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Cohomology and L-values

By Hiroyuki Yoshida*

Abstract

In a paper published in 1959, Shimura presented an elegant calcu-
lation of the critical values of L-functions attached to elliptic modular
forms using the first cohomology group. We will show that a similar
calculation is possible for Hilbert modular forms over real quadratic
fields using the second cohomology group. We present explicit numer-
ical examples calculated by this method.

In a celebrated paper [Sh1] published in 1959, Shimura showed that ratios
of critical values of the L-function attached to an elliptic modular form can
be calculated explicitly using the cohomology group. This method was de-
veloped into the theory of modular symbols by Manin [Man]. Though there
have been great advances during the next half century in understanding the
relationship of automorphic forms and group cohomologies, it seems that no
explicit calculations of L-values using cohomology groups were performed
beyond the one dimensional case. The purpose of this paper is to show that
we can use cohomology groups effectively for calculations of L-values even in
higher dimensional cases.

To explain our ideas and results, it is best to review first the calculation
in [Sh1]. Let $ be the complex upper half plane. Let T be a Fuchsian group
and let €2 be a cusp form of weight £ > 2 with respect to I'. Put [ =k — 2
and let p; be the symmetric tensor representation of GL(2, C) of degree [ on
a vector space V. We regard V' as a ['-module. Put p = p;. We consider a
V-valued differential form on $:

Q) = Q(z) m | dz.

*The author was supported by Grant-in-Aid for Scientific Research (C) (No. 21540014),
Japan Society for Promotion of Science.
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Here ﬁ] denotes the column vector of dimension [ + 1 whose components

are z', 2!71 ... /1. We have 0(Q) oy = p(7)0() for every v € I'. Here
0(€2) o v denotes the transform of 9(€2) by . Take a point of the complex
upper half plane or a cusp of I' and denote it by zy5. For v € I', we consider
the integral

Y20

1) o= [,
20

Then f satisfies the 1-cocycle condition:

fny2) = f(n) + p() f(2)-

The cohomology class of f in H*(T', V') does not depend on the choice of z.
Let p € I' be a parabolic element and z{ be the cusp fixed by p. Then we
have

20
F0) = (olp) - 1) [ " 0(@).
20
Thus f(p) looks like a coboundary, which is the parabolic condition on f.
Now let I' = SL(2,Z) and zy = ico. Put

(0 1 (11
7=\=1 0/ T7\o 1)
Then we find

2)  flor) = —( /0 ~ Q(z)ztdz) T <it+1R(t 4, Q))OS@,

where R(s,§) = (2m)~°I'(s)L(s, ) with the L-function L(s, ) of €. Since
(o7)® = 1, the 1-cocycle condition gives

(3) [L+ ploT) + p((o7)*)]f(o7) = 0.

In other words, f(o7) is annihilated by the element 1+07+(07)? of the group
ring Z[SL(2,Z)]. This gives a constraint on the critical values of L(s, §2). For
k =12 and Q = A, Shimura obtained that

12
R(S,A):ZR(@A), R(10,8) = TRE,A), et

In this paper, we will treat the case of Hilbert modular forms over a real
quadratic field F'. Let O be the ring of integers of F' and I' be a congruence
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subgroup of SL(2,0F). Let Q be a Hilbert modular cusp form of weight
(k1, ko) with respect to I'. We assume 2 < ky < ky and put [; = k; —2,i =1,
2. The first step is to attach an explicitly given 2-cocycle of I' to §2. This is
given in the author’s book [Y3] as follows. Let p = p;, ® p, and V' be the
representation space of p. We consider a V-valued differential form on $?:

I Iy
0(Q) = Q(2) [211] ® [,212] dzydzs, z=(21,2) € H.

We have

(4) o) oy =p(r)o(R), el

Take a point w = (w1, ws) on H2. For 71, 7o € ', we consider the integral

(5) Foam) = / /

Here -] denotes the conjugate of v; by Gal(F/Q). Then f is a 2-cocycle of T
taking values in V. The cohomology class of f € H*(T', V') does not depend
on the choice of w. Let p € I" be a parabolic element and let (w},w3) be the
cusp fixed by p. Since €2 is a cusp form, we may replace wy by wj. By this
procedure, we find the parabolic condition satisfied by f.

Next let I' = SL(2,OF) and let € be the fundamental unit of F. We
assume that I; =l mod 2 and replace I" by PSL(2, Or). Put

(0 1 (e 0
= \=1 0) HFT\o 1)

We choose w; = i€~ !, wy = i00. Then we have

floop) = / /m

For 0 <s<1;,0<t <1y, we put

ZOO
st—/ / 2)z} 25dz1dzs.
1€

The (I; 4+ 1)(I3 + 1) components of f(o, u) are given by —Ps;. We have

(6) Pm7m_(k1_k2)/2 _ (_1>m+1i7(k17k2)/2(271_)(161*162)/2R(m + 17 Q)



where R(s,Q) = (27)7T(s)T'(s — (k1 — k2)/2)L(s,Q) with the L-function
L(s, ) of 2. The formula (6) gives a generalization of (2); (5) and (6) were
known to the author eight years ago.

The L-value L(m,$2), m € Z is a critical value if and only if

l1—12+1§m§l1+52

+ 1

Since all of them appear as components of f(o, i), we expect that we can
deduce information on critical values once we know the second cohomology
group H?(T', V) well. Before to materialize this hope, we need to answer
the following conceptual question: Can we annihilate the effect of adding a
coboundary to f? We can give an affirmative answer to this question by
using the parabolic condition. Put

P={( )

Then we have

ue O, ve OF} /{x£1l,} CT.

(7) f(P11,7%2) = pf (71, 72) for every pe P, y1,12 €T

This is the parabolic condition on f when I' = PSL(2,Of). A 2-cocycle
which satisfies (7) will be called a parabolic 2-cocycle. In section 3, we will
prove:

Theorem. Leti=1 or 2. Then

1 if [, =1y and N(e)' = 1.

