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A GAUGE THEORETIC APPROACH TO ELASTICITY WITH
MICROROTATIONS
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ABSTRACT. We formulate elasticity theory with microrotations using the frame-
work of gauge theories, which has been developed and successfully applied
in various areas of gravitation and cosmology. Following this approach, we
demonstrate the existence of particle-like solutions. Mathematically this is
due to the fact the our equations of motion are of Sine-Gordon type and thus
have soliton type solutions. Similar to Skyrmions and Kinks in classical field
theory, we can show explicitly that these solutions have a topological origin.

1. INTRODUCTION

1.1. Elasticity and gauge theories. In classical elasticity one assumes the in-
dependence of displacements and (micro)rotations. This independence has been
dropped when the Cosserat brothers developed an extended framework of elastic-
ity [6], often called Cosserat elasticity. This idea has led to a rich variety of models
which are known by various different names like oriented or multipolar medium,
asymmetric elasticity, micropolar elasticity, see e.g. [10, [T 12}, [26], B8] [39, 15} 13}, B3],
[34]. This field is also related to other areas of continuum mechanics, like the theory
of granular media, ferromagnetic materials, cracked media and liquid crystals.

In Cosserat elasticity one considers a medium which can experience displace-
ments and microrotations. This theory has two limiting cases, one with no mi-
crorotations which is classical elasticity, and another case where one assumes that
the medium only experiences rotations and no displacements. Models of this type,
though somewhat counter intuitive, have in fact a long history which can be traced
back to MacCullagh in 1839, see [41]. In recent work [2, [3] such models have been
investigated in the fully nonlinear setting and plane wave type solutions were ex-
plicitly constructed. The existence of such solutions is a highly non-trivial fact. In
a linearised setting, similar solutions were investigated in [27], 28] 29].

Recent years have seen a revival of elasticity, in particular in the theory of
dislocations which has been analysed from a gauge theoretic point of view. Of
particular interest is the fact that these dislocations behave very much like particles.
This gauge theoretic approach has been developed and applied for instance in [23]
[24]. From a more formal point of view, one of the open questions in this field is
whether or not it is possible to find soliton type solutions which could justify the
particle interpretation from a mathematical point of view. The main result of this
paper is that we are able to find soliton type solutions in a particular model of
elasticity motivated by gauge theories of gravity.
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1.2. Geometry and elasticity. We consider an elastic medium which occupies
the whole of R?, and we can identify materials points with points in space. We
use the Latin alphabet to label the coordinate indices, a,b,c,--- = 1,2,3, say,
we write 2 for the spatial (holonomic) coordinates of M, a 3-dimensional simply
connected manifold which we identify with the material points of the continuum.
This manifold is embedded into the 3-dimensional Euclidean space R3. Greek
indices refer to the (co)frame indices (also tangent space or anholonomic indices),
we use a, 3,--- = 1,2,3 to label the frame covectors (1 forms) 9% = 191‘3‘d:vb which
we can refer to as the distortion in elasticity. One can think of ¥* as a set of
three mutually orthogonal and normal covectors which form a basis at any point
p € T* M. Each such basis vector has components (9%), and thus we can also view
the object ¥ as an orthogonal matrix. We denote the frame by e,, = €% 9/9z°, such
that e, 9% = 62195 = 0%, The e, form the basis vectors of the tangent manifold
TM, and | denotes the inner product. The metric is defined by gog = €q ® eg.
We can think of the metric of the deformed medium as the Cauchy-Green tensor
in elasticity.

