. (2007). Finally, when Z; is I(0) and X; is I(1), model (1.1)
reduces to the case considered by Xiao (forthcoming).

The advantage of a varying coefficient model specification,
compared with an unrestricted nonparametric regression, is that
it attenuates the “curse of dimensionality” problem. It also
includes many popular semiparametric models as special cases.
For example, when X; contains a constant, say the first component
Xn = 1, we can write X] = (1, X]). Further, if the coefficient

vector associated with X, is a vector of constants, say y, then
the varying coefficient model reduces to a partially linear model
E(Y:|X;, Z:) = B1(Z) + X]y; see, e.g., Robinson (1988).

The remainder of the paper is organized as follows: Section 2
discusses the case when Z; is stationary. Here, local linear estima-
tors of coefficient functions are developed, and their asymptotic
properties are established. A two-step estimation procedure is also
proposed when some covariates are nonstationary and the rest are
stationary. Section 3 considers the case when Z; is nonstationary.
Nonparametric kernel smoothing of the coefficient functions is de-
veloped and its asymptotic behavior is investigated. Concluding re-
marks are presented in Section 4. Proofs of the main results of the
paper are given in two Appendices.

2. Models with stationary Z;

We consider first the case when some or all components of X,
are I(1) and Z; is strictly stationary. For expositional simplicity, we
re-express (1.1) as the following varying coefficient model

Y, = ,B(Zt)TXt + &= ﬁl(zt)Tth + ,BZ(Zt)Tsz + &,
1<t<n, (2.1)

where X;1, Z;, and &; are stationary, Xi, is an (1) vector, B(Z;) =
(B1(Z)T, ﬂz(Zt)T)T and X, = (X}, X},)", where X; is a d; x 1
vector,i = 1,2,d; + d; = d, and the first component of X;; is
identically one. In what follows, we assume that E(e; | X;, Z;) =0
which implies that X; and Z; are uncorrelated with &;. Note that Y;
is allowed to be stationary or nonstationary. For example, model
(2.1) can be applied to the analysis of purchasing power of parity,
in which Xth (P¢, Pf, Er) (and no X;1), where P; and P} are
the price levels of the domestic and a foreign country, E; is the
exchange rate between the domestic and the foreign currencies,
and Z; = I; — I is the difference between the domestic interest
rate I; and the foreign interest rate I;". Then if Y; is an I(0) variable,
we say that P;, P{ and E; are co-integrated with a varying coefficient
co-integration vector B(Z;) which is a vector of smooth functions
of Z;. This setting is more general than the usual assumption that
B is a vector of constant parameters in the usual purchasing power
of parity analysis.

2.1. Local linear estimation

It is well known in the literature; see, e.g., Fan and Gijbels
(1996), that a local linear fitting has several nice properties,
over the classical Nadaraya-Watson (local constant) method, such
as high statistical efficiency in an asymptotic minimax sense,

design-adaptation, and automatic edge correction. We estimate
B(-) using a local linear fitting from observations { (X, Z;, Y;)}i_;-
We assume throughout the paper that (-) is twice continuously
differentiable, so that for any given grid point z, we use a local
approximation as 8(z) + BV (z) (Z: — z) to approximate B(Z,),
where 8®)(z) = d*B(z)/dz°. Define

2 . -
</9\?) = argming, ,, Z [Ye

t=1

— OgXt — (Z[ — Z) 91TXt]2

x Ky(Zy — 2), (2.2)

where K,(u) = h~ ]Klgu/h) K(-) is a kernel function satisfying
Assumption A3 below, 6 = B(z) estimates (z), and ; = B (z)
estimates B8V (z). Then, B(z) and B (z) can be expressed as

. -1
B\ _ s % \*
(E%)) = {; ((Zt - z)xf> KulZe = Z)}

x ; ((z[ i(tz)xt) Yo Ki(Z: — 2), (2.3)

where A®? = AAT (A®! = A) for a vector or matrix A.

2.2. Notations and assumptions

Since X;, is a vector of I(1) l:t:rocesses, it can be re-expressed as
Xz = Xe—12 + 0t = Xoz + D _o_q 05 (t = 1), where {#,} is an 1(0)
process with mean zero and variance £2,. Then,

Xz X2 Xop2 o

on
[ E[ [ Zns— Zns»

where r = t/n and [x] denotes the integer part of x. Under
some regularity conditions, Donsker’s theorem; see, for example,
Theorems 14.1 and 19.2 in Billingsley (1999) for iid 1, and p-
mixing n;, respectively, generalizes in an obvious way to the
multivariate cases and leads to

Xinr2/v/n = W, »(r) asn — oo, (2.4)

where W, »(-) is ad,-dimensional Brownian motionon [0, 1] with
covariance matrix X, and “=="represents weak convergence. In
particular, it follows from Merlevéde et al. (2006) that (2.4) holds if
{n;} is a stationary strong («-)mixing sequence satisfying, for some
80 > 0,

o0
Eln | < 0o, and Y k0% g(k) < oo, (2.5)

k=1

where «(-) is the mixing coefficient; see, e.g., Hall and Heyde
(1980) for more discussion on «-mixing process. Also, for any Borel
measurable and totally Lebesgue integrable function I7(-), one has

7ZF(X[nr]2/\f)_)v/ I'(W,»(s))ds asn — oo,

d e
where —> denotes the convergence in distribution, so that, for
1=1,2,

1¢ o d [
Y (e [ wan®iar = wl, asn > oo
t=1 0

(2.6)

see Theorem 1.2 in Berkes and Horvéth (2006) for details. Under
stronger regularity conditions, (2.4) can be strengthened to the
following strong approximation result

sup [ X2/ ~/n — Wy 2(r)|l = 0(n™% log™* (n)) (2.7)

0<r<1
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almost surely, where || - || is the usual L, norm in &%, 6, =
(1/2)—1/(2+6,) and A, = X,(8,) > Oisafunction of §,, provided
that {7,} is a stationary strong mixing sequence satisfying that, for
some Y, > 2 + 8, with 0 < §, < 2,

o0
Eln | < oo, and Y a(m)/CH 1 < oo (2.8)

n=1

see Theorem 4.1 in Shao and Lu (1987) and Einmahl (1987) for
details. It is not hard to see that assumption (2.8) is stronger than
(2.5). This is not surprising, since strong approximation in (2.7)
usually requires stronger assumptions than weak convergence as
in (2.4). Finally, note that if {,} is iid and has a finite y,-th moment
(y» > 2), then the right hand side of (2.7) becomes o(n~%),
where 6, = (1/2) — 1/y,; see, e.g., Csorgd and Révés (1981,
p. 107). We assume throughout the paper that the sequence {7}
is stationary «-mixing and satisfies either (2.5) or (2.8). Note that
either (2.5) or (2.8) ensures that lim,_,o, Var(n="/2Y"[_, n,) exists
and is finite by Davydov’s inequality for an «-mixing process; see,
e.g., Corollary A.2 in Hall and Heyde (1980).

Next, we give regularity conditions for the asymptotic distribu-
tion of B(z). We introduce the following notations. Let f,(z) de-
note the marginal density of Z. Define My(z) = E [X5* | Z, = 7]
for k = 1and 2. Also set, forj > 0, u;(K) = [ v/K(v)dv, and
vi(K) = [°2 v/K*(v)dv. Further, let

M@ MW
S(z) = n2 |, 2.9

where W,;I)z isdefined in (2.6). We make the following assumptions.
Assumptions:

Al. B(z) is twice continuously differentiable in z for all z € fR.

A2. My (z) is positive-definite and continuous in a neighborhood
of z. f(z) is continuously differentiable in a neighborhood of z
and f,(z) > 0.

A3. The kernel function K(-) is a symmetric and continuous
density function, supported by [—1, 1].

A4. The bandwidth h satisfiesh — 0Oandnh — oo.

AS5. & has a finite fourth moment, E(&|X;,Z;) =
E(e?|X;, Z:) = o2 is a positive constant.

