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Abstract

The risk minimizing problem E[((H — X7™)*)] —— min in the Black-Scholes
framework with correlation is studied. General formulas for the minimal risk function
and the cost reduction function for the option H depending on multiple underlying
are derived. The case of a linear and a strictly convex loss function [ are examined.
Explicit computation for I(x) = x and I(z) = zP, with p > 1 for digital, quantos,
outperformance and spread options are presented. The method is based on the quantile
hedging approach presented in [4], [5] and developed for the multidimensional options
in [1].
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1 Introduction

The paper is devoted to the stochastic control problem arising in the risk analysis of
financial markets. Let H be a random variable representing future random payoff which is
traded on the market. Denote its price determined by the no arbitrage method by p(H).
If the initial capital = of the writer exceeds p(H) then he is able to hedge H perfectly,
i.e. he can follow some trading strategy = such that the wealth process at the final time
is greater than H, i.e.

P(XZ™ > H) =1.

If x < p(H) then the above equality fails for each 7w and as a consequence a shortfall risk
appears. The aim of the trader is to find a strategy which is optimal in a sense. Let
[ :[0,400) — [0,400) be a loss function which describes the attitude of the trader to
the hedging losses. The goal is to minimize the shortfall risk defined as

E[l((H - X77) "))

This problem was studied with various model settings in many papers. The ones men-
tioned below do not form a complete list. Existence of the optimal strategy for the case
when [(x) = = in the context of complete market with the stock prices modeled by the
diffusion processes was shown in [3]. These results were generalized to incomplete markets
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in [2] where the existence of solution with the use of dual methods was shown. Existence
of the optimal strategy in a general semimartingale model was shown in [10]. More explicit
results were presented in [5], where the quantile hedging methods, which were introduced
in [4], enabled to obtain a more precise description of the solution. This paper is con-
ceptually close to the latter approach and is based on the results obtained in [4], [5] and
their adaptation for the multidimensional market presented in [I]. We work with the mul-
tidimensional Black-Scholes model with a correlated Wiener process. A great advantage
of such a model is its tractability - all parameters can be easily estimated from data, see
[6], p. 104. Tt is also complete and one can find explicit formula for the density of the
martingale measure, see for instance [I]. This enables us to apply the quantile hedging
methods from [4], [5], [1] which are based on the Neyman-Pearson technique.

In this paper we study two aspects of the risk minimizing problem for derivatives based
on multiple underlying. The first is to minimize the risk for a given initial capital = > 0.
If © > p(H) then the risk can be eliminated by a replicating strategy and thus the minimal
risk function <I>ll, which will be specified later, equals zero, i.e. <I>ll(x) = 0. In the opposite
case ®}(x) is strictly positive and the problem is to find a precise value of ® () and the
corresponding risk minimizing strategy. The second aspect of the problem is to minimize
initial costs for the investor who accepts some level of risk v > 0. If v = 0 then the cost
minimizing function ®, equals to the price of H, i.e. ®h(v) = p(H) but can be strictly
smaller if v > 0. The problem is thus to determine ®5(v) and find the cost minimizing
strategy. Let us stress the fact that both functions <I>l1, <1>l2 reflect the interplay between
hedging risk and trading costs and thus serve as important tools for applications. The aim
of this paper is to present explicit computing methods for the functions <I>l1, <1>12 so that to
be close to the practitioners’ needs.

The idea of the paper is motivated by the formulas presented in Section 6 of [5] which
concern the call option in a one dimensional Black-Scholes model. The key observation is
that the solution to the risk minimizing problems can be formulated with the use of two
real valued deterministic functions. We generalize this concept to the multidimensional
setting and show that the risk minimizing problems can be solved in the same way as
well provided regularity of the auxiliary functions. For the linear case we introduce real
valued functions Wy, ¥y, see formulas ([B.4]), (B.5), and show that they are continuous if
the Wiener process is not degenerate, see Lemma [B.I] and Corollary B3l Moreover, for
many derivatives Wy, Wy are strictly monotone, see Lemma[3.I] Example (¢) and comments
proceeding formulation of Theorem 3.4l Thus \Iffl, vy ! exist and roughly speaking

O =005 DL =0 U],

up to the discounting factor and the shift parameter, for precise formulation see Theorem
B4l For the general case of a strictly convex loss function ! we introduce the functions

UL, Wl see (322), (323). They are regular and Theorem , which is actually a refor-
mulation of Theorem 3.2 in [5], yields

ot =0l o (Wh)L.

The characterization of the function <I>12 requires proving of the auxiliary result which is
formulated as Theorem That result can not be proved with the same method as in
[0] since the constraints in the associated problem (3.26]) are not linear and this excludes
possibility of applying the Neyman-Pearson lemma. We present the proof which is based



on the Lagrange multipliers. Finally, in Theorem [3.7] we show that
®L = b o (U))7L.

To summarize, if one is able to find the auxiliary functions ¥, Wy, \Ifll, \Iflz, then he is able
to find the corresponding functions <I>l1, <I>12. We present explicit computation of the auxil-
iary functions for several derivatives which are widely traded like digital option, quantos,
outperformance and spread options. For these examples the auxiliary functions are ex-
pressed as integrals of the normal densities with appropriate parameters and can effectively
be applied in practice.

The paper is organized as follows. In Section [2] we describe the model settings and
strictly formulate the problem. Section [B] contains the main results which consist of two

parts concerning a linear and a convex loss function respectively. Section Ml is devoted to
P

presenting explicit calculations for two dimensional model when /(z) = # and I(z) = &

with p > 1.

2 Problem formulation

We work with a multidimensional stock price model with dynamics of d stocks given by a
standard Black-Scholes model

dS; = S;(Oézdt + UdetZ)a 1= 1727 "'7d7 le [OaTL

where a; € R, 0 > 0, i = 1,2,....,d. Above W; = (W}, W2, ... W), t € [0,T], is a
sequence of correlated standard Wiener processes. The correlation matrix ) of W, which

is assumed to be positive definite, is of the form

I p12 p1,3 - prd
P2,1 1 p23 ... p2g

Q= ) ) .. s
pd1 Pd2  Pd3 - 1

where
pi,j = cor {Wfa Wf} , 1,5 =1,2,..,d.