When considering deformations of an elastic material, one places certain compat-
ibility conditions on the induced stress. These so called Saint-Venant compatibility
conditions are a form of integrability conditions so that the stress can be expressed
and the symmetric derivative of the displacement. In a more geometrical language,
by deforming the medium, we do not want to induce any curvature into the mate-
rial. This means that one assumes the Riemann curvature tensor of the deformed
medium to vanish identically. It is well known that these two views are equivalent,
see for instance [I B7]. One of the main ideas of this work is to carry this require-
ment over to more general, non-Riemannian geometries. In these geometries the
notion of curvature is supplemented by a new geometrical quantity called torsion
which was first introduced by Cartan in 1922. Therefore, we will analyse elastic
materials using the language of non-Riemannian geometries with torsion and we
will stick to the well established requirement of having vanishing total curvature.
In the following subsection we will collect the most important basic facts of such
geometries.

1.3. Geometries with vanishing Riemann curvature tensor. Let us describe
each material point of our elastic material by a coframe 9* and a connection I',”.
The coframe specifies the orientation of the orthonormal basis vectors at this point,
while the connection determines how an arbitrary vector is parallelly transported
near this point. The vanishing of the Riemann curvature tensor (a matrix valued
2-form) takes the form

(1.1) R, :==dl,’ + T, AT, =0,

where d denotes the exterior derivative and A is the exterior (alternating) product.
In geometries where the Riemann curvature identically vanishes the connection is
often referred to as a Weitzenbock connection. We follow the Einstein summation
convention whereby we sum over twice repeated indices. The condition R,? = 0
is known in the literature by various names like teleparallel, fernparallel of distant
parallel geometry. Geometrically this condition means that the notion of parallelism
is no longer a local statement, but can be defined globally, this means on the entire
manifold. A straight line connecting two material points defines an absolute notion
of parallelism. The only nonvanishing geometrical object in such geometries is
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Cartan’s torsion (a vector valued 2-form) defined by
(1.2) T = d9* + T AD°.

It is important to note that there is a gauge freedom in choosing the variables
{99, T,?}. All coframes are related to each other by means of local rotations.
Therefore, the same elastic medium can be described equivalently by another pair
{9’ 1" B} which is related to the former by means of the gauge transformation

(1.3) V=LY,

(1.4) Dy =LY% T, (L) s + L6 d(L™1)g,

where L%g is an arbitrary 3 x 3 rotation matrix, this means L € SO(3). The
condition R,” = 0 is invariant under this gauge transformations, whereas torsion

T transforms covariantly, 7'% = L%, T°.
Let € denote the volume 3-form, then the dual forms are defined by

(1.5) Ea 1= *Uq = €4]¢,
(1.6) gap = *(Ua NUg) = eglea,
(1.7) Eafy ‘= *(ﬁa A 19ﬁ A 197) = evJEaﬁ.

The operator * is called the Hodge operator.The dual forms satisfy the following
useful identities

(1.8) 9P Neg = 0P,
(1.9) PN e =8¢, — 555,,,
(1.10) 9P A Eauy = (555”1, + 5551/(1 + (555&“.

The object €44+ is the totally antisymmetric Levi-Civita symbol with €123 = 1.

1.4. Elastic invariants. Since T'% is the only nontrivial geometric object, it is
therefore the only non-trivial object characterising the deformations of the medium.
It is natural to decompose it into its irreducible pieces which will serve as our
building blocks of elastic invariants. However, torsion is represented as a rank 3
tensor which is skew-symmetric in one pair of indices. Since we work in R?, it seems
more natural to consider the Hodge dual of torsion which can be regarded as a 3 x 3
matrix with no a priori symmetries. Therefore, let us define T := T,
The three irreducible pieces of torsion are defined by

(1.11) @pe = %ﬁaAeﬂJTﬁ,
(1.12) Gpe = % #(0g NTP) 2,
(1.13) Wpe = po _ @pe _ G)pe,

Making use of the local transformations ((L3))- (4)), we can eliminate either of the
variables in the pair {0, T',?}. In particular, in [2], the teleparallel connection is
gauged away I',” = 0, and the coframe ¥ is left as the only variable. Alternatively
in [3] the coframe is gauged to the standard constant values ¥ = 6% and the only
variable is the connection, in which case once can write

(1.14) s =A% d(A1)7 5.
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Here A € SO(3) parametrises a teleparallel connection. We will refer to this choice
of variables as the connection gauge since the only dynamical variable is the con-
nection.