A6. {(X¢1, Z;, &, m¢); t > 1} is a strictly e-mixing stationary pro-
cess with the §;-th moment (8; > 2). E [|e, X2 12|z, = z] <
C; < oowithé, > & and a(t) = O(t~%) for some
83 > min{8,81/(82 — 81), 5, 286/(2 — 86)}, where 65 =
8461/ (8461 — 81 — &4) for some 4,4 satisfying §1 /(51 —1) < 84 <
2. Also, [17llg, = [Elnel]"% < 00 with go = 8485/ (85 — 8)
for some 1 < 8 < 84. Further, sup, E [n? &}, | Zkp1 = 2] <
Cz < Q.

A7. f(zo, zs|X0, Xs5;5) <M < oo fors > 1, where f(zg, zs|xg, Xs; S
is the conditional density of (Zy, Z;) given (Xo1 = Xg, Xs1 =

Xs).
AS. nsl/2751/4 h51/527‘1/27§1/4 — O(l)

0, and

~

We give some comments on the above conditions. Assumptions
A1 and A2 are smoothness conditions. The requirement in
Assumption A3 that K(-) be compactly supported is imposed for
the sake of brevity of proofs, and can be removed at the cost
of lengthier arguments. o¢-mixing is one of the weakest mixing
conditions for weakly dependent stochastic processes. Stationary
linear and nonlinear time series or Markov chains fulfilling certain
(mild) conditions are «-mixing with exponentially decaying
coefficients; see discussions and examples in Cai (2002a), Carrasco
and Chen (2002) and Chen and Tang (2005). The conditional
homoscedastic error Assumption in A5 can be relaxed to allow
for conditional heteroscedasticity of the form E(g[2 Xe, Z) =

%X, Z;), i.e., the conditional variance is only a function of the
stationary covariates (X, Z¢). However, it is technically difficult
to let it also be a function of the nonstationary covariate Xy;. If
«(-) decays geometrically, then Assumption A6 is fulfilled with
some standard moment conditions. Assumption A7 is a standard
technical assumption. Clearly, Assumption A8 allows for choosing
a wide range of h and is slightly stronger than the usual condition
nh — oo. For optimal bandwidths selection (i.e., h = cn™" for
0 < y < 1,c > 0), A8 is automatically satisfied for §; >
2(14+y)/(1—y)anditisstill fulfilled for2 < §; < 2(14+y)/(1—y)
if 6, satisfies §; < 8, < 4y81/[2(1 + y) — (1 — y)]. Conditions
similar to Assumptions AG6-A8 are also imposed by Cai et al. (2000)
for the stationary data case.

2.3. Asymptotic properties

To establish the asymptotic property of B(z), we define D, =
diag{lq,, «/nlg,}, and Bg(z) = w2(K) B (z)/2, where I, is a
d x d identity matrix. Detailed proof of the following Theorem is
provided in Appendix A.

Theorem 2.1. Under Assumptions A1-A8, we have

Vh D, [B@) — B(2) — PBy(2)] > MN(Z4(2)),

where MN(X(z)) is a mixed normal distribution with mean
zero and conditional covariance matrix given by Xg(z) =

aZvo(K)S(2) /£ (2).

Here, a mixed normal distribution is defined as follows.
Conditional on the random variable that appears at the asymptotic
variance, the estimator has an asymptotic normal distribution, see
Phillips (1989) and Phillips and Park (1998) for a formal definition
of a mixed normal distribution. Clearly, if there is no nonstationary
covariate (i.e., removing X;, ), then Theorem 2.1 reduces to

Jnh [752 @)~ 5 F1(2) ~ (0 (z)}

£ N, Z5,00)). (2.10)

where Xg, 0(z) = 02vo(K)M,(z) ' /f,(2), which is non-stochastic
and is exactly the same as that in Cai et al. (2000). Further,
from Theorem 2.1, we see that Var(B,(z)) has a faster rate of
convergence than that of Var(8;(z)) due to the fact that X;, is
nonstationary (> ;_, X3 = 0(n?) rather than O(n)). This is similar
to the linear model case. However, the local fitting method renders
the asymptotic variance of S,(z) to be of the order O((n*h)™")
rather than the linear model case of O(n~2). One can easily  derive
the integrated asymptotic mean squared error (IAMSE) for 8;(z)

IAMSE; = IAMSE(B;)
_ h4 2 ) 2 tr(Eﬂj(z))
= / |:4 (KB~ @ II” + TR

forj = 1 and 2, where w(-) is a non-negative weight function,
X, (2) is the upper-left corner sub-matrix of X'3(z), and X, (2) is
the lower-right corner sub-matrix of X4 (z). By minimizing IAMSE;
with respect to h, we obtain the optimal bandwidth forﬁj(z), which
is

hj opt = /tr(Eﬂj(z))w(z)dz

:| w(z)dz

-1/5
x [ / M%(K)IIﬁj(z)(Z)IIZw(Z)dZ] . (2.11)

With the above choice of h; oy, we see that IAMSE; has an order of
0(n~%/°). Hence, IAMSE, for B,(z) has an order O(n—%/°) which is
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smaller than [AMSE; = O(n~*/). Clearly, a single value of h can
not make the estimation of both 8;(-) and $8,(-) optimal (in the
sense of minimizing their asymptotic MSE). Therefore, to minimize
the asymptotic MSE for each coefficient (function) estimate, an
iterative estimation approach is needed. This issue is addressed
next.

2.4. A two-step estimation procedure

As discussed in Section 2.3, the one-step estimation procedure
based on (2.2) cannot minimize the asymptotic MSE for both §;(-)
and B, (-). Therefore, we suggest a two-stage estimation procedure
below. The idea is similar to the profile likelihood method; see,
e.g., Cai (2002b,c) and Fan and Huang (2005), and is described
as follows. If the bandwidth is taken to be of the order n=2/5,
B2(z) — Ba2(z) reaches the optimal convergent rate but 8;(z) is
under-smoothed. Therefore, the first step is to estimate 8(z) =
(B1@)7, B2(2)T)T with a value of h that is optimal for estimating
B2(z). We use h, to denote it. For example, we can choose h, =
¢, n~?/> for some positive constant c,. We know that the resulting
estimator ,(z) has an optimal convergence rate as 8, (z) —f2(z) =
0,(n~*/%), and the asymptotic distribution of 8, (z) is given by

~ 1
Vn2h, [/ﬁ(z) — Ba(z) — Ehiuz(K)ﬂz(z) (z)]

—4 MN(Z, 2)). (2.12)

where X, (2) is previously defined as the lower-right corner d, x
d, sub-matrix of Xg(z).

However, the corresponding estimator of 81(z) is not optimal
with the choice of h, = ¢; ™% (c; > 0). Therefore, we suggest
that at the second step, one should re-estimate g;(-) with 8,(Z;)
replaced by B,(Z;) obtained at the first step. That is, we replace
B2(Z:) by B2(Z;) in (2.1) to obtain

Y} =Y — Ba(Z0) Xz = Br(Z0) Xer + €5,

where g/ = & +[B2(Z;) _EZ (Z)1"X;2. Then, we can apply the local

_ : = S
linear method to estimate B1(z). Let (B12step(2)", fqz)step(z)T)T

represent the resulting estimator of (8;(z)", BV (2)")T, which is
given by

-1
/31,2step(z) _ n Xi1 ®2 B
Cgsfep(z)) B |:; ((Zr — Z)Xn) K, (Z; Z):|

n
th *
X ; <(z[ —z)X[1> Y Kn, (Ze —2),  (2.14)

where h; is the bandwidth used at this step for estimating
B1(z). We will show in Theorem 2.2 below that the asymptotic
distribution of B »p(2) is the same as the case when B, (Z;) were
known; that is ',3\1,25[ep(z) — B1(2) = 0,((nhy)"1?) = 0,(n"2/)
if y = ¢;n "% (c; > 0) and h, is as small as possible (see
Theorem 2.2 later). Since the right hand side of (2.13) involves only
B1(-), one can use any data-driven method to select h; optimally,
such as the nonparametric version of the Akaike information
criterion type as in Hurvich et al. (1998) and Cai (2002b,c) or the
plug-in method as in Ruppert et al. (1995).

