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Abstract

Skillful control of a network flow, which creates a real bridge between the supplier and user, is one of the most important conditions for
cost-efficient operation of an enterprise, foundry shop included. This paper describes modern principles of the network optimising for
better distribution of the moulding sand, using modern methods of operational research and commonly available Excel calculation sheet

equipped with an optimising tool called Solver.
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1. Introduction

Contrary to the traditional system of materials handling, some
examples of which have been discussed by the authors in former
works [1,2], the problems related with network flows (which are a
generalised form of various tasks that the handling system usually
faces) admit the presence in a network, besides nodes A4
(supplier) and A4~ (user), of nodes designated as A°, which are
considered transit or reloading nodes. In problems of the network
flow one can quite successfully abandon the idea of some
restrictions imposed by the presence (or absence) of the paths
(arcs) joining individual nodes. One can also (or should rather in
some cases) take additionally into account some constraints on
flow capacity (flow rate) of the individual arcs (paths), this
referring to the constraints on both minimum flow capacity (the,
so called, "lower bounds") and maximum flow capacity (the, so
called, "upper bounds ").

2. Methodology

The terminology used in network flows is most frequently that
used in applied hydraulics. And so, the following terms generally
apply:

e  nodes representing the suppliers - these are the sources,

e  nodes representing the users - these are the sinks,

e the size of the supply which the suppliers are capable of
offering - these are the source potentials (which means
that, according to the designations adopted previously,
a; is the potential of an i-th source),

e the size of the demand as expressed by the users - these
are the sink potentials (which means that, according to
the designations adopted previously, b; is the potential
of a j-th sink),

e the specific transport operations are the flows; the transit
(reloading) node is the node in which the inflowing
stream of liquid (in the case under discussion this will
be the stream of moulding sand) will equal the
outflowing stream of liquid.
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When the individual constraints are determined for the individual
nodes, all three types of the nodes, i.e. the source, the sink, and
the transit points, can be treated in the same way, applying the
inequality stated below:

outflowing stream —inflowing stream <node potential 1)

on condition that the source potential is positive, the sink potential
is negative, and that of the transit point is equal to zero.
As a first example, Figure 1 shows the source (of number k =
1) and the structure of respective constraints, assuming that &
denotes the node number.
1 - source k=1 with potential

o
2,=3000

e x2; - stream inflowing to node 1
X3 + X147+ x;5 - stream outflowing
X21 from node 1
xi3 e D, = {2} - area of entry to node 1,
s since i =2

W;={3,4,5} - area of exit from
a1 = 3000 o node 1,
° sincej=3,4,5

Fig. 1. Example of source with streams, potential and description

The general constraint resulting from inequality (1) assumes
for the source the following form:

outflowing stream - inflowing stream < source potential 2)

or otherwise:

Z Xy~ Z Xy S, ©)

Jjew, ieDy

which for the described source node k = 1 is cosistent with the
inequality:

X3+ X4+ X5 — X2, < 3000 4)

As a second example, Figure 2 shows the sink (of number k
=5), discussed along with the structure of respective constraints.

5 - sink k=5 with potential
bs=1600
e X;5 + X35 - stream inflowing to node
5
X35 Xee Xs4+ Xs5 - stream outflowing
bs = 1600 from node 5

Ds= {1, 3} - area of entry
tonode 5,sincei=1,3
Ws= {4, 6} - area of exit from node 5,
o sincej =4, 6

Xs4

Fig. 2. Example of sink with streams, potential and description

The general constraint resulting from inequality (1) assumes for
the sink the following form:

outflowing stream — inflowing stream < sink potential 5)

or otherwise:

z X, — Zx,k <-b,

JEW, ieDy

which for the described sink node k=5 is consistent with the
inequality:

X547+ Xs6- (X;5 + x35) < —1600 6)
or after transformation:
X75 + X35 — X54— x56> 1600 7

As mentioned previously, in transit (reloading) node, the
stream of inflowing liquid equals the stream of outflowing liquid.
An example of the transit node is shown in Figure 3.

