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REGULARITY “IN LARGE” FOR THE 3D SALMON’S PLANETARY
GEOSTROPHIC MODEL OF OCEAN DYNAMICS

CHONGSHENG CAO AND EDRISS S. TITI

ABSTRACT. It is well known, by now, that the three-dimensional non-viscous planetary geostrophic model,
with vertical hydrostatic balance and horizontal Rayleigh friction, coupled to the heat diffusion and
transport, is mathematically ill-posed. This is because the no-normal flow physical boundary condition
implicitly produces an additional boundary condition for the temperature at the literal boundary. This
additional boundary condition is different, because of the Coriolis forcing term, than the no heat flux
physical boundary condition. Consequently, the second order parabolic heat equation is over determined
with two different boundary conditions. In a previous work we proposed one remedy to this problem
by introducing a fourth-order artificial hyper-diffusion to the heat transport equation and proved global
regularity for the proposed model. Another remedy for this problem was suggested by R. Salmon by
introducing an additional Rayleigh-like friction term for the vertical component of the velocity in the
hydrostatic balance equation. In this paper we prove the global, for all time and all initial data, well-
posedness of strong solutions to the three-dimensional Salmon’s planetary geostrophic model of ocean
dynamics. That is, we show global existence, uniqueness and continuous dependence of the strong solutions
on initial data for this model.

MSC Subject Classifications: 35Q35, 656M70, 86-08,86A10.
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1. INTRODUCTION

The starting point in the derivation of the ocean circulation models is Boussinesq equations which are
the Navier—Stokes equations with rotation and a heat transport equation. The global existence of strong
solution to the Navier—Stokes equations, which is a particular case of the Boussinesq equations when the
temperature is identically zero, is one of the most challenging problems in applied analysis. However,
geophysicists take advantage of the shallowness of the oceans and the atmosphere and introduce the
hydrostatic balance approximation in the vertical motion. This in turn simplifies the Boussinesq model,
and leads to the primitive equations of ocean and atmosphere dynamics (see, e.g., [14], [15], [16], [18],
[20], [22], [34] and references therein). Further, horizontally, approximations based on the fast rotation of
the earth, and the shallowness of the atmosphere and ocean imply the smallness of the Rossby number,
which consequently lead to the geostrophic balance between the Coriolis force and the horizontal pressure
gradient (cf. e.g., [11], [18], [22], [34] and references therein). By taking advantage of these assumptions and
other geophysical considerations several intermediate models have been developed and used in numerical
studies of weather prediction, long-time climate dynamics and large scale ocean circulation dynamics (see,
e.g., [2], [3], [6], [7], [18], [20], [23], [26], [27], [28], [29], [36] and references therein).

The planetary geostrophic (PG) model, the inviscid and adiabatic form of “thermocline” equations, of
large scale ocean circulation are derived by standard scaling analysis for gyre—scale oceanic motion (see
[17], [19] , [21], [22], [34] and [35]). They are given in their simplest dimensionless S—plane mid-latitude
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approximation by the system of equations:

Pz — fv =0, py+fUZ07 p. —T =0, (1)
8tT+UTx+'UTy+sz = K:'UTZZ7 (3)