It is clear from (2.12) that B2(z) — Pa(z) = O0,(n ) if
h, = c;n~%/, and this pointwise convergence rate is optimal.
To establish the asymptotic normality of the estimator given in
(2.14), we might need a uniform convergence rate. Therefore, it is
assumed that the initial estimator satisfies the following condition

sup | B2(2) — Bo(2)| = Op(an),

(2.13)

(2.15)

where D is a compact support of f,(z) (by assuming that f,(z) has
a compact support D) and a, satisfies a, — 0 with a certain
convergence rate. Note that under some regularity conditions
(see, e.g., the assumptions of Theorem 2 in Hansen (2008)), and
by following the same arguments as in Hansen (2008), one can
show? that (2.15) holds with a, = n~%°log(n). Alternatively,
an assumption similar to (2.15) is also imposed in Linton (2000)
for iid samples, and Cai (2002c) for time series data to simplify
the proof of the asymptotic results of a two-stage estimator. Now,
the asymptotic normality for the proposed two-stage estimator is
stated here and its proof is relegated to the Appendix.

Theorem 2.2. Under assumption A1-A8 and (2.15), if h, =
o(hy /%), we have

~ 1
Vnh [mm(z) —pi@ - h 12K B (2) + op(h%)]

d
— N (0, Z4,02),
where Xg, o(z) is defined in (2.10).

Remark 2.1. Note that the consequences of (2.12) and Theo-
rem 2.2 are that the convergence rates are optimal for estimating
each coefficient function at each step. That is, at the first step, the
optimal rate is obtained for estimating coefficient functions of non-
stationary covariates and the second step is devoted to obtaining
the optimal rate for estimating coefficient functions of the station-
ary covariates. Also, note that the result in Theorem 2.2 is exactly
the same as that (see (2.10)) in Cai et al. (2000) for stationary case,
which implies that B; ;e is “oracle” in the sense that its asymp-
totic distribution is the same as the case with a known S,(Z;).
Finally, we note that the order of h, should be smaller than its op-
timal value, which means we need to undersmooth the estimate
of B,(Z;) at the first step. This is a common phenomenon for a
two-stage estimation method; see Cai (2002b,c). In practical im-
plementation, we refer to the papers by Cai (2002b,c) for choosing
the data-driven fashion bandwidths for a two-stage estimation.

3. Models with nonstationary Z,

When Z; is a nonstationary I(1) regressor, the asymptotic
analysis is much involved. Therefore, we consider only the case
that X; is stationary in this section. The model is the same as given
in (1.1) but now Z; is nonstationary; that is,

Y = ﬁ(zt)TXt + &, (3.1)

where X; is a d x 1 vector of stationary variables, and Z; is
a univariate I(1) nonstationary variable. When X; = 1, model
(3.1) was considered by Karlsen et al. (2007) for the case that
Z; is a nonstationary process from a subclass of the class of null
recurrent Markov chains, and by Wang and Phillips (forthcoming,
2008) for the case that Z; is I(1), while all of them used the
local constant fitting approach to estimate the nonparametric
regression function.

We assume that B(z) is twice continuously differentiable.
Exactly similar to (2.3), we obtain the local linear estimator of 8(z),
given by

B@) " X \*
<ﬁ(1)(z)> = |:Z <(Zt —2) X[> Kn(Z; — Z):|

1<t <n,

-1
t=1

x ; <(Z[ ftz)x) Y, Kn(Z; — 2). (3.2)

2 The detailed proof of the uniform convergence result as stated in (2.15) is
available from the authors upon request.
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Since Z; isan I(1) process, Z; can be expressed as Z; = 22:1 us+Zo,
where u, is a mixing process with mean zero and variance o?2.
We assume that lim,_.« Var(n="2Y"7_, u,) is a finite positive
constant. Consider the simple case that Z, = 0 and u, is a white
noise. Then, Z, ~ (0, to) and (Z; — z)//t ~ (—zt~'/2, 6:2). Note
that {u,} is not required to be an independent process. Instead, in
what follows, we assume that the process {(X;, u;)} is a stationary
mixing process and that {i} is a linear process: us = y >

J=
where j is a white noise with mean zero and 62 = Var(w)) < 00,

and {c;} satisfies the following conditions, for some 0 < t < 1,

(o]
> lgl* < oo,
j=0

Then, 02 = Var(uy) = o2
00 20 CiCive forany sand t.

Let px (|t — s|) and p, (|t — s|) be the vector and matrix
of autocorrelation coefficients between X; and us, and between
V: and ug, respectively, where V, = XtX[T . Then we assume that
Yooy |pxu(S)| < 0oand Y- oy u(s)| < oo forall 1 < i,j <d,
where X;; and V; j; are the ith and the (i, j)th component of X;
and Vi, respectively. Also, the correlation coefficient between V; ;
and Z is O(t~'/?), which goes to zero as t — o0, because the
correlation coefficient between V; ;; and Z; is

0 G Ws—j>

o]
and Y g=1. (3.3)
=0

]Oc and Cov(us, Usy¢) =

t
p(Veij Ze) = Y Cov(Ve . ) /[0y, jou V1]

s=0
t
=3 puyu)/VE =01, (34)
s=0
where o j = Var(Ve ;). Next, define & , = t=12(Z, — z) and let

ft.z(+) denote the density of & ,. Also, we use f; s ; (-, -) to represent
the joint density function of (& ;, & ;). Further, set b; s ; (-, -) to be
the conditional density of (§; ., & ,), conditional on V;. Let % be
the smallest o-field generated by {Ys, Xs, Zs}\__.,. We make the
following assumptions.

Assumptions:

Cl. E(e¢|Xe, Ze, Fio1) = 0, E(e21Xe, Zt, Fio1) = o2, E(e}|Xy, Zt,
Fe—1) < C as., and {(X¢, u¢)} is a stationary and mixing
process satisfying constraints as imposed by (2.5) and (2.8),
where 62, C and o} are finite positive constants. Also,
limy— oo Var(n‘l/2 th] u,) exists and is finite.

C2. E[|V;,1*] < oc for some q > 3and forall 1 <i,j < d.

C3. Both f; ;(:) and f; 5 (-, -) have bounded continuous derivative
functions (for all ¢, s and fixed z). Also, assume that b; 5, (-, -)
has bounded continuous derivative functions (for all t, s, z).

C4. E(V:|Z;) has the following expression.

E\Vi|Z,) = E(V,) + 6:8(Z), (3.5)

where E[8:g:(Z)] = 0, E[lg.(Z)*] = 0Q1), & =
0(t~"/?), g:(-) has the same dimension as V;. g ;;(-) denotes
the (i, j)th component of g;(-) and satisfies the assumption
sup; |g:;i(w)| < C(u) with C(u) being a continuous function
(forall 1 <i,j < d). Further, for t > s, assume that

EWVi|Z;, Zs, Vs) = E(V) + 8¢ 58t,5(Ze, Zs, V), (3.6)

where g; (., ., .) is of dimension d x d, E[8; <& s(Z¢, Zs, V)] =
0, Ellg.«(Z. Zs. V)] = 0(1), and 8, = O(t~ /2 +571/2) =
oG~ fort > s.

C5. K(-) is a symmetric and continuous density function, sup-
ported by [—1, 1].

C6. nh®~2 — oo, wherep =q/(q— 1) < 3/2and q > 3 is given
in Assumption Cl1.