3 - transit node k=3
X13 + X23 - stream inflowing
to node 3
X35+ X36 T X37 - stream outflowing
from node 3
D;= {1, 2} - area of entry
to node 3, since i =1, 2

W;={5, 6,7} - area of exit

from node 3,

sincej =5, 6,7

Fig. 3. Example of transit node with streams and description

Balancing the inflowing and outflowing streams in transit
node according to the inequality (1):

outflowing stream — inflowing stream = 0 ®)

can be easily described by a mathematical model

Z xkj - Z x[k = 0 (9)

JEW, ieDy

which for the fransit node k = 3 is consistent with the following
inequality:

X35+ X365+ X37— (X3 x23) =0 (10)

Figure 4 shows the structure of the whole network used for
supply of the moulding sand, including all constraints, where the
number of constraints corresponds to the number of the network
nodes. The source nodes — i.e. the suppliers, are the silica sand
mines, denoted by nodes 1 and 2, while sinks, i.e. the users, are
foundries denoted by nodes 4, 5, 6 and 7.
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bz=1100

X76

bs = 2000

Xs6

bs = 1600

Fig. 4. The network of silica sand transportation system with
constraints on respective nodes

It can be additionally stated that, besides the constraints on
network nodes given in Figure 4, there are still the constraints
operating on the network arcs, since on each of these arcs the flow
should have a value positive or equal to zero, which means that:

Detailed analysis of the network flow shows that some flow
quantities can be restricted on a given arc (i,/) by “lower bounds”
(dj) or by “upper bounds” (g;;), which ultimately gives:
dy < x;< g (12)

All values of x;;, which are the solution for given constraints
on the nodes, will make the, so called, acceptable flow, satisfying
the demand of users (sinks) within the currently existing supply
capacity of the suppliers (sources) and the available transport
means. It should be added that, compared with the conventional
transport means, where a solution (i.e. an acceptable flow) always
exists, in the network flow it may happen so that the acceptable
flow will be non-existent (which means that no solution can be
found).

Within the determined (existing) acceptable network flows,
two main problems are examined:

e  for which values of the acceptable flow one can obtain
the lowest cost of flow K, with data available on the
unit cost of flow %; for individual arcs of the network
(i,j) belonging to the set of network arcs Q. Since total
cost of flow is a sum of the products of the unit costs A,
and the corresponding flow capacities x; (decision
variables) on individual network arcs (i,j), an optimum
solution will be obtained through the task of linear
optimising (under given conditions (2), (4), (8), (11)
and (12)):

K, =Y hx, —> min, (13)

0.je0

e for which values of the acceptable flow, the highest
value of flow W, can be obtained, understood as a bulk
mass of goods transported from the supplier (source) to
the user (sink). An optimum solution will be obtained

through the task of linear optimising (under given
conditions (2), (4), (8), (11) and (12)):

Wp = z [Zxk/—ink]—)max. (14)

ked” \JeW ieDy

It is worth noting that the value of flow is a sum of all the left
members of the constraints on source. This means that for the
network illustrated in Figure 4 one can obtain:

W,=x13%F X14+ X5 —X20 T X237+ X7+ X2, =
=xp3t XpqF X5t X231 X7 (15)

3. The results

Below, an optimising task has been performed for a flow in a
given network of the structure as shown in Figure 4 to obtain a
flow of the lowest cost and maximum capacity, allowing for the
size of supply expressed in tons (that is, the source potential), the
size of demand expressed in tons (that is, the sink potential) and
the unit cost of flow /; amounting to:

on arc 13 - 25 PLN/ton, O on arc 14 - 55 PLN/ton
on arc 15 - 34 PLN/ton, O on arc 21 - 42 PLN/ton
on arc 23 - 19 PLN/ton, O on arc 27 - 29 PLN/ton
on arc 35 - 38 PLN/ton, O on arc 36 - 26 PLN/ton
on arc 37 - 11 PLN/ton, O on arc 54 - 51 PLN/ton
on arc 56 - 48 PLN/ton, O on arc 76 - 41 PLN/ton
After careful analysis of the examined network, the following
constraints were taken into account:
e on arc 13 the flow should not go below 500 tons and
above 700 tons,
e onarc 15 the flow should not go below 300 tons,
e  on arc 23 the flow should not go above 600 tons.

00000

With these data taken into account, the following constraints

were obtained:

(W1) X13F x4+ x5 — x5; 0 3000 (the constraint on potential -
that is, the supply of node 1)

(W2) X3+ x37 + x3; [J 4000 (the constraint on potential - that
is, the supply of node 2)

(W3) X35t X361 x37 — X;3— x23 = 0 (the constraint on potential
of transit node 3)

(W4) X4+ x5, 00 1300 (the constraint on potential - that is, the
demand of node 4)

(W5) X5+ X35 — X54— Xs56 [1 1600 (the constraint on potential -
that is, the demand of node 5)

(W6) X351 Xs56 + x76 [0 2000 (the constraint on potential - that
is, the demand of node 6)

(W7) X»7+ x37 — x75 [1 1100 (the constraint on potential - that
is, the demand of node 7)

(W8) x;3 [0 500 (the constraint on lower limit of the flow
capacity on arc of index 13)

(W9) x;3 [0 700 (the constraint on upper limit of the flow

capacity on arc of index 13)

x;5 [0 300 (the constraint on lower limit of the flow

capacity on arc of index 15)

(W10)
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(W11)  x,; 1600 (the constraint on upper limit of the flow
capacity on arc of index 15).

