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RIGID CHARACTERIZATIONS OF PSEUDOCONVEX
DOMAINS

NIKOLAI NIKOLOV AND PASCAL J. THOMAS

ABSTRACT. We prove that an open set D in C" is pseudoconvex
if and only if for any z € D the largest balanced domain centered
at z and contained in D is pseudoconvex, and consider analogues
of that characterization in the linearly convex case.

1. INTRODUCTION

Geometric convexity of a domain is characterized by its intersection
with real lines, and invariant under real affine maps. Pseudoconvexity is
a generalization of that notion that was designed, among other things,
to be invariant under all biholomorphic maps, and can be characterized
by the behavior of analytic disks (Kontinuitédtsatz). Linear convexity
and C-convexity are intermediate notions that bring into play (respec-
tively) complex hyperplanes and complex lines, and are invariant under
complex affine maps.

In this paper, we exploit the parallels between all those notions, and
highlight the similarities and differences, and the crucial role played by
smoothness of the domains being considered.

2. BALANCED INDICATORS

Let D be an open set in C", z € D and X € C". We say that a
domain is balanced, centered at a if for any z € D, ¢ € C with || < 1,
then a + ((z —a) € D.

Denote by dp(z, X) the distance from z to dD in the complex direc-
tion X (possibly dp(z, X) = 00):

dp(z, X) =sup{r >0: z+ XX € Dif |\| <r}.
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Recall that if —logdp(-, X) is a plurisubharmonic function for any
X € C" then D is pseudoconvex, and vice versa.

Closely related to this is the largest balanced domain centered at z
and contained in D, i.e. Bp, = z + Ip_,, where Ip , is the balanced
indicatrix of D at z :

Ip,={XeC": 2+ XX e Dif |\| <1}.
Finally, consider the global version of this, the Hartogs-like domain
Hp={(z,w) e DxC":welp,}.

If D is pseudoconvex, then —logdp is a plurisubharmonic function on
D x C" (cf. [6, Proposition 2.2.21), thus Hp is pseudoconvex.

2.1. Pseudoconvexity. The main purpose of this note is to charac-
terize the pseudoconvexity of an open set D in C" in terms of pseu-
doconvexity of Bp ., # € D, i.e. in terms of pseudoconvexity in the
"vertical” directions of Hp.

Theorem 1. Let D be a proper open set of C". Then the following
properties are equivalent:

(1) D is pseudoconvex.
(2) Hp is pseudoconver.
(3) Bp.. is pseudoconvez, for any z € D.

We have already seen that (1) implies (2), and (2) implies (3) is trivial
(slice by the sets {z} x C", for z € D). The remaining implication is
implied by the following.

Proposition 2. Let D be a proper open set of C" and let U be a
neighborhood of 0D. If Ip , is a pseudoconvex domain for any a € DNU,
then D 1s itself pseudoconvex.

To prove Proposition [2 (and other propositions below), we shall use
[, Theorem 4.1.25[, namely

Proposition 3. If an open set D in C" is not pseudoconvex, then
there is a point a € OD, say the origin, and a real-valued quadratic
polynomial q such that q(a) = 0, dq(a) # 0,

n 2
3 4 ()X, X5 < 0

2:0Z%
k=1 IV %k

IThe authors thank P. Pflug for pointing out this fact.
2The first inequality on p. 242 in the proof must contains an obvious extra term.

Otherwise, it is not true in general; for example, take the domain in C? given by
Rez < (Rew)?. But the end result does hold.
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for some vector X € C™ with (0q(a),X) = 0, and D contains the set
{q < 0} near a.

Therefore, after an affine change of coordinates, we may assume
0 € OD and, near this point, D contains the set

{z€C":0>Rez+(Imz)+| 20>+ - +|201|*+e(Im 2,)* = (Re 2,,)?},

where ¢ < 1.

Proof of Proposition[2. Assume that D is not pseudoconvex. By Propo-
sition [B we may suppose that

DD E={(zw) €D?: p(z,w) <0},

where p(z,w) = Rez + (Im 2)? — (Rew)? + ¢(Imw)? and ¢ < 1 (D? is
the bidisc with center 0 and radius € > 0).

For 6 > 0 and X € C?, let z; = (—4,0) and r5(X) = dp(zs, X). We
write, for n € C, X, = (6,7).

Lemma 4. For any small § > 0 and § > s > 3(1 — ¢)~Y/26%/2,

/2” 1 d9< )
0 T&(Xseiﬂ) 27 .