Next, we discuss the above conditions. Condition C1 requires
that &; is a martingale difference process with conditional ho-
moskedastic variance and a finite fourth moment. The martingale
difference assumption can be relaxed to a mixing process, and the
conditional homoskedastic error can be loosen to the case that
E(e?|X;,Z:) = E(g%|X,), with a lengthier proof. C2 implies that
E[lz|*] = 0(1), where ¢ = V,; — E(V;|Z;). C3 is a very mild
assumption. For condition C4, given that E(V;|Z;) has finite sec-
ond moment, it is natural to expect that the nonstationary vari-
able Z; should be at least associated with a factor t~'/2 which
appears in E(V;|Z,). Therefore, §; = O(t~'/?) is not a restrictive
assumption. For example, if X; = (1,)~([T)T, and X; and Z; are jointly
normal,? it is easy to see from the normal distribution theory and
(3.4) that E(X;|Z,) = EXe) + c1t~'(Z, — E(Z,)), so that §; = ¢~ /2
and gt(Z[) = it V2[Z, — E(Z)] (c; is a finite constant). Also, if
V is a X1 random variable, say V; = X2, and that X, and Z, are
jointly normal, then it is stralghtforward to show that E(V;|Z;) =
E(V) +cat2[Z2 —E(Z2)] = E(V)) +t e[t 7122 — 0 2] (¢, is a ma-
trix of constants). Hence, §; = t~! and g (Z;) = [t 7'Z? — 02]. In
the above examples, g;(Z;) has finite moments of any order since
Z; is normally distributed with a finite variance. Further, by (3.4),
Var(Z;) = 0(t), and Var(Z;) = 0(s), it follows that Cov(V;, Z;) =
0(1), Cov(V,, Zs) = O0(1), and Cov(V,, V5) = O(p, (|t — s])), where
0u () is the autocorrelation coefficient of {V;}. This, together with
the normality assumption on (X, Z, Z;, X,), implies that §;; =
0(s~1/2 4 t~1/2), which goes to 0 as min{t, s} — oo. Moreover,
by Assumption C2, (3.6), and C.-inequality, it is easy to verify that
8:.s(z,z, Vy) has the finite 2g-th moment (V; is random) for any
fixed value of z, i.e., E{|g; s(z, z, V)% = 0(1) forall t, sand afixed
value of z. By (3.5) and (3.6), E[g;(Z;)] = O and E[g; s(Z;, Zs, V5)] =
0. Finally, Assumption C6 is commonly imposed in the kernel es-
timation literature and Assumption C6 is satisfied for the optimal
bandwidth h = cn=1/1° ¢ > 0 (see later).

As mentioned earlier since Z; is an I(1) process, Z; can
be expressed as 2z = Z_1 + u = Zy + 22:1 Us,
where {us} is a stationary process with mean zero and ouz =
limp oo Var(n=2 3" u;) > 0. Then, it follows from Donsker’s
theorem (see (2.4)) that under some regularity conditions, for 0 <
r<1i,

Z[nr]/\/ﬁ - Wu(l‘), (3-7)

where W, (-) is a Brownian motion on [0, 1] and 0;‘ Wy(@r) =
W (r) is a standard Brownian motion on [0, 1]. Next, we define
the local time L(t, x) for a standard Brownian motion as

t
L(t,x) = lim l/ I(|W(s) — x| < €)ds, (3.8)
e—0 2€ 0

where W(-) is a standard Brownian motion; see, e.g., Karatzas
and Shreve (1991, p. 202) and Park and Phillips (1999) for details.
Finally, we state our main result of this section below and the proof
is relegated to Appendix B.

Theorem 3.1. Under Assumptions C1-C6, we have
VniZh [B(z) — B@) — hBy(2)] —> MN(Zy),

where Bg(z) = p2(K)B?(2)/2 and MN(X,) is a mixed normal
distribution with mean zero and conditional covariance ¥y =
o2 oy vo(K) [EX:XDL(1,0)]7!

3 Recall that Zy = 2221 us + Zp, consider the simple case that Zy = 0 and u; is
iid normal N (0, auz), thenZ; ~ N(O, trru2). Here, we consider the case that )~([ and Z;

are jointly normally distributed.
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Remark 3.1. The asymptotic properties for/ﬂ\“) (z) can be obtained
in a same way as that in Theorem 2.1 and they are omitted. By
comparing the results in Theorems 2.1 and 3.1, our new findings
are as follows: It is clear that th,«, (z) serves as the asymptotic
bias, which is exactly the same as that for stationary case when
one uses a local linear estimation method; see Theorem 2.1. This is
not surprising since the asymptotic bias term comes from the local
linear approximation. However, the asymptotic variance of 8(z)
is of the order O((n'/?h)~1), which is larger than 0((nh)~'/?) for
the stationary Z; case as presented in Theorem 2.2. The integrated
asymptotic mean squared error is given by
4
IAMSE = f [tr(}:o n V2t + hz 13K [[B? @) |2} M(z)dz.

Minimizing the IAMSE with respect to h gives the optimal
bandwidth hey = cn~ /10 for some ¢ > 0, which is much larger
than that for the stationary case; see (2.11).

Now, we consider the asymptotic behavior of E(z) at bound-
aries. When Z; is (1), it follows from (3.7) thatwhenz = a  /n (a #
0)andr = t/n,

P(Z > 2) = P(Zt = ay/n) — P(W,(r) > a)

=1 _(p(a/\/;GH) > 0,

where & (-) is the distribution function of the standard normal
random variable. This means that there is a great chance for
|Z;| taking large values. Now the question is how the asymptotic
behavior of the estimator looks like when z is large like z =
a 4/n for any fixed a. We offer the following asymptotic results at
boundary z = a+/n for any fixed a. However, we do not provide
the detailed proofs since they follow exactly the same arguments
as those used in proving Theorem 3.1.

Theorem 3.2 (Boundary Behavior). If Assumptions C1-C5 hold and
C(-) in assumption C3 is bounded as well as n'/* /2 @ (a\/n) =
0(1) for any a, then, we have

VI b [Blavi) — Blav/m) — 1 By(ay/m] —5 MN(Z,0).

where MN (X o) is a mixed normal distribution with mean zero and
conditional covariance X1 , = o2 oy, vo(K) [EX XL, a/ay)] 7

Remark 3.2. Comparing Theorem 3.2 with Theorem 3.1, we
observe that the asymptotic variance of B(-) at the boundary
point differs from that at the interior point. This is different from
its stationary counterpart; see Fan and Gijbels (1996) for the
stationary case.

4. Discussion

In this paper, we studied the class of varying coefficient models
with nonstationary time series data. We suggested using the local
linear fitting scheme to estimate the nonparametric coefficient
functions and derived the asymptotic properties of the proposed
estimators. We would like to mention some interesting future
research topics related to this paper. First, it would be very useful
and important to discuss how to select data-driven (optimal)
bandwidths theoretically and empirically. Secondly, an important
extension would be to generalize the asymptotic analysis of this
paper to the case where both Z; and (or some of the components) X;
are nonstationary. Further, we conjecture that if some of X; in (3.1)
are the lagged variables, one might find some regularity conditions
to show that Y; generated by (3.1) is ergodic, so that it is stationary
if it is assumed to be Markovian. We are currently exploring these
issues. Finally, it is warranted to consider an extension to other
types of nonstationarity such as nearly integrated processes; see,
e.g., Torous et al. (2004), Campbell and Yogo (2006) and Polk et al.
(2006), which has a potential application in finance, which is under
investigation by Cai and Wang (2008).

Appendix A. Proofs of Theorems 2.1 and 2.2

In the remaining part of this paper, we denote by C a generic
positive constant, which may take different values at different
places. We often need to evaluate (probability) orders of some
finite dimensional matrix random variables. Let M; be a matrix
of finite dimension, and b, be a sequence of non-stochastic real
numbers, we write [M;| = O,(b,) to mean that |M; ;| = O, (b,) for
each i and j, where M j is the (i, j)th component of M;. Similarly,
E|M;| = O(b,) means that E|M; ;| = O(b,) for all i and j; and
sup; [IM¢| = O(b,) means that sup, |M; ;| = O(by) for all i and j.
Also, we write M7 = Oy (b,) to mean that M7 ; = 0,(b,) foralliand
j. Finally, we use M**™ to denote the real-valued k x m matrices and
DI0, 1] to represent the space of right-continuous with left limits
(cadlag) functions on [0, 1] equipped with the Skorohod metric (as
defined in Billingsley (1999, p. 124)).

Before we prove Theorems 2.1 and 2.2, we first give a few
lemmas that will be used frequently in the proofs below. First,
consider random arrays {(Uy, Ypr) : 1 < t < n;n > 1}, where
U is a k x m matrix and Yy, is an m x 1 vector. We transform
these arrays into random elements on [0, 1] by U, (s) = Uyns and
Yn(s) = Ypps) for 0 < s < 1. Also, define €,y = Yye — Yy r—1. We can
then define the stochastic integral

[ns]

/ Un(N)dYn(r) = > Upjénjs1.
0

=

Let BM(S2) denote the vector Brownian motion with covariance
matrix £2. Finally, we define W, = Zgﬂ ws, where {w;} satisfies
the following assumption:

Assumption M1: For some p > S8 > 2, {ws} is a mean zero
and strong mixing sequence with mixing coefficient satisfying
a(n) = 0(n~PP/®=Ay and sup,., E[|w¢||’] < C < oo. In addition,
EW,WhH/n — 2 <ocoasn — oo.