in the domain Q = {(z,y,2) : (z,y) € M C R?, and z € (—h,0)}. Here (u,v,w) denotes the velocity
field, p is the pressure, and T is the temperature, which are the unknowns. f = fo + By is the f—plane
mid-latitude approximation of the Coriolis force. The first two equations in (1) represent the geostrophic
balance and the third equation represents the hydrostatic balance. The diffusive term, k,T, is a leading
order approximation to the effect of macro-scale turbulent mixing. Based on physical ground Samelson
and Vallis [26] have argued that in closed ocean basin, with the no-normal-flow boundary conditions,
this model can be solved only in restricted domains which are bounded away from the lateral boundary,
OM x (—h,0). Thus, it cannot be utilized in the study of the large-scale circulation. Furthermore, it
has been pointed out numerically in [8] that arbitrarily small linear disturbances (disturbances that are
supported at small spatial scales) will grow arbitrarily fast when the flow becomes baroclinically unstable.
This nonphysical growth at small scales is a signature of mathematical ill-posedness of this model near
unstable baroclinic mode. Therefore, Samelson and Vallis proposed in [26] various dissipative schemes
to overcome these physical and numerical difficulties. In particular, they propose to add either a linear
Rayleigh-like drag/friction/damping or a conventional eddy viscosity to the horizontal components of the
momentum equations, and a horizontal diffusion in the thermodynamic equation (subject to no-heat-flux
at the lateral boundary.) The planetary geostrophic (PG) model with conventional eddy viscosity has
been studied mathematically in [4], [24], [25]. In [4] we show the global existence and uniqueness of weak
and strong solutions to this 3D viscous PG model. We also provide rigorous estimates, depending on the
various physical parameters, for the dimension of its global attractor. In the case where the dissipative
scheme for the horizontal momentum is the linear drag Rayleigh friction it is observed that the second
order parabolic PDE that governs the temperature (the thermodynamic equation) has, due to the Coriolis
force, too many boundary conditions to be satisfied, and hence it is over determined and is ill-posed (see,
e.g., the discussion in section 2 below, [5], [26] and the references therein). To remedy this situation it is
argued in [26] that one would have to add to the thermodynamic equation a higher order (biharmonic)
horizontal diffusion in order to be able to satisfy both physical boundary - the no-normal-flow and no-
heat-flux boundary conditions - (cf. e.g., [5], [26], [27]). In [5], we introduce, instead, a new PG model
with an appropriate artificial horizontal “hyperdiffusion” term, to the heat equation, which involves the
Coriolis parameters. Under the two natural physical boundary conditions we are able to prove in [5] the
global existence and uniqueness of the strong solutions. Moreover, we also show the existence of the finite
dimensional global attractor.

To overcome the above mentioned non-physical baroclinical instabilities and numerical ill-posedness
Salmon introduced in [22] the following alternative planetary geostrophic model in the cylindrical domain

Q:

eu— fu+p, =0, (4
ev+ fu+py, =0, (5
ow+p, =T, (6
(7
(8

Up +Vy +w, =0
0T — ki (Tyo + Tyy) — ko Tez +uTy + 0T, + 0T, = Q,

~— ~— — ~— ~—

where € and § are positive constants representing the linear (Rayleigh friction) damping coefficients, and
Kp, is positive constant which stand for the horizontal heat diffusivity. We partition the boundary of €2



SALMON’S MODEL 3

into:
L, ={(x,y,2) €Q:2=0}, 9)
Ty ={(z,y,2) € Q: 2= —h}, (10)
s ={(z,9,2) € Q: (v,y) € OM, —h < 2 < 0}. (11)

System (4)—(8) is equipped with the following boundary conditions — with no-normal flow and non-heat
flux on the side walls and the bottom (see, e.g., [14], [15], [18], [22], [23], [26],[27], [28]):

or
I'y:w=0, — T = 0; 12
on w P + (12)
or
I'y:w=0, — =0; 13
onTy:w 5 ; (13)
or
T, (u,v)-7=0, 2= =0, 14
on (u,v) -7t o7 (14)

where 77 is the normal vector to I's. In addition, we supply the system with the initial condition:
T(Iayvzvo):To(Iayvz)' (15)

In this paper we focus on the question of, and prove, the global regularity and well-posedness of the
3D Salmon’s PG model (4)—(8) for all time and all initial data. We remark that a general discussing
concerning the nonlinear system (4)—(15) was presented in [31], but without providing any evidence of its
global regularity, a problem that we provide a positive answer for it in this contribution.

The paper is organized as follows. In section 2, we introduce our notations and recall some well-known
relevant inequalities. In section 3 we show the short-time existence of strong solutions of system (4)—(8)
employing a Galerkin approximation procedure. Section 4 is the main section in which we establish the
required estimates for proving the global existence and uniqueness of the strong solutions, and also show
their continuous dependence on the initial data.