Now suppose that we add a coboundary to f keeping the parabolic condition
(7). In section 4, using this theorem for the case i = 1, we will show:
If Iy # [y, the components of f(o, ) related to the critical values do not
change. If [ = Iy, the same assertion holds except for the critical values on
the edges: L(1,Q) and L(l; 4+ 1,9). Therefore we can deduce information on
critical values L(m, ) once we know a parabolic 2-cocycle corresponding to
Q.

The final step is to find constraints on f(o, ) which generalizes (3). This
is technically the most difficult step. Let Op = Z + Zw and put

=) =69,



It is known ([V]) that T is generated by o, i, 7 and 1. Let F be the free group
on four letters o, g, 7, 7. Define a surjective homomorphism 7 : F — I by
(o) =0, m(n) = p, 7(7) = 7, 7(7) = n and let R be the kernel of 7. Then
we have I' = F/R and (cf. §1.4)

(8) H*T, V)= HY (R, V)" /Im(H (F,V)).

Here we have
H(R,V) = {go € Hom(R,V) | p(grg™) = go(r), g€ Fore R}.

We write
€€ = A+ Bw, €w=C+ Dw.
1.

We have relations: (i) o (ii) (o7)® = 1. (iii) (op)*> = 1. (iv) 7np = nT.
(v) prp~t = 74nB. (vi) unu~t = 79nP. For t € OF, we have

w o De=(0)e(F L)

The relation (ii) follows from (vii) by taking ¢t = 1. We call the relation group
R minimal if it is generated by the elements corresponding to (i) ~ (vii) and
their conjugates. We see that u, 7 and 1 genarate P and (iv) ~ (vi) are their
fundamental relations.

Now let ¢ € H'(R,V)' be a corresponding element to f. Adding an
element of Im(H'(F,V)), we may assume that ¢(6%) = 0. Then we find (cf.

(5.3))

2:

flo, ) = —o((7)°).
Our problem is reduced to find constraints on ¢((c)?). We have an obvious
constraint oup((a1)?) = p((am)?) but of course it is not enough.
To proceed further, we assume that [; and [y are even and change p to
p = pj, ® p, where p|(g) = pi(g) det(g)~"/* and regard V as a PGL(2, OF)-
module. The I'-module structure does not change. We put

=) =0 )

These two elements act on I' as outer automorphisms and induce automor-
phisms of H%(T', V) of order 2. Hence H?*(T', V') decomposes into four pieces
under their actions. Let I'* be the subgroup of PGL(2, OF) generated by T’
and v. The transfer map gives an isomorphism of the plus part of H*(T, V)
under the action of v onto H?(I'*, V). For simplicity suppose that we can
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take w = €. Then o, v and 7 generate ['*. Let F* be the free group on
three letters o, v, 7. Define a surjective homorphism 7* : F* — I'* by
7(c) = o, (V) = v, 7*(T) = 7 and let R* be the kernel of 7*. Then we
have I'* = F*/R* and

(8) HY(T*, V)= HY (R, V)V /Im(HY(F*,V)).

Let f* be the transfer of f to I'* and let f* be the restriction of f* to I.
Then f* is the projection of f to the plus part. (We perform this procedure
on the cocycle level.) We have

f*(d, :u) = f+(0’ N) = (1 + l/)f(O, :u)'

In T*, o, v and 7 satisfy the relations (i), (ii) and (iii*): (ov)* = 1, (iv*):
rvrvt = vrvir) (v VA2 = A (vrr B Let P* be the subgroup
of I'* generated by P and v. We see that P* is generated by v and 7 and
(iv*) and (v*) are the fundamental relations between generators v and 7.
Let ¢* € HY(R*, V)" be a corresponding element to f*. By the parabolic
condition on f, we may assume that ¢* vanishes on the elements of R*
corresponding to (iv*) and (v*). Adding an element of Im(H'(F*,V)), we
may also assume that ¢*(5%) = 0. Then we have (cf. (6.6))

frloop) = =1+ v e ((67)%)
and two quantities
A=¢*((6D)%),  B=¢"((a7)°)

remain to be determined. The Hecke operators act on H%(T'*,V). We can
analyze its action on the right-hand side of (8*) and will give a simple formula
for it. The quantity A is related to the critical values of L(s,2). We may
assume that the class of f* is in the plus space of H?(I'*, V') under the action
of 6. Then A must satisfy the constraints

9) (ov—1)A=0, (§—1)A=0.

We will execute the determination of A for F = Q(+/5) and F = Q(+/13).
First assume F = Q(\/g) In this case, we can show that R is minimal
and that R* is generated by the elements corresponding to the relations (i),
(ii), (iii*), (iv*), (v*) and their conjugates. Calculating the action of the
Hecke operator T'(2) on the right hand side of (8*), we find a certain element
xr € F* such that 7*(z)> = 1. We can give an explicit formula expressing
¢*(23) in terms of A and B. In every case examined, we find by numerical
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computations that we may assume that B = 0 by adding an element of

Im(H'(F*,V)). Therefore
(10) (z = 1)p*(a%) =0

gives a new constraint on A. Let Z} be the subspace of V consisting of all A
which satisfy (9) and (10) and let B} be the subspace of Z} which represents
the contribution from Im(H!(F*,V)). Again in every case examined, we find
by numerical computations that dim S}, 125,42(I') = dim Z}/B}. If this is
one dimensional, we can deduce information on L-values by calculating Z}.
In general, calculating the action of T'(2) on Z 1 /B and taking eigenvectors,
we can obtain many examples on L-values. Actually by considering f*, we
are losing half of the information on critical values (cf. §5.6). To treat all
critical values, we need to consider f—, the projection of f to the minus
part of H*(T', V) under the action of v. To handle f~ is a somewhat more
complicated task and we leave the explanation of it to the text. Next let
F = Q(v/13). The procedure is almost the same. Let p be the prime ideal
generated by 4 — v/13. Calculating the action of the Hecke operator T'(p),
we obtain a certain element x € F* such that 7*(x) is of order 3. Then the
constraint (z — 1)*(2%) = 0 obtained from =z is sufficient. Here remarkably
we can perform rigorous calculations without proving that R is minimal.
(This is actually true also for the case F' = Q(+v/5).) We have used Pari
[PARI] for the numerical calculations in sections 6 and 7.