The process W as above is called a Q-Wiener process. The dynamics the a money market
account is given by

dBt == T’Btdt, t e [O,T],

where r stands for a constant interest rate. It is known that such a market is complete
and that the unique martingale measure P is given by the density

ﬁ—i  Jpm e @MW IR TRy o ), (2.1)
with the notation
a1 —T
g1
a2—T
-1 | — rlg -1 f72
Q —Y =Q o t€[0,T7,
ag—r
od



for more details see, for instance, [1]. Moreover,

o a—rl
W, =W, + ¢

t, t 10,7,

is a Q- Wiener process under P. The dynamics of the prices under the measure P can be
written as

dSi = Si(rdt + o;dW}), i=1,2,...d, te][0,T).

The wealth process corresponding to the initial endowment z and the trading strategy m
is given by
d
XoT =z, X{Ti=mB+Y mSi tel0,T].
i=1
Each strategy is assumed to be admissible, i.e. X;”™ > 0 for each ¢ € [0, 7] almost surely
and self-financing, i.e.

d
dX{PT = m)dB, + Y _midS}, te[0,T].
i=1
A contingent claim is represented by an JFp- measurable random variable H which is

assumed to be nonnegative, i.e. H > 0. As the market is complete, the price of H defined
by

p(H) :=inf{z: 3 st. P(X;" > H) =1}

is given by p(H) = Ele~"T H], where the expectation is calculated under the measure P.
The aim of the trader is to minimize the shortfall risk defined by

E[l((H — X7")")],

where [ : [0,400) — [0,400) is a loss function which is assumed to be increasing with
1(0) = 0. It is clear that if > p(H) then the risk equals zero for the replicating strategy.
In the opposite case the risk is strictly positive and the question under consideration is to
find a strategy such that

E[l((H — X7™)")] — min.
We will refer the corresponding function @, : [0, +00) — [0, E[I(H)]] given by

@} () = min B[L((H — X57)")]. (2.2)

as the minimal risk function. The strategy 7 such that E[I((H — X%’ﬂ*)] = O} (z) will
be called the risk minimizing strategy for x. If z > p(H) then ®)(z) = 0 and ®!(z) > 0
otherwise.

We also consider the cost reduction problem. Let v > 0 be a fixed number describing
the level of shortfall risk accepted by the trader. We are searching for a minimal initial
cost such that there exists a strategy with the risk not exceeding v, i.e.

r—rmin; I st E[(H - X7 <w.



The cost reduction function ® : [0, +00) — [0, p(H)] is thus defined by
@l (v) := min {z:3rst. Bl(H - X7™)")] <v}. (2.3)

The strategy 7 such that E[l((X?Q(T)JAr — H)")] < v will be called the cost minimizing
strategy for v. Notice that ®5(0) = p(H).

In the sequel we examine two cases of the loss functions, i.e. I(x) = x and [ a gen-
eral strictly convex function. The aim is to provide explicit computing methods for the
functions ®}, ®).

3 Main results

3.1 Linear loss function

In this section we examine the case when [(z) = x and denote the corresponding functions
<I>l1, <I>12 by @1, ®s respectively. It turns out that the functions @1, ®5 can be characterized
in terms of two auxiliary functions

Uy (c) = E(H14,), (3.4)

Wo(c) := E(H1y,), (3.5)

where

and Zr is given by (2.
Let us start with an auxiliary result which establishes regularity properties for the
functions ¥y, ¥.

Lemma 3.1 Let X

> 0,Y > 0 be random wvariables such that EX < —+o0o. Then the
function g : [0,+00) — [0, +

o0) given by
g(c) == E[X1(y>]
a) is left continuous on (0,+00) with right limits on [0,400),
b) is right continuous on [0,+00) if the distribution function of Y is continuous,
¢) is strictly decreasing if for any 0 < a < b < 400 holds

P(X >0,Y €a,b)) >0. (3.6)

Proof: The function g is decreasing and thus it has right and left limits. Let us consider
the auxiliary probability measure P defined by

P X

dP  E[X] '’
which is absolutely continuous wrt. P, i.e. P« P.

a) For any ¢ > 0 we have



and thus
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b) For any ¢ > 0 we have

and thus
[9(0) ~ gle + 1) |= B (X1(ey_y1)) = BIX)P < <y <ort l) — E[X]P(Y = ¢) =0,
as P < P and P(Y =c¢) = 0.
¢) Let us notice that (3.0]) is equivalent to the condition
Je >0s.t. P(X >¢,Y €a,b) >0,
and thus for 0 < a < b < +00 we have
| g(a) = g(b) | = E (X1jcycp}) = E (XLocycpylix—oy) + E (X 1<y <nplix>o})
>E (X1cyapylixse) 2 eP(X >e,a <Y <b)>0.
O

Remark 3.2 Let us notice that the condition ([3.6) implies that Y has a strictly increasing
distribution function. Indeed, in the opposite case [B.0) is not satisfied for some 0 < a <
b < +o0.

Corollary 3.3 If the distribution function of Y is continuous then the function g(c) in
Lemma[31) is continuous on (0,+00) and right continuous at 0.

Examples The condition (3.6)) is satisfied in the following cases.
a) X > 0 and Y has strictly increasing distribution function.

b) X,Y are independent, Y has strictly increasing distribution function and P(X > 0) >
0.

c) Let (Z1,Z3) be a random vector with nondegenerate normal distribution on a plane.
Let f, g be functions such that

f : RQ — (O,+OO),
g: R — (0,400) is strictly monotone.