2. THE POTENTIAL ENERGY

2.1. Basic equations of the static model. The most natural potential energy
is based on the sum of the three quadratic elastic invariants constructed from the
nonvanishing torsion
3

(2.1) V= Z ci T A +T,,

i=1
where ¢;, i = 1,2,3, are positive constants to which will refer as elastic moduli.
However when our medium occupies the whole of R?, these quadratic terms are not
fully independent because of the condition R,” = 0. This condition, as demon-
strated in Appendix [A] allows to express the square of the first irreducible part in
terms of the trace square and the axial trace square

1
(2.2) W A «T, =237 AT, — 5 GIPe ATy 4 d (20 A xT) .

In tensor language, using (LIT)), (T12), and (L8), (CA), we have

1
(2.3) e A %T, = 5 T T e,
1
(2.4) BT A +T,, = 75 (Tupoe""7) e

It is straightforward to establish relation between the irreducible parts of the
torsion 2-form 7% and its dual 1-form 7. We have T® = T*? 5, denote the
matrix 7°” by T, and we find explicitly the decomposition of the second rank
tensor

2.5) T8 = (s | Ches | Grpes,

(2.6) T =M1+ &7 4 O,

into the trace, antisymmetric and traceless symmetric parts:

(2.7) @ypas — %TWEW g®8, T = % (trT) 1,

(2.8) (2B _ %Eaﬂu m @TT — _ @

(2.9) Wfos = L, cms, WPT Z Op, O — o,

2.2. The choice of the gauge. In [2], the coframe gauge is used when the con-
nection is zero (completely gauged out). The components of the coframe are the
only dynamical variables. Geometrically, they represent an arbitrary orthogonal
3 x 3 matrix. Since the connection is trivial in this gauge, the torsion 2-form re-
duces to T® = d¥“. Using the components of the coframe and frame, 9 = h®dx?,
ea = hi,0;, we have for the holonomic torsion

(2.10) T' = hi,T* = hl,d(h$) A dz? = hi,0khS da® A da?.
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The dual 1-form then reads
(2.11) TP =T da? = B Qph e jda? .

A complementary approach is developed in [3], where the only dynamical variable
is the connection, whereas the coframe is fixed to its trivial constant value 9 =

5¢ dx'. The torsion (L2) reduces in this gauge to T = T'z® A 99, and since in the
Weitzenbock space the connection is given by (LI4]), we have

P St a _ A« —1\o B j
(2.12) T =661 =0, A d(A™)7 565 da’.
Denoting u! := §’ A®,, we thus have
(2.13) T' = uld(u) Ada’ = ul,Opus da® A da? .

This is completely equivalent (Z.10), with the difference that the orthogonal matrix
hi . representing the coframe, is replaced with the orthogonal matrix u = u’,
representing the connection.

In [3], there are two technical deviations as compared to the model developed
in [2]. The first deviation is the different choice of the variables. Noticing that
(uTou)'y; = ul,Opug is skew-symmetric in 4, j (being an element of the Lie algebra
of the orthogonal group), in [3] one chooses as a basic variable a new 3 x 3 matrix

(2.14) A = «(u"ou),

which has no a priori symmetries. This x denotes the dualization operator which re-
lates skew symmetric matrices to vectors, similar to the Hodge * operator. Writing
out the indices explicitly, this matrix can be written in the following way

1 .
(2.15) Alk = 5 Eli] uflaku?.
The inverse reads

(2.16) ’u(ilaku? = Alk Elij.

This quantity is known in the polar elasticity theory under various different names:
the wryness tensor, the second Cosserat deformation tensor, the third order right
micropolar curvature tensor, or torsion-curvature tensor (note that this is somewhat
a misnomer since it neither directly relates to torsion nor curvature in the sense of
differential geometry). Substituting this into (2I3), we can find a relation between
the the second rank tensor (which we can view as a matrix in R?) to the matrix A,
so that

(2.17) T=A — tr(A) L

The second deviation of [3] from [2] is a different structure of the Lagrangian.
Namely, the Lagrangian of a rotationally elastic medium is assumed in [3] to be a
function of orthogonal matrix only.