To calculate the ratios of critical values of L-functions, there is another
method initiated by Shimura [Sh3] which employs the Rankin-Selberg con-
volution and differential operators. A comparison of this method and the
cohomological method will be discussed in section 8.

Now let us explain the organization of this paper briefly. In section 1, we
will review several facts on cohomology of a group which will be repeatedly
used in later sections. In section 2, we will review Hilbert modular forms.
We will prove (5) and (6). In section 3, we will study cohomology groups of
P and will prove the theorem stated above. In section 4, we will examine
the parabolic condition on a cocycle applying results in section 3. We will
prove the nonvanishing of the cohomology class of f under mild conditions.
In section 5, we will study the decomposition of H%(T', V') under the action of
outer automorphisms of I'. It decomposes into four pieces under this action.
In section 6, we will study the case F' = Q(+/5) in detail and will give many
examples. In section 7, we will study the case F' = Q(v/13). We devote
section 8 to the comparison of two methods mentioned above. In Appendix,
we will prove that the relation group R is minimal when F' = Q(+/5).

Notation. For an associative ring A with identity element, A* denotes
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the group of all invertible elements of A. Let R be a commutative ring with
identity element. We denote by M (n, R) the ring of all n X n matrices with
entries in R. We define GL(n, R) = M(n, R)*, SL(n,R) = {g € GL(n, R) |
det g = 1}. The quotient group of GL(n, R) (resp. SL(n, R)) by its center is
denoted by PGL(n, R) (resp. PSL(n, R)). Let G be a group. The subgroup
of G generated by g¢1,...,9, € G is denoted by (g1,...,9,). When G acts
on a module M, M% denotes the submodule of M consisting of all elements
fixed by G. For an algebraic number field F';, Op denotes the ring of integers
of F. For a € O, the ideal aOf generated by a is denoted by (a). We
denote by Er the group of units of F, i.e., Er = Of. When F is totally real
and a € F, o > 0 means that « is totally positive. We denote by $ the
complex upper half plane. The set of all positive real numbers is denoted by

R..

§1. Preparations on cohomology groups

In this section, we will review group cohomology. Most of the results,
except for the results presented in subsection 1.5, can be found in standard
text books such as Cartan—Eilenberg [CE], Serre [Sel], Suzuki[Su].

1.1. Let G be a group, M be a left G-module. We set C°(G, M) = M, and
for 0 < n € Z, let C*(G, M) be the abelian group consisting of all mappings
of G™ into M. We define the coboundary operator d, : C*"(G,M) —
C™ (G, M) by the usual formula

(dnf)(glv s 7gn+1) = glf(QQa s 7gn+1) + (_1)n+1f(glv s 7gn)

(1.1) - i
+Z<_1) f91, -+, 9iGir1, - Gny1)-
i=1

We set
Z"G, M) = Ker(d,), B"(G, M) =1Im(d,_1).

Here we understand B°(G, M) = {0}. An element of C"(G, M) (resp.
Z"(G, M), resp. B"(G,M)) is called an n-cochain (resp. n-cocycle, resp.
n-coboundary). The cohomology group H"(G, M) is that of the complex
{C™"(G,M),d,}, ie., H (G, M) =Z"(G,M)/B"(G, M).

Let G’ be a group and M’ be a left G'-module. Let ¢ : G — G’ be
a group homomorphism and ¢ : M’ — M be a homomorphism of abelian
groups. We assume that ¢ and ¢ are compatible, that is

Y(p(g)m') = g((m')), m'eM, geG.
For f € C™(G', M), define w, f € C™*(G, M) by the formula

(1.2) (Wnf) (91592, - -5 gn) = V(f(0(g1), 0(g2); - - - 2(gn))-
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Then we can check easily that the following diagram is commutative.
cG' M)y = O"(G,M)
- 2
CrY (G, M) = oG, M),

Therefore w,, sends Z"(G',M') (resp. B"(G',M")) into Z"(G,M) (resp.
B™(G, M)) and induces a homomorphism H"(G', M) — H"(G, M).
Now let N be a subgroup of G. Let g € G. We define

o(n)=gng™', neg'Ng, (im)=g'm, meM.

Then ¢ is an isomorphism of g~ Ng onto N; ¢ and v are compatible. Hence
we obtain an isomorphism of HP(N, M) onto H?(¢g~'Ng, M), which is in-
duced by sending f € ZP(N, M) to f' € ZP(g"*Ng, M):

(1.3) f'(n,na, ... onp) =g flgnig " gnag ™, .. gnpg ).

1.2. Let H be a subgroup of G of finite index. We are going to consider
an explicit form of the transfer map H"(H, M) — H"(G, M) (cf. Eckmann
[E]). To this end, it is convenient to go back to a more conceptual definition
of group cohomology:

H™(G, M) = Ext%(Z, M).

The right-hand side can be computed as follows. We take a resolution of Z
by projective G-modules P,.

dy do

Py P, Py : Z 0.

Then we obtain a complex

0 —— Home(Py, M) —2 Home (P, M) —2 Home (P, M) —2 ...

which gives the cohomology group H"(G, M) = Ker(d})/Im(d’,_;). (If n = 0,
we understand Im(d}_;) = 0.) As is well known, an explicit form of a
resolution can be given as follows. Let P, be the free abelian group on the
base G""t. We give P, a G-module structure by

9(90: 91, - -+ 9n) = (990, 9915 - - -, 9Gn), geG

!The d,, in the diagram below should not be confused with d,, in (1.1).




and define d,,_1 : P, — P,_1 by

n

dn71(go,g1, ce ,gn) = Z(—l)i@o, o 9i-1, i1y - - - 7gn)7 n=>1
i=0

We set €(gg) = 1. We have

Homg (P, M) = {¢o : G"™ — M | (990, - -, 99n) = 90(gos- - -, gn) } -

An element of Ker(d?) is called a homogeneous n-cocycle. To ¢ € Homg(FP,, M),
we let f € C"(G, M) correspond by the formula

(14) f(gl7g27 cee 7gn> = 90(1,9179192, <9192 gn)

Then ¢ — f gives an isomophism of abelian groups. The coboundary oper-
ator d; induces d,, on C"(G, M) which is given by (1.1).
Now let H be a subgroup of G of finite index r and let

be a coset decomposition. For G-modules A and B, we define a homomor-
phism ¢ : Homy (B, A) — Homg(B, A) by

(t0)(0) = il ).