Let a, 3,7, € R be such that the vectors («, 3), (7,0) are not parallel, i.e. (o, ) I
(7,9). Then

X = f(Z1, 22)Vaz 182551y, Y = 9(VZ1 + 022),

where k is some constant, satisfy ([B.0]). Indeed, we have

P(X >0,Y € [a,b)) = P(a21 Y BZs > kg Ha) < 421+ 025 < g*l(b)>



for the case when g is strictly increasing. The probability above is positive because the

set
{@y): (ax+8y) > kg7 (@) <o+ oy < g7 (1)}
is of positive Lebesgue measure and (Z;, Z3) has nondegenerate distribution. O
Let us notice that due to the fact that @ is nonsingular the random variable
21 = QT LW QT P (3.7)
has a continuous distribution function wrt. P and P. Thus it follows from Corollary B3]

that the functions Wy, ¥y are continuous. As they are decreasing with images [0, E[H]],
[0,e"T'p(H)], the equations

Uy(c) =z, x € [0,E[H]],

Us(e) =z, @ e, Tp(H),
have solutions. Moreover, the solution of the first (resp. second) equation is unique if
P (H > 0,727 € [a, b)> >0, (3.8)
resp.
P (H > 0,77 € [a, b)> > 0. (3.9)

It follows from Example (¢) above that (B.8) and (B.9) are satisfied, for instance, when
d=2and

a) H is a digital option, i.c. H = K1l g2y and (01, —02) f Q [t
b) H is a quanto domestic option, i.e. H = S4(Sk — K)* and (01,0)  Q~1[2=21],
¢) H is a quanto foreign option, i.e. H = (Sk — %)* and (01,02) ff Q7 1[2=114].
Below we present the description of the functions ®1, ®.
Theorem 3.4 a) Let ¢ = c(x) be a solution of the equation
Wy(c) = e, x € [0,p(H)). (3.10)
Then

b1y = [ 110 = W0) for o € [0.p(0),
! 0 for x > p(H).

Moreover, the replicating strategy for the payoff H1 Ay U8 0 risk minimizing strategy

for x.
b) Let ¢ = c(v) be a solution of the equation
Uy(c) = U1(0) — v, v e [0,E[H]). (3.11)
Then

o

Moreover, the replicating strategy for the payoff H1 Auyy U8 @ cost minimizing strategy

forv.



Proof: For any admissible strategy (x,7) let us define the success function
T,

o= xzmomy + - Lxam <y
One can check the following identity
(H-X;"Y"=H-X"NH=H-Hp,r,
which implies that
E[(H — X;™)*] = E[H] - E[Hp, ). (3.12)

a) In view of (312 the problem (22)) of finding ®;(x) is equivalent to that of finding the
strategy m satisfying

E[Hp, | — max.

If > p(H) then ¢, = 1 for the replicating strategy and ®;(x) = 0, so consider the case
0 <z < p(H). Let us formulate an auxiliary problem of determining ¢ € R solving
E[H p]— max,
i (3.13)
Ele"THyp| < =,
where
R:={p:0<¢ <1 and ¢ is Fr — measurable}. (3.14)

It is clear that if ¢ such that Ele"TH¢] = z is a solution of (3I3) then the replicating
strategy 7 for the payoff Hp is a risk minimizing strategy for x and

@1(2) = BI(H ~ X3™)*] = B[H] - B[H). (3.15)

Thus now let us focus on determining solution ¢ of ([BI3]). To this end introduce two
probability measures P;, P, with densities

dP, H dP, e T ZrH

dP ~ E[H]" dP  Ele'TZrH|
Then (BI3) reads as

E"[p]— max,
(3.16)

Bl < 5

which is a standard problem in the theory of statistical tests. One should try to search
for the solution in the class of 0 — 1 valued functions of the form 14,;¢ > 0, where

= {5~ (i =) = (el e == {05 > aa)

dP dP, ~ E[H] ZrH E[ZrH
For the sake of simplicity we can reparametrize A. by denoting the constant CE][EZ[H;{] above
T

just by ¢. Then A, is of the form



It is known by the Neyman-Pearson lemma that if there exists ¢ = ¢(z) such that

X

E™[1,,] = Py(Ac) = o)’ (3.17)

then the solution of (B.I6]), or equivalently (B3.13), is given by ¢ =1 Ay~ But let us notice
that (B.I7) is equivalent to the following

Uy(c) = e,

and the existence of the required constant ¢ follows from (B.I0). Finally, coming back to
(BI5) and using definition of ¥y, we obtain

@\(x) = E[H] ~ B[H] = BH] - B[H1,] = ¥,(0) - ¥, (o).

b) If v > E[H] then the cost minimizing strategy is trivial, i.e. (x = 0,7 = 0) and thus
®y(v) = 0. Let us focus on the case when v € [0,E[H]). In view of (BI2) the risk
minimizing strategy is the one which solves the problem

EHp, | > E[H] —v
Ele-"THy, ;] — min.
We are thus looking for a solution ¢ € R of the problem
E[Hy| > E[H| —v
(3.18)

Ele~"THy] — min.

If (3.18) has a solution satisfying E[H¢| = E[H]| — v then the cost minimizing strategy is
the one which replicates H@ and the cost minimizing function equals

Dy (r) = e "TE[H). (3.19)

Let us focus on determining the solution ¢ of (3.18). Using notation from the part (a) we
can reformulate ([B.I8) to the form

EP(p] > S

(3.20)
E2[p] — min.

It can be shown in the same way as in the proof of Neyman-Pearson lemma that the
solution should be searched in the 0 — 1 valued functions of the form 1p_ ;¢ > 0, where

nom (e - (1B o > L HLy

c =
dP; — dP dP; — E[ZTH]
Denoting, for simplicity, the constant %% above by ¢, we have
T

B.={Z;' > c}.
If there exists constant ¢ = c(v) satisfying

EN1p) = Pi(B,) = (3.21)



then ¢ = 1p, is a solution of ([B.20) or, equivalently, (3.I8]). Let us notice that (3.21I]) can
be written as

\Ifl(c) = \1’1(0) — v

and existence of the required constant ¢(v) follows from ([B11)). Coming back to (B.19) we
obtain

Dy(v) = e "TE[H1p,] = e "TUy(c).