Let W,(s) = n~"2Wp,s and set .%; = o (Up, w; : t < i) to be
the smallest o -field containing the past history of (Uy;, w;) for all
nandt < i,and denote E(X | .%;) by E;(X). Since W,(s) might not
be a martingale, we can use a martingale to approximate W, (s). To
this end, define,

€ = Z[Ei(wi+k) —E_1(wip)], and ¢ = ZEi(wi+k)~
k=0 k=1

Then, it is not hard to verify (see Hansen (1992, p. 492)) that w; =
€ + &1 — ¢ withEj_q(¢;)) = 0,and for0 <r < 1,

/  Ua(6)dWa(s) = f Un(6)dYa(s) + A%,
0 0

where Y, (r) = Zl[irl] €;/+/n and
[nr] 1

sy — L U et L T
AX(r) = ﬁ;[umum,l];,. ﬁUn(r)C[nrm

Then, {¢;, %} is a martingale difference sequence. Therefore, by
Theorem 2.1 in Hansen (1992), we have the following result.

Lemma A.1. Assume that Assumption M1 holds, supy_, <1 | A} (r)| =
0p(1), and (U, W) = (U, W) in Dypkm  ym [0, 1], then

S N
[ U,dY, :>f U~dW, equivalently,
0 0

N N
/Unde:>/ U-dw,
0 0

where U~ is a cadlag process, W (s) = BM($2), and £2 is defined in
Assumption M1.
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Proof. This is Theorem 3.1 of Hansen (1992). O

Lemma A.2. Suppose U, = U in Dy [0, 1] and U(-) is almost
surely continuous. For a random sequence {e;} and a sequence of
nondecreasing o -field {Jff} to which {e;} is adapted, assume that
sup; E|E(ej|$}im)| — 0asm — oo. Then

(ns]
p
sup (n— E Uniej| — 0.
0<s<1 =1

Proof. See Theorem 3.3 of Hansen (1992). O

LemmaA3. Let w, = VhKy(Z —2) & 2, and Uy = X/ /1.
Set #; = o (Uy;, w; : i < t) to be the smallest o -field containing the
past history of (Upe, we) forallnandi < t. Forany0 < r < 1,

define A%(r) = n' Y g — 07 Xpu Lurer, where & =
> w0 Ei(wiyk) and ny is from X = > -, ns. Then, we have

sup [A;(r)| = o0p(1).

o<r<i

Proof. It is easy to see that,any p > 0,

lwell, = Oh~72+1P),

By the stationarity, we have, for any k > 1,

(A1)

Eln; wisk] = E[n1 wir1] = K2 E [771 Kn(Zky1 — 2) &k Zi-m,;,h] .
By Davydov’s inequality for an o-mixing and (A.1),

Elm wiesa]l < C aPr(k) 11, llwicsallps

<C h=1/2+1/p3 (, 1/P1 (k) (A2)

for any p, > 1and p; > 1 satisfying 1/p; + 1/p, + 1/p3 = 1,
which, in conjunction with Assumption A6, implies that for each i,
asn — 0o,

o0
|E[m; &i]] < C h™1/2+1/% Za”‘% (ky <Ch V¥4 50  (A3)

k=1

by setting p, = &; and p3 = &4, where &, &4, and &5 are
given in Assumption A6. Now, by Minkowski’s inequality, McLeish’
«a-mixing inequality (see McLeish (1975)), Davydov’s inequality,
(A.1), and Assumption A6, for any i > 1,

A

o0 o0
1gills, < D E wipdlls, < C Y a72(k) [lwigills,
k=1 k=1
< Ch~ V2%,

which, together with Chebyshev’s inequality and Assumption A8,
implies that for any ¢ > 0,

P (SUP 1&i] > «/ﬁs) < e 2| g

i<n

C nl=81/2 p=d1/2+61/8

IA

Therefore, we have

1
sup H |X[nr]2 ;[nr]+1|

0<r<1
] 1 p
< sup |X|nr]2| sup [¢inr+11 —> 0, (A4)
0<r<i1 0<r<1 \/ﬁ
since supg<;<q X2l = 0,(4/n) by (2.4) and the continuous

mapping theorem (see Theorem 2.7 in Billingsley (1999)). In view
of (A.4), it suffices to show that the first term on the right hand

side of A} (t) converges to zero in probability uniformly. To this
effect, we first show that {n; {; — E(n; {;)} is an Ls,-mixingale for
8s given in Assumption A6 satisfying 1 < §s < 84 < 2. Note that
for the definition of a mixingale sequence, we refer to the paper by
McLeish (1975). Indeed, by Minkowski’s inequality, for any m > 1,

o0
NEi-mlmi & — EGni e)1llsg < D IEimImi wik — EGri wig)]lsg
k=1

m

:Z(...)+ Z (-y=h+1. (A5)

k=1 k=m+1

By McLeish’ inequality, (A.2), and Assumption A6,

NEi—m [ wirk — E(mi wigi)]lls
< C a7 2m)[|In; wiskll2 + [EMi wigr)]]
E C a1/86_1/2(m),

so that

m
Iy = Z IEi—m[ni witk — E(ni wipi)1llsy < € ma'/%67 12 (m).

k=1

For I, in (A.5), one obtains

NEi—m[ni witk — EMi wizi)lsg < NEimmni wiselllsg + [Emi wigs)|
=< lImi Eilwiri]llss + [E(mi wigk)|
< millsg86/5a—86) IEi[wiills, + |E(mi wigk)|
< C Imillsyse/6a—seye /> 2 () Nlwiskllz + [E(mi wisn)],
where 84 and &g are given in Assumption A6. An application of (A.2)
with p, = 6 and p3 = 2 and (A.1) with p = 2 leads to
|Eimm[mi witk — E(i i) 1ls
< C[lmillgy @72 + 2701 (0)] < € &' (k).

Then,

o0 o0
D Nl wige — Eiwin)]llsy <C Y o472 (k).

k=m+1 k=m+1

Hence, (A.5) becomes

NEi—m[mi & — E(mi &)]1lls

[°]
<C |:ma1/56_1/2(m) + Z a1/54_1/2(1<):| — 0

k=m+1

by Assumption A6 as m — oo. Therefore, the sequence {n; {; —
E(n; &)} is a uniformly integrable L;-mixingale. An application of
Corollary to Theorem 3.3 in Hansen (1992) yields that

[nr]

— sup § [ni & — E(mi &)1 ’ 0.
n o<r<1

. . [nr]
This, together with (A.3), concludes that 1 3 SUPg<r<1 [Diny Mi & l‘

LYY Therefore, by (A.4),

[nr]
sup |A;(r)| < - sup an ;1 - 51113 |X[nr]2 ;[nr]+1|
0<r<1 No=r=1 |5
= 0,(1).

This completes the proof of Lemma A.3. O

Proof of Theorem 2.1. First, note that the right hand side of (2.3)

has the form of A~'B, define #, = ((1] 2) ® Dy, so that we can
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write #,A7'B = H, AT\ H,H, B = [H,AH,
B(z) and BV (z) can be re- expressed as follows:

Ho <A'8(Z) > = Sn(Z)_1 n! ZKh(Zt —2)
t=1

B (2)
x Y <Zt,1z,h> ® (DrTl Xt) ,

where Z; ; = (Z; — z)/hand

n ®2
_ 1 _
Sp(z) = n~! 2 Kn(Z: — 2) (th h) ® (Dn1xt)®z
p .z,

_ Sn,O(Z) sn,1(z)
T \Sn1(@) 5n2(2)

withj =0, 1,2,

11713, 1B. Thus,

$0j(2) = th(z[ 2z, (07" %)

Now, to facilitate the analysis of S, j(z), we first express S,(z) as

Fn'O(Z) Fn'l(z)
Snj@ = (" ’f* :
ni@) (Fn,j,1(z>T Frj2(2)
where
15 J T
Fojo@ = 3 7, p Xa Xy Kn@ = 2),
t=1
1< ;
Fan@ == K =22, X X/ V1,
t=1
and
®2
Frjo(@) = = Zzt on K@ —2) (X2 / /)

Forl =1, 2, define
Fri@ = Z | XS K (2 — 2).