We denote P, for G (resp. H) by PY (resp. PH). Since P% is a free
H-module, the complex {Hompy(PY M), d’} gives the cohomology group
H"(H,M). Define P¢ — P by (go,...,9n) = (ho,...,h,) where h; is
determined by

(1.5) g9 =hiwyy,  hi€H, 0<i<n.

This is an H-homomorphism and commutes with d,; it induces an iso-
mophism between the cohomology groups of complexes {Homy (P, M), d*}
and {Homy (PY, M),d*}. Now the following diagram is commutative.

0 —— Homg(PY, M) —® Homg(PS, M) —5 Home(PS, M) —2 ...

[ [ [
0 —— Homy(PY, M) % Homy(P%, M) — Hompy(PS, M) —2 ...

Hence it gives the transfer map 7': H"(H, M) — H"(G, M).
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Take ¢ € Homp (P, M). The corresponding element o* € Homy (PS, M)
to ¢ is given by

90*(907 g1, - - agn) = @(gox]((])a giTj1), - - - 7gnl‘_7(n))a

where x;(;) is determined by (1.5). Then ¢ = t¢* € Homg (P, M) is given
by

B(g0, 91, 90) = Y _ 20" (@5 g0, x5 g, w7 ).
j=1
Therefore we obtain the following result.

Proposition 1.1. Let G be a group, H be a subgroup of finite index
and M be a left G-module. Let G = U]_,x;H be a coset decomposition.
Let c € H"(H, M) and let p € Homy (P, M) be a homogeneous n-cocycle
representing c¢. Then a homogeneous n-cocycle ¢ € Homg(PY, M) which
represents T'(c) is given by

@90, G1s - - - gn) = Z 2ip(; ! 905,00, T1 1T, - - T Gy (m))-
i=1

Here ;1) is chosen so that z; ' gra;,) € H.
Then using (1.4), we immediately deduce:

Proposition 1.2. Let the notation be the same as in Proposition 1.1.
Let f € Z"(H, M) be an n-cocycle representing ¢ € H"(H, M). Then an
n-cocycle f € Z™(G, M) which represents T'(c) € H"(G, M) is given by

F(91: 9203 9n) = D @if (27 Gip(1), T (1) 980025 -+ Ty 1) InTa()):
i=1
Here x,,) is chosen so that

z; q1zp,1) € H, a:;il_l)gl:cpi(l) cH, 2<I[<n.

Let Res : H"(G,M) — H"(H, M) be the restriction homomorphism.
Then we have the well-known result:

(1.6) T oRes(c) =[G : H]c, ce H"(G,M).

1.3. We are going to consider the action of Hecke operators on cohomol-
ogy groups. Let G be a group and G be a subgroup. Let M be a G-module.
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We assume that G and tG¢~! are commensurable for every ¢ € G. For t € G ,
we put

G, =GNt Gt

Let

conj : H"(G, M) — H"(t'Gt, M)
be the isomorphism induced by (1.3). Let Res be the restriction map from
H"(t7'Gt, M) to H"(Gy, M) and let T : H"(Gy, M) — H"(G, M) be the

transfer map. Then we define
(1.7) [GtG] = T o Res o conj.

(It is not difficult to check that the right-hand side of (1.7) depends only on
the double coset GtG and that (1.7) defines a homomorphism of the Hecke
ring H(G,G) into End(H™(G, M)).) Let us write an explicit form of this
operator when n = 2, which will be necessary for our later computation. Let

be a coset decomposition. Then we have

Put f3; = tay. Let c € H*(G, M) and let f € Z*(G, M) be a 2-cocycle which
represents ¢. By (1.3), conj(c) is represented by the 2-cocycle f'(g1,92) =
t= f(tgit~t, tgot™1). By Proposition 1.2, [GtG](c) is represented by the 2-

cocycle
d

(g1, 90) = Y o F(ignady, @) 9205 o)

i=1
since G = UL ,a; 'G,. Here, for 1 <i < d, we choose j(i) and k(i) so that
041'9104]»_(1) € Gy, &igz&;;(li) € Gy.

Writing the result in terms of 5;, we obtain the following proposition.

Proposition 1.3. Let ¢ € H*(G,M) and let f € Z*(G,M) be a
2-cocycle representiong c. Let GtG = UL ,Gf; be a coset decomposition.
Then a 2-cocycle h € Z*(G, M) representing [GtG](c) is given by

d
h(g1, 92) = Z 5;1f(5i915j7(;)7 Bj(i)g2ﬁl;(;(i))>'

=1
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Here, for 1 <i < d, we choose j(i) and k(i) so that
@915;@1) € G, 51’925;;&) €G.

1.4. Let G be a group and M be a left G-module. Let N be a normal
subgroup of G. Then we have the Hochschild-Serre spectral sequence

(1.8) EY* = HP(G/N,HY(N,M)) = H"(G, M).
In low dimensions, this gives an exact sequence

0 —— HYG/N,MN) —— HYG,M) —— H'(N, M)C/N

(1.9) —— H2(G/N,MN) —— H*G,M).

Now we are going to describe a method to calculate H?(G, M), which is
originally due to MacLane (cf. [K], §50). Taking a free group F, we write
G = F/R. Let m : F — G be the canonical homomorphism such that
Ker(m) = R. We regard M as an F-module by gm = w(g)m, g € F, m € M.
Since

(1.10) HY(F,M)=0, i>2,

(1.9) yields an exact sequence

0 — HYG,M) — HYF,M) — HYR,M)Y —— H*(G,M) — 0.
Therefore we have

(1.11) H*(G, M) = HY (R, M) /Tm(H*(F, M)).

Since R acts on M trivially, we have BY(R,M) = 0 and H (R, M) =
Hom(R, M). Therefore we have

HY(R,M)“ = {p € Hom(R, M) | p(grg™") = gp(r), g€ F,r € R}.