2.3. Kinetic energy and total Lagrangian. The Lagrangian 4-form V = L dtAe
is constructed by taking L = L(u, dou, d;u) as a quadratic function of the irreducible
parts of Aj,. In addition, the kinetic term is chosen to be

. 1 1 )
(2.18) Lin — 5m«(uTu) = 5 (Orug) (Oruf).

This form of the kinetic energy is well motivated, since when linearised it yields
angular kinetic energy or rotation energy.
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Introducing, analogously to ([Z13)), the velocity of the deformations of the mate-
rial continuum

(2.19) Ay = %Elijuflatu?v
one can recast (2.1I8) as
(2.20) Lin — %(atug)(atug) (A
Taking into account the identity (Z2]), the potential energy contains just two
quadratic invariants. As a result, the general Lagrangian reads
(2.21) L =LM(Ay) — LP(Ay),  LP°(Aw) = A (A%)% + X2 (Ap)™

One can use different parametrizarions of the orthogonal matrices. For example,
in [2], the spinor parametrization was used. Here we find it more convenient to
describe an arbitrary orthogonal matrix with the help of the three real functions
B%. From these independent constituents, an orthogonal matrix is constructed as
follows

(2.22) ul, = 6L 4+ 2B,8" — 268 8% + 2a87€" .

Here o? + %2 = 1 (with 52 = 3,3%), and Greek indices are freely converted into
Latin ones (and vice versa) using the Kronecker deltas. The inverse matrix reads

(2.23) uf = 8¢ +28%B; — 26832 — 2a87e%;,.
Substituting (Z22)) and (Z23)) into I3 and ZI9), we find
(2.24) A = 2(c1;B'00B + Biowe — adi 1)
(2.25) Ay = 2(c;B'0B + B — adyB)) .

For small 3, the above formulas can be linearised, so that Aj;, ~ —20.0;, Ay ~
—20:;, and the linearised model is described by the Lagrangian

(2.26) L~ 43% — 4\ (divB)? — 2Xo(curl8)2.

2.4. The nonlinear equations of motion. The complete nonlinear equations
are more nontrivial. Denote the derivatives

6Lpot 6Lkin
2.2 H* = H" = .
(2.27) oA R
Then the field equations read
(2.28) (O, H™ — 0, H*)Pyj + 2(H"Quij — H*Qpij) =0,
where we introduced
1
(2.29) P =B + 5(5@‘ — 8582 + BiB;),
1
(2.30) Quij = [Eijz - 5(5@‘51 - 5ilﬁj)] a5,

(2.31) Qrij = [Eijz - é(%ﬂz - 5ilﬂj)} B
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The equations ([Z28) are valid for any Lagrangian L = LX"(A;) — LPY(Ay)
with an arbitrary dependence on the variables Ay, A;,. However, for the specific
choice of the quadratic Lagrangian (220) and 221), we have explicitly

(2.32) H* =24"  H* =2) A6 4 22, AFH,
The tensor (2:29) is invertible and the inverse reads
(2.33) (P~HYIF = q ik — gikng, |

One can easily check that P;;(P~1)7% = §%. Multiplying (Z28) with this inverse,
we obtain another convenient form of the fields equations:

(2.34) O H™ — 9 H™* + 2(H'Gy;' — H*Gy ') = 0,

where we have introduced

(2.35) Gy' = Quu(P™N)" =¢;"0u(afr) + B'0:5; — ;08"

(2.36) Grj' Qujt(P™1)" =& 0k (afy) + B'OkB; — BiOkB'.