Assuming Lemma [ set C" 3 Zs = (—4,0,...,0) and C" > )~(,7 =
(0,1,0,...,0). Since rs < dp 3, and r5(Xo) = dp(Zs, Xo) = 1 for 0 small
enough, it follows that hs = 1/dp(Zs, ) is not a plurisubharmonic func-
tion, which implies that the balanced domain Ip;, (with Minkowski
function hg) is not a pseudoconvex domain (cf. [6, Proposition 2.2.22
(a)]). This contradiction proves Proposition [2 O

Lemma [] will be proved at the end of this section.

2.2. Linear convexity. It is interesting to note that a similar state-
ment holds for linear convexity. Recall that (cf. [I]) a open set D in
C" is called weakly linearly convex (resp. linearly convex) if for any
a € 0D (resp. a € C"\ D) there exists a complex hyperplane T,
through a which does not intersect D (such a set is necessarily pseu-
doconvex). We call T, a supporting complex hyperplane. A domain D
in C" is said to be C-convex is any nonempty intersection of D with
a complex line is connected and simply connected. All three notions
coincide for C''-smooth open sets.

Note that an open balanced set is weakly linearly convex if and only
if it is convex. It is also known that if D is weakly linearly convex, then
Bp . is a convex domain for any z € D (i.e. the Minkowski function
1/dp(z,-) of Ip , is convex).
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Theorem 5. Consider the following three properties:

(1) D is weakly linearly convez (resp. linearly convez).

(2) Hp is weakly linearly convex (resp. linearly convex).

(3) Bp,. is (weakly linearly) convez, for any z € D.
Then (1) and (2) are equivalent, and imply (3). If D is a C*'-smooth
bounded domain, then (3) implies (1).

The last statement follows from [7]. Note that in this case, the
domain D is in fact C-convex. The domain Hp, however, does not
share the smoothness of D, and may fail to be C-convex.

Example 6. If D ={z€ C:|z—1] <2or |z+ 1| < 2}, then Hp is
not C-convez.

Proof. The set Hp N (C x {4/3}) is not connected. O

Proof of Theorem[d Since D = (C" x {0}) N H, (2) implies (1). To
prove the converse, may assume that D # C". Let D be weakly linearly
convex (resp. linearly convex) and (a,b) € 0D (resp. (a,b) € C"\ D).
It follows that ¢ = a + A\ob € OD (resp. ¢ € C"\ D) for some Ay € C
with [Ag| < 1. There exists a supporting complex hyperplane for D at
c,say T, = {z € C": L(2) = 0}, where L : C" — C is an affine map.
Then T,;, = {(z,w) € C" x C" : L(z + Aow) = 0} is a supporting
complex hyperplane for Hp at (a,b). O

If we turn to the third, and more usual notion of convexity, it is clear
that a domain D in R" is convex if and only if Hp is convex in R"” x R™.

2.3. Proof of Lemma @l Set ¢ = re®, -7 < a <7, and C; = 3v/0.
We first estimate p(zs + ( X,ei0) when |af > Cf:

p(z5 + (Xgeio) <0 (=1 +rcosa+ or’sin® o) + er’s®
< (=14 7rcosCy) + 2r?6% < §(—1 + r(cos C; + 26)).

For any small 6, cosC; <1—C?/3=1-34,soif r < (1 —4)"", then
p(zs + (Xa0) < 0.
Now we estimate p(z5 + (X,q0) when |a| < C;. Notice that

p(z5+( X ) = 0 (=1 + rcosa + or*sin® a)+r°s* (1 4 ¢) sin®(a + 0) — 1) .
It is easy to check that

sin(a 4+ 6) < sin® @ + sin |a| < sin?6 + O,
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SO

p(25+( Xge0) <6 (=14 1+ 6r°CH)+r?s* (1 +¢)sin® 6 + (1 + ¢)Cy — 1)
:5(—1+7’+r2A),
where A = A(0) := 6C7 + % ((1+¢)sin?0 + (1 +¢)C; — 1). Notice
that -1 < - < Afors <§<1.

Suppose that 1/r > 1+ A, then
2

1 A
- W) < ——2 <.
5/)(254—()(69) < e <0

Putting together both estimates, for § small enough,

1 1 1
T(;(Xseie) > min ( )

1-01+A) 1+4

Therefore

2 1 do 2m do
_ 1+ A(0))—
/0 T(;(Xseie) 2T < /0 ( + ( >>27T

2

s 1 s*(1—¢)
° - —-1)< R
- ((1—|—c)2+(1—|—c)01 1) <1436 <1

for any small ¢. O

=1+6C7 +

3. DEFINING FUNCTIONS

3.1. Convexity. We point out that the proof that the convexity of
Bp._, implies linear convexity for C'' domains [7, Proposition 1 & in-
troduction]| is based on the following which can be easily deduced from
[2]. Let sp stand for the signed distance to 9D.