The isomorphism (1.11) is explicitly given as follows. For g € F, we
put 7(g) = g. Take a 2-cocycle f € Z*(G, M). The mapping (g1, g2) —
f(g1,92) is an M-valued 2-cocycle of F. By (1.10), there exists a 1-cochain
a € C*(F, M) such that

(1.12) f(91,92) = gra(g2) + a(g1) — a(g192), 91,92 € F.

Let ¢ = a| R, the restriction of a to R. We may assume that f is normalized,
ie.,

f(1,9)=f(g,1)=0 for all g € G.
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If r1, ro € R, then, by (1.12), we have

a(ry) + a(ry) — a(ryr) = 0.
Therefore we get ¢ € Z'(R, M) = Hom(R, M). By (1.12), we have
(1.13) a(gr) = ga(r) + a(g), geF, reR.

Again by (1.12), we have

for g € F, r € R. Using (1.12) with ¢, = ¢, g = ¢~! and noting a(1) = 0,
we obtain

(1.14) olgrg ") =gp(r), g€ F,reR.

This formula shows that ¢ belongs to H'(R, M)®. Suppose that a’ is another
1-cochain satisfying (1.12). Put ¢’ = d|R, @’ = a+b. Then b € Z'(F, M).
Hence the classes of ¢ and ¢’ in HY(R, M) /Im(H(F, M)) are the same.
Suppose that we add the coboundary of a 1-cochain ¢ to f. Then (1.12)
holds when we replace a(g) by a(g) + ¢(g). Then a|R does not change. Thus
we have defined a homomorphism

w: H* (G, M) — H*(R, M) /Tm(H"(F, M)).

Next suppose that ¢ € H'(R, M)®. Take a coset decomposition F =
U, f;R. We assume that if f;R = R, then f; = 1. We extend ¢ to a mapping
from F to M as follows. Choose a(f;) € M in arbitrary way. Then put

(1.15) a(fir) = fip(r) +a(fi),  reR.

For g1 = fir1, g2 = fjre, 71, r2 € R, a direct calculation shows that

g1a(g2) + a(g1) — alg1g2) = fia(f;) +a(f;) — a(fi) — o(fififi ')-

Here f;f; = firs, 73 € R. Note that f; does not depend on r; and rs.
Therefore we can define a 2-cochain f € C?*(G, M) by (1.12) Then it is
immediate to see that f € Z*(G, M) and that f is normalized (see Lemma
1.4 below). When we add an element of Im(H'(F, M)) to ¢, the cohomology
class of f does not change. Thus we have defined a homomorphism

n: H (R, M)%/Im(H*(F,M)) — H*(G, M).
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We can check easily that w and n are inverse mappings to each other. This
finishes an explicit description of the isomorphism (1.11).

1.5. Let f € Z*(G, M) be a normalized cocycle. Take a € C*(F, M)
which satisfies (1.12) and put ¢ = a|R € HY(R, M)€. For every g € G, we
choose g € F such that m(g) = g. The formula (1.12) can be written as

flg1,92) = g1a(g2) + a(g1) — a(g192), 91,92 € G.
By (1.13), we have

a(9192(9192) "' 9192) = 91920((9192) ' G1.92) + a(g102)-

Then, using (1.14), we have

a(9192) = a(g192) + £(9192(9192) 7).

Therefore we obtain

(1.16) f(91.92) = g1a(92)+a(g1) —a(g192) —0(9192(9192) "), 91,92 € G.

This formula shows that, adding a coboundary to f, we may assume that

(1.17) f(91,92) = —0(9192(9192) ).

Conversely we note the following Lemma.

Lemma 1.4. Let o € H'(R.M)®. For g1, g» € G, define f(g1,92) by
(1.17). Then f € Z*(G,M). If 1 =1, f is normalized.

Proof. The cocycle condition is
91f(92, 93) — f(9192, 93) + f(91, 9293) — f(g1,92) = 0.
We have

910(9293(9293) ") — ©(919293(919293) ") + ©(319293(919295) ")
3192(g192) ")
316203(9293) 07 ) + 0(919293(919293) 1) + (91929595 *(9192) )

~ o~ —1~-1

919205(9203) " 91 1) + (9192055 (9192) ") + (919292 91 ')

Hence the cocycle condition holds. The latter assertion is obvious. This
completes the proof.
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We are going to write the action of Hecke operators on the right-hand side
of (1.11) explicitly. Let the notation be the same as in subsections 1.3 and
1.4. Let f € Z*(G, M) be a normalized 2-cocycle of the cohomology class c.
Let h be the 2-cocycle given by Proposition 1.3 which represents the class
[GtG](c). Clearly h is normalized. There exists a 1-cochain b € C'(F, M)
such that

h(g1, 92) = g1b(g2) + b(g1) — b(9192), 91,92 € F.

Proposition 1.5. Let ¢ € HY(R, M)% and let a normalized 2-cocycle
f € Z*(G, M) be given by (1.17). Suppose g; € G are given for 1 < j < m.
For every j, we define a permutation on d letters p; € Sq by

BigiB, iy €G,  1<i<d.
We define q; € Sy inductively by

q1 = D1, Gk = PrQe—1, 2<k<m.

We assume that b(g;) = 0 for 1 < j < m. Then we have
(1.18)

—_~ e/~

d —_ — —_ N—
= Z 61'_190(@916(]_1}1‘)5@(i)g2ﬁq_2b) e ./BQm—l(i)gm/Bq_,,j(i) (529192 e 'Qmﬁq:j(i))il)-
i=1

Proof. If m = 1, the left-hand side of (1.18) is 0 and the right-hand side
is 0 since p(1) = 0. We assume that m > 2 and the formula is valid for
m — 1. Then, by Proposition 1.3 and (1.17), we have

b(91G2 - - * Gm-1Gm)
=192 Gm-10(Gm) +0(G1G2 - - - Gm—1) — h(91 - * - Gm—1, Gm)

—~—

d —_ —— —_
= Z 5{1<P(5i915q_1b) - '6qm72(i)gm—1ﬁq_n}71(i)(Bigng - 'gm—15,1_n1171(i))_1)
=1

—_— —_~ e/~

d
+ Zﬁflﬂﬁigl%  Gm1 B, o Bam (0 9mBy iy (Bign g2 - - gmBy ) ™)
=1

d —_ — —_—— —_ —
= Z Bz_ltp(ﬁzglﬁq_lh) to qufl(i)gmﬁq:j(i)(ﬁigng T gmﬁq:j(,))_l)
=1

since b(g,,) = 0. This completes the proof.
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We have

b(g192) = g10(g2) + b(g1) — h(g1, G2), 91,92 € F.