After formutation of the above constraints, one can proceed to
the creation of a new sheet, where in the block of cells C5:C16 it
is necessary to enter the values of the unit cost of flows on given
arcs of the network, the indeces of which have been entered to the

block of cells A5:A16 (Fig. 5).

A B [ C [ D [ E [

| 1 |Przeplyw w sieci
| 3| buk Wielkosc przeplywu | Koszt jedn. | Ograniczenia (przepustowosc)

4 | indeks na tuku przeplywu | Dolna granica | Gérna granica

5 | Luk: 13 0 25 500 700

E | Luk: 14 0 55

7 | Luk: 15 0 34 300

8 | Luk:21 0 42

9 | Luk:23 0 19 600

10| Luk: 27 0 29

11| Luk: 35 0 38

12| Luk: 36 0 26

13| Luk: 37 0 11

14| Luk: 54 0 51

15| Luk: 56 0 18

16| Luk: 76 0 41

Fig.5. Fragment of the sheet with data on the cost of flow and
constraints on flow capacity

To cells D5 and E5 were entered the values of the lower and
upper flow capacity limit for node of index 13, to cell D7 was
entered the value of the lower flow capacity limit for arc of index
15, while to cell E9 was entered the value of the uper flow
capacity limit for arc of index 23.

At the next stage were introduced the data on the size of
potentials in individual nodes. To the block of cells G5:G11 were
introduced the numbers of the nodes along with a description of
their type (Fig. 6), the size of supply of source nodes (to block
15:16), and the size of demand of sink nodes (to block J8:J11).

£} H | d
3 | Numer wezla Lewa strona | Wielkos¢ | Wielkosc
4 (rodzaj) warunku podady popytu
5 1 {zrédlo) 0 3000
B 2 (Zridto) 0 4000
7 3 (tranzyt) 0
B 1 (ujécie) 0 1300
g 5 {ujscie) 0 1600
10 b {ujscie) 0 2000
11 7 {ujscie}) 0 1100
E Koszt |1rze|)fywu:m
1 [ =sUMAILOCZYMOWES BIECS.C16) |
EWielkoéé przeplywu: “
16 =
= H5+HE

Fig.6. Constraints and objective functions defined for the
problems of a network flow

To the block of cells H5:H11 enter the formulae defining the
left members of the first seven constraints (W1:W7). And thus:

e to cell HS5 enter formula defining the left member of
constraint (W1), that is: =B5+B6+B7-BS,

e to cell H6 enter formula defining the left member of
constraint (W2), that is: =B9+B10+BS,

e to cell H7 enter formula defining the left member of
constraint (W3), that is: =B11+B12+B13-B5-B9,

e to cell H8 enter formula defining the left member of
constraint (W4), that is: =B6+B14,

e to cell H9 enter formula defining the left member of
constraint (W5), that is: =B7+B11-B14-B15,

e to cell H10 enter formula defining the left member of
constraint (W6), that is: =B12+B15+B16,

e to cell H11 enter formula defining the left member of
constraint (W7), that is: =B10+B13-B16.

In the solution of a network task, two main objective
functions were applied. The first function minimalised the overall
cost of flow K, and according to formula (13) to cpll H13 the
formula Sum of products =SUMA.ILOCZYNOW(B5:B16;
C5:C16) was entered, while the task of the second function was to
maximise the flow capacity W, , and according to relationships
(14) and (15) to cell H15 the formula =H5+H6 was entered.

As a first step, the transportation capacity was optimised to
minimise the overall cost of flow K, To achieve this goal, a
Solver module was operated, a cell with the objective function
was selected (cell H13), the type of optimising procedure was
established (Min), and addresses of the decision variables were
defined (block of cells B5:B16) along with the respective
constraints (Fig. 7).

After filling in the dialogue window Solver-Parameters -
Solver-Parametry make active the press key Options - Opcje and
in dialogue window Solver-Options - Solver-Opcje declare the
non-negative character of the decision variables (Accept Non-
negative Variables - Przyjmij nieujemne) and select the linear
model (Accept Linear Model - Przyjmij model liniowy), return to
dialogue window Solver-Parameters - Solver-Parametry and
make active option Solve - Rozwiqz, which will start up the task
solving process.

