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TILTING AND CLUSTER TILTING FOR QUOTIENT SINGULARITIES
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Dedicated to Professor Shiro Goto on the occasion of his 65th birthday

ABSTRACT. We shall show that the stable categories of graded Cohen-Macaulay modules over quotient
singularities have tilting objects. In particular, these categories are triangle equivalent to derived cat-
egories of finite dimensional algebras. Our method is based on higher dimensional Auslander-Reiten
theory, which gives cluster tilting objects in the stable categories of (ungraded) Cohen-Macaulay mod-
ules.
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The aim of this paper is to discuss tilting theoretic aspects of representation theory of Cohen-Macaulay
rings. Tilting theory is a generalization of Morita theory, and it has been fundamental in representation
theory of associative algebras. While Morita theory realizes abelian categories as module categories
over rings, tilting theory realizes triangulated categories as derived categories over rings. The key role
is played by tilting objects in triangulated categories (Definition [[IT]), and the tilting theorem due to
Happel, Rickard and Keller asserts that an algebraic triangulated category having a tilting object is
triangle equivalent to a derived category of a ring (Theorem [L.2)).

In 1970s Auslander and Reiten initiated the representation theory of Cohen-Macaulay modules over
orders, which generalize both finite dimensional algebras and commutative rings. The theory is based
on the fundamental notions of almost split sequences, Auslander-Reiten duality and Auslander algebras,
and has been developed by a number of commutative and non-commutative algebraists (see the books
[ARS] [ASS| [CRIL [CR2] [Y]). One of the finest situations is given by Kleinian singularities R: Auslander
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and Herzog showed that R is representation-finite (i.e. R has only finitely many isomorphism classes of
indecomposable Cohen-Macaulay modules), and that the Auslander-Reiten quiver of R coincides with
the McKay quiver of the corresponding group (algebraic McKay correspondence).

Recently not only representation theorists [Arl [LP] but also people working on Kontsevich’s homo-
logical mirror symmetry conjecture [KSTT) [KST2, [T} [U] have studied the stable categories of graded
Cohen-Macaulay modules over Gorenstein singularities, especially hypersurface singularities of dimen-
sion two. They proved that for certain singularities the stable categories contain tilting objects, and in
particular that they are triangle equivalent to derived categories of some finite dimensional algebras.

Now it is natural to ask the following:

Question 0.1. Let R be a graded Gorenstein ring. When does the stable category of graded Cohen-
Macaulay R-modules contain a tilting object?

The aim of this paper is to show the existence of tilting objects for quotient singularities of arbitrary
dimension (Theorem [[7)). Our method is to apply cluster tilting theory to show that a certain naturally
constructed object U is tilting. Cluster tilting theory is one of the most active areas in recent repre-
sentation theory which is closely related to the notion of Fomin-Zelevinsky cluster algebras. It has an
aspect of higher dimensional analogue of Auslander-Reiten theory, which is based on the notion of higher
almost split sequences and higher Auslander algebras. It has introduced a quite new perspective in the
representation theory of Cohen-Macaulay modules [BIKR) [DH, [KR1l, KR2, [KMV] [T}, T2 TR, TY, TW!. [TV].
A typical example is given by quotient singularities of arbitrary dimension d. They have (d — 1)-cluster
tilting subcategories of the stable categories of Cohen-Macaulay modules (Theorem [£2)). In particular
this means in the case d = 2 that Kleinian singularities are representation-finite. For quotient singulari-
ties, the skew group algebras are higher Auslander algebras, and the Koszul complexes are higher almost
split sequences. They will play a crucial role in the proof of our main theorem.

The following is a picture we have in mind:

| || generator | finite dimensional algebra | commutative ring |
Tilting theory tilting object derived category CMZ(R)
Cluster tilting theory || cluster tilting object cluster category CM(R)

This suggests studying the connection between cluster categories and stable categories of (ungraded)
Cohen-Macaulay modules. This will be done in [AIR] for cyclic quotient singularities.

The authors make this paper as self-contained as possible for the reader who is not an expert. In
particular, we give detailed proofs for many important ‘folklore’ results, such as graded Auslander-Reiten
duality (Theorem [Z2]), the description of Endr(S) as a skew group ring (Theorem B.2) and the tilting
theorem for algebraic triangulated categories (Theorem [[2]).

We refer to [ARS] [ASS| for general background materials in non-commutative algebras, and to [BH,
Mal [Y] for ones in commutative algebras.

Conventions All modules in this paper are left modules. The composition fg¢ of morphisms (respectively,
arrows) means first g next f. For a Noetherian ring R, we denote by mod(R) the category of finitely
generated R-modules, and by proj(R) the category of finitely generated projective R-modules. If moreover
R is a Z-graded ring, we denote by mod?(R) the category of finitely generated Z-graded R-modules.

For an additive category A and a set M of objects in A, we denote by add M the full subcategory of
A consisting of modules which are isomorphic to direct summands of finite direct sums of objects in M.
For a single object M € A, we simply write add M instead of add{M}. When A is the category mod(R)
(respectively, mod?(R)), we often denote add M by addr M (respectively, addﬁ M).

Acknowledgements The authors express their gratitude to R.-O. Buchweitz, who suggested construct-
ing tilting objects by using syzygies. This led them to our main Theorem [[L7l They are also grateful
to Y. Yoshino and H. Krause for valuable suggestions on skew group algebras and the tilting theorem
for algebraic triangulated categories. Results in this paper were presented in Nagoya (June 2008), Banff
(September 2008), Sherbrooke (October 2008), Lincoln (November 2008), Kyoto (November 2008) and
Osaka (November 2009). The authors thank the organizers of these meetings and seminars.
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1. OUR RESULTS

1.1. Preliminaries. Let us recall the notions of tilting objects [R] and silting objects [KVI, [AI] which
play a crucial role in this paper.

Definition 1.1. Let 7 be a triangulated category.
(a) For an object U € T, we denote by thick(U) the smallest full triangulated subcategory of T
containing U and closed under isomorphism and direct summands.
(b) We say that U € T is tilting (respectively, silting) if Homs (U, U[n]) = 0 for any n # 0 (respec-
tively, n > 0) and thick(U) = 7.

For example, for any ring A, the homotopy category KP(projA) of bounded complexes of finitely
generated projective A-modules has a tilting object A. Moreover a certain converse of this statement
holds for a triangulated category which is algebraic (see Appendix for the definition). Namely we have
the following tilting theorem in algebraic triangulated categories [Kel] (cf. [Bo]), where an additive
functor F' : T — T’ of additive categories is called an equivalence up to direct summands if it is fully
faithful and any object X € 7" is isomorphic to a direct summand of FY for some Y € T.

Theorem 1.2. Let T be an algebraic triangulated category with a tilting object U. Then there exists a
triangle equivalence T — KP(proj Endr(U)) up to direct summands.

For the convenience of the reader, we shall give an elementary proof in Appendix.

Let R be a commutative Noetherian ring which is Gorenstein and Z-graded. We assume that (R, m) is
*local in the sense that the set of graded proper ideals of R has a unique maximal element m. We denote
by mod?(R) the category of finitely generated Z-graded R-modules. For X,Y € mod?(R), the morphism
set Hom%(X,Y) in mod?(R) consists of homogeneous homomorphisms of degree 0. Then Hom% (X, Y (7))
consists of homogeneous homomorphisms of degree i, and we have

Homp(X,Y) = @) Hom% (X, Y (i)).
i€z

We call X € mod?(R) graded Cohen-Macaulay if the following equivalent conditions are satisfied (e.g.
[BHL (1.5.6), (2.1.17) and (3.5.11)]).
Extz (X, R) = 0 for any i > 0.
X is a maximal Cohen-Macaulay Rm-module (i.e. depthXy, =d or X, = 0).
Extp (Xm, Rm) = 0 for any i > 0.
Xpis a maximal Cohen-Macaulay R,-module for any prime ideal p of R.
Ext%p (Xp, Rp) = 0 for any ¢ > 0 and any prime ideal p of R.
We denote by CM?%(R) the category of graded Cohen-Macaulay R-modules.

We denote by mod”(R) the stable category of mod?(R) [ABr]. Thus mod”(R) has the same objects
as modZ(R), and the morphism set is given by

Hom%(X,Y) := Hom%(X,Y)/P%(X,Y)

for any X,Y € mod”(R), where PZ(X,Y) is the submodule of Hom%(X,Y) consisting of morphisms
which factor through graded projective R-modules. For a full subcategory C of mod?(R), we denote by
C the corresponding full subcategory of modZ(R). The following fact is well-known (see Appendix).

Proposition 1.3. Let R be a graded Gorenstein ring. Then CMZ%(R) is a Frobenius category and the
stable category C_MZ(R) is an algebraic triangulated category.

In particular we can apply the tilting Theorem for CM”(R).

Recall that an additive category is called Krull-Schmidt if any object is isomorphic to a finite direct
sum of objects whose endomorphism rings are local. Krull-Schmidt categories are important since every
object can uniquely be decomposed into indecomposable objects up to isomorphism. Another important
property of C_MZ(R) is the following, which will be shown at the beginning of Section
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Proposition 1.4. Assume that Ry is Artinian. Then the categories CM%(R) and CM*(R) are Krull-
Schmidt.

1.2. Our results. Throughout this paper, let k£ be a field of characteristic zero and let G be a finite
subgroup of SL4(k). We regard the polynomial ring S := k[x1,- - - , z4] as a Z-graded k-algebra by putting
degx; = 1 for each 4. Since the action of G on S preserves the grading, the invariant subalgebra R := S
forms a Z-graded Gorenstein k-subalgebra of S. We denote by m (respectively, n) the graded maximal
ideal of R (respectively, S).

Throughout this paper, we assume that R is an isolated singularity (i.e. R, is regular for any prime
ideal p # m of R, or equivalently, any graded prime ideal p # m of R). This is equivalent to saying that
G acts freely on k%\{0} [IY] (8.2)]. One important property of the category CM”(R) is the following
graded Auslander-Reiten duality.

Theorem 1.5. There exists a functorial isomorphism
Hom%(X,Y) ~ D Hom%(Y, X (—d)[d — 1])
for any X,Y € CM%(R).
This says that the triangulated category CM”(R) has a Serre functor (—d)[d — 1] in the sense of
Bondal-Kapranov [BK]. The graded Auslander-Reiten duality appears in [ARI] in the proof of existence
theorem of almost split sequences. For the convenience of the reader we shall give in Section 2 a complete

proof for graded Gorenstein isolated singularities (see Corollary 2.5 and Proposition [(.5]).
Our first main result is the following.

Theorem 1.6. The R-module

U

-1

T:=¢p5Sh)

(=)

=
is a silting object in CM”*(R). Moreover Hom’% (T, T[n]) = 0 holds for any n < 2 — d.
nl)

More strongly, we shall show that Hom®% (S, S(i)[
shadow areas (Proposition [G.3]).