By noting that X;; and Z; are stationary and using the standard
change-of-variable and a Taylor’s expansion argument, we have

E[F: @] = E [Zﬁz L X K (Ze — z)]
= f(z) Mi(z) u;(K) + o(1).

By the kernel theory for the stationary mixing case; see Theorem 1
of Cai et al. (2000) for details, one can easily show that

Var [F}; ()] = 0((nh)~") = o(1). (A7)
Therefore,

Frj1@ = £(2) Mi(2) pi(K) + 0, (1), (A8)
so that

Frjo(2) = Fyj,(2) = f:(2) M2(2) i(K) + 0p(1). (A.9)

Let #f = 0 (X1, Z; : t < i) be the smallest o-field containing the
past history of (X¢1, Z;), and denote by e, = Ky(Z; — z) Zf’zqh X1 —
ElKny(Z; —2) 7 t.2.n Xe1]. Then, similar to (A.7), it is easy to verify that

s+m
sup Var < Z

520 t=s+1

et) = 0(m/h) (A.10)

for any m > 1. Define Uy, = X;p/s/nforany 1 < t < nand
Un(r) = Uy forany r € [0, 1]. Forany small0 < 6 < 1, set

N =[1/68], ty = [kn/N]1 + 1, = tgpq — 1, and 7 = min{t;, n}.
Then,
1 N—1 &%
O NIUEIED 3) Sl
n3 =0 t=ty
1 N=t 0"
=< *ZUnther ZZ Une — Upg Jec
t=ty =0 t=ty
1 N=t t
=< *Z|Untk| Zet ZZWM Une,| et
t=ty k 0 t=ty
< sup |Up(s)| 72 Zet

0=s=1 =0 |t=ty

+ osup |Un(r) — Un(S)I*Z|er|

|r—s|<é

Since U, (-) converges weakly to a Brownian motion, it is clear that
SUPg<s<1 |Un(s)| = 0,(1), while Z;’:l lec|/n = Op(1) by using the
same arguments as those used in the proof of (A.8). Further,

*

- [k N tk
E E e < — sup E E e;
n =0 |i=n MosksN-1 ;55
t+8n
<sup E|— e;
t=n i=t
<C@nh)y 250

by (A.10) as n — ooc. Therefore, as n — oo,

qume,—opmH sup [Up(r) — Un(9)] 0p(1).

[r—s|<s
Note that as n — oo,

sup |Un(r) — Un(s)| > sup W) (r) - W, »(s)| = 0

|r—s|<é |r—s|<

as § — 0. Hence (here we take the sequential limits: first let
n — oo, and then let § — 0),

1 n
- Z Uni i = 0,(1),
n i=1

which, by combining (A.9), (2.6), and Lemma A.2, gives that
. 1 n 1 n
Fajn@ = E[Kn@ =22} X | - D Un+ 7 3 Une

= L@ u M) WS + 0p(1).
Similarly,
Faj2(2) = L@ (K) W + 0,(1). (A12)
Then, by plugging (A.9), (A.11) and (A.12) into S, j(z), we have

Snj(2) = @ ui(K) S(@) + 0p(1). (A.13)

By noting that uo(K) = 1 and wq(K) = 0, we immediately obtain
from (A.13) that

(A11)

0

Sn(@) =f(2) (0 s (K)) ® S(2) +0,(1). (A.14)
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Let R,(z)~! denote the upper-left corner d x d sub-matrix of
Sn(z)~1. From (A.14), we immediately obtain that

Ri@) ' =£@)7'S@ 7" + 0,(1). (A.15)
From (A.6), we have
D, [B@) — B@)] =15 +1a, (A.16)
where
Is = Ry(2) "' Ba(2), (A.17)
with
Bu(@) =n"" Y Kn(Z —2) D X X!
t=1
x(BZ) — B@) — (Z — 2V (@),
and
I; =Ry(2) 'n! ZK;,(Zt —2) & D7 X;.
t=1
Define,
Gro@ = n' Y Kn(Z — D)X
t=1
X {B1(Z)) — 1(2) — (Z — 2B (@)},
Gri@) = ") Kn(Z —2) X Ko/ /)"
t=1
X (B2(Ze) — Ba(2) — (Z — 2B (2)),
Gra(@) = 7" Y K — 2) Koo/ /WX v/
t=1
X {B1(Z) — Br1(2) — @ — 2B" (2)),
and
Gu3(@) = n"" Y Kn(Z — 2) Ko/ /P /0
t=1
X Bo(Ze) — Bo(2) — Z: — 2) B3V (@)},
so that
_ Gn,O(z) + Gn,l(z)
Bu(2) = <cn,2(z) + Gn,3<z>> : (A-18)

Similar to (A.9), by the kernel theory and an application of Taylor’s
expansion, it is easy to show that

K
E[Gno(2)] = h* f,(2) My(2) [MZZ() 1(2)(2)] {1+0(1)}

and Var[Gp,0(z)] = o(1), so that
H2(K) 2
2 1

Further, following the proof of (A.11), we can easily show that

w2 (K)
2

Gno(2) = h?f,(z) M2 (2) [ (2)} {14 0,(D}.

G1(2) = P2, (2) My D) WY [ §2>(z>] {1+0,(1},

u2(K) )
1

Gn2(2) = I £,(2) Mi(2) Wy v/ [ 5

(Z)} {14 0,(1)},
and

Gn3(@) = Kf,(2) W v/n [“22('() 5%)} {1+0,(1)}.

Plugging the above results into (A.18), we obtain

Bu(z) = h*f,(z) S(z) Dy [M;K)ﬁ(z)(l)] {1+0,(D}. (A.19)
Substituting (A.19) into (A.17) and using (A.15) lead to

I3 = Dy h? Bg(2) {1 + 0,(1)}.

Therefore,

D, ' I3 = h*Bg(z) + 0p(h?). (A.20)

Finally, we consider I4. Define

h _ Th1(2)
To(2) = \/;;Kh(zt —2)e DX, = (Tn.;(z)>

with Tp1(z) = \ﬁ S Kn@Z — 2)e Xo and Tya(z) =

\/EZL] Kn(Z: — z) &: Xs2/+/n. By combining the above expres-
sions with (A.16) and (A.20), we obtain

Vh D, [B(z) — B(2) — 1B (2) + 0p(H*)] = Ra(2) ™! Tu(2).
(A21)

To prove the asymptotic normality of the left hand side of (A.21),
it suffices to establish the asymptotic normality of T,(z). Note
that T, ; only involves stationary variables. Hence, by the kernel
estimation theory for stationary mixing data; see Theorem 2 of Cai
et al. (2000) for details, we have

To1(2) = N (0, 62vo(K) f,(2) Ms(2))

= vo(K) f;(z) W (1),

where W, (1) is a p;-dimensional Brownian motion on [0, 1] with
covariance matrix crsz(z). From (A.22) and note that the first
element of X;; is one, we immediately obtain

(A22)

Vhin Y K@ —2) e~ N(0, 02uo(K) f(2)
t=1

= vo(K) fz(2) We1 (1), (A23)

where W, 1(r) is the first element of W,(r). Note that using
the notations of Lemmas A.1-A.3, we have U,(r) = Xpurj2//1,

Wa() = Y™ wy/y/nand Toa(z) = [, Un(6)dWi(¢). Hence,

s=1
(A.22), in conjunction with Lemmas A.1 and A.3

1
Tz @~ V(K@) / W, ()W, 1 ().
0

Therefore, a combination of (A.22) and (A.24) leads to
We (1)

d 1
T,(z) —> VoK) f,(2) / W2 (N dW, 1 (1)
0

(A.24)

Since W, »(-) and W,(-) are uncorrelated (because Z; and &; are
uncorrelated), f01 W, 2(r) dW, () has a mixed normal distribution,

We (1)
. . 1 .
so that the conditional covariance of ( /0 Wy 2(dW, 1 (r)> is

M, WD’
1 12 | =025(2). (A.25)

o2 My(2)
“\whmi@)" w2

Therefore, by Slusky’s theorem, we have



110 Z. Cai et al. / Journal of Econometrics 148 (2009) 101-113

Vnh D, [B(2) — B(@) — Bs(2) + 0,(h?)]
W, (1)

