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Abstract

In this paper we are interested in the brush number of a graph - a concept introduced
by McKeil and by Messinger, Nowakowski and Pralat. Our main aim in this paper is to
determine the brush number of the two-dimensional torus. This answers a question of Bonato
and Messinger. We also find the brush number of the cartesian product of a clique with a
path, which is related to the Box Cleaning Conjecture of Bonato and Messinger.

1 Introduction

Given a graph G, we consider acyclic orientations of its edges. We are interested in an acyclic
orientation in which the outdegrees are ‘as close as possible’ to the indegrees, in the following
precise sense: we would like to minimise the quantity >,y ) max{0,d*(v) — d~(v)}, where
d" (v) and d~ (v) denote the outdegree and indegree of v respectively. This quantity is called the
brush number of G, introduced in [2] and [4].

We digress briefly to mention the original formulation, a graph cleaning problem. The set
up is as follows. Initially, all edges of a graph are considered dirty and a fixed number of brushes
are assigned to a set of vertices. At each step, a vertex v is cleaned by sending a brush along each
incident dirty edge - but this is only allowed if there are at least as many brushes at v as there
are incident dirty edges. When a dirty edge is traversed by a brush, it is considered cleaned, and
brushes cannot traverse a clean edge. A graph is cleaned when there are no more dirty edges.
In this formulation, the brush number, b(G) is the minimum number of brushes needed to clean
a graph G. It is easy to see (or see later in this section) that these two formulations are the same.

Bonato and Messinger [I] consider the brush number of cartesian products. The cartesian
product G x H of two graphs G and H has vertex set V(G) x V(H), and two vertices (a,b) and
(¢,d) are joined if a = ¢ and bd € E(H), or ab € E(G) and b = d. Based on the fact that a
graph G of order m satisfies

m2

1= b(Pn) < B(G) < b(Km) = | “ .
which follows from results in [3] and [4], they give an elegant conjecture on bounds for the brush

number of the cartesian product in general.
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Box Cleaning Conjecture [1]: Given a graph G of order m and a graph H, we have
b(P, x H) <b(Gx H) <b(K,, x H).

They gave several results towards verifying the conjecture for the case when H is a path or a
cycle [1].

In this short paper, we find the brush number of C,, x C, for all m and n, and hence an-
swer a question in [I]. We also determine the brush number of K,, x P,; together with the
results in [I], this verifies the Box Cleaning Conjecture for the case when H is a path.

We recall some notation from [I]. Given a cleaning process of a graph G, the initial config-
uration of brushes, wg is a function on V(G) such that wy(v) denotes the number of brushes
assigned to v initially. A cleaning sequence oo = (aq,a, ..., ay) of the vertices is the order in
which vertices are cleaned in a cleaning process, that is, «; is cleaned before o for ¢« < j. For
a;a € E(GQ), we write a; — ay if i < j. Note that this induces an acyclic orientation of G with
max{0,d" (v) —d~(v)} = wo(v). Conversely, given an acyclic orientation of G, there exists an
ordering of V(G) such that each edge is directed from an earlier vertex to a later vertex and
so induces a cleaning sequence of G with wg(v) = max{0,d" (v) — d~(v)}. Hence, the graph
cleaning problem is indeed equivalent to the problem mentioned at the beginning of this section.

We say a cleaning process or a cleaning sequence is optimal or good if it uses b(G) brushes.

2 Two-Dimensional Torus

In this section, we show that the brush number for an m by n torus is exactly 2(m +n — 2), i.e.
b(Cp, x Cp) =2(m +n —2) for m,n > 3.

The upper bound is easy. Indeed, we give an initial configuration using 2(m+mn—2) brushes. Let
the vertex set of Cy, (resp C,) be {ui,ug,...,un} (resp {v1,va,...,v,}) with the edge set being
{ujuipr + 1 < i < m} (resp {vjvit1 : 1 <i < n}), where we take w1 = uy (resp vp41 = v1).
The initial configuration for C,, x C}, is as follows.

4 ifi=j=1,
wo(uj,vj) =49 2 ifi=1,2<j<n—-1lor2<i<m-1,j=1,

0 otherwise.

The total number of brushes used is 2(m 4+ n — 2) and it is easy to see that this initial configu-
ration suffices to clean C,, x C,,.

For the lower bound, we use induction on m +n. The base case would be to show b(C5 x Cy,) =
2n + 2 for n > 3. The proof of this can be found in [1], but for the sake of completeness, we will
include a proof here.

Lemma 2.1. Forn >3, b(C3 x Cp,) = 2n + 2.