3.2 Convex loss function

In this section we study the case when [ : [0,4+00) — [0,+00) is an increasing, strictly
convex function such that 1(0) = 0. We assume that [ € C?(0, +00) and that I’ is strictly
increasing with (04+) = 0, I'(+o0) = 4o00. The inverse of the first derivative will be
denoted by I, i.e.

I=(@)"
The functions ®!, ® can be characterized in terms of the functions
Wi (c) = E[l((1 - o) H)] (3.22)
Uh(c) .= E[Hp.|. (3.23)

where @, is defined by

Qe 1= {1 - (I(C}?) A 1) } lsqy, €20 (3.24)

It was shown in [5], Theorem 5.1, that the problem of determining <1>ll is equivalent to

finding the solution ¢ of the problem

BIU(1 ~ ¢)H)] — min .
Ele"THy| < z, ‘

where R is defined in [3I4). Then ®\(z) = E[I((1 — $)H)] and the risk minimizing
strategy is the one which replicates Hp. Moreover, since the function \IJl2 is continuous
with the image [0,e" p(H)], see the proof of Theorem 5.1 in [5], it follows that for any
z € [0,e"Tp(H)] there exists constant ¢ such that Wh(c) = E[He.] = e’Tx. Such ¢, solves
the auxiliary problem ([B.25) and thus

4 (x) = E[l((1 - c)H)],

and the minimal risk strategy is that replicating the payoff He,., see Theorem 3.2 in [5].
Thus the results from [5] can be expressed in our notation as follows.

Theorem 3.5 Let ¢ = c(x) be a solution of the equation
Uy(e) = ez, we[0.p(H)).
Then



Although Theorem is only a reformulation of Theorem 3.2 in [5], it provides an
effective method for practical applications if one is able to derive the functions \I’ll, \I’ZQ for
concrete derivatives.

In the sequel we will show that the function ®, can be characterized in terms of the
functions W, U as well. It is easy to show that the cost reduction problem is equivalent
to that of finding ¢ € R such that

El((1-p)H)] <v
i (3.26)
Ele""Hyp] — min.

Let us notice that (3.26]) can not be solved with the same method as ([8.25). In (3:25]) the
constraints are linear and thus the solution could be found via Neyman-Pearson approach
to the variational problem, see the proof of Theorem 5.1 in [5] and p.210 in [9]. The
constraints in (3.26]) are no longer linear and the method above fails. Below we present
the proof based on the Lagrange multipliers.

Theorem 3.6 The solution of the problem (B3.28)) is of the form

P = {1 - (I(C;T) A 1) } 1(1-0)

where ¢ is such that E[l((1 — @)H)| = v.

Proof: First let us notice that if ¢ € R is a solution to ([3:26) then necessarily E[I((1 —
¢)H)] = v. Indeed, assume to the contrary that ¢ is a solution to ([B.28) with E[/((1 —
¢)H)] < v and consider a family of random variables ¢, := ¢ A a;a € [0,1]. Then the
function o« — E[I((1 — ¢o)H)] is continuously decreasing from E[I(H)] to 0. Thus there
exists @ € [0,1] such that E[I((1 — ¢5)H)] = r. Then @5 < ¢ and thus E[Hps] < E[H],
which is a contradiction.

Let ¢ # ¢ be any element of R such that E[I((1 — ¢)H)] = v. We need to show that
E[H@] < E[H]. Let us define ¢, by

Pe = (1 - 6)95 + €, €€ [0’ 1]’
and the function

Fy(e) := E(Hy.) = E(ZrHp.).

We need to show that Fi,(0) < F,(1). We will show that Fi, has minimum at 0. Let us
define the auxiliary function

Go(e) = El((1 — w)H)],

and notice that due to the convexity of I we have G, (g) < v for each € € [0,1]. Thus the
problem of minimizing F. on [0, 1] is equivalent to the following

F,(e) — min
Gép(e) S v,

(3.27)
e>0,

1—e>0.

11



Both functions F,, G, are smooth with
Fi(¢) = E[Zr(¢ - ¢)H],
Go(e) =E[I'((1 — @) H) - (& — ¢)H],
Go(e) = E[I"((1 = po)H) - (¢ — ¢)*H?],
and thus the Lagrange function for (3:27)) is of the form
L(e, A1, A2, A3) = Fip(e) — M(v — Gyp(e)) — Aoe — A3(1 —¢).

As the function F, is linear, it attains its minimal value at 0 or 1. We will show that the
first and the second order differential conditions are satisfied for € = 0.
The first order conditions are

Li(e, M, 22, 73) = E[Zr(p — @) H] + ME['(1 = 92 ) H) - (¢ = 9)H] = A2 + A3 = 0

(3.28)
)\1, )\2, )\3 > 0, )\1(2} — Gg,(e)) = 0, )\26 = 0, )\3(1 — 6) =0. (3.29)
By the definition of ¢ we have
I(cZ .
p=1- (CHT) and cZp =U'((1-p)H) on A

=0 on A
where A := {cZp < I'(H)} and A° stands for the compliment of A. For ¢ = 0 it follows
from (B.:29) that A3 = 0 and the equation ([B.28) is of the form

E(Zr(p — ¢)H1a] + E[Zr(p — @) HLac] + ME[Zr(p — ) H14]
+ME[((1 - @)H) (¢ — ¢)HL e
— (1= \)E[Zr(p — §)H14] + B[ZreH14] - ME[(H)pH 1] = . (3.30)
The left side of ([3.30]) satisfies the following estimation
(1 = AE[Zr(¢ — $)H14] + BlZroH 1] - ME(H)pH14]
> (1= eM)E[Zr(p — §)H1a] + E[ZrpH1ac| = McE[ZrpH1 4]
> (1 —c\)E[Zr(p — @)H1a + ZrpH1 zc).

If B[Z7(¢ — $)H14 + ZpoH14c] > 0 then we take A; such that (1 —c\;) > 0, in the
opposite case, such that (1 — cA1) < 0. In both cases A\ given by (B:30]) is nonnegative.
The second order condition for ¢ = 0 is

Lg(&, A1, Az, )‘3) = AlE[l//((l - @)H) ’ (95 - @)2H2] >0,
and thus the solution of ([B.27) is € = 0.