= 0 holds if (n, i) does not belong to the following

When d = 2, Theorem [ implies that 7' = S @ S(1) is a tilting object in CM*(R), and so CM*(R) is
triangle equivalent to KP(proj End%(T")). Moreover we shall show that End%(T) is Morita equivalent to
the path algebra of disjoint union of two Dynkin quivers (Example [[.T4]). Thus we recover a result due
to Kajiura, Saito and A. Takahashi [KSTI]. Also Theorem [ gives an analogue of a result of Ueda [U]
based on Orlov’s theorem [O], where cyclic quotient singularities with different grading are treated.

When d > 2, the above T is not necessarily a tilting object (see Example [[.T0]). Instead of T', we shall
give a tilting object in CMZ (R) by using syzygies as follows.

For a graded S-module X, we denote by 25X the kernel of the graded projective cover. For a graded
R-module X, we denote by [X]cm the maximal direct summand of X which is a graded Cohen-Macaulay
R-module. Our second main result is the following.

Theorem 1.7. The R-module
U :=

d
p=

[Q5k(p)lem
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is a tilting object of C_MZ(R). In particular, we have a triangle equivalence
CMZ(R) — K" (proj End%(U)).

We shall give explicit descriptions of the algebras End’%(T) and End%(U). Let V := S) be the degree
1 part of S. Let

P=@r=@ADV
i>0 i>0
be the exterior algebra of the dual vector space DV of V.

Definition 1.8. (a) We define k-algebras S(¥ and E(@) by

So 0 0O -~ 0 0 Ey E; BE» Eqo Eqi
S So 0O -+ 0 0 0 E, Ei Eq—s Eaqs
S S S 0 0 0 0 E Ey4 Eq
Sa—o Si—s Sq_a So 0 o 0 0 - FE, I
L Sdfl Sd72 Sd73 A Sl SO i L 0 0 0 A 0 EO

(b) Let A be a k-algebra and G a group acting on A (from left). We define the skew group algebra
A x G as follows: As a k-vector space, A * G = A ®; kG. The multiplication is given by

(a®g)(d ®9g')=ag(d)®gg

for any a,a’ € A and g,¢’ € G. Similarly, for a k-algebra A’ and a group G acting on A’ (from
right), we define the skew group algebra G x A’.

The left action of G on V gives the right action of G on DV. These actions induce actions of G on the
k-algebra S(9 from left and the k-algebra E(4) from right. Thus we have skew group algebras S(@ % G
and G * E(?. Notice that they are Koszul dual to each other. Define idempotents of kG by

1
e::—g g and € :=1—e. (1)
#GgEG

These are idempotents of S G and GxE@ since kG is a subalgebra of S(¥ %G and G E(® respectively.
Now we have the following descriptions of the endomorphism algebras of 7" and U.

Theorem 1.9. We have isomorphisms
End%(T) ~
End%(U)

(5% G)/le),
e’(G* E(d))el
of k-algebras, where we denote by {(e) the two-sided ideal generated by e. Moreover these algebras have

finite global dimension.

As an immediate consequence, we have the following description of CMZ(R) as a derived category of
a finite dimensional algebra.

Corollary 1.10. We have triangle equivalences:
CM?%(R) — KP(proje/(G « E@D)e') ~ D (mod /(G * E@D)e’).
Let us observe another consequence of Theorem

Definition 1.11. Let 7 be a triangulated category. An object X € T is called exceptional if
Hom7 (X, X[n]) = 0 for any n # 0 and Endr(X) is a division ring. A sequence (Xi,---,X,,) of
exceptional objects in 7 is called an exceptional sequence if Homy(X;, X;[n]) =0forany 1 <j<i<m
and n € Z. An exceptional sequence is called strong if Homy(X;, X;[n]) = 0 for any 1 <,5 < m and
n # 0, and called full if thick(@;~, X;) = T.
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Clearly an exceptional sequence (Xi,---,X,,) is full and strong if and only if ", X; is a tilting
object in 7. Thus the previous theorems yield the result below.

Corollary 1.12. (a) There exists an ordering in the isomorphism classes of indecomposable direct
summands of T which forms a full exceptional sequence in C_MZ(R).
(b) There exists an ordering in the isomorphism classes of indecomposable direct summands of U
which forms a full strong exceptional sequence in C_MZ(R).

2. GRADED AUSLANDER-REITEN DUALITY

In this section, we study the graded version of Auslander-Reiten duality. For the basic definitions and
facts on graded rings, we refer to [BH|, §1.5 and §3.6].

Throughout this section, let R be a commutative Noetherian ring of Krull dimension d which is
Gorenstein and graded. Moreover we assume that (R, m, k) is a *local k-algebra. We denote by (—)* the
R-dual functor

Hompz(—, R) : mod?(R) — modZ(R).

For X € modZ(R), take a graded free resolution

s R L RS X0 2)
We put QX :=Im f. This gives the syzygy functor

Q : mod*(R) — mod”(R).

Applying the functor (—)*, we define Tr X € mod?(R) by the exact sequence

0 X s s Tx o (3)
This gives the Auslander-Bridger transpose duality
Tr : mod”(R) = mod”(R).

Note that Q2 Tr(—) ~ (—)* as functors from mod”(R) to itself.

We denote by fi%(R) the category of graded R-modules of finite length. Then X € mod%(R) belongs
to iZ(R) if and only if X, = 0 for any prime ideal p # m (or equivalently, any graded prime ideal p # m).
We denote by

D = Homy(—, k) : i%(R) = i%(R)

the graded Matlis duality. Since R is Gorenstein, there exists an integer o such that w := R(«) satisfies
an isomorphism

Exth(-w)={ § (39 (4)
of functors fiZ(R) — fiZ(R). The integer « is called the a-invariant of R and the module w is called the
*canonical module of R. Note that —a is often called the Gorenstein parameter of R. In particular we
have Ext%(k, R) ~ k(—a).

The restriction of €2 gives an equivalence

Q: CM*(R) = CM?%(R),
which gives the suspension functor [—1] of the triangulated category CM”(R). We define the graded

version of the Auslander-Reiten translation

Homp(—,w)

2T oMP(R) 29, oM (R).

7 : CM”(R)

Definition 2.1. [A3] We denote by CMZ(R) the full subcategory of CM%(R) consisting of N € CMZ%(R)
such that N, is R,-free for any prime ideal p # m (or equivalently, any graded prime ideal p # m).

We shall show the following graded version of Auslander-Reiten duality [ARI] ([Y] (3.10)]).
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Theorem 2.2. There is a functorial isomorphism
DHomp (M, N) =~ Extp(N, M)
of graded R-modules of finite length for any M € mod?(R) and N € CM%(R).
To prove this, we need the following graded version of [A2] (7.1)][Y] (3.9)].
Lemma 2.3. There is a functorial isomorphism
Hompz(M, N) ~ Torf(Tr M, N)
of graded R-modules for any M, N € mod%(R).

Proof. The assignment ¢ @ y — (z — ¢(z)y) makes a functorial homomorphism Ay y : M* @ N —
Homp (M, N) of graded R-modules. Clearly Ay n is an isomorphism if M is a graded free R-module.
Applying — ®r N to B) and Hompg(—, N) to [@) and comparing them, we have a commutative diagram

M*@r N ——>F; @y N ——> Ff @z N

l/)\]vf,N ?lAFU,N ?lAFl,N

0 —— Hompg(M, N) —— Hompg(Fy, N) —— Hompg(Fy, N)

where the lower sequence is exact and the homology of the upper sequence is Tor{2 (Tr M, N). Since the
image of Ay n is P(M, N), the cokernel of A\ps v is Homp (M, N). Thus we have the desired isomorphism.
|

Now we shall prove Theorem [22] along the same lines as in the proof of [Y] (3.10)].
First we remark the following: Let X, Y, Z € mod?(R). Then the assignment ¢ + (z + (y — ¢(z®y)))
makes a functorial isomorphism

Hompg(X @ Y, Z) = Homp (X, Hompg (Y, Z))
of graded R-modules. This gives rise to an isomorphism
RHomz(X @% Y, Z) ~ RHomp (X, RHomg(Y, Z))
in the derived category D(mod?(R)) of mod?(R).
Since Extz (N,w) = 0 for ¢ > 0, we get isomorphisms
RHompz(Tr M @% N,w) ~ RHompg(Tr M, RHomg(N,w)) ~ RHomz(Tr M, Homg (N, w))
in D(modZ(R)). Thus there is a spectral sequence

Ey? = Extly(Torf(Tr M, N),w) = Ext{ (Tr M, Homp(N,w)).

Since Ny, is a free Rp-module for any prime ideal p # m, we have Torf(Tr M,N), = Torf’p (Tr My, N,) =0
for j > 0. Thus Tor’(Tr M, N) belongs to i*(R) for j > 0. By (@), we have E5’ = 0 for j > 0 and i # d.

On the other hand, we have E;] =0 for 7 > d since w has injective dimension d. Consequently, we have
an isomorphism

Ext%(Tor"(Tr M, N),w) ~ Ext%™ (Tr M, Hompg (N, w)). (5)
We have the desired assertion by

2.3
DHomp (M, N) @ Exth(HomR(M, N),w) EExt‘Ii%(Torf”(Tr M,N),w)

9 Ext% ! (Tr M, Homp(N,w)) =~ ExtL(Q4 Tr M, Homg(N, w))
~ Extp(N,Homg(Q* Tr M,w)) = Exty(N,7M).
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Proposition 2.4. There is an isomorphism
7~ 027 (a)
of functors CM*(R) — CM?*(R).
Proof. We only prove the proposition in the case d > 2, for it is easily proved in the cases d = 0,1. There
is an exact sequence
0= QM) 5 Fy3—---—>Fy— M =0
of graded R-modules where each Fj is free. All modules appearing in this exact sequence are in CM?(R)
because their localizations at m are maximal Cohen-Macaulay Ry-modules. Applying Homp(—,w) ~
(=)*(a), we obtain an exact sequence
0— M™(a) = Fi(a) == F_3(a) >7M — 0
of graded R-modules, and there is an isomorphism M** ~ M. This shows 7M ~ Q2>~¢M (a). O
Our graded Auslander-Reiten duality gives the Serre duality of the triangulated category C_M%(R).

Corollary 2.5. There exists a functorial isomorphism
Hom% (M, N) ~ D Hom% (N, M (a)[d — 1])
for any M,N € CMZ%(R). In other words, the category CM5(R) has a Serre functor (a)[d — 1].

Proof. We have only to take the degree zero parts of the graded isomorphisms

2]
D Hompz(M, N) EExt}Q(N, M) @Ext}%(N, 0*M(a)) ~ Hom (N, M (a)[d — 1]).