1 1
(K)S(2) / W, 2 (r)dW, 1 (r)
0

It is easy to show using (A.25) that the conditional variance of the
right hand side of (A.26) is X'4(z) as given in Theorem 2.1. O
Proof of Theorem 2.2. To simplify the notation, in what follows,

we drop the subscript “2 step” in El,z step(2) and Bflz)step(z). First,
define ’

1/2

L5 @), (A.26)

1<
Lj(z) = - Zzﬁ’zyh1 X1 X Kn, (Ze — 2).
t=1

Then, similar to (A.9), one can show that

Ly j(2) = f;(2) Ma(2) p;(K) + 0,p(1). (A27)
Therefore,
n ®2 T
—1 Xt o L@ hl1(2
" ; <(Z[ - Z)Xn) K (2 —2) = <h1 Lni(z) h? Ln,z(z)>

~(p 1) ®M@0+ 0,

By (2.14),

B2 -p@ \_ | v Xa \*
(ﬂ(”(z)— i”(z)) - L1 ((zt—zm]) K’”(Zf‘z)}
! X,
. ; <(Zr —[;)Xn)

x [V = Bi@ X = B @ X &~ 2)| Ki, @ — 2),

so that

-1

Bi@) ~ i) = Mx@) ' ! ixu [ = Xipi@
t=
~ XL @@ - 2| K, @ — (14 0,(1)
= M@ ! ixnx; EXAREIe)
t=
B @@ — 2] K, @ — {1+ 0,(1)

+My (@)Y Xe & Kny (Z — 2){1+ 0,(1))
t=1
+My@) 1Y XX [P0 — Ba(2)]
t=1
x Ky, (Z — 2){1 4 0,(1)}
=h+L+].

Based on the kernel theory for the stationary mixing case; see
Theorems 1 and 2 of Cai et al. (2000) for details, one can easily show
that

2

h
Ji= 2 oK) B2 (2){1+ 0,(1)} and

Vhy Ja =5 N, Z5,.0(2)).

Finally, similar to the proof of (2.15), by using the same arguments
as those used in the proof of Theorem 1 in Cai (2002c), one can
show that

Us| = 0p(h3+/n) = 0,(h3).

Hence,
~ h2
Vnhy [m @) — pi(2) — 51 12(K) B2 (2) + op(h?)]

= Mh LN N(O, Xg,,0(2)).

This proves the theorem. [0

Appendix B. Proof of Theorem 3.1

Before we prove Theorem 3.1, we first provide some auxiliary
results, which will be used sequently. Define, for any j > 0,
Ki(u) = w/K(u). Then, it is easy to verify that similar to K(-),
K;(-) is continuous and has a compact support. Also, both K;(-) and
sz(-) are integrable. Re-define S, (z) in the proof of Theorem 2.1 as
follows

n 1 ®2
= 1’171/2 Z Kh(Zt — Z) (Zt , h) ®X[ X;r
t=1 o

— Sn.O(Z) Sn,l(z)
Sn1(2)  Sn2(2)
WithZ ,p = (Zt —2)/hand Spj(z) = n= V2 Y 0 Kin(Ze —2) Xe XT
forj =0, 1, 2, where K; ,(v) = K;(v/h)/h. Also, set,

S5n(2)

PO IR I 1 w PR
j(z) = ﬁ;m,h@ =" ;K,(ﬂnm Zi + %)),

where 8, = +/n/h, y» = /n, and x, = —z/./n. Clearly, x, — 0
for any fixed z and x, = —a if z = a./n. Further, let ¢, (x) =
(vV2me)"2 exp (—x*/(2€%)) for any ¢ > 0. Finally, let oy, (1)
denote the convergence in L, which implies 0,(1). We use the
notation 41, = >, + (s.0.) to denote that +4,, has the same order
as A1, and (s.0.) denotes the terms having orders smaller than ;.
In what follows, we assume that Z, satisfies (3.3). We present some
preliminary results.

Lemma B.1. Under Assumptions given in Theorem 3.1,

1i(K) L(1, 0)/oy, if z is fixed,
wiK)L(1, a/oy) /oy, ifz= a+/n,

and forany p > O and z,
(i) E[mi)]=0(1), and
(iii) E[IKnZ —2)P] = 0@ h'P).

(i) e > {

Proof. To establish the first assertion, we use some results from
Jeganathan (2004). Indeed, by Proposition 6 and Lemma 7 of
Jeganathan (2004), for each ¢ > 0,

~ i(K) & -
i) = 14 0 > by Zi 4 %) + 0, (1).
t=1

n

Since ¢, (z) satisfies the Lipschitz condition and x,, — 0,

A K)
A2 = % > ey Z0) + 01, (1)
t=1

= @ D b (Wa(t/m) + 01,(1)
t=1

in view of (3.7) and (2.7). By Lemma 9 of Jeganathan (2004), we
have

1
Ri(2) = wi(K) f ¢ (Wy(s))ds + o1, (1).
0
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An application of Proposition 11 of Jeganathan (2004) gives
j(z) = i (K) L(1, 0) /oy + 01, (1)

as ¢ | 0. By the same token, it is easy to show the case of x, = —a
(z = a 4/n). For assertion (ii), we have

E[R@] =0 Y E[Ku(@ - 2)]
t=1
=n2p Y / Ki(t'?u/h) f;.. (w)du
t=1
=Y [ S e
t=1

n
<cn ' Zr-l/z =0(1).
t=1

Finally, recall that K; 5 (u) = h™'K;(u/h) and K;(u) = & K (u), it can
be shown easily by the boundedness of f; ;(-) that

E[IKinZ —2)P] =h"P / |Kj.n (£"2u/h) Pf (u)du
= r-l/zh“f’f K (0) Pf, . (¢ /*hv)dv < e~ 2R'P.
This proves the lemma. O

Lemma B.2. Under Assumptions given in Theorem 3.1, if z is fixed,
we have

$n(2) = EXXDI(@)] + 0p(1) —> EXXT) 145(K) L(1, 0) /0.
Proof. Recall that V;, = XtXtT . By adding and subtracting E(V;)

and E(V;|Z;) in S, j(z), we decompose S, j(z) into three terms as
follows:

Sn,j(z2) = Bin1 + Bin2 + Biny3,
where By 1 = E(V))n™ "2 3", Kin(Z: — 2) = E(V)[1;(2)],

Biny = n~"? Y [E(VilZ) — E(V)IK;n(Z: — 2)
t
=n""?Y "8 8(Z)Kn(Z —2),
t

and

Bins =12 Vi — E(V4|Z)IK;n(Z — 2)
t

=n""2Y 4 Kz - 2),
t

where ¢ = V; — E(V;|Z;). It follows from Lemma B.1 that Byp, 1 LS
w1;j(K) E(Vy)L(1, 0)/0y. To show the lemma, it suffices to show that
Bin,2 = 0p(1) and By 3 = 0p(1), respectively.

First, we show that By, » = 0,(1). By (3.5) and the boundedness
of g:(-) as well as §; = O(t~'/?) (see Assumption C3), we have

|B1n,2|

IA

n
2 18180201 1Kin (e — 2))

t=1

IA

n
Cn 2 720z Kn(Ze — 2)

t=1

n
=Cn 'Y V202 - 2+ D) Kz — 2)).

t=1

Since C(u) is continuous at z and Kj(-) has a finite support, then
C(u) < C; for some C, for all u’s in a neighborhood of z. Therefore,

n
Binal < Cn 2 " 72K p(Z — 2)| > 0

t=1

by Lemma B.1 and Toeplitz lemma.