The Theorem and the definitions of W, ¥, lead us to the following result.
Theorem 3.7 Let ¢ = c¢(v) be a solution of the equation

Vi(e)=v, vel0,E[H)).
Then

e "TWh(c) forv € [0,E[l(H)]),
0 for v > E[I(H)].

12



4 Two dimensional model

In this section we determine explicit formulas for the functions ¥4, W), when I(z) = 2 and
l(x) = %,p > 1. In the latter case we use the notation W) = ¥} U8 = Wl We examine
several examples of popular options.1

For l(z) = %p we have I(z) = 27T and in view of (3.24) the following holds

TP (c) = %E [leAg] v %E [(CZT)ﬁL%], (4.31)
wh(c) = B[ (H - (cZr) ﬁ) 1, (4.32)

where
A, = {cZr < HPT'Y, (4.33)

and A¢ stands for the compliment of A..

Since our formulas are expressed in terms of integrals of normal densities, at the
beginning we recall basic properties of the multidimensional normal distribution. They
can be found in standard textbooks on probability theory or statistics, see for instance [7].
A random vector X taking values in R? has a multidimensional normal distribution if its
density is of the form

fx(x) = % LemEmm) TR wmm) z € RY (4.34)
(27) 2 (detX)2

where m € R? is a mean of X and ¥ is a symmetric positive definite d x d covariance
matrix of X. The fact that X has a density (£34]) will be denoted by X ~ Ny(m,X) or
L(X) = Ng(m,%). If d =1 then the subscript is omitted and N(m, o) denotes the normal
distribution with mean m and variance o. If X ~ Ng(m,X) and A is a k x d matrix then,

AX ~ Ni(Am, AZAT); (4.35)
in particular if a € R? then
o' X ~ N(a¥'m,a’'Sa). (4.36)

Let X be a random vector taking values in R? and fix an integer 0 < k < d. Let us divide
X into two vectors X and X® with lengths k, d — k respectively, i.e.

XU = (X1, Xo, . X)), XO) = (X, Xigas s Xo) T
Analogously, divide the mean vector m and the covariance matrix X
m® »(11)  y»(12)
e < m® ) CEs [ nE@)  ne) ] ’
sothat EX(M) = m(l), EX® = m(z), CovX) = 2(11), CovX? = 2(22), Cov(X(l),X(z)) =

212 — v)" Denote by £ (X(l) ] X@ = x(Q)) the conditional distribution of X given
X@ = 22 e RI-F_If 2(22) ig nonsingular then

£ (X0 X® =2®) = Ny (m(@®), 50D (), (4.37)
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where
m(l)(az(2)) =md 4 2(12)2(22)_1(33(2) _ m(2)),

D (@) = 511 _ 51952~ 5D,

(4.38)

Actually the conditional variance XM (2(2)) does not depend on z(?) but we keep the nota-
tion for the sake of consistency. The conditional density will be denoted by fy«) X2 —g(2) (x(l)),

where (1) € R, In particular if (X,Y) is a two dimensional normal vector with parame-

ters
m o o
— 1 ; 5 11 012 ’
mo 021 0922
then
LIX|Y =y)=N(mi(y),o1(y)),
where
2
o o
mi(y) =mi+ —(y —ma), o1(y) = o1 — 2.
022 022

(4.39)

If X is a random vector then its distribution wrt. the measure P will be denoted by L(X)
and its density by fx. Analogously, fX(l)‘X(g):m(g) (ﬂ:(l)) stands for the conditional density

with respect to the measure P.

Below we simplify the multidimensional notation to the case d = 2. The correlation

matrix is of the form

_| Ll
and thus we have
1,1 11
~1 1 -1 p _1 1| Vitp D Viep Vidp  V1-p
Q :p2_1 p -1 ) Q 2 ==

| LS |
V14+p Vi-p 14p 1—p
Hence the density of the martingale measure (2Z.I]) can be written as

5 —AYWL—AW2-BT _  —AWA—AW2-BT
Jr=e T T —e T T ,

where

1 ol —r oy — T
Ay = —
! p2—1< o1 Te 02 >

1 ol —r  ag—rT
Ay = —
2 p2—1<p o1 o9 )

. as —1\?
B::é<<<\/11+,0+\/11—,0> 101 +<\/11+P_\/11_'0> 202 >

1 1 o1 — T 1 1 oy — T 2
+<<\/1+P_\/1—P> 101 +(\/1+p+\/1—p) 202 ))
- ay — T

B:=B— A Q2T

— Ay

01 02

14
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In the following subsections we will use the universal constants: Aq, Ao, B, B defined
in (440) as well as ay,a9,b,aq, ds, b introduced below.
Fix numbers K > 0, ¢ > 0. One can check the following

(St K} = {Wh>a}={W>a}, (4.41)
{832 K} = {WE> a0} = {WE>a}, (4.42)
{$t> 83} = (W} - 020} 2 b} = {01 W} — 0u W3 > B}, (4.43)

{Zfl > c} = {AlW% + AQW% >Inec— BT} = {Alelﬂ + AQW:,% >Inc— B’T} , (4.44)

where
1 K 15 . 1 K 1,5
ay == - <ln5—6 — (a1 — 501)T> , a1 = - (hls_é —(r— 501)T> ,
1 K 15 . 1 K 15
ag = - <lns—g — (ag — 502)T> , G = - (lns—g —(r— 502)T> ,
S0 L o 2 7 So L 2
b:=1In (S—01>+(C¥2—041—§(0'2—0'1))T, b:=1 S_Ol —5(0'2—0'1)T
In all the formulas appearing in the sequel it is understood that In0 = —oo and @ stands
for the distribution function of N(0,1).
4.1 Digital option
Digital option is a contract with the payoff function of the form
H=K- 15 5g2y, where K >0. (4.45)

Let (X,Y), (X, Y) be random vectors defined by X := o1 Wh—0oW2 Y 1= A;W1l+A W2,
X = 0'1WT — O'QWT, Y = A WT + AQWT They are normally distributed under P, resp.
P and their parameters are given by (Z.35).