3. SKEW GROUP ALGEBRAS

Throughout this section, let k& be a field of characteristic zero and G a finite subgroup of GL4(k). Let
S := k[z1,--- ,74] be a polynomial algebra and R := S¢ be an invariant subalgebra. The aim of this
section is to give a description of Endg(S) as a skew group algebra S * G (see Definition [[H]). Recall that
we regard S and R as graded algebras by putting degx; = 1 for each i. We have a morphism

¢:SxG — Endgr(S), s®g— (t— sg(t))
of graded algebras, where we regard Endgr(S) and S % G as graded algebras by putting Endg(S); :=
Hom%(S,S(7)) and (S * G); := S; @ kG.
We will show that ¢ is an isomorphism under the following assumption on G.

Definition 3.1. We say that g € GL4(k) is a pseudo-reflection if the rank of g — 1 is at most one. We
call G small if G does not contain a pseudo-reflection except the identity.

For example, it is easily checked that any finite subgroup of SL4(k) is small.
We have the following main result in this section.

Theorem 3.2. Let G be a finite small subgroup of GL4(k). Then the map ¢ : S« G — Endg(S) is an
isomorphism of graded algebras.

This is due to Auslander [AGl [AT]. Since there seem to be no convenient reference to a proof of this
statement except Yoshino’s book [Y] for the special case d = 2, we shall include a complete proof for the
convenience of the reader.

Before we start to prove, we give easy consequences.

Corollary 3.3. Let G be a finite small subgroup of GLg(k). Then we have Hom’%(S, S(i)) = 0 for any
i <0 and End%(S) ~ kG.

Proof. By Theorem 3.2 we have Hom’%(S, S(i)) = Endg(S); =~ (S * G);. Since (S *G); = 0 for any i < 0
and (S * G)g = kG, we have the assertions. O
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Corollary 3.4. We have the following mutually quasi-inverse equivalences

S®na— Hompyg(—,S)
mod(kG) === 4dd% § mod(kG) =————== add% §
Hom’% (S,—) Hom%(—,S

In particular, we have bijections between the isomorphism classes of simple kG-modules and the isomor-
phism classes of indecomposable direct summands of S € modZ(R).
Proof. We only consider the left diagram. We have an equivalence

®kG—

jEnd%(S) =——=add% S
proj Endy(S) =———= e

By Corollary B3] we have End’%(S) ~ kG, which is semisimple. Thus we have proj End%(S) ~ proj kG ~
mod(kG), and the assertions follow. O

The following notion plays a key role in the proof of Theorem

Definition 3.5. [BR] Let A C B be an extension of commutative rings. We say that B is a separable
A-algebra if B is projective as a B ® 4 B-module.

Let us prove the following general result (cf. [Y] (10.8)]).
Proposition 3.6. Let B be an integral domain, G a finite group acting on B and A :== BY. If B is a
separable A-algebra, then the map ¢ : B+ G — Enda(B) given by b® g — (t — byg(t)) is surjective.

Proof. Without loss of generality, we can assume that the action of G on B is faithful. The multiplication
map m : B®4 B — B is a surjective morphism of B ®4 B-modules. Since B is a separable A-algebra,
there exists a morphism ¢ : B — B ®4 B of B ® 4 B-modules such that m: = 1.

Let E := End4(B). For f, f' € E, we define an element v(f, f') € E by the composition

) :BS BoaB 2 Bo, B ™ B,

Then the map v : E X E — FE is bilinear. Clearly we have v(1g,1g) = 1g.
For ¢ € B x G, we simply denote v(¢(c), f) and v(f, ¢(c)) by (¢, f) and v(f, ¢) respectively.
(i) Let g € G and f € Enda(B). Since both ¢ and m are morphisms of B ® 4 B-modules, we have

Vg, [)(@y) = g(x) - (g, f)(y) and ~(f,9)(zy) =~(f,9)(z) - 9(y) (6)
for any x,y € B. In particular, we have v(g, f)(z) = g(x) - v(g, f)(15), which means
(g, f) = o(v(g. )(1B) ® g). (7)

On the other hand, we have

@ @
9, 1e)(@) -y = 7(9, 1e)(xy) = 7(9,16)(yx) = 9(y) -7(9, 1E)(x) (8)
for any z,y € B. If g # 1, then there exists y € B such that g(y) # y since the action of G on B is
faithful. Since B is a domain, (8) implies that

7(9,15) =0 for any g€ G\{1}. (9)
(ii) Assume Im f C A. Then we have

BoaB s Bo,B™ B)=BoisB 2% Bo,B ™ B L B,

This implies
VL) =1 1e). (10)
(iii) We shall show f = ¢(>_ (9, f)(15) ® g) for any f € Enda(B). We have

$(>_ (g, /)(1p)*g) ngf v 9. f)

geG geG geG

@ f'V(ZQ,lE):Zf"Y(gle)@f'V(lEle):f-

geG geG
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Another key notion in the proof is the following.

Definition 3.7. Let (A,m,k) C (B,n,{) be an extension of commutative Noetherian local rings with
m = nN A such that B is finitely generated as an A-algebra. We say that A C B is an unramified
extension if n = mB and k C { is a separable extension of fields.

This is related to separability of the A-algebra B (see [BR) (I11.3.1)] for more information).
Proposition 3.8. If A C B is unramified, then it is separable.
Proof. First, let us prove that Qg4 = 0. By [Mal (25.2)], there is an exact sequence

‘I‘l/‘[‘l2 g) QB|A ®B£—> Qg|A — 0,

where a(y) = dpja(y) ® 1 for y € n. Since Qa = Q. = 0, the map « is surjective. As n = mB,
the map B : m/m? ®4 B — n/n? sending T ® b to xb for € m and b € B, is surjective. We have
afB(T®b) =x-dpja(b) ®1 = dpja(b) ®T = 0, hence aff = 0. Therefore Q54 ®p £ = 0. Nakayama’s
lemma implies Q514 = 0.
Now, we can prove the assertion of the proposition. There is an exact sequence
0—+I—-B®iB5HB—0

of B ®4 B-modules, where p(b® b') = bb' for b,b’ € B. We have I/I? = Qpja =0,s0 1 = I?. Fix a
prime ideal p of B ® 4 B. If p does not contain I, then By, = 0. Suppose p contains I. We have I, = Ig.
Since B is a finitely generated A-algebra, B ® 4 B is a Noetherian ring. Hence we can apply Nakayama’s
lemma to see that I, = 0, which shows B, ~ (B ®@g B),. Consequently, B is locally free over B ®4 B.
This means that B is a projective B ® 4 B-module. O

Let L|K be a Galois extension of fields with the Galois group G. Let (B,B) be a discrete valuation
ring with the quotient field L. Then A := B N K is a discrete valuation ring with the maximal ideal
p =P N A. The inertia group of P is defined by

TP) ={9€G|g(x)—zeP for any x € B}.
We need the following basic result in algebraic number theory [S| (I1.7.20)].
Proposition 3.9. The order of T(B) is equal to the length of the B-module B/pB.

In particular, the extension A C B is unramified if and only if T(8) = {1} holds and the field extension
A/p C B/B is separable. Applying this observation for our setting, we have the following crucial result
(cf. YL (10.7.2)]).

Proposition 3.10. Let k be a field of characteristic zero and G a finite subgroup of GLg4(k). Let S :=
k[z1,--- ,wq] and R := S¢. Then the following conditions are equivalent.

(a) G is small.

(b) For any height one prime ideal P of S, the extension Rpnr C Sy is unramified.

Proof. Let p := P N R. Since the characteristic of k is zero, the field extension R,/pR, C Sy /PBSy
is separable. By Proposition B9, we have only to show that the following conditions are equivalent for
g €@q.

(i) g is a pseudo-reflection.

(i) There exists a height one prime ideal P of S such that g € T'(PSy).

(i)=(ii) By changing variables, we can assume that g(z;) = x; for any 1 < i < d and g(zq) = (xq for
a root ¢ of unity. Let P := (z4) be a height one prime ideal. Since g acts on S/(z4) trivially, we have
that g € T(PSy).

(ii)=(i) Since S is a unique factorization domain, we can write 9 = (z) for z € n. Since g acts on
S/(z) trivially, g acts on S/((z) + n?) trivially. Let n := (x1,---,24) C S and V := S; = n/n?. The
image of the map g — 1 : V — V is contained in ((z) + n?)/n? C V, which is one dimensional over k.
Thus g is a pseudo-reflection. O
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Lemma 3.11. Let A be a commutative Noetherian ring of dimension d such that depthAy = d for any
mazimal ideal m of A. Let f : X — Y be a homomorphism in mod A such that fo : Xog — Yo is
an isomorphism for any height one prime ideal B3 of A. Then f* : Y* — X* is an isomorphism. In
particular, [ is an isomorphism if X and Y are reflexive A-modules.

Proof. Let 0 > K — X Ly C — 0 be an exact sequence. By our assumption dim K and dim C' are
at most d — 2. By [Mal, (17.1 Ischebeck)], we have Ext% (K, A) = 0 = Ext%,(C, A) for i = 0,1. Applying
(—)* to the above exact sequence, we have the assertion. U

Now we can prove Theorem [3.2]

The map ¢ : S * G — Endg(S) is a homomorphism of reflexive S-modules. By Lemma [BTT], we have
only to show that

¢q3 : Sq} *G — EndR‘me(Sgp)

is an isomorphism for any height one prime ideal B of S.

Let A := Rypng and B := Sy, and let K and L be the quotient fields of A and B respectively. Since
G is small, we have by Proposition that A C B is an unramified extension of discrete valuation
rings. By Proposition B8 B is a separable A-algebra. By Proposition B.6] ¢ is surjective. Since
dimg (L * G) = (dimg L)? = dimg Endg (L), we have that ¢ is bijective. O

4. CLUSTER TILTING SUBCATEGORIES FOR QUOTIENT SINGULARITIES

The notion of maximal orthogonal subcategories was introduced in [I1] as a domain of higher dimen-
sional analogue of Auslander-Reiten theory, and later renamed cluster tilting subcategories in [KRI] in
the context of categorification of Fomin-Zelevinsky cluster algebras. The notion of cluster tilting subcate-
gories is an analogue of that of tilting objects. It was shown in [[1] that the categories CM(R) for isolated
quotient singularities R of dimension d have (d — 1)-cluster tilting subcategories. In this section we give
a graded version of this observation, namely we show that the categories CM”(R) have (d — 1)-cluster
tilting subcategories. Results in this section will be used in the proofs of our main Theorems and [T

Let us start with introducing the notion of n-cluster tilting subcategories:

Definition 4.1. Let 7 be a triangulated category and let n > 1. We say that a full subcategory C of T
is n-cluster tilting (or maximal (n — 1)-orthogonal) if the following conditions are satisfied:

(i) We have
C={XeT| Homr(C,X[j])=0(0<j<n)}={X €T | Homp(X,C[j]) =0 (0 < j <n)}.
(ii) C is a functorially finite subcategory of T in the sense that for any X € T, there exist morphisms
f:Y > Xand g: X - Z with Y, Z € C such that the following are surjective.
(f) : Hom7(C,Y) - Hom7(C, X), (-9) : Hom7(Z,C) — Hom7(X,C).
The following main result in this section is a graded version of [I1l (2.5)] (see also [Bu]).
Theorem 4.2. Let k be a field of characteristic zero and G a finite subgroup of SLq(k). Let S :=

k[z1,--- ,7q4] and R := SY. We regard S and R as graded algebras by putting degx; = 1 for eachi. If R
is an isolated singularity, then

S :=add%{S(i) | i € Z}
is a (d — 1)-cluster tilting subcategory of CMZ(R).