Proposition 7. If D is a CY'-smooth bounded domain in C" and

liminf 2% 5 of
TC32—a |2 — a?

for a € 0D almost everywhere, then D is linearly conver.
Proposition [ has an obvious convex analog.

Proposition 8. A proper domain D in R™ is convex if and only if for
any a € D there exists a (real) hyperplane S, through a such that

lim inf —*2%) > 0.
Saedr—0a |;U — (L|2

3When 0D is twice differentiable at a, this limit is equal to the minimal eigenvalue
of 2Hess; , (a)|7c.
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If D is convex, then obviously S, is a (real) supporting hyperplane.

Proof. The necessarity is clear by taking supporting hyperplanes.
Assume now that D is not convex. By [I, Theorem 2.1.27], one may

find @ € 0D and a smooth domain G C D such that a € 0G and

2Hess,, (a);r= has an eigenvalue A < 0. Since sp < s¢, it follows that

lim inf 5p(7) <A
TESz—a |2 — al?
and i
sp(a
liminfM =-00, a+X¢gT¥
t—0 12
which implies the sufficient part. O

Clearly, the relationship between a domain and its defining function
is not symmetric, as convexity of one sublevel set (or indeed, of all
of them) cannot imply convexity of the function: simply compose by
a monotone increasing function from the real line to itself. Given a
convex domain, the question arises of how to choose a convex defining
function, and of how much choice one may have.

By [3, Proposition], a smooth bounded domain D is convex if and
only if —log sp is convex near dD. Thanks to [I, Theorem 2.1.27], this
result can be easily generalized.

Proposition 9. Let f : Rt — R be a nonconstant decreasing and
convex function. Let U be a neighborhood of the boundary of a proper
domain D in R™. Then D 1is convex if and only if f o sp is a convex
function on DN U.

In particular, if any of the defining functions given above is convex
on a neighborhood of D, then all the others are.

Proof. If D is convex, then sp is concave and thus g = f o sp is convex
on D.

To prove the converse, assume that g is convex on D N U but D is
not convex. By [Il Theorem 2.1.27] (see the proof of Proposition [,
we may find a segment [a,b] € DNU such that sp(m) < sp(z) for any
z € [a,b]\ {m}, where m = “t2. On the other hand, it follows that f is
strictly decreasing and then g(a) + ¢g(b) < 2g(m), a contradiction. [

Note that it is necessary to require that the function f be decreasing
and convex as the following example shows.

Example 10. Let D = RT xR* and let f : Rt — R be a nonconstant
function such that fosp is a convex function on D. Then f is decreasing
and convez.
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Proof. Let g = fosp. Since g(t,t) = f(t) for t > 0, it follows that f is
convex. On the other hand, 2f(t) = 2g(¢,t) < g(p,t) + g(2t — p,t) =
fp)+ f(t), Le. f(t) < f(p)for 0 <p <t. O

3.2. Pseudoconvexity. The pseudoconvex analog of Proposition [0 is
the following.

Proposition 11. Let f : R — R be a nonconstant increasing and
convex function. Let U be a neighborhood of the boundary of a proper
domain D in C". Then D s pseudoconvez if and only if f o qp is a
plurisubharmonic function on D N U, where qp = — log sp.

Proof. If D is pseudoconvex, then gp is plurisubharmonic and thus
g = f o sp is plurisubharmonic on D.

To prove the converse, assume that ¢ is plurisubharmonic on DN U
but D is not pseudoconvex. Note that there is m € R such that f(x)
is strictly increasing for x > m. We may assume that —logsp > m on
DnNU. Using Proposition B we may easily find a quadratic polynomial
map p € O(D, DNU) (D is the unit disc) such that sp(p(0)) < sp(p(())
for any ¢ € D, (strong Kontinuitétsatz). Then g(p(0)) > ¢g(p(¢)) which
contradicts to the maximum principle for the subharmonic function
gop. O

Note that there is a smooth bounded pseudoconvex domain in C?
having no defining function which is plurisubharmonic on a two-sided
neighborhood of the boundary. We do not know under which general
conditions on f the plurisubharmonicity of f o sp is equivalent to the
pseudoconvexity of D.