2. PRELIMINARIES

Let us denote by L™(2) and W™ (Q), H"(2) the usual L"—Lebesgue and Sobolev spaces, respectively
(cf., [1]). We denote by

loll- = (/ |o(z,y, 2)|" dxdydz) ' , for every ¢ € L"(Q). (16)
Q
We set
V = TECOO(Q):(?—T =0; a—T-l-OcT 20;6—1: =0,
0z |,__, 0z 2=0 on |p.

and denote by V the closure spaces of Vin H L(Q) under the H'—topology. For convenience, we also
introduce the following equivalent norm on V:

1611 = wnlldud(@, y, )13 + Kl Oy(z, y, 2) )13 + Ko (|\3z¢(1?, v, 213 + allg(z = 0)||%2<M)) : (17)

The equivalence of this norm on V' to the H!—norm can be justified thanks to the Poincré inequality (21),
below.
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Next, we recall the following three-dimensional Sobolev and Ladyzhenskaya inequalities (see, e.g., [1],
[9], [10], [13])

111y < Collll oty 1l (18)
4 4

11l s @y < Coll | gy 11120y (19)

¥l Loy < Coll¥ll (), (20)

for every 1 € HY(Q). Here Cj is a dimensionless positive constant which might depend on the shape of M
and Q but not on their sizes. We also introduce the following version of Poincaré inequality

191122y < 2hl9 (2 = 0)1Za(ary + P29 ]1Z2 () (21)
190260y < 2hl[w(z = 0)[1Z6(ary + B2(9? 21720 - (22)
By solving the linear system (4)—(6) we obtain
= Pt 1 :}f Dy, (23)
e (24)
w=L=Ps (25)

0
Thanks to (7) we have

€pz + fpy — [Pz + €py p:—T
- ‘ ‘ =0. 26
() - () - (557), a
Using the boundary conditions (12) and (13) we infer the following boundary conditions:
dp
onl, and 'y :p. —T =0, and onfsz?:(), (27)
€

efi+flxi
developed in [12] and [37] (for the case of smooth domains, see, for example, [13] p. 89, and [33]), the
three-dimensional second order elliptic boundary—value problem (26)—(27) has a unique solution for every
given T'; moreover, this solution enjoys the following regularity properties. Taking the L?(€) inner product
of equation (26) with p, integrating by parts and applying the boundary conditions (27) and using the
Cauchy—Schwarz inequality, we obtain

where € = and k is the unit vector of vertical direction. Notice that by following the techniques

2
€ 2, .2y, P 1 1
— —=| dxdydz = < | Tp, dedydz < <||T 2|2 2
[ g 2 i) + 5| dodyaz = 5 [ T, dvdyas < STl (29)
Denote by
0 < Fp = min f < F; = max f. (29)

We observe that the assumption Fy > 0 indicates that we are dealing with a mid-latitude case and away
from the equator. By using (29) and applying Young’s inequality to (28), we reach

2 2
€ 2 2 2 € 2 2 Dz 1 2
/Q [T (e +7,) + %} drdydz = /Q {Tf (W +7y) + 55| dedydz < 55Tl (30)
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Furthermore, by (26) and the above estimate, we have

€ pez|| _ ||Bpa(€® = f?) +2¢Bfp, | T.
e T e 1!
B(HPCEH2 + pr”2) T,
<C : =
N ( 62"'F02 " 4 Iy
Ble + F1) 1|2
<C T — . 31
= (61/251/2(€2+F02> || H2+ 5 ( )
As a result of the above and (23)-(25), we obtain
leull2 + [levllz + [[dwll2 < C([|Vpll2 + | T]]2) < C||T2, (32)
and
leullmr o) + llevlmr@) + 16 wllmv @) < CUIVPIav Q) + 1T (0) < CIT | H1(0)- (33)

Definition 1. Let Ty € V, and let T be a fized positive time. (u,v,w,p,T) is called a strong solution of
(4)—(8) on the time interval [0,T] if

1)
T e C([0,T],V) N L*([0,T], H*(2)),
T, € L'([0,T], L*(Q)),
Ti(z =0) € LY([0,T], H /2(M)).

2) (u,v,w,p) satisfies (23)—(27).
3) Moreover, (8) is satisfied in the weak sense, namely, for every to € [0,T]

/ T(t)yY dedydz — / T(to)y dedydz
Q Q

¢
—|—/ [/ (krTpe + knTythy + ko T210,) drdydz + Ky a/ T(z=0)¢¥(z =0) dedy| ds (34)
to LJQ M

¢ ¢
+/ / [v-VT(s)+ wT(s)] ¢ dedydz ds = / / Qv dxdydz ds,
t() Q t() Q

for every ¢ € V, and t € [to, T].

3. SHORT-TIME EXISTENCE OF THE STRONG SOLUTIONS

In this section we will show the short-time existence of the strong solution of system (4)—(8).