We include a complete proof here for the convenience of the reader though it is parallel to [I1l, (2.5)].
Let us recall some well-known results. The first one is a consequence of our assumption that R is an
isolated singularity.

Lemma 4.3. Let X,Y € CM%*(R) and n € 7. There exist only finitely many i € 7 such that
Hom’%(X,Y (i) # 0 (respectively, Ext’s(X,Y (i))o # 0, where Ext}t(X,Y (i))o denotes the degree zero
part of Exty(X,Y(4))).
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Proof. We have Homp (X,Y) = @,, Hom% (X, Y (7)) and Ext(X,Y) = D,z Extr(X,Y(9))o. Since R
is an isolated singularity, we have dimy Homp(X,Y) < oo and dimy Ext’(X,Y) < oo for any i > 0 by
[A3L (7.6)] (cf. [YL (3.3)]). Thus the assertion follows. O

The next one is a general result on graded modules.

Lemma 4.4. [AR2] (2.9)][Y] (15.2.2)] Let X and Y be indecomposable objects in mod?(R). Then X ~Y
as R-modules if and only if X ~Y (i) for some i € Z as graded R-modules.

PROOF OF THEOREM For any X € C_MZ(R), there are only finitely many ¢ € Z such that
Hom% (X, S(i)) # 0 (respectively, Hom% (S, X (i)) # 0) by Lemma E3l One can easily verify that S
is a functorially finite subcategory of CM”(R).

(i) We shall show Hom%(S, S(i)[j]) = 0 for any i € Z and 0 < j < d — 1.

We have only to show EX'E%(S, S)=0forany 0 < j<d—1. Fix 0 < j < d—1 and assume that we
have shown EXt%(S, S)=0for any 0 < £ < j. Let

OHQ{QS%P]-,1~>~~~>PO%S~>O
be a projective resolution of the R-module S. Applying Homp(—, S), one gets an exact sequence
0 — Endg(S) — Homg(Py, S) — --- — Hompg(Pj_1,S) — Homp(Q}S, S) — Ext}(S,S) — 0

of S-modules since Extfpb(S, S) =0 for any 0 < £ < j. Each Hompg(P;, S) is a projective S-module, and
so is Endg(S) since there is an isomorphism Endgr(S) ~ S * G by Theorem Taking a projective
presentation of the R-module Q%S and applying Hompg(—, S), we see that HomR(Q%S, S) is a second
syzygy of a certain S-module. Thus it holds that proj.dimg HomR(ngS, S) < d — 2. These observations
together with the above exact sequence imply proj.dimg Ext%(S, S) < d—1. By Lemma (3] the S-
module Ext%(S ,S) has finite length. Since any non-zero finite length S-module has projective dimension
d by the Auslander-Buchsbaum equality at m, we have EXt%(S, S)=0.

(ii) We shall show that any X € CM”(R) satisfying Hom’% (X, S(i)[j]) = 0 for any i € Z and 0 < j <
d — 1 belongs to S.

By Lemma [£4] we have only to check X € addr S. We have Extgz(X, S)=0forany 0 < j<d-—1.
Let

0 QX 5 Ppg— - Ph—= X0
be a projective resolution of the R-module X. Applying Hompg(—,S), we obtain an exact sequence
0 — Hompg(X,S) — Hompg(Py,S) — -+ — Hompg(Py—2,S) — Homp(Q% 1S, S)

of S-modules since Extg%(X, S) =0 for any 0 < j < d — 1. Again each Homp(P;, S) is a projective S-
module, and proj. dimg Homz(Q% 1S, S) < d—2 holds as we have shown in (i). Consequently Hompg (X, S)
is a projective S-module, and we get Hompg(X, S) € addr S.

Since eS = R holds for the idempotent defined in (), one sees that R is a direct summand of S as
an R-module. Thus we have X* € addg Homp (X, S) C addg S and X ~ X** € addr S*. Since S* is a
Cohen-Macaulay S-module, it is a projective S-module. Thus X € addr S holds, so the desired assertion
follows.

(iii) We shall show that any X € CM*(R) satisfying Hom% (S, X (i)[j]) = 0 for any i € Z and 0 < j <
d — 1 belongs to S.

By using graded AR duality (Corollary 23), we have Hom% (X, S(i)[j]) = 0 for any i € Z and 0 < j <
d — 1. Thus we have X € S by (ii). O

In particular, we have CM%(R) = S in the case d = 2. This is a graded version of a classical result
due to Herzog [Her| and Auslander [A4].
The following property of (d — 1)-cluster tilting subcategories is the graded version of [[1l, (2.2.3)].

Proposition 4.5. For any X € CMZ(R), there exists an exact sequence

0=-+Cq2—=>-—=Ch—=X—=0
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in mod”(R) with C; € S such that the following sequence is evact:
0 — Hompg(S,Cy—2) — --- = Homp(S, Cy) — Homp(S, X) — 0.

Proof. Put Xy := X. Inductively, we get an exact sequence 0 — X;41 — C; — X; — 0 in mod?(R) with
C; € S such that

0— HOHlR(S, Xi—i—l) — HomR(S, Cl) — HomR(S, Xl) — 0
is exact. Using Extg%(S, S)=0for any 0 < j < d— 1, we have EX‘L%(S, X;)=0forany 0 < j <i <
d — 1 inductively. By Theorem B2 we have Xy o € S. Putting Cy_s := X4 o, we obtain a desired
sequence. O

5. KOSZUL COMPLEXES ARE HIGHER ALMOST SPLIT SEQUENCES

The notion of Koszul complexes is fundamental in commutative algebra. They give projective resolu-
tions of simple modules for regular rings S. In this section we study properties of the Koszul complex of
S as a complex of R-modules for a quotient singularity R. We will show that the Koszul complex of S is
a direct sum of higher almost split sequences for graded Cohen-Macaulay modules. This is an analogue
of a result in [I2] which assumes that S is a formal power series ring. Results in this section will be used
in the proof of our main Theorems and [[7]

Let k be a field of characteristic zero and G a finite subgroup of GL4(k). Let S := k[xy, -+, x4] and
R := SY. We regard S and R as graded algebras by putting degz; = 1 for each i. Let V := S; be the
degree 1 part of S. We denote by

K = (o—>5®/\v S®/\V—> 28wV L 8 0)

the Koszul complex of S, where ® := ®;, and the map J; : S ® /\i V-5S® /\i_1 V' is given by
s® (v A Aw;) HZ ‘ sv] (Vi A D5 Avy).

We have a free resolution

K = (0—>S®/\V S®/\V—> 280V 2 S5 k—0) (11)

of the simple S-module k. We regard each S ® /\Z V' as a module over the group algebra RG by
(rg)(s @ (L1 A=+ Awi)) = rg(s) @ (g(v) A=+ A g(vi))-

We regard V as a vector space of degree 1, and so /\" V as a vector space of degree i. Thus S ® A"V is
a direct sum of copies of S(—i). Clearly (I]:I]) is an exact sequence of graded RG-modules.
We consider the decomposition of () as a complex of R-modules. Let Vo = k,V;,---,V, be the
isomorphism classes of simple kG-modules. Let d; be the dimension of V; over a division ring Endgg (V;).

Proposition 5.1. As a complex of graded R-modules, the koszul complex ([II) splits into a direct sum
of d; copies of
N d
Homy (V;, K) = (0 = (Homyg (Vi, S @ A\ V) 2y - 2 Homya(Vi, §) — Homye (Vi k) = 0), (12)
where Homyg (Vi, k) if i = 0 and Homga(V;, k) = 0 otherwise.

Proof. Since kG ~ @}, V4 as kG-modules, we have K ~ @f;o Homy (V;, K)% as complexes of graded
R-modules. O

The following main result in this section is a graded version of [I2| (6.1)] asserting that the Koszul
complex of S gives a higher almost split sequence of R.
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Theorem 5.2. (a) The Koszul complex () induces an exact sequence
0 — Hom4(S(i), S ® /\ V) 245 22 Hom%(S(i), S @ V) 225 Hom4(S(i), S)

for any i € Z, where the right map (81-) is surjective if i # 0.
(b) The Koszul complex [I)) induces an exact sequence
d—1 d
0 — Hom®(S, S(i)) <2 - 2425 Homb (S ® A\ V.S(i)) 2% Homs(S @ A\ V. 5(i))
for any i € Z, where the right map (-04) is surjective if i # —d.
The first part is a consequence of the following observation.

Lemma 5.3. We have an isomorphism

K © kG = SoANVare—Z . 2oy o ke 22 § 2 kG)
i llad llal ?Lao
Hompg(S, K) = (Homa(S,S ® A?V) ~m - 2 Homp(S, § @ V) ~— Homp (S, 5))

of complexes of graded R-modules.

Proof. We define a map

S®/\V®kG%HomRSS®/\V ) by s@uw® g (t—tg(s)®g(w)) (g € G).

(i) We shall show that a; is an isomorphism.
We can write a; as a composition

S®/Z\V®kGi>S®kG®/Z\V&>EndR )®/\V1>Hom3(s,5®/\V),

where ¢; is defined by ¢;(s @ w ® ¢g) = s ® g ® g(w). Clearly ¢; is an isomorphism, and so is ¢ ® 1 by
Theorem Thus we have the assertion.
(ii) Tt is easily checked that both (d;-)a; and a;—1(6; ® 1) send s® (v1 A--- Av;) ® g to

tis Z ) g (sv;) @ (g(v1) A+ g(vg) -+ A g(v7).
Thus the assertion follows. 0
The second part is a consequence of the following observation.

Lemma 5.4. We have an isomorphism

K@kG: (S@/\dV@kG 6d®1... 62®1 S®V®kG 61®1 S®kG>

l ?lbd len Zlbo

Homp (K, 5) = (Homg(S, S) AR

—(81) (=D (8 7)

omR(S® /\d ! V, SS - HomR(S & /\ V, S))
of complexes of graded R-modules.