We also point out that the proofs of Propositions [§ and [I1] imply a
similar result to Propositions [l and [§ in the pseudoconvex case:

Proposition 12. If D is a proper open set in C" and for any a € 0D
there exists a complex hyperplane S, through a such that
i inf sp(z) + spla+ J(z —a))
Sedz—a |z — a|2

207

where J is the standard complex structure, then D 1is pseudoconvex.

The converse is also true if D is a C?-smooth open set. We do not
know if the smoothness can be weakened.

4. SLICING

It is known that an open set D in C" (n > 3) is pseudoconvex if
and only if any two-dimensional slice of D is pseudoconvex [5] (see also
[4]). Following the idea in [4], we would like to restrict the family of
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slices that has to be used in order to detect pseudoconvexity, namely
we would like to consider the family of complex planes passing through
a common point a € C". As the next results show, it will be enough
generically. Given D be a open non-pseudoconvex set in C", call a
exceptional with respect to D if for any 2-dimensional complex plane
P > a, PN D is pseudoconvex. The next proposition shows that the
set of exceptional points has to be contained in a complex hyperplane.

Proposition 13. Let D be a open non-pseudoconvex set in C" (n > 3).
Let S be the union of all 2-dimensional complex planes with non-empty
and non-pseudoconvex intersections with D, so the set of exceptional
points is C* \ S. Then there exists a complex hyperplane T such that
Cr\ScT.

Proof. By Proposition B, we may suppose that 0 € 9D and D D G N
D™(0, ) for some € > 0, where

G={2€C":0>7r(2) =Rez +|2|]* — c(Rez,)?}, ¢> 1.

Choose a point a € C" which doesn’t belong to the complex tangent
hyperplane to GG at 0, i.e. with non-zero first coordinate. It is enough
to show that if L = span(d, e,), then D’ = DN L is not pseudoconvex.
For this, note that since {z; = 0} N L is a transverse intersection, G N L
is a smooth domain near 0 and since Ce,, C {2, = 0} N L, the Levi
form of r|;, has a negative eigenvalue at 0. Set G' = G N L ND"(0,¢).
Then there is a quadratic polynomial map ¢ € O(D,G") € O(D, D’)
with

le(0)]] < dist(p(¢), 0G") < dist(p(¢,0D"), ¢ €D

(we have already use this argument in the proof of Proposition [IT])
which shows that D’ is not pseudoconvex. O

If D is C%smooth, the set of exceptional points with respect to D
has to be smaller (compare with Example [I7(i)).

Proposition 14. Let D and S be as in Proposition [I3. If D is C?-
smooth, then there exists a complex plane T of codimension 3 such that
Cr\ScT.

Proof. Let a € 0D satisfies the conclusions of Proposition Bl We have
the same for any point on dD near a. Assume that u,v € S. Let r be a
C?-smooth defining function for D near a. Then it is easy to see that
the derivative of r in direction u — v vanishes at any point on 0D near
a. So, if C™\ S does not lie in a complex plane of codimension 3, we
may assume that r depends only on the first two coordinates near a.
To get a contradiction, it is enough to show the following.
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Lemma 15. Let M be a C*-smooth hypersurface in C2. Then the com-
plex tangent line at some point of M does not contain the origin.

Proof of Lemma I3 Assume the contrary. We may suppose that M
is given by x1 = f(y1, T2, y2) near a point with non-zero coordinates.
Then when (z1,y1, T2, y2) € M,

f=x1= fy1y1 + far w2 + fyzy% Y1+ fy1$1 — faoy2 + fyzx2 = 0.

If w = x9/y; and v = y5/y;, then the solutions of the first equation are
given by f = yi1g(u,v). Substituting in the second equation leads to

Gu¥ — GuU + w(guu + guU — g) =1,

where w = x; /y;, and hence

g = gut + GuU, Gy U — G = 1.

If 2 = v/u, then g = uh(z) by the first equality, and the second one
implies that
w(h(z) = h'(2) — W (2)2%) =1,

a contradiction. O

The following example shows that there can be an exceptional point
even in the C'*°-smooth 3-dimensional case.

Example 16. There exists a bounded, C®-smooth domain Q0 in C3
such that the set of non-pseudoconver points is a nonempty relatively
open subset of 082, but such that for any complex plane P containing
the origin, then P N ) is pseudoconvex.

Proof. Let Qy = {p(z) = —|z1]* — |22|* + |23]> < 0}. For a point
(29,29, 29) € 99 \ {0}, the restriction of p to the horizontal complex
line inside the complex tangent hyperplane is

p (= A7, 7 + A7, 25) = —[AP (o] + 2 ).

Using homogeneity, it is easy to check that the Levi form of p is semi-
definite negative with one strictly negative eigenvalue (in particular,
p = 0 along the line through the origin and (27, 23, 29)).