We may take b(g) = 0 for a fixed set of generators of F and we can apply
the above formula to determine the value of b(g) according to the length of
g € F. But Proposition 1.5 is useful beyond this case as will be seen after
section 5.

§2. Hilbert modular forms

2.1. In this subsection, we follow the exposition given in Shimura [Sh4].
Let F' be a totally real algebraic number field of degree n. Let 0z denote the
different of F' over Q and let {0y, 09,...,0,} be the set of all isomorphisms
of F into R. For £ € F, we put ¢®) = ¢, For z = (21,2, ..., 2,) € H", We
put

er(2) = exp(2mi 3 €0z,
v=1

Z € GL(2,R); and z € 9,
we put gz = (az + b)/(cz + d), j(g,2) = cz + d, where GL(2,R); = {g €
GL(2,R) | detg > 0}; GL(2,R)" acts on $". For a function 2 on §",
g="(91,-.-,9,) € GL(2,R)} and z = (21, ..., 2,) € H", we define a function
Qx g on H™ by the formula

Let k = (ky,ko,...,k,) € Z™. For g =

(U 9)(z H det(g,)""j(9s, 2,) " Qg2).

We embed GL(2, F') into GL(2,R)"™ by
o b ICORNE) o™ i
GL(2,F) > <C d) — ((c<1> d(1>> <c(") d(”)> ) € GL(2,R)"™.
Let T" be a congruence subgroup of SL(2,Or). A holomorphic function
2 on $H" is called a Hilbert modular form of weight k with respect to I' if
Qlpy =10

holds for every v € I', and usual conditions at cusps when F' = Q. For
every g € SL(2, F), Q| ¢ has a Fourier expansion of the form (9|, ¢)(z) =
> cer @g(§)er(£2), where L is a lattice in F'. We have ay(§) = 0if € # 0 is not
totally positive. We call 2 a cusp form if the constant term a,4(0) vanishes
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for every g € SL(2, F'). We denote the space of Hilbert modular forms (resp.
cusp forms) of weight k with respect to I' by My(I') = My, k,.. %, (L") (resp.

Sk(L) = Sky ks (D))
Hereafter until the end of this subsection, we assume that I' = SL(2, Or)
and 0 # Q € Sg(I"). The Fourier expansion of 2 takes the form

(2.1) A= Y al©er(e).

=

Since (g uql) €I for u € Ep, we have

WY al@er(éutz) = ) al€)er(é2),

0<ecop! 0<ecop!

n
v=1

where we put u* = []"_, (u®))* . Therefore we have

(2.2) a(u?€) = uFa(€), u € Ep.

In particular, taking u = —1, we have
(2.3) > k=0 mod?2.
v=1

For the sake of simplicity, we assume that
(A) ub >0 for every u € Ep.
Put
ko = max(kq, ko, ..., kn), K, = ko —ky,, K = (K, Ky ... k).

We define the L-function of Q by

n

(24)  L(s,Q) =) a(©"AN(E)™, P =)

gE% v=1

Here the summation extends over all cosets £ E% with ¢ satisfying 0 < £ €
0-'. By (2.2) and (A), we see that the sum is well defined. The series (2.4)
converges when R(s) is sufficiently large. We put

n !

(2.5) R(s,Q) = (2m) ™ [[ (s — %)L(S,Q).

v=1
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By the standard calculation, we obtain the integral representation
(2.6) / Qiy1,iya, . ., 1Yn) H YR 2 dy, = (2m) 2= B2 R (s, Q)
Ri/E% v=1

when R(s) is sufficiently large. By a suitable transformation of this integral,
we can show that R(s, () is an entire function of s and satisfies the functional
equation

(2.7) R(s,Q) = (~1)Zb=15/2R(ky — 5,9).

2.2. In [Y3], Chapter V, §5, we gave an explicit method to attach a coho-
mology class to a Hilbert modular form. We will review it in this subsection.

For 0 <[ € Z and [z] € C?, put

Define a representation p; : GL(2,C) — GL(I +1,C) by

p(9) ml = (9 m )"

Let T" be a congruence subgroup of SL(2, Or). Let Iy, ls, ..., [, be nonnega-
tive integers. Let V' be the representation space of p;, ® p;, ® --- ® p;,,. Let
Q€ Myio1,40..1,+2(I) be a Hilbert modular form of weight (I; + 2,13 +
2,...,l, +2). Define a holomorphic V-valued n-form 9(2) on $H" by

(2.8)  2(Q) =Q(z) m ) ® m ’ ® - ® m . dzdzy - - dzy.

We put p = p, @ pi, ® - @ py,.
Let g = (91,...,9») € GL(2,R)"?. Under the action of g on ", 2(Q2)
transforms to 9(€2) o g, where

2(2) 0 g = Qg(2) {gﬂ AP [gnlzn} " oo d) - (don o ).

Iy I
vy . — Zy
{g 1 ] = ](gw ZV) luply (gl/) [ 1 ] )
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dz, o g, = (det g,)7(gu, zy)_Zsz,
we obtain

(2.9,) 3(Q) o g = [](detg,)p(g)2(Qg), g€ GLE2,R)LNGL(2,F).

v=1

In particular, we have

(2.9) o) oy =p(r)o(R), ~el.