Proof. Fix an isomorphism ¢ : /\d V' — k. We have a non-degenerate bilinear form

VA AVI@(AV) sk wew e wAw).
We deﬁneamap

d—i
b; S®/\V®kG—>HomRS®/\VS by s@w® g (t@w — tg(s)(g(w) Aw')).
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(i) We shall show that b; is an isomorphism.
We denote by o : A'V — D(A®"*V) the corresponding isomorphism to /. Since we can write b; as a
composition
i i d—i d—i
So \VeokG S SokGo AV 2% Endr(S) © D(/\ V) = Homg(S @ /\ V. 5),
we have the assertion by Theorem
(ii) Using the relation
d+1
Z(—l)”luj (ug A - Auge1) =0
j=1
for any uq,--- ,uq+1 € V, we have that both (-d4—;11)b; and b;—1(0; ® 1) send s ® (v1 A--- Av;) ® g to
d—i+1
t@ WA ANvg_yy) Z 17 tig(s)e(g(vr) A g(i) Aoy - vf - Avg_iig)

= Z 1)*tg(svs)e(g(or) A=+ g(vg) - g(vi) Avy - AVj_ipq).

Thus the assertion follows. O

Now we are ready to prove Theorem The assertions follow from Lemmas [(.3] and (.4l since the
complex K ® kG is clearly exact. O

We end this section by stating the following application of Theorem
Proposition 5.5. We have Ext%(k, R) ~ k(d) in mod?(R). In particular the a-invariant of R is —d.

Proof. This lemma follows from [BH| (6.4.9) and (6.4.11)]. As an application of the results stated above,
we give a direct proof for the convenience of the reader. Since R is Gorenstein, we have Ext; (S, R) = 0
for any n > 0. Applying Homg(f, R(—d)) to (), we have an exact sequence
d—1 d
Hom%(S @ /\ V, R) = Homp(S ® AV, R(~d)) — Ext}(k, R(—d))o — 0.

Since R(—d) is a direct summand of § ® A"V, we have Ext%(k, R(—d))o # 0 by Theorem This
implies the assertion. O

6. PROOF OF MAIN RESULTS

Before proving our main Theorems and [l we deduce Proposition [[4] from the following well-
known result.

Proposition 6.1. Let f : A — B be a surjective homomorphism of finite dimensional algebras over a
field. For any idempotent e of B, there exists an idempotent ¢’ of A such that e = f(e).

Proof. This is an easy consequence of the lifting idempotents property (e.g. [ASS, (I1.4.4)]). O

Now we are ready to prove Proposition [[L4l

By our assumption dimy, R; < oo for each i, we know that End%(X) and End%(X) are finite di-
mensional k-algebras for any X € CMZ(R). If a finite dimensional k-algebra does not have idempotents
except 0 and 1, then it is local. Thus it is enough to show that idempotents split in CM%(R) (respectively,
CMZ%(R)), i.e. for any idempotent e € Endﬁ(X ) (respectively, E_ndﬁ(X )), there exists an isomorphism
f:X 5 Y ®Zsuch that e = f1(( 0) f.

This is clear for End%(X); just put Y := Ime and Z := Kere. For End%(X), apply Proposition G.1]

to the surjective map End%(X) — End%(X). O
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6.1. Proof of Theorem We need the following application of results in the previous section.
Lemma 6.2. As a complex of graded R-modules, the sequence (I1]) has a direct summand
0— My 2% My_y 225 o 25 My 25 My — 0 (13)

which is exact and satisfies the following conditions.

(a) M; € add S(—1) for any 0 <i <d,

(b) R® My =S and R(—d) & Mg = S(—d),

(c) Put N; :=Img;. Then N; = [Q4k]cm for any 0 < i < d.
(d) We have an exact sequence

0 — Hom% (S (i), Ma) 2% Hom’% (S (i), Mg_1) &= -+ 225 Hom%(S(4), M) 25 Hom (S(i), Mo)
for any i € Z, where the right map (g1-) is surjective if i # 0.
(e) We have an exact sequence
0 — Hom% (Mo, S(i)) ~£ Hom& (M, S(i)) -2 - -+ 2% Hom% (My—1, S(i)) 24 Hom%(My, S(i))
for any i € Z, where the right map (-ga) is surjective if i # —d.
Proof. Immediate from Proposition and Theorem [B.11 a
We have the following consequence.
Proposition 6.3. thick(T) = CM%(R).
Proof. By (a) and (b) in Lemma 6.2, we have S(¢) € thick(T") for any ¢ € Z by using the grade shifts of
the exact sequence (I3). By Proposition B5, we have thick(T) = CM%(R). O

In the rest of this section, we simply write
(X,Y)} := Homp (X, Y (i)[n)).
We have the following immediate consequence of Theorem
Lemma 6.4. (X,Y)? ~ D(Y, X)% "
Theorem follows immediately from the following proposition.

Proposition 6.5. Let n,i € 7Z.
(a) (S5,9)F=01in>0anddn+(d—1)i>0.
(b) (8,9)r=04n<d—1anddn+ (d—1)i<0.
Proof. We use the exact sequence in Lemma
(a) By Theorem H.2] this is true for 0 < n < d — 1. Since Homg(S, S[n]) = @, (S, 9); is finite
dimens/ional, this is also true for sufficiently large . Now we take any n > d — 1. We assume that
(S,8)% =0 holds if the following (i) or (ii) is satisfied.
(i) n>n' >0and dn/ + (d—1)i" >0,
(ii) n =n' and ¢ > 1.
For any 2 < j < d, we have a triangle
N;j = M1 — N;j_1 — N;[1] (14)

in CM”(R). Since n > n—j+2 and d(n—j+2)+(d—1)(i+j—1) = dn+(d—1)i+(d—j+1) > dn+(d—1)i, we
have (S, S);:f]?ff = 0and (M;_1,S)?7*? = 0 by our assumption of the induction. Applying (—, )" /™"
to ([I4)), we have an exact sequence

(M1, 8); 777 = (N3, 8)7 74 = (N, 8)7 772 = (Mo, )7 772 = 0 (15)

for any 2 < j < d. Thus we have a sequence of surjections
(Na, )77 = (Nam1, )72 = o = (N2, 8) 71 = (N1, 8) = (8, 9)7- (16)

% %
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Assumen >d—1. Sincen>n—d+1>0anddin—d+ 1)+ (d—1)(i+d)=dn+ (d—1)i >0, we
have (.5, S)"_”l+1 =0 and (Ng, )" = 0 by the induction hypothesis. By (I6), we have (S, S)? =

Assume n = d— 1. Since we have that i # —d and that (My_1,5)? — (N4, S)? — 0 is exact by Lemma
B2 it holds that (Ng_1,5)" %" =0 by ([H) for j = d. Again by (I8), we have (S, S)} =

(b) Sinced—1—n>0and d(d—1—n)+ (d—1)(—d —i) = —dn — (d — 1)i > 0, the assertion follows
from (a) and Lemma O

6.2. Proof of Theorem [I.7l Let us begin with proving several propositions.
Proposition 6.6. thick(U') = CM*(R).

Proof. By Proposition [63] we have only to show S(4) € thick(U) for any 0 < i < d.
Fix 0 < i < d and assume S(j) € thick(U) for any 0 < j < i. By LemmalG.2] there is an exact sequence
0 — [QLk(i)]om — Mi_1(i) — -+ — My (i) — Mo(i) =0
with [Q4k(i)lom € add U and M,y (i), -+, My (i) € add @'_} S(j). Thus we have S(i) = R(i) & My(i) €
thick(U). The assertion is proved inductively. O

We use the notation in Lemma 6.2l As a matter of convenience, set Ny = Ngi1 = 0. For integers n, i
and 0 < p,qg < d+ 1, we set

(p,9)7 = (Np, Ny)} = Homp,(Np, No(i)[n]).
Let us prepare the following result.

Proposition 6.7. One has (p,q)? = 0 if either of the following holds.
() (L) 1 =0 for any0<t <p—1.
(b) (1,9)7 4 =0 for any 0 <t < d —p.

Proof. For each integer 0 < j < d there is a triangle
Nj+1 —)M —)N —>N+1[1]

in CM? (R). Applying (—,¢)? to this triangle, we get an exact sequence

J+1a)i 7 @i 34 J+ L9 = (9]
G+La)i ™" = (e = M,9)f = G+ Laf = (o (17)
of R-modules, and (M;, q)7 is in addgr(1,q)7, ;-
(a) By (1) and our assumption, we have a sequence of injections
0, @) = (p= 1,07 = = (2,077 = (Lo =0

(b) By ([I7) and our assumption, we have a sequence of surjections

0=(d, )} """ 5 (d—1,9)0 "™ 5 ... S (p+ 1,97 = (0, Q)1

A dual version of Proposition [6.7] holds:

Proposition 6.8. One has (p,q)? = 0 if either of the following holds.

(a) (p7 1)i_q+1+t =0 fO’f’ any 0 S t S q— 1.

(b) (p, 1)?::;_,5 =0 forany0<t<d-—gq.

Proof. (a) By Lemma [64] we have (1, p)d;ll_l_’:;rtl , = 0forany 0 <t < ¢—1. By Proposition [67(a),
we have (g, p)d 1=n — 0. By Lemma 6.4 we have (p,q)} = 0.
(b) is shown dually. O

The next lemma will play an essential role in the proof of Theorem [[7

Lemma 6.9. One has (1,q)" =0 if either n > max{1l,q— i} orn < min{—1,q —7— 1}.
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Proof. Let n > max{l,q — i}. Proposition B.8(b) says that we have only to prove (1, 1)?—?—1& = 0 for
0<t<d-—gq.Sincen>qg—iandn+t>n>1, we have

dn+t)+d-1(i—g—-t)=d-1)n+i—q)+n+t>n+t>0.

Proposition[G.5(a) implies the lemma. A similar argument shows the assertion in the case n < min{—1, ¢—
i—1}. O

Now we can prove Theorem [L.71

By Proposition [6.6] it suffices to prove (U,U)j = 0 for any n # 0. Since U ~ @Zzl N,(p) in CM*(R),
there is an isomorphism (U, U)§ ~ @, <, ,<4(P: 0)g—p-

Fix an integer t > 0. When n > 0, we have n+t¢ > max{1,q— (¢— 1 —1¢)}. It follows from Lemma [6.9
that (1, q);’ffft =0. When n < 0, we have n — t < min{—1,¢q — (¢ +¢) — 1}. Again Lemma [6.9] implies
that (1,q)gjtt = 0. Therefore, Proposition shows that (p,q);_, = 0 holds for every integer n # 0.
This completes the proof of the statement that U is a tilting object.