Let ©; = QN B((1,1,v/2),1). This is a bounded domain with a
relatively open set of pseudoconcave (and non pseudoconvex) boundary
points. Note that {23 = 0} N Qy = 0.

Now let P = {a121+asza+aszz = 0}. If ag # 0, since (g is invariant
under rotations in the (2, z2)-plane, we may assume P = {z3 = az}.
Then QyN P =C?\ {0} if |a] <1, QNP =C?\ {2 =0} if |[a| =1,
QNP = {|z®> (la* = 1)|z1]*} if |¢| > 1. In the last two cases,
that intersection is pseudoconvex, and so is {2; N P, since we intersect
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further with a ball. In the first case, QNP = B((1,1,+/2),1)N P since
0 ¢ B((1,1,/2),1), so that intersection is again pseudoconvex.
If a3 = 0, using a rotation again, we may assume P = {z; = 0}.
Then Qg N P = {|z2] > |23]} which is pseudoconvex, and so is €; N P.
We obtain a smooth domain 2 with the required properties by reg-
ularizing ; in a small neighborhood of dB((1,1,v/2) N 9. O

In the non-smooth 3-dimensional case we may have more than one
exceptional point.

Example 17. Let a € C3, G be a pseudoconves set in C*, and let Iy, Iy
be distinct complex lines in C® that intersect G. Then:

(i) any intersection of G \ i with a 2-dimensional complex plane
through a is pseudoconvez if and only if a € I1 \ G.

(i1) any intersection of G \ (I3 U ly) with a 2-dimensional complex
plane through a is pseudoconvex if and only if G Z a =1 N ;.

Proof. (i) Let P be a 2-dimensional complex hyperplane through a. Let
first a € ll\G If | ¢ P, then G = (G\ll)ﬂP: GNP = Gp
is pseudoconvex. Otherwise, GG; is pseudoconvex as the intersection of
the pseudoconvex sets Gp and P \ ;.

Let now a € [; \ G. If a € GN{; and P contains no [y, then G; =
Gp \ {a} is not pseudoconvex. Otherwise, a ¢ l; and if P intersect [;
at b € G, then G; = Gp \ {b} is not pseudoconvex.

(ii) The proof is similar to that of (i) and we skip it. O

Using Proposition [7, similar arguments as in the proof of Proposition
implies that a is a point in C?-smooth domain D such that any non-
empty intersection of D with a 2-dimensional complex plane through
a is weakly linearly convex, then D is C-convex.

The following example shows that we have no such phenomenon in
general.

Example 18. Let
D={zeC?: |z < V2max{|z]|, |2, |z|}}.

Then D is a union of three disjoint linearly convexr domains and D
has a non-empty linearly convex intersection with any complex plane
through 0 (in particular, D is pseudoconver and not weakly linearly
convezx,).

Proof. Letting D; = {z € C?: |z|* > D i<h<3 i |2c|?}, we see that
D = Ug?lej. Clearly the D; are pairwise disjoint, and obtained one
from the other by unitary transformations (permutations of coordi-
nates).
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With the notations of Example 6], C*\ D3 = Qq which is the union of
the complex planes of the form {z3 = a1 21 +aaze } for |y >+ |as]? < 1}.
So all D; are linearly convex.

For any complex plane P, D N P is a union of punctured complex
lines through 0, so (as in the proof of Example [I6]), it is pseudoconvex
if and only if it is smaller than P\ {0}. But P\ {0} is connected, so if
P\ {0} C D, then there exists a j such that P\ {0} C D;. Since D, is
linearly convex, it must be pseudoconvex, so by Hartog’s phenomenon,
it would contain 0, a contradiction.

To finish the proof and show that D is not linearly convex, we will
show that its complement contains no complex plane P. By permuting
coordinates, we may assume that P = {23 = a121 + ag2s }, with |ag| <
1, Jao| < 1. If we suppose that one of those inequalities is strict,
say |ai| < 1, then the points in P such that zo = 0 verify |z]? >
|21 = |23]% + |22)* and PN Dy # 0. If |oy| = || = 1, there are
points (21, 29, 23) € P such that |z3] = |z1] + |22| and 2122 # 0, so
|23]? = |21)% + |22)? + |21]]22] > |21]? + |22|?, thus P N D3 # 0. O

In spite of Example [I8 one may also conjecture the following:

If D is an open set in C" such that any non-empty intersection with
2-dimensional complex plane is (weakly) linearly convex, then D is
(weakly) linearly convex.
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