Theorem 2. Let Q € L*(Q) and Ty € V be given. Then there exists a strong solution (u,v,w,p,T)
of system (4)—(8) on the interval [0, T***], where T*** is a positive time given in (54), below. Further-
more, ;T € L2([0, T***]; L*(Q)) and 9,T(z = 0) € L*([0, T**]; H~Y/?(M)); and equation (8) holds as a
functional equation in L2([0, T***]; L2(£2)).

Proof. We will use a Galerkin like procedure to show the existence of the strong solution for system
(4)—(8). First, we will show the existence of the weak solutions. Let {¢p € V N H?(Q)}2°, and {\ €
R*}22, be the eigenfunctions and their corresponding eigenvalues of the second order elliptic operators
—£h (Tez + Tyy) — Ko T, subject to the boundary conditions (12)—(14) (see, e.g., [13]). The eigenvalues are
ordered such that 0 < Ay < Ag < ---; moreover, {¢;}72, is an orthogonal basis of L2(2). Let m € Z* be
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fixed and H,, be the linear space generated by {¢y}7,. We will denote by P, : L? — H,,, the orthogonal
projection in L2. The Galerkin approximating system of order m that we use for (4)—(8) reads:

€U, — [ U + Opxpm = 0, (35)
€Um + f Um + Oypm =0, (36)
Ozm + OyUm + 0w, =0 (38)
atT'm — Rh (axme + any'm) - Hvazsz + Pm [umame + vmami + wmasz] = PmQa (39)
Tm(x,y,2,0) = PpTo(z,y, ), (40)
where T, = > 0" ax(t)pr(z,y, 2), and (Um, Vm, Wi, Prm) is the solution of the system (35)-(38) under
boundary condition wy,|,_y = wm|,__, = 0; (um,vm) -7 = 0. Based on discussion in the previous
section, equation (39) is an ODE system with the unknown ay(t),k = 1,--- ,m. Furthermore, it is easy to
check that the vector field in equation (39) is locally Lipschitz with respect to ay(t),k =1,--- ,m, since it
is quadratic. Therefore, there is a unique solution ag(t),k =1,--- ,m, to equation (39) for a short interval
of time [0, 7,%]. Let [0, 7,%*) be the maximal interval of existence for system (35)—(40). We will focus our

discussion below on the interval [0, 7%*), and will show that 7,5* = +o0.
By taking the L?(2) inner product of equation (39) with T}, we obtain

1d||Tm2

LTS | (10,34 10, Tl2) + e (10Tl + 0 Tz = O)]) (an)

-I—/ [Um Oz T + U Oy Ton + w0, T ] Ty daedydz = | Q Ty, dxdydz. (42)
Q Q

It is easy to show by integrating by parts and by using the relevant boundary conditions (12)—(14) that
/ [Um Oz T + Um0y T + w0, T ] T, dxdydz = 0. (43)
Q

Furthermore, by the Cauchy—Schwarz inequality and (21) we have

/ Q Ty, drdydz
Q

< Q2] Tl

1
< —=1Qll2 [kn (10:Tmll3 + 10, Tn13) + #0 (10:TimlI3 + | T (2 = 0)[13) ]
VA1
where A is the first eigenvalue discussed above. From the above estimates, we obtain
d||Tm |3 QI3
—i =+ (19:Tmll3 + 10, Tonl13) + 0 (10:Tll3 + | T (2 = O)]I3) < = (44)
Consequently, we have,
d|| T3 2 _ 1QI3
——+ M ||Tnl5 < .
T ATl <
Thanks to Gronwall inequality, we conclude that
2 2 e QI3
1T (®)ll2 < [ Tollz e " + ==, (45)
1

for every ¢t € [0,7,%*). From the above, we conclude that T,,(t) must exist globally, i.e., T2* = +oo.
Therefore, for any given 7 > 0 and any ¢t € [0, T], we have

lH

ITm(@)15 < ITolI3 e "+ =5
1

(46)
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Furthermore, by integrating (44) with respect the time variable over the interval [0, ¢], for ¢t € [0,T], and
by (46), we get

/O [ (10T ()13 + 18y T (3)113) + £ (10T ()13 + | Tin (2 = 0)(9)[13)] ds

QI3 ¢

< I1Tollg + 155
1

(47)

As a result of all the above we have established that T, exists globally in time, and that it is uniformly
bounded, with respect to m, in the L°>°([0,T]; L?(Q2)) and L?([0,T]; V) norms.
Next, and similar to the theory of 3D Navier—Stokes equations (see, e.g., [9] and [30]), let us show that

0, T}, is uniformly bounded, with respect to m, in the L3 ([0,7]; V') norm, where V' is the dual space of
V. From (39), we have, for every ¢y € V

<6tTm7 ¢> = <PmQ + F@h(awam + anym) + fivazsz - Pm [umame + Umami + wmasz] 7¢> .