Now we show the second statement of Theorem [[7l By Theorem [[L2] we have a triangle equivalence
CMZ(R) — KP(projEnd%(U)) up to direct summands. This is an equivalence since CM”(R) is Krull-
Schmidt by Proposition [[4] O

7. ENDOMORPHISM ALGEBRAS OF T AND U

In this section, we will give descriptions of the endomorphism algebras End’%(T") and End%(U). In
particular, we shall prove Theorem [[.9l
Let Vo = k, V4, ---,V,, be the isomorphism classes of simple kG-modules. Let d; be the dimension of
V; over a division ring Endgg(V;). Let e; be the central idempotent of kG corresponding to V;. Then we
have e; = Z‘;;l e;; for primitive idempotents e;; of kG.
The endomorphism algebra End’%(T') is rather easy to calculate.
Theorem 7.1. We have the following isomorphisms of k-algebras:
End%(T) 5@ %@,
End%(T) ~ (89 %@G)/(e).

12

Proof. By Theorem [3.2], there exist isomorphisms
Hom%(S(p), 5(q)) ~ Endgr(S)q—p = (S % G)g—p = Sq—p * G.

Thus we have the isomorphism End%(T) ~ (@ x G.

Notice that (e) consists of endomorphisms of T factoring through eT. Since T = @;1:—01 R(7) is
a maximal free direct summand of T, we have (e¢) C PZ(T,T). On the other hand, assume that for
0 < p,q < d, there exist non-zero maps S(q) — R(r) LA S(p). Since R € add% S, we have ¢ < r < p by
Corollary B3l Thus ba factors through eT', and we have (e) D P%(T,T). O

We give explicit information on the direct summands of T'. Let e, be the idempotent of S (4) whose
(p,p)-entry is 1 and the other entries are 0. Then

{efj::ep®eij|1§p§d,0§i§n,1§j§di} (18)
gives a complete set of orthogonal primitive idempotents of S¥ « G. We put
Ty = Homya(Vi, S)(p—1) for (p,i) €{1,2,---,d} x{0,1,--- ,n}. (19)
Proposition 7.2. (a) We have e};T ~ Ty, as graded R-modules.

(b) The isomorphism classes of indecomposable direct summands of T € modZ(R) (respectively, T €
CM*(R)) are Tp; for (p,i) € {1,2,---,d} x {0,1,--- ,n} (respectively, (p,i) € {1,2,---,d} x
{17 T 7”})
Proof. (a) We have e};T =~ e;;S(p — 1) ~ Homyg ((kG)eij, S(p — 1)) =~ Homyg(Vi, S)(p — 1).
(b) This is immediate from Theorem [T} O
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In the rest of this section we calculate the endomorphism algebra End%(U ). We give a description of
the endomorphism algebra of a bigger object

d
U == P %k(p) € mod”(R),

which induces a description of End%(U ).
Theorem 7.3. We have the an isomorphism EndR( ) G % E@ of k-algebras.

Before proving Theorem [T.3] we give explicit information on the direct summands of U. Let e, be the
idempotent of E(?) whose (p,p)-entry is 1 and the other entries are 0. Then

{ef; =ej®ep | 1<p<d, 0<i<n, 1<j<d}
gives a complete set of orthogonal primitive idempotents of G x E(®. We put
Upi := Homy (V;, Q2k)(p) for (p,i) € {1,2,---,d} x{0,1,--- ,n} (20)
which is Im(6,-)(p) for the map (J,-) in the complex ([I2]).
Proposition 7.4. (a) We have ej;U ~ Uy, as graded R-modules.

(b) The isomorphism classes of indecomposable direct summands of U € modZ(R) (respectively,
U € CM%(R)) are Uy, for (p,i) € {1,2,---,d} x{0,1,--- ,n} (respectively, (p,i) € {1,2,--- ,d}x
{1’ e ’n})

The idea of the proof of Theorem [73]is to calculate Hom%(Q%k(q), Q%k(p)) for any 1 < p,q < d by
using the Koszul complex (IT])

K=(- —>0—>S®/\V S®/\V—> 5—2>S®V6—1>S—>0—>---)

used in Section Bl We will construct the following isomorphisms.
a—p

kG @ J\ DV 5 Home (moaz(ry) (K(q)[—q], K(p)[—p]) = Hom%(Q%k(q), Q%k(p)). (21)

First we shall construct the right isomorphism of (2T]).
Since Im 6, = Qi k, we have a map

Homc oz (ry) (K (9) (4], K(p)[~p]) — Homg(Q%k(q), 25k (p)), (22)
where C(mod?(R)) is the category of chain complexes over mod?(R).

Proposition 7.5. (1) The map [22) is an isomorphism.
(2) Hom%(Q%k(q), Q%k(p)) =0 for any 1 < ¢ < p < d.

Proof. (1) The key result in the proof is Theorem
Fix any f € Hom%(Q%k(g), Q%k(p)). Using Theorem [5.2 repeatedly, we have commutative diagrams

) q+2(¢Z) /\q+1 V(g) st dq+1(q) 1) g /\q (q) Q%kz(q) 0
l | |
p+2(P) Py p+1(P) Py »
' @ NV (p) —= S N"V(p) —= Qgk(p) —=0,
8- 1(‘1) 8q—2(q)

0—=QLk(g) —=SONT' V(g —= SN2V (q) —=

I | |

O%ng(p)%;s’@/\p_l‘/()pl(p)S®/\p2 ()

pfz(P)
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of graded R-modules. They give a chain homomorphism K(gq)[—¢] — K(p)[—p], and the map [22)) is
surjective.
To show that ([22]) is injective, assume that the following diagram is commutative.

) q+2(Q)

/\q+1 V(g) dq+1(q) 1) oo /\q (q) —= ng(q)_>0

lanrl laq lO
5p+2( P+l 5p+1 Py P
- QN V(p) —= LN V(p) — Qgk(p) —=0
Since d,(p) - a;, = 0, the map a, factors through &,1(p) by Theorem 5.2l Since Hom%(S ® AV (q), S ®
A1V (p)) = 0 by Corollary B3, we have aq = 0. Repeating similar argument, we have a; = 0 for any

i >q.
Using the diagram below and Theorem [5.2] we have a; = 0 for any i < ¢ by a similar argument.

5q 1( 6q-2(q)

0—= O%k(q) —= S & AT V(g) L 5 0 ATV (g)

— p 1()
0 — QLk(p) — S @ APV (p) TE

Thus the map ([22) is injective.
2) By (1) we have only to show Homc¢(oqz(r)) (K(¢)[—¢], K(p)[—p]) = 0. Fix any chain homomor-
( (R)
phism

o1
Se V() —2  5(g) 0
l 6? q l P q
So ATV s AT V() s e AP V()

Since 0p—q(p) - @0 - 61(q) = 6p—q(P) - p—g+1(p) - @1 = 0, we have d,_4(p) - ap = 0 by Theorem [5.2l Thus the
map ao factors through 8, 1 (p) by TheoremE2l Since Hom%(S(q), S© AP~ V(p)) = 0 by Corollary
B33 we have ag = 0. By the argument in the proof of (1), we have a; = 0 for any . O

Next we shall construct the left isomorphism in (21)).

We need the following conventions: For a positive integer p, we put [p] := {1,2,--- ,p}. When we
have an injective map o : X — [p] from a subset X of [p], we extend o uniquely to an element o in the
symmetric group &,, by the rule

o 0(i) < o(j) for any ¢,j € [p]\o(X) satisfying i < j.
We have a map
p+q P

ADV%HmkAVAV (23)
sending f = fy A A faAfr € N'DV to
W=vAv2 A Avpag = fo= Y 580(0) fi(Va) -+ SalUo(@)Votr1) A A Va(prg)):
o:[g]—[p+al

where o runs over all injective maps o : [q] = [p + ¢|, which are uniquely extended to elements in Sp,.
For the case p = 0, the above map gives an isomorphism

q

/q\DVzD(/\V) (24)
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since {ys, Ao Ayyy |1 <11 < -+ <ig < d} is mapped to the dual basis of {z;; A--- Ay, [ 1< i <
- < iy <d}. The map (23) gives a map

p+q p

kG®/\DV - Hompi(S® A V+q9),5 AV(p), (25)
g f = (s®@v— gs®g(fv)).

For any 0 < ¢ < d the following lemma gives a map
q
kG @ [\ DV — Homc(moaz(ry) (K(q)[~d], K) (26)

which is the right map in (2I]).
Lemma 7.6. For any 0 < g <d and a € kG® \! DV, we have a morphism

(-1)4s (—1)?+25, (—1)7t1g,
S@ AN V(g) ... “ = So NV (g) o So A V(g)
l -1 dfq(; 4 ‘/ _ l
S@/\d,qv( ) d d2 SaV 01 g

of complezes of graded R-modules, where the vertical maps are the images of a by (23)).

Proof. We will show that (—1)%0,a = adpye. Fix any a = g @ (fg A+ A f1) € kG ® N? DV and
T=5® V1A Avpyg) €S ATV (q).
Then 6,(a(x)) is equal to

> Z 1) sgn(0)g(sV0(+0))0.f1(Ve(1) * faVa(@) (9Votar1) N+ o (gre)  NIVo(pra))s (27)

o:[q]—[p+q] =1
where o runs over all injective maps o : [q] — [p + ¢], which are uniquely extended to elements in &,4,.
For a pair (o, ) appearing in the sum (21), we define an injective map 7 : [¢ + 1] — [p + ¢| by putting
o 7(i) := o(i) for any ¢ € [q],
e 7(qg+1):=0c(q+0).
Since (—1)**!sgn(o) = sgn(7), the element (27) is equal to

Yo seu(M)g(srigr) © filvrn) - falvr () (G0r(gra) A A GUr(prg)): (28)
7:[g+1] = [p+d]
where 7 runs over all injective maps 7 : [¢ + 1] — [p + ¢], which are uniquely extended to elements in

Sptq-
On the other hand, a(dp+4(z)) is equal to

ptq

Z Z (71)é+1 Sgn(o)g(svf) & fl (nga'(l)) e fq(nga(q))(ngga'(q-i-l) ZANRREA gvbga(p—i—q—l))v (29)

=1 o:[q]—[p+q—1]
where o runs over all injective maps o : [q] = [p + ¢ — 1], which are uniquely extended to elements in
Sptq—1, and ¢¢ is the unique bijection ¢ : [p+ ¢ — 1] — [p + ¢]\{¢} which preserves the order on natural
numbers. For a pair (¢,0) appearing in the sum (29), we define an injective map 7 : [¢ + 1] — [p + ¢q] by
putting

o 7(i) :=10(i) for any i € [q],

e 7(¢g+1):=1¢.
Since (—1)**!sgn(o) = (—1)7sgn(7), the element (29) is equal to
> (=1)sgn(r)g(svr(g11) @ F1(vr1) - Fa(Vr)(GVr(gr2) A+ A GUr(prg))s (30)

7:[q+1]—[p+q]
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where 7 runs over all injective maps 7 : [¢ + 1] — [p + ¢], which are uniquely extended to elements in
Sp+q- Comparing 28) and [B0), we have (—1)%0,(a(z)) = a(dptq(x)). O

Using the previous lemma, we have the following result.
Proposition 7.7. The map 26) is an isomorphism for any 0 < q < d.