Note that both objects are antisymmetric in ¢, j.
The resulting system of nonlinear differential equations (obtained after substi-

tuting (232), (Z29)-31) and Z24), (Z27) into [22]))) is quite nontrivial. It is

possible, however, to find simple solutions under the additional assumptions.

3. SPHERICALLY-SYMMETRIC SOLUTIONS — THE SOLITON

Let us now look for the configurations with a 3-dimensional spherical symmetry.
The corresponding ansatz reads

(3.1) pe =

:L.Ot
o
where the scalar function w = w(t,r) depends on time and on the radial variable
r=\/z;7°.
Then ([Z24) and (Z23]) yield

X2

x T}, . e mTg
(3.2) Ay = 2 |enk ) cos? w + w’ — sinw cosw (T — )} ,

cosw, a = sinw,

r2 r3
3.3) A = 22t
r
Hereafter the dot and the prime denote the derivatives with respect to time and

radius, respectively.
Accordingly, the trace and the skew-symmetric parts of [B.2)) are

(3.4) AFL = 2w —4 sinw cosw
"" )
(3.5) Apg = —2€um = cos® w.

As a result, we find

(3.6) gt = Ay
T

(3.7)  H* 22 67k <2w’ 4 w) g etn T g2y,

r r2
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It is straightforward to see that
47

(3.8) O H™ = w, HI'Gy;' =0,
r
. . /!
: - SIN W COS W g LT S1n w Cos w
ijl = Eka +Ej1l l2k < >
r T r
2
; - COS™ w
(3.9) +(2"0ks — 204) —5—

Using these results, we find that the field equations ([234) reduce to

4z 2 1
x [w—Al <w”+—w’> ——QU(M)] —0,
T T

r

(3.10)

where
(3.11) U(w) = sin(2w)[(A2 — A1) + (A2 — 2A1) cos(2w)].

Since the two terms in the round brackets are the Laplacian in spherical coordinates,
this equation of motion can also be written in the neat form @ — A\ Aw = U(w)/r?.

Let us introduce a new function ¢ := wr, and next let us rescale r — +/Ait,
© = VA1, then (BI0) becomes
. U(p/r)
1" o
(3.12) p—¢"+ NG =0.
7o

The resulting equation is closely related to the spherical ‘sine-Gordon’ equation, see
for instance [7, BI] and references therein. The main difference between previously
studied spherical sine-Gordon equations and our equation (3I12]) is that the non-
linearity carries an extra factor of 1/r. This is similar to angular momentum when
studying the spherical Schrodinger equation or Newton’s equation. This additional
factor has some interesting implications. At large distances from the centre this
term becomes negligible and asymptotically we recover the wave equations. Thus,
we have established the existence of soliton solutions in this model with a localised
solution near the centre.

w(r)
1.0

0.6

0.4

FI1GURE 1. Soliton solution of the rotational elasticity.
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In the static case, the equations of motion reduce to the single ODE
(3.13) A (r2w') + U(w) = 0.

For Ay = 2); this further reduces to (r?w’)’ + sin(2w) = 0, whereas when Ay = A\
one is left with (r?w’)’ — §sin(4w) = 0. The qualitative analysis of the equation
BI3) reveals the existence of static solutions that vanish at » = 0 and approach
asymptotically /4 at infinity for r — oo.

Numeric integration is straightforward. The form of the solution depends on
the coupling constants and on the initial value of w’(0). However, the qualitative
behaviour remains the same. As a specific example, Fig. [[l presents the soliton for
)\2 = )\1 when ’LU/(O) =1.

In the static case we can introduce the new function f, defined by

(3.14) w= % arctan{sinh(f(log(r)))}

which transforms BI0) into an autonomous second order differential equation

(3.15) fap+fa(l—tanh(f)fs)—2 sinh(f)—4tanh(f)+2i—j(sinh(f)+tanh(f)) =0,

where 8 = log(r). This equation can now be analysed using standard techniques
from ordinary differential equations or dynamical systems, and we find that this
static system has three equilibrium points

VAIV3A —2X

AL — A2 ’
with eigenvalues (0, —1) in all three cases which in turn yields interesting (in)stability
properties.