We are going to discuss the case n = 2 in detail. Take w = (wy, ws) € $H°.
For z = (z1, 20) € $?, we put

(2.10) Flz) = /w /w 2(0),

a period integral of Eichler—Shimura type. Let H denote the vector space of
all V-valued holomorphic functions on $2. For ¢ € H and v € T, we define
a function ¢ on $? by

(2.11) (v0)(2) = p(V)e(v '2).
Then H becomes a left I'-module. Since
0 0
——(vF - F) =
82’1 622 (fy ) 07

we can write
YE — F = g(7v; 21) + h(7; 22),

where g(7v;21) € H (resp. h(7;22) € H) is a function which depends only on
2y (resp. zg) (cf. [Y3], p. 208, Lemma 5.1). We regard g and h as 1-cochains
in CY(T",H). Then clearly we have (d; in §1.1 is abbreviated to d)

dg(v1,72; 21) + dh(y1,72; 22) = 0.

Put
F(Q)(v1,72) = dg(1,72; 21)-

We abbreviate f(€2) to f. We see that f(y1,72) € V is a constant. Further-
more, in H, f is a coboundary. Hence f satisfies the cocycle condition

(2.12) Y (v2,78) — f(mv2,73) + £ (91, 7273) — f(71,72) = 0.

The 2-cocycle f determines a cohomology class in H?(T', V).
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Let us give an explicit formula for f. For x € F, let 2’/ denote the
/ /

conjugate of x over Q. For v = (Z Z) el let v = (Z, d’)' We regard
v, v € SL(2,R). Then, for v € I', we have

F(1(2)) = F(721,7'25) / /
Lo /““/;”v@
(o1 () ® Py / / >+ [ :20«2),

-1

Substituting z by v~z in this formula, we get

(2.13)
(o0, (7) @ (7)) F(v12) / / / 1 / “a(9).
We may take
(2.14) soiz) = [ [ e
(2.15) sz == [ [ o)
For 71, 7o € T', we have
(2.16) F(v,72) = (119) (25 21) — 9(nv2; 21) + g(715 21),
(2.17) f(r,72) = —{(1h) (25 22) — h(y172; 22) + h(71; 22) }-
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By (2.14) and (2.16), we have

Fr.v2) =(on (1) @ pi (7)) 9(v2571 ' 21) — 9(y2: 21) + 9 (15 21)

’Yl zl 72 w2

(1) ® (L) / 2(0)

Y2W1 w2

7172w2 z1 Vw2
/ / / [ e
Y1Y2w1 Yiwy Jw2
v172w2 z1 Y Vw2 z1 Vw2
Y1Y2w1 "/11112 Y1iy2w1 J W2 Yiwy J w2
/ / WIwQ / / %m
Y1y2w1 Yiwi
/ w1 /'ylwz
Y1y2w1
using (2.9,). Thus we obtain an explicit formula

Y1w1 71w2
(2.18) ) = / /
Y1Y2W1

By (2.95), (2.18) can be written as

(2.19) Fnv2) = (o (1) ® pu(3) / /

Suppose that wy is replaced by wj, we remaining the same. Then g(v; z1)
changes to g(v, z1) + a(y), where

aly) = / / 2(2).

Hence f(71,72) changes to f(71,72) + ma(y2) — a(ny2) + a(y1). Suppose
that ws is replaced by wj, w; remaining the same. Then h(v; 23) changes to

h(’Ya 22) + b(’Y)a Where
yw1 w3
- [ o)

By (2.17), f(71,72) changes to f(71,v2) —v1b(2) + b(7172) — b(71). Therefore
the cohomology class of f does not depend on the choice of the “base points”
w1, Way.

22



Put T =I'/({£12} NT). By (2.18), we see that f can be regarded as a
2-cocycle of I' taking values in V. Depending on the context, we consider f
as a 2-cocycle on I'. We see that the cocycle f is normalized, i.e.,

(2.20) f(,v)=f(1,1)=0 for every v €T.

Now assume that  is a cusp form. Then the cocycle f = f(£2) satisfies
the “parabolic condition”. Namely let ¢ € I' be a parabolic element and

*

w* = (wf,ws) be the fixed point of ¢’. Since f is a cusp form, we may
replace wy by wi. B Let f* be the cocycle obtained from (wy,w}). We have

f(r,72) = f(n,72) = 1b(2) + b(7172) — b(1)

with a 1-cochain b and f*(q,v) = 0. Therefore

f(q,7) = qb(y) —blgy) +b(q),  ~ve€T,

i.e., f(q,7) is of the form of coboundary whenever ¢ is parabolic. Similar
argument applies to f(7,q).

2.3. We are going to investigate closely the relation between the critical
values of L-function L(s,§2) and the cocycle f(£2). Until the end of this
subsection, we assume I' = SL(2,Or). Let € be the fundamental unit of F'.

We put
(0 1 (e O
= \-1 0/ F7\o 1)

We regard o and p as elements of I'. Taking v, = 72 = 73 = 0 in (2.12), we
obtain

(2.21) of(o,0) = f(o,0)
in view of (2.20). As the base points, we choose
1

wy = 1€ °, Wy = 100.

By (2.18), we get

2.2 fom=son=-[" [To

2For every g € SL(2,F), we have the Fourier expansion (Qpg)(z) =
> o<cer @g(§)er(§z) where L is a lattice in F.  We have the estimate |ag(§)] <

MEgF1/2¢%2/2 wwith a positive constant M depending on Q and g (cf. [Sh7], p. 280, Propo-
sition A6.4). Using this estimate, it is not difficult to check the absolute convergence of
the integral (2.10) defining F(z) when ws is replaced by wj.
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Put

{2

By (2.18), we get

u € Fp, UE(’)F}CF.

(2.23) f(p,v)=0 forevery pe P, y €T

since we have pwy = wq for p € P. Taking v; = p € P in (2.12), we obtain

(2.24) f(p11,72) = pf (71, 72) for every p€ P, yi,72 €T

This is the parabolic condition for I' = SL(2, Or) and will play a crucial role
in the succeeding sections.
For 0 <s <1, 0<t<lIy we put

(2.25) Ps,t:/ / Q(2) 2525 d 2 d 2.
ie=1J0o

The components of f(o,0) are given by —F;;. The condition of(c,0) =
f(o,0) is equivalent to

(2.26) Py = (—1)hte=s=tp .
Put ky =11 + 2, ks =I5 + 2. By (2.3), we have
(2.27) Iy =1, mod 2.
We assume that [; > ls. Then we have
ko = ki, ki =0, ky = ki — k.