Proof. Consider the composition

q q
@8) rest.
kG ® /\DV ? HomC(modZ(R))(K(Q)[_q]aK) : Hom%(S@ /\V(q)a S)a

where the right map is the restriction to the 0-th terms. By (24]) and Corollary[3.3] we have isomorphisms
Hom%(S @ A"V (q),S) ~ Hom%(S,S) ® Homy(A?V,k) ~ kG ® N? DV. Thus the above map is an
isomorphism.

Since the map Homc(moaz(r)) (K(q)[—q], K) — Hom%(Q%Hk(q), Qgk) is injective by Proposition
[[5(1), the right map is also injective. Thus we have the assertion. a

Now we are ready to prove Theorem [Z.3]
We have desired isomorphisms (2I)) from Propositions[7.5(1) and [[77l By Proposition [[5(2), we have
isomorphisms

pP—q
Endj(U)~ @) Homi(Q%k(p), QLk(q) ~ € kG® A\ DV ~GxEW
1<p,q<d 1<p<q<d

of k-vector spaces. We have only to check compatibility with the multiplication.
The multiplication in G % E(® is given by the map

q r q+r
(kG ADV)® (kG® \DV) — kG® DV, (31)

(e (fan-NAN®G @A Nf) = 99 @ (fagd N Nfrg NLA-- A ).
We have the following compatibility result.

Lemma 7.8. We have a commutative diagram

(kG N"DV) @ (kG® \" DV) . kG ® N7 DV

| |

Hom4(S @ ATV, S @ AP V) ® Hom%(S @ A\PY1H V, 8 @ A\PF1V) % Hom4 (S @ APV, S @ AP V),

where the vertical maps are given by (28) and the upper map is given by &).

Proof. Fix a = g®@ (fy A AN f1) € kGO AN'DV, b=¢g @(flA---Afl) € kGa N DV and z =
5@ W1A AUprgrr) €SO NV
Since ab = gg' @ (fog' A=A fig' AfLN--- A f]) € kG @ AT DV, we have that (ab)(x) equals to
Z sgn(,u)gg’s & f{ (vu(l)) e f;(vu(r))
wilg+r]=[ptatr]
fl (g/vp(l—i-r)) T fq(glvu(q-i-r))(gglvu(l-i-q-i-r) TARRRNA gg/vu(p-i-q—i-r))v (32)

where p runs over all injective maps 7 : [¢ +r] — [p+ ¢ + r], which are uniquely extended to elements in
Sgpr-
On the other hand, a(b(z)) is equal to

3 T sen(r)sgnlo)eg's ® Fl(un) - Si(vr)
T:[r]—=[p+q+r] o:[q]—[p+q]

fl (glvr(a(l)-i-?")) e fq(g/v‘r(a(q)-i-?"))(gglvr(a'(1+q)+7‘) ARRENA gg/vr(a(p-i-q)-i-?"))ﬂ (33)
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where 7 runs over all injective maps 7 : [r] — [p 4+ ¢ + 7], which are uniquely extended to elements in
Sptq+r, and o runs over all injective maps o : [¢] — [p + ¢, which are uniquely extended to elements in
Sp+q- For a pair (7,0) appearing in the sum (33)), we define an injective map p : [g+7r] = [p+ ¢+ 7] by
putting

e (i) = 7(4) for any i € [r],

o u(i+r)=r7(c(i) +r) for any i € [q].
Then p runs over all injective maps u : [¢ + 7] = [p+ g + 7]. Since sgn(u) = sgn(7) sgn(o), we have that
B3) is equal to [B2). Thus we have (ab)(z) = a(b(x)). O

Now we have finished our proof of Theorem Now Proposition [T4] can be shown in a similar way
to Proposition 0

We shall prove Theorem [[LO Let e and ¢’ be the idempotents of kG defined in ({]). The following
statements are easily checked from Proposition [Z.4] and Theorem .11

(i) [eU)om = R and ['Ulem = €'U.
(ii) €’'U does not have a non-zero free direct summand.

From (i), we have U = [ij]CM — R@®e'U and mg(U) ~ Mﬁ(e’(})_ On the other hand,
Endﬁg(e’ﬁ) ~¢ Endﬁ(ﬁ)e/ ~ ¢/(G* BE@D)e/

holds by Theorem [[3l Thus it remains to show Endg(e’ﬁ) = Endﬁ(e’ﬁ). Let U, := Qk(p) for

1<p<d. TheneU = @izl e'U,, so we have only to show PZ(e'U,,e'U,) = 0. Assume that there are
maps

e'Up, < R(r) LN e'U,

with ba # 0 for some r € Z. By Theorem [5.2] we have a commutative diagram

/\T

S@/\” SNV

with b’a’ # 0. Since End%(S) ~ kG by Corollary B3] the map o’ is a split epimorphism of graded
R-modules, and so is a. This contradicts to (ii) above. Thus the assertion follows. |

7.1. Examples: Quivers of the endomorphism algebras. Throughout this subsection, we assume
that k is an algebraically closed field of characteristic zero. In this subsection, we give more explicit
descriptions of the endomorphism algebras End%(T) and End%(U).

Let us start with recalling the quivers of finite dimensional algebras [ARS] [ASS].

Definition 7.9. Let A be a finite dimensional k-algebra A and J4 the Jacobson radical of A. Let
{eij | 1 <i<mn, 1<j<{} bea complete set of orthogonal primitive idempotents of Ag such that
Ape;; ~ Apeyrj as A-modules if and only if ¢ = ¢'.

The quiver @ of A is defined as follows: The vertices of @ are 1,--- ,n. We draw d;; arrows from i to
i’ for d;ir := dimg(eirj:(Ja/J3 )ei;), which is independent of j and j'.

Remark 7.10. The above definition is the opposite of [ASS]. An advantage of our convention is that the
directions of morphisms are the same as those of arrows when we consider the quiver of an endomorphism
algebra.

For our cases, the following quivers defined by the representation theory of G are important.

Definition 7.11. Let G be a finite subgroup of GL4(k). Let Vo = k,Vi,---,V, be the isomorphism
classes of simple kG-modules. Let V := 5] be the degree 1 part of S.
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(a) The McKay quiver Q of G [A4, Mdl [Y] is defined as follows: The set of vertices is {0,1,--- ,n}.
For each vertex i, consider the tensor product V ® V; which is a kG-module by the diagonal action
of G. Decompose

VeV~ @ Vi (diy € Zixo)
=0
as an kG-module and draw d;;; arrows from 4 to 7’.

(b) We define the d-folded McKay quiver Q@ as follows: The set of vertices is {1,2,---,d} x
{0,1,---,n}. For any arrow a : 4 — ¢’ in Q and p € {1,2,--- ,d — 1}, draw an arrow a : (p,i) —
(p+1,i").

(c) We define the d-folded stable McKay quiver Q(d) by removing the vertices (p,0) for any 1 < p <d.

These quivers are especially simple when G is cyclic.

Example 7.12. Let G be a cyclic subgroup of SL4(k) generated by g = diag(¢*,--- , (%) for a primitive
m-th root ¢ of unity.

(a) The isomorphism classes of simple kG-modules are V; (i € Z/mZ), where V; is a one-dimensional
k-vector space with a basis {v;} such that gv; = (*v;. We have V; @ Vir ~ Vi i (i,i' € Z/mZ)
and V ~V, @---®V,, as kG-modules.

Thus the McKay quiver @ of G has the vertices Z/mZ and the arrows x; : i — i + a; for each
i€Z/mZand 1 <j<d.

(b) The d-folded McKay quiver Q@ of G has the vertices Z/mZ x {1,2,---,d} and the arrows
zj:(pi) > (p+1,i+a;) foreach 1 <p<d,i€Z/mZand 1< j<d.

(¢) The d-folded stable McKay quiver Q(d) of G is obtained by removing all vertices in {1,2,--- ,d} x
{0} from Q4.

It is well-known that the quiver of Endg(S) ~ S x G is given by the McKay quiver @ of G' [A3] [Y].
Similarly we can draw easily the quivers of End%(T), End%(U) and End%(U) as follows:
Proposition 7.13. (a) The quiver of End%(T) ~ SD « G is Q.
(b) The quiver of End%(T) ~ (SY x G)/(e) is Q(d).
(c) The quiver of End%(U) ~ G « E@ is the opposite quiver (Q(4)°P of Q(4).
Proof. (a) We have

0 0 0 0 0 O
S1 0 0 0 0 O
So S1 0 0 0 O
Jsang = : : : IR ® kG,
Sq—3 Sq—a Sq¢—s --- 0 0 0
Sq—2 Sa—3 Sq—a -+ S 0 0
| Sa-1 Si—2 Saq—3z - S2 S1 0 ]
0 0 0 o0 0 07
0 0 0 -« 0 0 0
So 0 0 -« 0 0 O
T = : : Do ® kG.
Sq—3 Sq—a Sq¢—s --- 0 0 0
Sq—2 Sa—3 Sq-4 --- 0 0 0
| Sa-1 Si—2 Sa—z -+ S2 0 0 |

Thus we have

SD % G/Igw,e ~k?@kG and Jsw,c/Jiw,.q =V @kG.
We have a complete set ([I8) of orthogonal primitive idempotents of S¥ x G/Jg() .o such that (5@ x
G/Jswc)er; ~ (S « G/Js(d>*G)e’.’/j, if and only if p = p’ and i = ¢’. Thus the vertices of the quiver

il
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of 8@ « G is {1,2,---,d} x {0,1,---,n}. Let us calculate the number of arrows from (p,i) to (p',7’).
Clearly e}, (J5<d)*G/J§(d)*G)efj # 0 implies p’ = p + 1. Moreover, we have

6;5,—;,1(Js(d)*G/ng(d)*G)efj ™~ e (V (9 k:G)eij ~ ei/j,(V ® ‘/;) ~ Homkg(Vi/, V& ‘/z) ~ k/’d”/.

Thus we draw d;;; arrows from (p,i) to (p+ 1,4’), and we have the assertion.
(b) Immediate from (a).
(¢) We can prove in a quite similar way to (a). O

The quiver of End%(U ) is much more complicated. In the rest of this section, we give some examples.
Let us consider the simplest case d = 2. Notice that 7'~ U holds in C_MZ(R) in this case.
Example 7.14. Let d = 2. Then Q@) is a disjoint union of a Dynkin quiver () and its opposite Q°".
Moreover End%(T') ~ End%(U) is isomorphic to the path algebra kQ(2).