Solver - Parametry k ﬂi‘
Komdrka celu: $HELS 3 Rozwigs I
Réwna: " Maks % C warkese: |0 P |
rkomdrki zmigniane:

[3B35:9B516 ] odoadnij |
Wdarunki ograniczajace: Opcje
$B45 <= $E$5 - Dodai
$B$5 == $D45 —I
$B§7 == 4047 Zrier
gaﬁg;:&?f— e —I Praywrie wszystkn |
7 =0 | QSLI rmm— |

Fig. 7. Filled in dialogue window Solver-Parameters - Solver-
Parametry for optimum solution rendering minimum flow cost

The outcome is an optimum solution (Fig. 8), which entered into
the network is shown in Fig. 9.
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) B i &) E F G H T J

| Praeplyw wsieci

3 Luk: [ Weelkosc pcephn | Fos e it tmmer wesia Lewa strona | Wielkose | wWiebest |
4 ndeks na | prasphywn [ Dot granica | Goina grassea (radzaf) warmkn | pedaty | popym_|
5 Luk:13 500 = =00 700 1 (exsallo} 1w 3000
pi Luk: 1 1300 55 7 {anadio) i) A

T Luk: 1% 1800 e o 1 (manayt) o |
8 Luk:1 400 42 1 |II'I1!|I| 130 130

3 Lukz3 00 1 500 5 fuciel 1600 1600

0 Luk: ¥ 2000 F:) 6 |Ilpﬂ(|h| 200 200

1 Luk: 35 [] = 7 fujcie) 1100 1100
12 Luk: 36 1100 S

13 Luk: 37 0 1 Kosat prevplyw: | 290100

14 Luk:54 0 5

15 Luk: 5 [ an Wialkode praephywn:[ 6000 ]

16 Luk: 76 400 1 41

Fig. 8. Optimum solution rendering minimum flow cost

[Flow cost: 290 100 PLN
[Flow capacity: 6000 tons

b7z=1100
2000 900
a2 = 4000
bs = 2000
bs = 1600
1600
Q= 300%
ba=1300

Fig.9. The network with flows rendering minimum overall cost

At the next stage, the size of the moulding sand transportation
system can be optimised to obtain maximum flow capacity ),
To achieve this goal, operating on module So/ver, assume that the
cell with objective function is cell H15, and its value is a
maximum value (Maks) (Fig.10). The definitions of the addresses
of the decision variables and of the constraints are the same as in
the case of optimising done previously on the flow cost.

21

Komdrka celu: T 'WI
Réwn}a: & Make CoMin O wartodé: |0 Zamkrii |
~Komarki zmigniane:

[sB45.4m416 ] odgadhy |

~iarunki ograniczajace:

Opije |
FE35 <= $E95 - e
45 <4245 :I _oda |

$B47 >= D47
$B30 <= $E40

Przywrde wszystko
$HES: $HEE <= $1$5: 146 . —I
557 = 0 | i |

Pomoc |

Fig. 10. Filled in dialogue window Solver-Parameters - Solver-
Parametry for optimum solution rendering maximum flow

capacity

The obtained optimum solution rendering maximum flow
capacity in the network is shown in Fig. 11.

A B i [} E i [ H | ¢l
1 Praeplyw wsieci

3 Luk:  |Wielkose Kosa jedn Hurnar wazla | Lewa strona | Wielkost | Wielkose
4 ek bk przephown [ Dolua grarsca | Gorna s anica rodzail wanmkn_| podaty | poytu
5 Luki13 T00 F3 50 0 1 (erindlo) 00 00

bE | Luk: 14 2300 ER| Ziiodlo) | 4000 000

7 | Luk: 15 %00 7] 0 3 ranayt 0

6 Luk21 509 ] 1 ujicie) 2300 130
8 Luk:23 [] [E] 600 5 ujécie) 1600 1600
10 Luk: 27 3100 E  (ujsciv) 2000 2000
11 Luk: 35 T00 # 7 ujicie) 1190 1100
12| Luki 36 [] |

13| Luk: 37 [ 1 1 Kosat przeplywu:

18] tuk: 54 [ 51

15| Luk: % [ [ Wielkose przeptywn:[__7000 |

16| Luk: 76 2000 4

Fig. 11. Optimum solution rendering maximum flow capacity

It is easy to note that the proposed optimum solution (Fig.12)
differs quite considerably from the solution optimising flow cost
(Fig. 9) as regards the obtained flow capacities admissible on
given arcs of the network.