Linear loss function

Using ([4.40) and ([4.43)) we obtain
Vi(e) = KE(Ligiog2)1(5m15) = KP(o\W3 — 0oW2 > b, AyW4 + AyW2 > Inc — BT),
and thus
+o0o
K/ / fxy(z,y)dyde.
Inc—BT
Analogous computation yields

+o0
Us(e) = KP(O'1WT - O'QWT > b, A1WT + AQWT >1Inc— BT) K/ / - fxy(z,y)dyde.

Inc—BT

15



Power loss function

In view of (£43)) and (440) we have

Ae = {CZT < prl} - {CZT < Kpill{mW%—OQW%Zb}} = {Ulwﬂl“ - 02W72’ > b, CZT < Kpil}

Kp~1
= {0\ Wi — oW > b, AW + Ay W2 > In — BT 4.46
T T T T
— — .~ — Kp—1 -
= {1 Wi — 0oW2 > b, A\WH 4+ Ao W2 > In — BT}, 4.47
T T T T B
and thus
p 1 » 1 - =2y
i(e) = ]—)E[K Lo, wi—oawz>byLag] + 50 E[Z; 14,
~ I g
Vi(e) = E[KL g _o,maoptal — 7 TEIZE 4]
In view of (£40) and (d47) we have
P KP Kp~1 1 » -
\Ill(c) = —P O'lWT — UQWT > b A1WT + AQWT < In c — BT + Ecl’*lE[ZQIi ]‘Ac]

oo p(y+BT)
fXY($ ’y)dydl“+ —cr- 1/ / ko) o fxy (@, y)dydz,

KP “+00 ln(K
AR

and

W(c) = KP(A,) — crTR[e- M Wi—42Wi-BTq , |
+o0 ~ +oo y+BT ~
_K/ /1 R LIxr@y Jdydz = 7 / / P 7 fxy (@ y)dyde.

4.2 Quantos
4.2.1 Quanto domestic

The contingent claim is of the form
H=5%(St - K)", K >0. (4.48)

Linear loss function

Using (4.41]) we obtain
W(e) = BISH(Sh — K)" 1 500] = B[SH(SH — K01 g1s, | Sh > K] P(SH> K)
= E{S%(S% — )L, wisasw2sine—pry | Wi > al}P(W% > ap)

+oo
_ / E[Sge(aQ—%a%)T—I—mW% (Sée(al—%O%)T—I—alW% _ K)l Inee BT— A, W] ’ W% = .%'] le (x)dx
. (wpz PN ’

+o0 +o0
— Sge(OQ—%U%)T/ (Sole(al—%U%)T-i-mx _ K)/
Inc—=BT—-Ajx
@ T Ay

™ fwziwize )y fia (x)dx

16



and

Us(c) = E[SF(St — K) 1 515, = B[STH(ST — K)1 (515, | S > K| P(S} > K)

B[SHSE— K14 s asiizotme_pry | Wi > @ | POVE > @)

400
_ 0| c2 (r—102)T+o W 1 (r——a VYT+o W1 B _ Tl ;o
= /dl E|:S 292 2T (Spe 1 K)]-{W221nchZ;A1W%} | Wr = -’E] fw%(x)dx

1

— 102 e r—io? o1z e o2y £ r
= SZelr2 2)T/ (Sgelr—2on) o —K)/ _ e nyW%IW%:w(y)dny%(x)dx.
a1

nc—BT-Ajx
Ao
Power loss function
The set ([4.33)) is of the form

1
(Ce—Alw%—AQW%—BT> =

A, = {cZr < HP™'} = < (S+ - K)*

SQ (agf— )T+0’2W2

—1

1
cp _ At 2 2_ _1.2
_ { S2 P T Wi—( 71+02)WT (B+ag—505)T < 5711 _ K, Sjl1 > K)} .

For simplicity we assume that A2 + 02 > 0. In the opposite case one has to modify the
form of the set A, and thus also the integration limits in the formulas below. We obtain

Ao = (W = wWh), Wi > ar} = { W > a(Wh), W} > an },

where

( —02)T+o T
pAIICC—{—ln (Sg(Sée 1 i 1 K)> +(B+CY2_ %)T

w(w) =
= + ,
—(3% +02)
2(al (r—o)T+oio_ -
p—{llm—i-ln <S°(S°e 111 - K)> +(B+042—%U%)T
(z) = =i

~(;2 +02)

In view of this above, (£31]), (£32) and using conditional densities we obtain

1
S2)pela2—30pT /oo oo P S
wi(e) = () ( | s K s )y s

/ / P2y ( Sl (c1—202)T+o2w _ K)wa%\w%:x(y)fw% (m)dydx)
1 1 +oo  p+oo Aqp Aop
+ %/ / " e (p T+ 1y>fW2\W1_;c( )fw%($)dyd$,

+00 ~ ~
Wh(c) = S3elr=378)T / / e72(Shelr™ m“”—K)f%m:w(y)fm(w)dyd:ﬂ

1 _ BT +oo A A ~
—cp—1le p-1 / e p— 1( 12+ 23/ fWQ‘Wl—g;( )fW%(x)dyd.%'

ax w(x)
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4.2.2 Quanto foreign

The payoff is of the form

Linear loss function
First let us notice that

K — —~ ~
{SF}F -z > O} = {U1W71~ + oy W2 > d} = {0'1W'11“ + o Wi > d} ) (4.49)
T
where
K K 1
d:= lnﬂ <a1 + g — =(o] + 0%)) T, d:=1n 152 — <2’I“ — 5(0% + 0%)) T.
(4.50)
We have

K\t
Pi(c) = E[ <S:}“ - S_%> 1{2;12@}

K
= E[ Sil“ - a2 1 5y Ine—BT— A1W1 | O'IWT +U2WT > d] (UIWJI“ + U2W72“ > d)-
St) Wiz—"p—7L}