Here, (-, ) is the dual action of V'. It is clear that

(P @, )| < [1Ql2[1¥l2, (48)
and by integration by parts and using boundary condition (12)—(14), we have
[(kn (O T + OyyTim) + k02T, )| < ClTmllv [[¥]lv, (49)
recall that || - ||y is defined in (17). Next, let us get an estimate for

)

U Oz Ty + Vi Oy T + Wi 0T Y dxdydz
Y
Q

where 1,,, = Ppt. Thus, by integration by parts and using (38), (32), (33) and relevant boundary condi-
tions, we obtain

[( Py, [ty O T + U Oy T + Wm0, T, V)]
/Q (Dt + VmBytm + Wi Dsth] T drdyd

< Clllwmlls + llomlls + lwmlla] [Tonlls [F80m]l2 (50)
1/4 3/4 1/4 3/4 1/4 3/4 1/4 3/4
< C (Nlumll 35+ o 15" Nom 35+ N1y o 1) 1Tl AT 52 190

1/2 3/2
< C (ITll3 + 1T 20Tl %) 1911 (51)
Therefore, by the estimates (48)—(51), we have

BT, )] < C (1QNz + I Tmllv + T3 + 1Tl I Tl}/2) 10

Thus, we have

' 3 4/3 QI3
; 10T ()Vdt < C (I Qll2 77 + | Tollz + =2~ ) - (52)
1
Therefore, 0;T,, is uniformly bounded, with respect to m, in the L%([O,ﬂ; V') norm. Thanks to (46),
(47) and (52), one can apply the Aubin’s compactness Theorem (cf., for example, [9], [30]) and ex-
tract a subsequence {T,;} of {T,,} and a subsequence {0;T),,} of {0;T},}; which converge to T' €
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L>([0, T]; L2(Q)) N L2([0, T]; V) and 8,7 € Lz ([0,T]; V'), respectively, in the following sense:

T, =T in L2([0,T]; L*(Q)) strongly;
T, =T in L>=([0,7]; L*(Q)) weak-star;
T, =T in L2([0,T]; H(Q)) weakly;

0 Tin; — 0T in L3([0,T); V') weakly.

Moreover, from (35)—(38) (see also (4)—(7)) we observe that {um, Um,wn} depend linearly on T,,. There-
fore, the elliptic estimates (32) and (33) imply, thanks to (46) and (47), uniform bounds, with respect to
m, for {Um, Vm,wm} in L([0,T]; L2(2)) and L3([0, T]; H*(£2)), respectively. Therefore, we can extract
a subsequence of {m,;, Vm, W, }, corresponding to the readily established converging subsequence for the
temperature {7}, }, which will be also labeled {t,,, U, wm;}, that converges to {u,v,w} weak-star in
L>([0,T]; L3(£2)), and weakly in L2([0,T]; H(Q2)). By passing to the limit, one can show as in the case
of Navier-Stokes equations (see, for example, [9], [30]) that T also satisfies (34). In other words, T is a
weak solution of the system (4)—(8).

By taking the L?() inner product of equation (39) with —rp, (040 Th + OyyTon) — KyOz:Tim, we obtain

1d
S dt [’ih (Hame”g + ||(9mi||§) + Ky (Hasz”% + O‘HTm(Z = 0)”%)] + ||"$h(6me + anym) + “vazszng

_ / (Q = T + vy T + WD Ton) (5D T + Dyy Ton) + KwDosTon) dazdlydz
Q
< (IQll2 + llumllel0zTmlls + lvmllsl|OyTinllz + [lwmll6l|0:Tmll3) [|£r(OzaTim + OyyTin) + £u02:Tal|2
< (IQll2 + ClITwlleVTimll3) 161 (0zaTim + OyyTim) + Kv0z:Timl|2
< (HQH2 + CHTWH%) H“h(ame + anym) + “vazszH2