(3.16) f=0, sinhf=+

4. DISCUSSION

The rotational elasticity model has many features similar to the model suggested
by Skyrme [36]. Although the Lagrangians are different, the dynamics looks quali-
tatively the same. In particular, the remarkable feature of the rotational elasticity
is the existence of solitons which are close relatives to the Skyrmions. The stability
of solutions obtained is guaranteed by the topological nature of such configurations.

Recently it was noticed [32] that in the framework of the gauge gravity approach
(that underlies the model under consideration, see Sec.[[3) one can define an iden-
tically conserved current 3-form that gives rise to the topological charge that natu-
rally classifies the field configurations. Specialising to the case of the Weitzenbock
geometry with the flat curvature (L)), this topological current reduces to

2
(4.1) JOP =T, Adls™ + 3 TP AT AT,
This 3-form is identically conserved, dJ*P = 0 in view of (LT]). As a result, we can
construct the topological charge
1
9672

The integral is taken over the whole 3-space and the result is a constant for config-
urations that we studied in the previous section when w vanishes at the origin and

(4.2) 0

/raﬁ AT AT,
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approaches constant value at infinity. By direct computation we can verify that
@ =1 for the soliton described above.

A multi-soliton generalisation is straightforward. As a first step, we replace the
ansatz ([B1]) by shifting the origin from 2* = 0 to an arbitrary point :E?I) =0:

o_ T :
(4.3) B¢ = ———= cosw, a = sinw,
|:E — :E([)|

where the function w = w(|z — x(5)|) depends on the Euclidean distance |z —
z(ry|l. Then the N-soliton generalisation is obtained by taking instead of ([2.22]) the
orthogonal matrix that is a product of N factors of the form (@3]

; i
(4.4) g = (uay ~u@) ) -

The dot denotes the usual matrix product. Such a generalisation would, for in-
stance, allow us to study the interaction of solitons.
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APPENDIX A. SOME IDENTITIES

7*’0‘ = «T'“ where * is the Hodge operator.
Note that there is an identity (see Eq. (5.9.18) of [2I]) that is valid in all dimen-
sions:

(A1)
. 1
R Acag =R Neap + (— (Wpe 4 2 Cpe _ 5 (3)Ta> A KTy + d (20% A %T,) .

The tilde denotes the Riemannian geometric objects, i.e. those constructed from

the Christoffel symbols of the corresponding Riemannian metric of the manifold.
Taking into account that the Riemann-Cartan curvature vanishes due to the

teleparallel constraint (IT)) and that by assumption the elastic medium is embedded
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in a flat Euclidean space with R*® = 0, the identity (A1) allows to express the
square of the first (tensor) irreducible part in terms of the trace and axial trace
squares:

1
(A.2) W AT, =237 AT, — 5 CIPe AT, + d (20% A +T) .

DEPARTMENT OF MATHEMATICS, UNIVERSITY COLLEGE LONDON,, GOWER STREET, LONDON,
WCI1E 6BT, UNITED KINGDOM
E-mail address: c.boehmer@ucl.ac.uk

DEPARTMENT OF MATHEMATICS, UNIVERSITY COLLEGE LONDON,, GOWER STREET, LONDON,
WCI1E 6BT, UNITED KINGDOM
E-mail address: obukhov@math.ucl.ac.uk



	1. Introduction
	1.1. Elasticity and gauge theories
	1.2. Geometry and elasticity
	1.3. Geometries with vanishing Riemann curvature tensor
	1.4. Elastic invariants

	2. The potential energy
	2.1. Basic equations of the static model
	2.2. The choice of the gauge
	2.3. Kinetic energy and total Lagrangian
	2.4. The nonlinear equations of motion

	3. Spherically-symmetric solutions – the soliton
	4. Discussion
	Acknowledgements

	References
	Appendix A. Some identities