Proof. We can express C3 x C), as n copies of C3. Suppose C3 x C), is cleaned using b(C3 x C},)
brushes. Let w; be the first vertex cleaned in the ith copy of C3. Suppose there are k vertices
in {wy,ws,...,w,} that received two brushes from the neighbouring copies of Cs before it is
cleaned, then there must be at least k other vertices in {w;,ws, ..., w,} sending two brushes to
both the neighbouring copies of C3 when it is cleaned.

This gives a lower bound of the number of brushes in the initial configuration of {wy, we, ..., w,},
which is 4k + 2(n — 2k) = 2n. Now, look at the set of the second vertex cleaned in each copy
of C3 and let u be the first vertex cleaned in this set. It is not hard to see that either u has
two brushes in the initial configuration or there are two extra brushes in {wq, wo,...,wy,}. This
completes the proof. O

Now we prove the lower bound for the brush number of C), x C), for general m and n.

Theorem 2.2. For m,n > 3, the number of brushes needed to clean Cp, x C, is at least
2(m +n —2).

Proof. We use induction on m + n. The theorem is true for m = 3 or n = 3 by Lemma 2.1l So
assume m,n > 4 and suppose the theorem is true for C,,_1 x C,, and C,, x Cp,_1.

Given a cleaning sequence of C, x C,, « using b(C,, x C,) brushes with initial configura-
tion wp, we claim that we can combine any two consecutive rows (or columns) to provide a
cleaning sequence for C,_1 x C), (or Cy, x Cp,_1) without using any extra brushes.

Without loss of generality, assume we are combining the last two rows. We provide an ini-
tial configuration for C,,_1 x CY,, wlo from wq as follows.

/ . wo(ui,vj)—kwo(qu,vj) ifi=m-—1
Wy (ui7 U]) - . :
wo (ui, vj) otherwise
It is easy to see that this initial configuration suffices to clean C},_1 x C},. Indeed, we can clean
Cin_1 x C, by going along o and whenever we come to a vertex in the last two rows of C,, x C,,,
we clean the corresponding vertex in C,,_1 x C), if it has not been cleaned.

This shows that the brush number of C,, x C,, is at least the brush number of C,,_1 x C,,.
To prove the theorem, we need to show that we can take away two brushes during this combin-
ing process while still leaving enough to clean C),_1 x C),. We claim this can be done by picking
two ‘correct’ rows (or columns).

It is clear that the maximum number of brushes at a vertex at any time is 4 and that the
sum of the number of brushes at two adjacent vertices is at most 6 in any good cleaning se-
quence of 2-dimensional torus. So we can go along the cleaning sequence « and locate the first
vertex with less than 4 brushes in the initial configuration. This vertex must have an earlier
neighbour. The two rows (or columns) where each contains one of these two vertices are the
‘correct’ rows (or columns). Indeed, if this vertex has 2 brushes in the initial configuration, then
by combining the two ‘correct’ rows (or columns), the corresponding vertex would have 6 brushes
in the new initial configuration; otherwise the vertex does not have any brushes initially and this
implies that it has two earlier neighbours and by combining the two ‘correct’ rows (or columns),



there would be two adjacent vertices each with 4 brushes in the new initial configuration. This
completes the proof. O

3 Cleaning K,, x P,

In this section, we show that the brush number of K, x P, is exactly anTQJ when m is even

and anTQJ + 1 when m is odd.

We will assume m is even throughout this section and the case of m being odd is similar
and omitted.

For the upper bound, we will give an initial configuration using n(mTQ) brushes. It is natural to
let the vertex set of K,;, x P, be {(z;,y;) : 1 <i <m,1 < j <n}. The initial configuration for
K,, x P, is as follows.

max{m + 2 — 24,0} ifj=1,
wo(xi,yj) = ¢ max{m+1—24,0} ifl<j<n,
max{m — 2,0} if j =n.
The total number of brushes used is n(mTQ) and it is easy to see that this initial configuration
suffices to clean K,, x P,.

For the lower bound, we use induction on n. The idea of the proof is to find a new config-
uration for K,, x P,_1 from the optimal cleaning process of K,, x P, by deleting one of the
end copies of K, and modifying the configuration of brushes in the adjacent copy of K,,. More
precisely, for each vertex in the second copy of K,,, we want to add brushes to it or take away
brushes from it depending on whether it has brushes in the initial configuration, whether its
neighbour in the first copy of K,, has brushes in the initial configuration and also whether it
is cleaned before its neighbour in the first copy of K,,. There are two choices for each of these
three conditions, hence we can divide adjacent pair of vertices into eight classes.