3 3
+C [“h (Haszll% + Hami”%) + Ry (Hasz”% + a”Tm(Z = 0)”%)] ? ||’<5h(ame + 5nym) + ’ivazszHf-

Therefore, applying the Cauchy—Schwarz inequality and Young’s inequality to the above estimate, we
obtain

d
it [“h (”aﬂchH% + ||5mi||§) + Ry (HaszH% + a”Tm(Z = 0)”%)] + H“h(aﬂchm + anym) + ’ivazszH%

6
< QI3+ CllTwllz + C [wn (10:Tmll3 + 10y Tml13) + w0 (10:T 13 + | T (2 = 0)]3)] - (53)
Consequently, we have

Kh (”aszH% + ||3mi||§) + Ko (HaszH% + O‘HTm(z = O)H%)
tn (10:Toll3 + 110y T0]13) + Ko (||0:Tol|3 + af| To(z = 0)[|3)
(1=Ct (|Tolls + 1QI13) [kn (10:Tol13 + 19y Toll3) + v (19:To 13 + | To(z = 0)[13)])

/2"

Therefore, for every t € [0, T***], where

1
T = , (54
40 ((IToll3 + 1QUIZ) [sn (10:Tol13 + 110, TolI3) + v (10-Tol13 + @l|To(z = 0)[13)]) (>4

we have

i (105 T 13 + 10y Tinl13) + 0 (10:Ton3 + | T (2 = 0)]3)
<2 [k (10:TolI3 + 19, Toll3) + #o (10-Toll3 + | To(= = 0)II3)] - (55)
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Moreover, by integrating (53) we obtain
¢
1000 Ton(6) + B0y Ton(5)) + DT (5] s
0

N le]
< o (10 T0lB + 10,T018) + , (10.Tol} + alTo(z = 01B) + QI ¢ +.C (ol e -+ L2 ¢
1

+C [rn (10:To 3 + 10, T0l13) + o (10-Tol3 + ol To(z = 0)I3)]° . € [0, 7], (56)

Notice that T), exists, globally. What we have just proved is that the L2([0,7***]; H2(£2)) norm of
T, is bounded uniformly with respect to m. As a result of all the above we have T, exists, at least,
on [0,7***] and is uniformly bounded, with respect to m, in L®([0, 7***];V) and L2([0, T***]; H?(Q))
norms. Furthermore, and as for the theory of the Navier-Stokes equations (see, for example, [9], [30]),
we can use the above bounds (55) and (56) to show that the L?([0, 7***]; L?(Q2)) norm of &;T, and the
L2([0, T***]; H-Y2(M)) norm of 8;T,,(z = 0) are uniformly bounded with respect to m. Passing to the
limits, we conclude that there is a strong solution to system (4)—(8), at least, on [0, 7***]. Furthermore,
this strong solution enjoys the following properties:

oT € L*([0, T**]; L*(Q)) and 8,T(z = 0) € L*([0, T***]; H~Y/2(M)). (57)

The above regularity estimates are sufficient to complete the proof of Theorem 2, following standard
techniques from the theory of the Navier-Stokes equations (see, e.g., [9] and [30]). Furthermore, as a
consequence of the above estimates, in particular those implying (57), we conclude that equation (8) holds
as a functional equation in L2([0, 7***]; L2(£2)). O

4. GLOBAL EXISTENCE AND UNIQUENESS OF THE STRONG SOLUTIONS

In the previous section we have established the short-time existence of the strong solution to system
(4)—(8). In this section we will show the global existence and uniqueness, i.e. global regularity, of strong
solutions to the system (4)—(8), and their continuous dependence on initial data.

Theorem 3. Let Q € L3(Q), Ty € V and T > 0, be given. Then there erists a unique strong solution
(u,v,w,p, T) of the system (4)—(8), on the interval [0, T|, which depends continuously on the initial data
in the sense specified in equation (72) below.