Proof. The first assertion is well-known [Mc| (see [A4] [Y]). Since Q(2) does not contain a path of length
more than one, we have the second assertion. O

Let us consider the case d = 3. In this case, our assumption that R is an isolated singularity implies
that G is cyclic [KN]. We leave the proof of the following statements to the reader.

Example 7.15. Let G be a cyclic subgroup of SL3(k) generated by diag(¢®*,(*2,(%) for a primitive
m-th root ¢ of unity and a1, az,a3 € Z/mZ.
(a) Assume a; = ap = a3. Then the quiver of End%(U) is given in Example
(b) Assume a; = ag # a3. Then the quiver of End’%(U) is given by adding an arrow (a1,1) — (—ay,3)
to (Q(g))of’ (see Example [[.T7).
(c) Assume that a1, as and a3 are mutually distinct. Then the quiver of End%(U) is (Q(3))°p.

Example 7.16. Let G be a cyclic subgroup of SL3(k) generated by diag(w,w,w) for a primitive third
root w of unity. The McKay quiver @ of G is the following:

The quivers Q®) and Q(3) with relations of End%(T) and End%(T') are the following, where the vertex
(p, i) corresponds to the direct summand T); defined in (3.

(1,0) (1,1) (1,2) (1,1) (1,2)
N NS

End(T) : (2a0)\x (2,1) (2,2) TjTj = Ty End%(T) : (2,1) (2,2)
N NS

= R
(3,0) (3,1) (3,2) 3.1 3,2

On the other hand, the quiver (Q®))°P with relations of End’%(U) is the following, where the vertex (p, i)
corresponds to the direct summand Up; defined in (20]).

(1,0) (1,1) (1,2)
\!/1 yﬁﬁ

End}(U) : (2,0) (2,1) (2,2) Yy + Yy =0

“
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The quiver of End%(U) with relations is the following:

In particular for the quiver @ := [¢ —— o] , we have a triangle equivalence
CM”(R) ~ D"(mod kQ) x D”(mod kQ) x DP(mod kQ).

Each factor corresponds to full subcategories CM3“*(R) (i € Z/37Z) of CM”(R).
Our R gives a non-vanishing example of (S, 5);". Let 7 := €D, S3j+: for i = 0,1, 2. For each integer
n, set B

(S5) — {Sn if n =4 (mod 3),

0 otherwise.

Then S; is a graded R-module. We have an exact sequence
0 — S(—3) = S5(—2)* = R(-1)*> — S = 0

by (). Thus we have a triangle Sp(—3) — S5(—2)® — S7[—1] — S3(—3)[1] in CM*(R). Applying
Hom?%(S5(—2), —) and using Hom’%(S, S(—1)) = 0, we have

Hom’(Sy, $7(2)[1]) # 0, hence Hom's (S, S(2)[~1) # 0.

In particular, T'= S@®.S(1)® S (2) is not a tilting object. Note that this does not contradict to Proposition
Eosince dn+ (d—1)i=3-(-1)+2-2=1>0.

Example 7.17. Let G be a cyclic subgroup of SL3(k) generated by diag(¢,¢?,¢?) for a primitive fifth
root ¢ of unity. The McKay quiver @ of G is the following:

The quiver Q) of End%(T) is the following, where the vertex (p,4) corresponds to the direct summand
Ty defined in (I9).

TjTj = TjrT;
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The quiver Q(g) of End%(T) is the following:

TjTj =TT,

(3,2) (3,3) (3,4) (3,1)

On the other hand, the quiver (Q(®))°P of Endﬁ(ﬁ ) is the following, where the vertex (p,4) corresponds
to the direct summand U,; defined in (20).

(1,0) (1,1) (1,2)

Yy +yy; =0

Yy +yiy; =0

8. APPENDIX: ALGEBRAIC TRIANGULATED CATEGORIES

In this section we give preliminaries on algebraic triangulated categories. Let us introduce the following
basic notions.

Definition 8.1. [Hal [Hel|] Let A be an abelian category and B a full subcategory of A.

(a) We say that B is extension-closed if for any exact sequence 0 - X - Y — Z — 0 with X, Z € B,
we have Y € B. In this case, we say that X € B is relative-projective if Exti‘(X, B) = 0 holds.
Similarly we define relative-injective objects in B.

(b) An extension closed subcategory B of an abelian category A is called Frobenius if the following
conditions are satisfied:

(i) An object in B is relative-projective if and only if it is relative-injective.
(ii) For any X € B, there exist exact sequences0 Y - P —- X - 0and0 > X -1 > Z —0
in A such that P € B is relative-projective, I € B is relative-injective and Y, Z € B.

(c) For a Frobenius category B, we define the stable category B as follows: The objects of B are the

same as B, and the morphism set is given by

Homy(X,Y) := Homp(X,Y)/P(X,Y)

for any X,Y € B, where P(X,Y) is the submodule of Homp(X,Y) consisting of morphisms
which factor through relative-projective objects in B.

We refer to [Ke2] for an axiomatic definition of a Frobenius category, which is slightly more general
when B is not small.
An important property of Frobenius categories found by Happel is the following.
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Definition-Theorem 8.2. [Ha|[Ke2| The stable category B of a Frobenius category B has a structure of
a triangulated category. Such a triangulated category is called algebraic.

One of the advantages of algebraic triangulated categories is that we can realize them as homotopy
categories: Let B be a Frobenius category, and P the full subcategory of relative-projective objects in B.
Let C?¢(P) be the category of chain complexes over P which are obtained by gluing short exact sequences
in B. As usual, the homotopy category K**(P) has a structure of a triangulated category.

Proposition 8.3. We have a triangle equivalence

7% . K*(P) — B.
8.1. Proof of Theorem The tilting theorem for algebraic triangulated categories was given by
Keller [Kell (4.3)] (see also [Krl, (6.5)]), and its weakest form is Theorem We include a proof of

Theorem for the convenience of the reader.
First we need the following well-known observation.

Lemma 8.4. Let F: T — T’ be a triangle functor of triangulated categories and U € T an object. If
Fyup) : Hom7(U,Uln]) — Hom7 (FU, FU[n]) is an isomorphism for any n € Z, then F : thicky(U) —
T’ is fully faithful.

Next we need a general observation on chain complexes.

For an additive category P, we denote by C(P) (respectively, K(P)) the category (respectively, ho-
motopy category) of chain complexes over P. For two complexes X = (--- — X" & xnt1 -) and
Y=(-—Y" K yner -) in C(P), we have a complex

Hom(X,Y) = (- = Hom(X,Y)" 4, Hom(X,Y)" T — ...)
where
Hom(X,Y)" := H Homp (XP, YPT™)
PEZL
and the differential is given by

d"((¢")pez) = (AT 0 ¢ — (=1)"¢" " 0 d )pes.
In particular Hom(X, X) has a structure of a differential graded (=DG) algebra. It is easy to check
Home(py(X,Y) ~ Z°(Hom(X,Y))) and Homyp)(X,Y) ~ H(Hom(X,Y))).

For a DG algebra A, we denote by CA (respectively, KA, DA) the category (respectively, homotopy
category, derived category) of DG A-modules (see [Kell [Kr]). As usual we denote the subcategory
thickpa(A) by per A. If A is concentrated in degree 0, then per A coincides with KP(proj A).

Lemma 8.5. For any complex U = (--- —» U" gt ---) € C(P), define a DG algebra by
A:=Hom(U,U). Then we have a triangle equivalence thickgpy(U) — per A up to direct summands.

Proof. We have a functor

C(P) — CA, X — Hom(U, X).
Since this functor sends a null-homotopic morphism of complexes over P to a null-homotopic morphism
of DG A-modules, we have a triangle functor K(P) — KA. Composing with the canonical functor
KA — DA, we have a triangle functor K(P) — DA. Since U is sent to A, this induces a triangle functor

F: thiCkK(p)(U) — thiCkDA(A) = per A.
Since we have a commutative diagram

Fu,um)

Homgp) (U, U[n]) Homp 4 (4, A[n])

| |

H"(A) H"(A)
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for any n € Z, the functor F is a triangle equivalence up to direct summands by Lemma R4 Thus we
have the desired equivalence. ([l

Finally we need the following observation on quasi-isomorphisms of DG algebras.

Lemma 8.6. Let f : B — A be a quasi-isomorphism of DG algebras. Then we have a triangle equivalence
per A — per B.

Proof. Although this is elementary, we give a proof for the convenience of the reader.

Since any DG A-module (respectively, morphism of DG A-modules) can be regarded as a DG B-module
(respectively, morphism of DG B-modules), we have a functor CA — CB. Since any null-homotopic
morphism of DG A-modules is also null-homotopic as a morphism of DG B-modules, we have an induced
functor KA — KB. Since any quasi-isomorphism of DG A-modules is also a quasi-isomorphism of DG
B-modules, we get an induced functor G : DA — DB.

Since f : B — A is an isomorphism in DB, we have an isomorphism f[n]~!: f : Hompg(A, A[n]) —
Hompp (B, Bln]) for any n € Z. Since we have a commutative diagram

G n n 71‘
Homp 4 (4, A[n)) A Hompp (A, A[n]) M Hompp (B, B[n])

| |
H™(f)

H"(A) H"(B)

~

the map G4 ) : Hompa(A, A[n]) — Hompp(A, A[n]) is an isomorphism for any n € Z. Thus the
functor per A — DB is fully faithful by Lemma 84l Since A ~ B in DB by our assumption, we obtain a
triangle equivalence per A — per B up to direct summands. This is dense since we have X ~ A ®% X in
DA for any X € DB. O

Now we are ready to prove Theorem

We assume that 7 = B for a Frobenius category B. Without loss of generality, we can assume
T = K®(P) by Proposition B3l For the tilting object U € T = K(P), define a DG algebra by
A :=Hom(U,U). By Lemma [B3] we have a triangle equivalence

T = thickr(U) — per A (34)
up to direct summands. Thus we have

0 n # 0,

Endr(U) n=0. (35)

H"(A) ~ Hompa(A, Aln]) ~ Homgp) (U, Uln]) = {

Now we denote by B the DG subalgebra of A defined by

A n < 0,
B":={ Kerdy, n=0,
0 n > 0.

By (B8, the natural inclusion B — A is a quasi-isomorphism of DG algebras, and the natural surjection
B = Kerd% — HY(A) induces a quasi-isomorphism B — H°(A) of DG algebras, where we regard H°(A)
as a DG algebra concentrated in degree 0. By Lemma [B.6] we have triangle equivalences

per A — per B < per H°(A). (36)
Composing [B4) and (36), we have the desired triangle equivalence
T — per HY(A) = K"(proj End7(U))

up to direct summands. O
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