Denoting Z := o1 W1+02W2 and taking into account conditional distribution L(Wh, W2 | Z)
we obtain

oo e 12 1 2\l
/ / /nc iy Sle(oq—aol)T-i-olm_KSge( az+403)T azy)f(w%,wg)\zzz(x,y)dydxfz(z)dz-

Using the same argument under the measure P with Z := alﬁ% + 02/1/17% yields

- K __ A .
Wa(c) = E[ (S% - S_%) 1{W,121>IHC7§71;7A1W,111} | o1 Wi + 0 Wi > d}P(mW% +oaWi > d)
- 2

+oo +oo
r—3io? o1 —r o o 3
/ / / proass (Spelr 2T _ KSRt i T fny a5 (a,y)dyda f5(2)dz

Power loss function
Using ([4.49) one can check the following

A, = {CZT < ((S; - £>+>p_1,s; _E o}

52 52
- K \+\pr—-1
=cZr < ((Sh - = Lo\ Wi+ o Wi > d
1= ((h-g) ) }
A Ay 2 1 2 1 2
—{Al 1+(A2 —O')W2>Z~}(O'W1+O'W2)O'W1+O'/W72>J (4.52)
“\p-1T 1 2)Wp 2 vloaWp +o2Wp), o1 Wp + o2 Wi ; .
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where d, d are given by ([@50) and

v(@) = In { SLS3eletas- Yot rod)Tia K}

1 1 _2 B
cr—1 S&e(‘“‘i%‘ﬁ”

S192e @r—3(of+od))T+z _

0(z) =In

cp— 152 (7" 02 pl)

To calculate W', ¥} we use conditional distributions LX |Y), L(X | ) Y), ~where X :

WT+ (2% —02) W, Y 1= o\ W}+02W2, Y i= AWl (A% —0y) W2, Y 1= 01WT+
O'QWT Denote by k:l, ko, k3, k4 constants satisfying WT = kX + kY, WT = k3X + kY,
WT kle + k:gY WT = k3X + k:4Y Then we have

v(y) 2yp & k K P
[T sttt ) Frivmy (@) fy (w)dzdy

Sole(a27§02)T+0'1(k3x+k4y

+oo
_Cp P / / . — 220 (ky art+kay)— PA2(kgz+k4y)fX‘Y (@) fy (y)dady,
(y)

+oo
1 (T—%a2)T+o'1(k1z+k2 ) K Foo rs
/ /(y) (Soe 1 ’ S&e(T—%Ug)T+al(k3z+k4y)> X|Y:y(‘r) Y(y)dxdy

—+o0
ot 2L / / e~ Grz o) =B o tkan) fo o () Fo () didy.
(v)

4.3 Outperformance option

The problem is studied for
H = (max{S}, S7} — K)+, K > 0.

Linear loss function

By (@I), ([{42) and (EI3) we get

Ty (c) = E[(s; ~ K)l(zo150 | 81 2 K, SE > S3| P(S} > K, S} > 53)

[ {Z_1>}|ST>KST<ST] (S2 > K, Sk < 52)
E[ Wi zm1sg | W > 01,000} — 0 WR > b]P(W% > ay, 01 Wik — 0o W2 > b)
2 1 2 2 1 2
+E [( 7100y | WE > 02,010} — s WR < b]P(WT > ag, 00 Wik — 0 W2 < b)

+oo  ptoo 1 1 274
g al1—3507 o1 __
/ /b (Sget™t ™2 K)l{AlirAgL;;ZzlnchT}fW%JlW%—@W%(m’Z)dde

400 b
2 a2—102 T+o2y
+ / / S ( 392) K)I{Al z+<712y+A2y21nC_BT}fW%,le%,UQW%(y, z)dzdy,
a [e8

[e.9]
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(SL > K, Sk > S%)

=
[\~]
=
I
=h
SR
=
,_AL—‘
N
vV
S
SR
\Y
=
SR
V
i
3

+E[(s§% ){Z_1>}]ST>KST<ST] P(S2 > K, Sk < S2)

= E{(S’}F - K)l{Z;lzc} ’ Wi > ay, o, Wi — oW > B]ﬁ(W% >y, 00 Wi — 0 Wi > b)

n E[wg; — K)1 g5 | W3 > 62,00} — 02 W7 < z]p(wv% > G, 01 W — 09 W2 < )

+oo +oo
~ /B (Sgelr= 20T +ore - K)1 (z,2)dzdx

{A1x+Agolz Z>Inc— BT}fW%,le —aa W2

+oo b
2 (r—ic2)THooy £ N N
+ /&2 /OO(SOe 292 2 K)]'{AlZtr%qLAgyzlnchT}fW%plW%fUQW%(y’ z)dzdy.

Power loss function
Taking into account (4.41]), (4.42)), (4.43)) we can write

A, ={cZp < (Shv S2 — K1 stvS:— K >0}

= {cZr < (8% — K)P71, 8L > K 8L > S2Y U {cZr < (S% — K)P71, 82 > K, S < §2}.

We consider the case when Ay > 0, Ay > 0:

1
A= {W2> —(Alw% + BT +1In (E(S} - K)%U)) W > a1, 0, Wik — 0y W2 > b

1
u{wk > —(AQW% + BT +1n (—

(5% = K)7)) ). Wi > a2, 01 W — 02V < b}
wWL—b
_ {w% > on (W), W > ay, w2 < 207 0

U WT > UQ(WT) WT > a9, WT

)
O'QWT b}
)

N W _
{WIQ"ZID WT WT>CL1,WT 0'10_77;
1 3 O'QWIZ% —B
@] T Z V2 WT WT > a27WT 0-7 , (453)
1
where
1 1
vi(z) = ——2 <A1$ + BT + In (E Sl (a1—30)T+o1z _ p))
! 1 2 (0‘2 02)T+oax p
va(x) = — A_1 Agx—i—BT—i-ln(ES 102) _ > ’
0 ! 1 1 (T 0' T+0'1:L'
01(x) = A_2 A1x+BT+1n(ES 2) _
1
62(95) = Al (Azx + BT +1n ( (52 (T—%ag T+oox >