Proof. Denote by (u,v,w,p,T) the strong solution corresponding to the initial data Ty with maximal
interval of existence [0, 7,), that has been established in Theorem 2. We will show that 7. = co. To show
this we assume by contradiction that T, < co. Consequently, it is clear that

limsup || T'()| g1 () = 0o,
t—T.

because, otherwise, and by virtue of Theorem 2, the solution can be extended beyond the maximal time of
existence, T.. Next, we will show that ||T(t)|| g1 (o) is bounded uniformly on the interval [0, 75). In what
follows we will focus our discussion and estimates on the finite maximal interval of existence [0, 7).

4.1. L? estimates. As a result of Theorem 2, equation (8) holds in Lj_
take the inner product of equation (8) with 7', in L?(Q2), and obtain
14|73
2 dt
= / QT dxdydz — / (w0, T + v0, T +wd,T)T dxdydz.
Q Q

([0, 7); L2(£2)), therefore we can

+#n (10T 13+ 10,T13) + o (10:T113 + | T(2 = 0)[3)
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After integrating by parts we get

/ (w0, T + v, T +wd,T) T dxdydz = 0. (58)
Q
As a result of the above we conclude

LATUE 4y (10,713 + 19,T13) + o (19TIB + ol T = 0)J)

2 dt h z+ |12 y+ 112 v z+ 12 - 2

QT dxdydz < [|Q||2 [|T]]2-
Q

Using (21) and the Cauchy—Schwarz inequality we obtain

d||T

”dt'b + 200 (10: T3 + 19, TI3) + o (|0-T13 + ol T(= = 0)]13) (59)
h?  2h

< (42108 (60

By the inequality (21) and thanks to Gronwall inequality the above gives

T3 < e 20070 || To|[3 + (2h° + 2h/a)?[QII3, (61)

for are t € [0, 7.). Moreover, we also have
t
/0 [ (10715 + 10,T113) + 0 (1015 + ol T(= = 0)[13)] ds

h ot
<2(h* + a)llQll% t+e 207570 | To|l3 + (2h% + 2h/)?(| Q)13 (62)

for are t € [0, 7).
We remark that estimates (61) and (62) also follow directly from (46) and (47), respectively.

4.2. L5 estimates. Recall from Theorem 2 that T' € Lys ([0, 7.), H L)) ﬂLfOC([O T.), H?()), therefore
ITI'T € L7, ([0, T.); L*(2)). Since by Theorem 2 equatlon (8) holds in L3 ([0,7x); L*()) we can take

the inner product of the equation (8), in L?(Q), with |T|*T to get

1|7
6 dit

+ 5/Q (k0 (102T(13 + 10, T1I3) + £ollO=T3] |T|* dudydz + oy || T(2 = 0)]g
= /Q Q|T|*T dxdydz — /Q (uTy +vTy, + wT,) |T|*T dedydz.
By integration by parts, and using (7) and the boundary conditions (12)-(14) we get
/Q (uT, +vT, +wT,) |T|*T drvdydz = 0. (63)

As a result of the above we conclude

1d|T|§
6 dt

= /QQITI“T dadydz < |Q[2/IT3, < CllQN2 (1T VT2 + |Tl¢) -

w5 [ [ (0TI + 10,718) + mo|0-T1) 71 dadyds + an, | TG = )1
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By the Cauchy—-Schwarz inequality we get

d||T|I§
dt

= /QQITI“T dxdydz < C|QIBITIIs + [QI=TIE < CIQUSITIE + IT1]5.

+ [ Ton (0TI + 10,71) + ro0-TIB) 171" dedydz + o, | T (= = 0}

Thus, from the above and (22), we have

d||T|?
WP < U3 + 171 < € 11U + 1713 + mn (1T + 1,713) + oo T3).

By integrating the above inequality and using (61) and (62), we get
IT@IE < C [ +1QIB) (1 + ) + I Tolls oy |- (64)
4.3. H' estimates. Recall again that ' € L{® ([0,7.), H'(2)) N Lj_ ([0, 7.), H*(2)), and since, by The-

orem 2, equation (8) holds in L12()C([O7 T.); L*(Q)) we can take the inner product of the equation (8) with

—kp (Tyz + Tyy)— ko Tz, in L2(Q), and use (57) to obtain, thanks to a Lemma of Lions-Magenes concerning
the derivative of functions with values in Banach space (cf. Chap. III-p.169- [30]),

| =

1
) [“h (HawT”g + HayT”g) + Ky (”azTH% + O‘HT(Z = 0)”%)] + H“h (T + Tyy) + ﬁszzH%