[Flow cost: 410 900 PLN
[Flow capacity: 7000 tons

bz=1100

3100

2000

az = 4000
bs = 2000

900
bs = 1600

a1 = 3000

2300
e ba= 1300

Fig.12. The network with flows rendering maximum capacity

Often it happens so that the constraints on flow capacity
(usually of an "upper" character) affect also other nodes in the
network. For example, if in the problem solved now, the transit
node no. 3 had the upper flow capacity limit reduced to a value of
600 tons, the solutions obtained previously would not apply. So,
to solve this problem, it would be necessary to add to the existing
constraints still another constraint, namely X;3tX,3 < 600 and re-
solve the task again. The left member of this constraint is placed
in cell H12, and the whole constraint is added to constraints
present in the dialogue window Solver - Parameters - Solver-
Parametry.

Figure 13 shows an optimum solution obtained after adding
the constraint on flow capacity in node no. 3 to the upper limit of
600 tons rendering minimum flow cost, while Figure 14 shows an
optimum solution rendering maximum flow capacity. Comparing

ARCHIVES of FOUNDRY ENGINEERING Volume 7, Issue 2/2007, 37-42 41



now the obtained optimum solutions with the solutions which do
not allow for the constraint on flow capacity in node no. 3, it is
easy to note that the structure of flow has been preserved but the
capacity of flows on individual arcs has changed.

A 1 < 5] E il [ T n [ T [ 4
1 |Prrephyw w sieci
2 | Dodirry wianunek ngraniczajyoy St ol wgeka 3
3 Luk: [wiemosi N[ i Humver wezla  [Lewa strona Wielko S [Wielhoe
4 imleks 154 bk przepbomu | Dulna yranica | Gona granica irolzait waunku | podaiy | popu
5 Luk:13 500 £ 500 o0 1 41 Gulloy 3000 B

BE | Luk: 14 1300 55 2 {zrdilha) 3000 4000
7| Luk:1s 1600 M 00 3 (iranaytk (1]
8 buk:dt 400 42 4 igscie) 1300 100
9 buk:23 100 19 B0 5 {ugscich 1600 1800
10 Luk: 27 2500 2 6 ficiel 2000 2000
11 Luk s [ :m T igich) 1100 1100
12 buk: 36 20 Ea ] EILUETR L] B0
13| Lok 37 ] 11 Hoart prrophwa: | 302800
14 Luk: 54 L] kil
15| Luk: 56 0 4 Wielkosc przephrw:
16| Lk 16 00 11

Fig. 13. Optimum solution rendering minimum flow cost allowing
for an additional constraint on flow capacity limit

. B - | E Gl L) - I J
1 |Przeplyw wslecl |
2 | Dodany warunek 0graniczalaty Dzepustomo dia wezta 3 1
3 buk: [Wieloe pe i, [Cin i 2 (g T wpsks L st oo Winlkode [ Wielk oké
4 | indeka na huku [ i i 1 irodzajy warunku_| podaty | pogru
5 | tuk= 13 600 25 500 J00 1 {Erditap 3000 3000
a6 | Luks 14 2300 55| 2 dréilior 1000 w000 |
7 tucis 1000 k1] 00 3 eanzyty o
8 | buk=21 Hon 42 4 i) 2300 1300
9 | tuk=23 a 19 GO0 5 fujdele) 1600 1600
10| Luk 27 1K | G duécie) 2000 | 2000
11| tukcas GO0 1 T figcing 1100 1100
17| Luk: 30 [ % | 3 (iranzyt) [T w0 |
13| Luke 37 ] 11 Hoszt 408000
A4 | Luke 54 o 51
15| Luk: 56 [ 18 Wielkosic |.m~|.t,-w
16| Lukc 76 2000 n

Fig. 14. Optimum solution rendering minimum flow cost allowing
for an additional constraint on flow capacity limit

As we can see, after introducing the additional constraint on
flow capacity limit, another optimum solution is obtained for an
optimum (minimum) flow cost, which at present amounts to 302
600 PLN (Fig. 13).

4. Summary

Using a linear programming system with simplex optimising
is a rational method aiding optimum decisions to solve the
problems of a network flow, which include various processes of
the moulding materials supply to foundries. The optimising tasks
of a network flow can be successfully solved on an Excel
calculation sheet with the built-in Solver tool, provided the task
constraints and objective functions have been properly defined.

Another approach to the problem of constraints on flow
capacity limit for individual nodes is introducing additional arcs
representing these nodes and adopting the flow capacity
constraints on these arcs.

By solving the problems of a network flow it is also possible
to allow for the flow increase or decrease on the arcs of a
network.
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