We will first give a lemma to show that the base case holds, and then we will prove the in-
ductive step, where we use very similar arguments to those in the proof of the base case. The
following trivial observation turns out to be very useful in our proof.

Observation 3.1. In any cleaning sequence, there cannot be a set of four vertices, {a,b,c,d}
such that a — b, b — ¢, c - d and d — a.

We will show the base case, that is the brush number of K., x Ps.
Lemma 3.2. b(K,, x P») > mTQ

Proof. Suppose K,, x P, is cleaned using b( K, X P») brushes with initial configuration wy. Let
u; be the ith vertex cleaned in the first copy of K, and v; be the jth vertex cleaned in the
second copy of K,,. In the proof, u’s will always refer to vertices in the first copy of K,, and v’s
will always refer to vertices in the second copy of K,,.



We can split adjacent pair of vertices (u,v) into eight classes as follows.

A = {(u,v) : wo(u) > 0,u — v,wp(v) >0}, |Al=a
B = {(u,v) : wo(u) > 0,u — v,we(v) =0}, |B]=5b
C = {(u,v) : wo(u) > 0,u < v,wo(v) >0}, |C|=c
D = {(u,v) : wo(u) > 0,u < v,wo(v) =0}, |D|=d
E ={(u,v) : wo(u) =0,u = v,wo(v) >0}, |E|=¢e
F = {(u,v) : wo(u) =0,u = v,wp(v) =0}, |F|=f
G = {(u,v) : wo(u) = 0,u + v,wo(v) >0}, |G|=yg
H = {(u,v) : wo(u) = 0,u < v,wo(v) =0}, |H|=nh

Deleting the first copy of K, and modifying the second copy of K, according to which type
each pair of vertices belongs to, we can give a configuration to clean K,,. It is not too hard to
see that if wo(u;) > 0, then ¢ < % and if wo(u;) = 0, then 4 > . The same is true for v;. In
fact, for u; with non-empty brushes in the initial configuration, wg(u;) = m — 2i + 2 if it is in
A or B and wy(u;) = m — 2i otherwise. Therefore, there are m222m + 2a + 2b brushes in the
first copy of K,,. To be able to clean K,, after deleting the first copy of K,,, we shall modify
the configuration in the second copy of K, accordingly. Vertices in A and E would each need
an extra brush while every vertex in C and G has one extra brush. The configuration of the
vertices in the other classes need not be changed, unless wo(v%) = 0, in which case we need one
extra brush. This give a lower bound for b(K,, x P»),

m? —2m
b(Ky, X Py) — g A 2b+e—c—g+ 511)0(1)%):0 > b(Km),
where 8, (um)=0 is 1 if wo(vm) = 0 and 0 otherwise. As we know b(Ky,) = mTQ, we are left to
2
show a +2b — e+ c+ g — duy(vm)=0 = -
2

Give a pair of vertices in D, (u,v) and a pair of vertices in E, (u/,v’), we can see that u — /,
u — v, v — v, v = u, contradicting Observation Bl So we can, without loss of generality,
assume e = 0.

Vertices in the second copy of K, that are in A, C, and G are those with non-empty brushes
in the initial configuration. Hence we have a + ¢+ g = 5 — Gy (v )=0- S0 we are left to show
¥

2b > 25w0(v%):0. We are done, unless b = 0 and wo(v%) = 0. In which case vm is in F', as we

are assuming B = E =. Given a pair of vertices in D, then together with the pair of vertices in
F that contains vm, we have a contradiction to Observation Bl So d = 0.

2
have g = 5w0(um) — 1, which implies g = 0 and wo(um) =0. So wm must be in H. The pair

Now a + ¢ = G — dyg(upm)=0, Where 5w0(um) o is 1 if wo(Um) = 0 and 0 otherwise. So we
e

of vertices in F that contains vm and the pair of vertices in H that contains um again give a
contradiction to Observation B:ll This completes the proof. ]

Now we prove our theorem on the exact brush number of K, X P,.



Theorem 3.3. For even m > 2 and n > 2, b(K,, x P,) = n(mTQ)

Proof. Suppose n > 3. Using similar case analysis in the proof of the Lemma B2l we will show
2
that b(K,, x Pp) > b(Ky, X Py_1) + .

Suppose K, x P, is cleaned using b(K,, x P,) brushes with initial configuration wg. Let
u; be the ith vertex cleaned in the first copy of K, and v; be the jth vertex cleaned in the
second copy of K,,. In the proof, u’s will always refer to vertices in the first copy of K,, and v’s
will always refer to vertices in the second copy of K,,.