Using the representation (£.53]) and accepting the convention that the integral over the
empty set is zero, we obtain
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le

+0o0 p
o= [T (SR R s Mgy

PA1 PAQ

+ = cﬁe_ﬁ_ /() T fype L (y)dy fyy (2) de
v (x

oo ”2(”“““%147 2 (aa—Lo?)T+
+/a /OO (Soe Q2—505 o2x K)pfw%|W%:m(y)dny%(x)dx

+oo pA1 pAz

+ cp = = TeATTY fu e (0)dy fiyz (o) da

v ()

g1z—b

+o00
1 (r—1o2 T+o1x ~ -
/ /vl(x) S e( 301) 1T _ K)fW%|W%:m(y)dny%(x)dx

1 B +oo z P ~
— CEQ_FT/ / ? B_F _FnyQ‘Wl—:L'( )dyfﬁ;'l (ﬂf)dﬂf
ai 1 (x) T

400 02:43 . ) ~
+/ /( 1 (Sge(rfgoz)TqLozm —K)fW%|W%:$(y)dny%(x)dx
a2 v :)3

—+00

— Cﬁefpi

_ AL *ﬁyfwl ‘W27$( )dny% (z)dz.

U2(x)

4.4 Spread option
The payoff is of the form
= (S -S2-K)", K>o.
One can check the following
{Sh = S7+ K} = (W} > d(W)} = (Wi = d(W7)},

where

o1

1 2 (042—102)T+02y K _ 1 2 (r—lUQ)T-l—agy K
d(y) = —1In SOe - 1o ha ) d(y) = —1n Soe = 12 ha .
Sée(alfiol)T Sée(T*E‘H)T

Linear loss function
‘We have

+oo
i(e) = E[(Sh— S}~ K) "1 505,] = / E[(S} — 82— K)* 1510,y | WE =) fuz (v)dy

— 00

Foo 1.2 1.2
/ /d( ) Sle(Oq—EUl)T-‘rtnm — Sge(az zUz)T-‘rUZy — K) l{Alz-‘,—Azyzln c—BT}fW%,\W%:y (SC)dSCfW’% (y)dy,
Y

—~ +OO —~ — ~
s(e) = B[(Sh— 82— K) "1 5000] = / B[(Sh— 53— K)"1 500 | WE =y fi ()dy

— 00

+o0 2 12 P ~
/ /d( ) T*§U1)T+G'1I _ Sge(T*EO'Q)T+ 2y _ K)l{Alz-‘,—Agyzlnc—BT}fW%|W%:y($)dxqu2" (y)dy
Y
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Power loss function
‘We have

Ay i={cZp < (8h - 82 — K1 8L —S2 K >0}
- {cﬁe*%W%*%W%*%T < Slelor=3oD) T+ Wr _ g2 (ae=305)THo2 Wi _ j¢ 7l > d(W%)}
- {W% c A(W%)} - {W; e A(W%)}, (4.54)
where

1 M, A B 12 12
A(y) :={x :cr1e p 17 1Y 1l < Sole(al_ial)T+(’1x — Sge(a2_502)T+02y — K,z >d(y)},

Ay) == {z crllef%xfﬁy = < Sée( r—yof)T+oie _ Sge( r—303) o2y _ K,z >d(y)}.
Let us notice that the set ASN{H > 0} is of the form
AN {H > 0} = {W} € BW3)}, (4.55)
where
Ay

B(y) == {x : P e 7> Sleln —go)T o _ SZelez= 2981402 _ K 0 > d(y)).

Taking into account (£54]) and (£55) we obtain
1 [t »
= — / / (Sée(alféU%)Term _ Sge(QQ*%U%)Tery — K> fW%‘W%:y(m)dme% (y)dy
PJ-x By

—+o0 A A
—cﬁe_f’ﬂl / / _U _%y>fw%|w%:y($)d$fw%(y)dy,
A(y)

+00 5 B
:/ /A <Sé (r—io))T+orox _ Sg (r—%02)T+o2y _ >fv7%\v~v%=y(x)dxfm~/%(y)dy
s i too 2 ~
Fertte o /,4 ; ) Foy a0 Fia (9)dy
Yy

References

[1] Barski, M.: Quantile hedging for multiple assets derivatives, (2010), submitted,
http://arxiv.org/pdf/1010.5810,

[2] Cvitanié, J.: Minimizing expected loss of hedging in incomplete and constrained mar-
kets, SIAM J. Control Optim. (2000), 38, no. 4, 1050-1066,

[3] Cvitani¢ J., Karatzas, .. On dynamic measures of risk, Finance and Stochastics
(1999), 3, no. 4, 451-482,

[4] Follmer, H., Leukert, P.: Quantile Hedging, Finance and Stochastics, (1999), 3,
251-273,

[5] Follmer, H., Leukert, P.: Efficient Hedging: Cost versus Shortfall Risk, Finance and
Stochastics (2000), 4, 117-146,

22


http://arxiv.org/pdf/1010.5810

Glasserman P.: "Monte Carlo methods in financial engineering”, (2003), Springer,

Johnson R.A., Wichern D.W.: ”Applied Multivariate Statistical Analysis” (6th Edi-
tion), (2007), Prentice Hall,

Karatzas I.: ”Lectures on the Mathematics of Finance”, (1997), CRM Monograph

Series,

Karlin, S.: ”Mathematical methods and theory in games, programming and eco-
nomics”, (1959), Addison - Wesley Publishing Company,

Pham, H.: ”Minimizing shortfall risk and applications to finance and insurance prob-
lems”, (2002), Annals of Applied Probability, 12, 143-172.

23



	1 Introduction
	2 Problem formulation
	3 Main results
	3.1 Linear loss function
	3.2 Convex loss function

	4 Two dimensional model
	4.1 Digital option
	4.2 Quantos
	4.2.1 Quanto domestic
	4.2.2 Quanto foreign

	4.3 Outperformance option
	4.4 Spread option