QU

t
=— | Q[rn (Tow + Tyy) + koTs] dedydz + / (w0 T + v, T + w0.T) [kp (Tys + Tyy) + £oTs:] dadydz
Q Q
< [1Qll2 + (luls + llvlls + lleolle) IV T a] I (T + Ty) + Tl
3/2
< [1Qll2 + CUTIE n (Taa + Tyy) + wuTeclly?) In (T + Tyy) + Tl

By the Cauchy—Schwarz and Young’s inequalities we obtain

% [k (10713 + 10, T13) + #0 (10T + ol T (= = 0)I13)] + llin (Tow + Tyy) + ko Tez3
< CllQl3 + CIITls.

By Gronwall, we get

o (10T (O3 + 19, TWIZ) + o (10-T(0)[3 + | T(z = 0)(1)[13)

I (Taas) 4 T + T

< CAQUZ+ TS t+ | Toll 22

<O +IQI) t+C [+ 1QID) (1 +0) + ITolidn@y] ¢+ 1Tollan ey = Kuld) (63)
Thus,

limsup [|T| g1y = Ko(Tx)-
t—T.

This contradicts the assumption that 7 is finite, therefore, T, = oo, and the solution (u,v,w,p,T) exists
globally in time.



12 C. CAO AND E.S. TITI

4.4. Uniqueness of the strong solution and continuous dependence on initial data. Next, we
show the continuous dependence on the initial data and the the uniqueness of the strong solutions. Let
(u1,v1,wy,p1,T1) and (ug, va, wa, p2, To) be two strong solutions of the system (4)—(8) with corresponding
initial data (Tp)1 and (Tp)e, respectively. Denote by u = u1 — ug,v = v1 — v2,w = w1 — W2,p = P1 — P2
and 0 = T7 — Ts. It is clear that

eu— fv+p, =0, (66)
ev+ fu+py, =0, (67)
dw+p, =0, (68)
Uy + vy +w, =0 (69)
00 — Kn (Opz + Oyy) — Kbz + 116y + 10y + w16, + w0, T + vy T + w0, Tr =0, (70)
and (u,v,w) and 6 satisfy boundary conditions (12)—(14). By Theorem 2 and Theorem 3 equation (70)

holds in L2([0,7]; L*(Q)) and 6 € L*([0,T), HY(Q)) N L2([0,T), H?(Q2)), for all T > 0. Therefore, by
taking the inner product of equation (70) with 6 in L?*(Q2), and using boundary conditions (12)-(14), we
get
1.d|6]3
2 dt

= —/ [w16y + v10y + w16, + u(T2)z + v(T2)y + w(T2),] 0 dedydz.
Q

+ron (105013 + 10,013) + 0 10:05 + ell6(= = 0)]5

By integration by parts and again boundary conditions (12)—(14), we get
—/ [u16y + v10y + w16,] 0 dedydz = 0. (71)
Q
Notice that

/ [u(T2)z + v(T2)y + w(T2).] 0 drdydz| < C||VTa|l2 ([[ulla + Jvlla + [[wl]l4) [10]l4
Q

1/4 3/4 1/4 3/4 1/4 3/4 1/4 3/4
< CIVTollz (Jlly a3+ 1oty el + ool w3 ) ol el

< CIVTallolly 101377 < CIvTalla (613 + ol 1 vol3)

Thus,
1d]6]3
2 dt
< CIIVTllz (1013 + 101510157 -

+wn (1028113 +118,8113) + 0 [10:6113 + all6(= = 0)]3

By Young’s inequality, we get

d|[6]13
— gt (10:0015 + 10,0113) + 0100113 + oll(= = 0)]13

< C|IVT:|3116]5.
Thanks to Gronwall inequality, we obtain
10113 < 16t = 0)[[3eC o 7l .
Since T» is a strong solution, we have by virtue of (65)
100)113 < 116Gt = 0)[3 e s Fr e, (72)

where the value of Tj in the definition of K, in (65) is replaced by T2(0). As a result, the above inequality
proves the continuous dependence of the solutions on the initial data. In particular, when 6(¢t = 0) = 0, we
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have 0(t) = 0, and consequently also u(t) = v(t) = w(t) = 0, for all ¢ > 0. Therefore, the strong solution
is unique.
O
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