Like before, we split adjacent pair of vertices (u,v) into eight classes as follows.

A ={(u,v) rwo(u) > 0,u = v,wy(v) >0}, |Al=a
B = {(u,v) : wo(u) > 0,u = v,wo(v) =0}, |B|=0b
C = {(u,v) : wo(u) > 0,u < v,wo(v) >0}, |C|=c
D = {(u,v) : wo(u) > 0,u < v,wo(v) =0}, |D|=d
E ={(u,v) : wo(u) =0,u = v,wo(v) >0}, |E|=¢e
F ={(u,v) : wo(u) =0,u = v,wo(v) =0}, |F|=7Ff
G = {(u,v) :wo(u) =0,u < v,wo(v) >0}, |G|=yg
H = {(u,v) : wo(u) =0,u < v,wo(v) =0}, |H|=nh

Deleting the first copy of K, and modifying the second copy of K,, accordingly, we give a new
initial configuration to clean K, x P,_1. As before, if wo(u;) > 0, then 7 < 7 and if wo(u;) = 0,
then ¢ > . As for vertices in second copy of Ky, if wo(v;) > 0, then i < % +1 and if wo(v;) = 0,
then i > 2. Also, for u; with non-empty brushes in the initial configuration, wq(u;) = m —2i+2
if it is in A or B and wo(u;) = m — 2i otherwise. The number of brushes in the first copy of K,
is then @ + 2a + 2b. After deleting the first copy of K,,, we need an extra brush for each
vertex in A and F. We can also take away a brush from each vertex in C and G. Notice that
every vertex in second copy of K, has degree m 4+ 1 and so even if wo(v%) = 0, we do not need

an extra brush for it. This gives a lower bound for b(K,, x F,),

IR

2
_9
b(Km><Pn)—¥—a—2b+e—c—gzb(l(m><Pn_1).

We are left to show a +2b—e+c+g > 3.

A pair of vertices in D and a pair of vertices in E will again give a contradiction to Obser-
vation Bl So we have two cases to check.

Case 1: e = 0.

Vertices in the second copy of K, that are in A, C, and G are those with non-empty brushes

in the initial configuration. Hence we have a+c+g > 5 — dyg (v )=0- We are now done, unless
3

at+c+g=%—1,b=0and wo(v%) = 0, in which case v= is in F'. Now, we must have d =0

as otherwise we will again contradict Observation B.] from a pair of vertices in D and the pair

of vertices in F' that contains vm.



Exactly like before, we now have a + ¢ = & — 6w0(u%):0 and so g = 5wO(u%):0 — 1, which

implies g = 0 and wo(Um) = 0. So um must be in H. The pair of vertices in F' that contains
vm and the pair of Vertlces in H that contams wm contradict Observation B.Il This completes
the proof for Case 1.

Case 2: d=0,e > 0.

In this case, we have a +c+e+g < 5 + 5wO(v%+1) 0, where ¢ —o is 1if wo(v%ﬂ) =0

wo(v%_H)

and 0 otherwise. So we are left to show 2a 4+ 2b+2c+2g > m + 5w0(vm+l):0.
7

Since d = 0, we have a +b+c = 3 — 5w0(u%):0 and we are done unless 2g < 26%(“%):0 +

0

wo(vm 41)=

o- We will show that this is not possible.

We can see that wo(u%) = 0 only when um s in G or H, but if it is in H, then together
with a pair of vertices in E contradicts Observation BIl So wp(uz) = 0 implies um is in G.
Similarly, wo(v%ﬂ) = 0 implies vm iy is in G. So 2g < 25%(“%):0 + 5’11}0(Um )=0 can only hold
when g =1 and (um,vmq) is in G. This is not possible as together with a pair of vertices in

E, we have a contradiction to Observation 3.l This completes the proof for Case 2.

Together with Lemma [3.2, and the initial configuration given at the beginning of this section,
the proof of the theorem is now complete.
O

4 Remarks

As we can see in the proof of LemmaB.2land Theorem B3] the order of the vertices being cleaned
can be determined from the number of brushes in the initial configuration of any optimal cleaning
process, and this plays an important role in our proof. So this method could only work on very
structured graphs. For example, it should be possible to use the same method to show that
b(Ky, x Cp) > b(Kp, X Pyoq) + L”%J + 2 — Om,0dd, and hence give a different proof to [I] for
b(K,y, x Cp) = LmTQJ + 2. But instead of splitting pairs of vertices into eight classes, we would
need to split triplets of vertices into 32 classes.
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