Next, we show that By, 3 = 0,(1). To do so, it suffices to show
that E[B}, ;] = o(1). To this end, we have ({* below means gfjj for
any i and j, see the discussions below Lemma A.2 for our notation
adoption)

E[B}, 5] =n"" > E[¢’K}(Z — 2)]
t=1

+2 n! Z E[S: 3K n(Ze — Z)Kj,h(zs —2)]

1<s<t<n

= B1n,31 + Bin32-

Clearly, by Cauchy-Schwartz inequality, Lemma B.1, and Assump-
tion C1, we have

n
Binsil < 0" Y 1163, IKinZe — 2113,
t=1
<C -1 Z t—l/Zp hl/p—Z
t

<C (nh“"‘z)_l/zp =0(1),
since n h*~2 — oo (from Assumption C5). For By, 33, by (3.5) and
(3.6), we have
E(&tlZe, Zs, Vs) = E(V¢|Z;, Zs, Vs) — E(V¢|Z)
= 8¢,58t,5(Ze, Zs, Vs) — 8.8 (Zy). (B.1)

It is easy to see that

Binsa| < Cn' > E(EIG|Z, Z, VelgsKin(Ze — 2)Kin(Zs — 2}

1<s<t<n

C
= D 1Bl IEges(Z 25, VoL

1<s<t<n

X Kjn(Z: — 2)Kjnh(Zs — 2)}|

C
= D 18 EI8 2D EK A — 2K (Zs — 2]l

1<s<t<n

IA

= Bin,32,1 + Bin,32.2-

To evaluate By, 351, first, we consider the following quantity
E[gt,s(zt» Zs» Vs);sKj,h (Zt - Z)Kj,h(zs - Z)|Vs]
= / bes,(t™2hu, sV2hv)g, ((z + hu, z + hv, Vi)

X [Vs — E(V5) — 8sgs(z + hv)IK;(w)K;(v)| t /%~ 2dudv
=l (K) 7257 2by 5 £ (0, 0)ge.s(2, 2, Vi)
X [Vs — E(Vs) — 8:5(2)1{1 + 0,(1)}.
Then, using (3.5) and (B.1), we have

C
B = — ) sl IE(EIges(@n 26, Vo) 6 Kin(Z — 2)

1<s<t<n
X Kjn(Zs — 2)|Vs1}

n

n—1
Cn 'Y st Y 7%hy.(0,0)
s=1

t=s+1
X E[|g[$3(z, z, Vs) {Vs - E(Vs) - 8sgs(z)}{1 + 0(1)} |]
o(1)

IA
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by Assumptions C2 and C3. Similarly, using the fact that §; =
0(t~'/2), one can easily show that By, 352 = o(1). Thus, we have
shown that By, 3 = o(1). By summarizing the above results, the
lemma is proved. O

Lemma B.3. Under Assumptions given in Theorem 3.1, then,
Bon = W’Bg(2)E(X:X)[22(2)] + 0, (h*)
= h?Bg(2)E(X:X])L(1, 0) /oy + 0p(h?).

Proof. The proof is similar to that for Lemma B.2. By adding and
subtracting terms (E(V;) and E (V;|Z;)), we can decompose B, into
three terms as

Bon = Bon,1 + Ban2 + Ban 3,

where By, 1 = E(V) n7'2 Y1, [B(Z) — B(@) — BV (2)(Z — 2)]
Kin(Z: — 2),

Bynz =n" 'Y [E(VilZ) — E(VDIIB(@Z) — B(2)
t=1
- V@& — )] Kz — 2)

=02 "5 820 [Z) — B@) — V@@ — 2)]
t=1

x Kn(Z: — 2),
and

Bons = 1" Y Vi —E(VIZ)1 [B@) — B(2) — BV ()% — )]

X Kn(Z: — 2)
=03 6 [B@) - @) ~ BV @@~ 2)] K2 — 2).

Next, we show that By, 1 contributes an asymptotic bias term and
By, and By, 3 are a higher order term like o, (h?). First, we consider
By,,1. By Lemma B.1, we have

By = E(V)n™ 2 ) " [B@) — B2) — BV @) (Z — 2)]
t=1

X Ky(Zs — 2)

h2
E(Ve) — BP (@) 12(2) + (s.0.)
2
= % E(Ve) L(1,0) B2 @) pa(K) /0 + 0p ().

It remains to show that By, , = 0,(h?) and By, 3 = 0,(h?). First, we
consider By, 2. Using (3.5) and the change of variable, we have

-l n n
E[Bo] = ) ) didiElen(Zgs(Zs)

t=1 s=1
x [B@) — B@) — BV @) (2 — )| Kn(Z — 2)
x [B@Z) — B2) — BV (@) (Z — )| Kn(Zs — 2)}

1 n n
- ZZMS t1251/2

t=1 s=1

x f /ﬁ,s,z(t_]/zhu, s 2hv)g. (z + hu)gs(z + hv)

x [B(z + hu) — B(z) — BV (2) hulK (u)
x [B(z + hv) — B(z) — B (2) hv]K (v)dudv

h4 n n
C— D D I8l 25712 52(0, 08 (2)85(2)

t=1 s=1

= 0(n~'h*) = o(h*h

IA

because §; = O(t~'/?) and 8, = O(s~"/?), which implies that
Bynz = 0p(h?). Finally, it suffices to show that E [B3, ;] = o(h*).

Similar to the evaluation of By, 3, we decompose E [Bgn, 3] into two
terms as follows:

1 n
E[BSs] = - D E[cB@) - B
t=1
— BV @) (2 — DV KE(Z — 2)]

2
+ K;SHE[;;SWZJ - B@)
- BY@)(Z — DWKn(Z: — 2)
x {B(Zs) — B(z) — BP(2)(Z — 2)}Kn(Zs — 2)]
= Byn 31 + Ban32.

Similar to the evaluation of By, 31, by Cauchy-Schwartz inequality
and assumption C1, one can show easily that

A

Bansil < 070 Y 1153, I1BZ) — B@)
t=1

=BV @& - DIKn(Z — D3,
cn! =120 y1/p <C (nh4p—z)*1/2p h2
2-

IA

= C (nh®2)""* p* = o(h)

by Assumption C5. For By 32, by analogy to By 32, we have

n—1 n
By < C (nh*) " R "N " (18] + 18) £ = o(h?)

s=1 t=s+1

by Assumptions C2 and C3. This completes the proof of Lemma B.3.
O

Lemma B.4. Under Assumptions given in Theorem 3.1, then,

/4128y, —Ls MN(VF),

where MN(V*) is a mixed normal with mean zero and covariance
matrix

V* = a2 (K)EXXL(1, 0) /oy
Proof. Clearly, E[B3;] = 0 because E(&|X;,Z;) = 0. Also,

by the assumptions that {¢;} is a martingale difference and
E(e? \Xe, Zy) = %2 (conditional homogenous errors), we conclude

that the conditional variance of n'/#h'/? By, given {(X;, Z)}, is
2 n
o-h
Van = =Y X XK (Z — 2).
Vn ; [

Similar to the proof of Lemma B.2, we can show that
Van = 02 vo(K) L(1, 0) E(XX;) /oy + 0,(1).

Finally, by virtue of a central limit theorem for a martingale
difference (see, e.g., Hall and Heyde (1980, p. 58)),

n4h12B,, —4 MN (V).
This proves the lemma. 0O

Proof of Theorem 3.1. By Lemma B.1, we have
Sno(z)  Sn1(2)
S — n,0 n,
(@) (sn,l(z) Sn2(2)

= <(1) h2 ,2(10) ® EX:X)) L(1,0) /0y {1+ 0,(1)},



Z. Cai et al. / Journal of Econometrics 148 (2009) 101-113 113

which, by replacing Y; in (3.2) by Y; = XrT/fZ(Zt) + €, implies that

B2 — B@) = [EXXD) L(1,0)/0,]

x 4072y XX [BZ) - @) - BV @)(Z — 2)]
t=1

n
X Kn(Ze —2) + 1072 Y " Xeekn(Ze — 2) | {1+ 0,(1))

t=1
= [EXXT) L(1,0)/0,] " {Ban + Bsa} {1+ 0,(1)}, (B2)
where By, = n 2Y xXI[BZ) - B@) — BV@)(Z —2)]

Kn(Z: — z) and Bs, = n= V2 Y"1 X; € Ky (Z; — z). The asymptotic
behaviors of B, and Bs, are derived in Lemmas B.3 and B.4.
Therefore, combining Lemmas B.3 and B.4 with (B.2), we obtain
that

402 [B(2) — (@) — By (@) + 0p(h)]
-1 d
=0, [L(, 0 EXXD] ™ n'*n'? B3 {1+ 0,(1)} — MN(Z).
This completes the proof of Theorem 3.1. O
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