Since E% = (¢?), a fundamental domain of R3 /E% is given by [e™!, ¢] x Ry.
By (2.6), we obtain

(229 / / (g, iye)ysyy " T dyidys = (2m) %2 R(s, Q)
e—1

when R(s) is sufficiently large. We can verify that the integral converges
locally uniformly for s € C. Take m € Z and put s = m, t = m—(ky —k2)/2.
Then 0 < s <1y, 0 <t <l hold if and only if

k1—]€2<m<k1+k2

(2.29) —2.
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For an integer m in this range, we have

Py (ky—k2) /2 :/261 /ZOO Qz)2r 2 B2 g dz,
ie=1 Jo
= g2 (b mhe) /242 /_1 /OOO iy, o)y ys "7 2 dy, dys.
Therefore we obtain
(2.30) P (s —kayj2 = (— 1) Rimk)/2(omy k)2 R 41 Q)
by (2.28). By the functional equation (2.7), this is equal to
(= 1)+ ta—ka)/2 oy tn—ka)/2(_ 1)tk 2 Rk o 1, Q).
Since k1 —m — 2 satisfies (2.29), we obtain

(2.31) Pk k)2 = (=1)F7RD2 P k)2

using (2.30). We see that (2.31) is consistent with (2.26). Note that (2.29)
is the condition for L(m + 1,) to be a critical value (cf. [Sh4], (4.14)).

2.4. Let Q € M(T) and f = f(Q) € Z*(T', V) be the 2-cocycle attached
to € defined by (2.18). In this subsection, we will write the action of Hecke
operators on the cohomology class of f(Q2) explicitly. We denote f(Q2) also

by fa.
Let F be a totally real number field of degree n and I' be a congruence
subgroup of SL(2, Or). Let w be a totally positive element of F' and let

(2.32) r ((1) 0) I= UL, DB

w

be a coset decomposition. Let Q € My (I'). We define the Hecke operator
T(w) by

(2.33) Q| T(w) = N(w)h/>! Z Q| Bi.

Clearly T'(w) does not depend on the choice of the coset decomposition
(2.32). We have Q|T(w) € M(T'); it is a cusp form if Q is. By (2.9,), we
have

n

d
(2.34) Q| T(w)) = H(w(u)(ko—l—ku)/?—? Zp(ﬁi)‘l(D(Q) o B).

v=1
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Put

(2.35) ¢ = [J(@")toth2=2,

v=1

Until the end of this section, we assume that n = 2. We define (cf. (2.10))

(236) FQ|T / / Q | T z = (Zl,Zg).

By (2.34), we have

J _cZB / /20 _czﬁ /ﬁw/:
B[ [ [
- /w o /w @) + wﬁm /w ﬁma(m].

Here, for simplicity, we write the action p(3;)~! by 3;!. Therefore we obtain

Foyr(w)(2) = 025 { — F(Bi(z1,w2))
(2.37)

CF(Bws, ) + F(Bilwn, w2>>] .
Take v € I'. We have

(YF)(2) — F(2) = ga(y; 21) + ha(7y; 22)

with go = g (resp. hg = h) defined by (2.14) (resp. (2.15)). Similarly to this
formula, we have a decomposition

(2.38) (VEoir(e=))(2) — Fore)(2) = gaire) (7; 21) + hamr@) (7; 22).

Here gojr(=)(7; 21) (resp. hor)(7;22)) is a V-valued holomorphic function
on $? which depends only on z; (resp. 29). If (2.38) holds, then a 2-cocycle
foir(=) attached to Q | T'(w) is given by (cf. (2.16))
(2.39)

fare) (71,72) = (M9ar@) (V2; 21) — gir(w) (11723 21) + goyr(e) (115 21)-
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Suppose that we have a decomposition

d
(2.40) CZ(Vﬁle(ﬁﬂ_l ) = B F(Bi2)) = 9oymm) (7 21) + héyrie (7; 22).

i=1
Then by (2.37), we see that g7 (7; 21) can be taken in the form

1

9orr(=) (7 21) = gore) (Vi 21) +va(v 2) — q(z1) + (7).

Here ¢(z1) is a V-valued holomorphic function which depends only on z; and
does not depend on v and z(y) € V. Therefore, if we substract the cobound-
ary which comes from z(7) from the cocycle foir(=), the resulting cocycle
can be calculated using (2.39) with gg 7 (7: 21) in place of goir(w)(7; 21)-
Now we put

Biv = 0iBja), 1<i<d, §el.

Set
d

(2.41) 95|T(w)(’7§ z1) = CZﬁfng(@;ﬁzZﬁ’
=1
d

(2.42) o (Vi 22) = ¢ Y B ha(0i; Biza).

=1

Since i +— j(7) is a permutation on d letters, we have

. d
Z(Vﬁf(z’l)F(ﬁj(z‘)’flz) — B F(Bi2)) = Z(5f15iF(5f15i2) — B F(Bi2))
i=1 =1
d
— Z B (ga (05 Biz1) + ha(0s; Biz2)).
=1

Hence we see that (2.40) holds.
For vy, 72 € T', we put

(2.43) Bim = 51(1)@‘@)7 5@(1) cl, Biv= 5@'(2)5/&@)7 5@(2) el, 1< <d.

We have @ (@)
1) (2
Binyz = 9; 5j(i)ﬁk(j(i))'
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Now we calculate for(w) using (2.39) with 9T (=) (75 z1) in place of gar=)(7; 21)-
Then we have

farr) (71, 72) = NMGoyrem) (12 11 21) = oy (11725 21) + Goyr(e (115 21)

d
20[2%@199(@(2); Bivy o) — 5;199@1‘(1)5](?3); Biz1) + 5;199@(1)3 @2’1)]
i=1
d
=c{25515£”gn ) Bion =) — B lga(0V8); Biz) + B gal0; @-zo}

—cZﬁ [5“ (69 (81) 72 Bi1) — g0(08%): Biza) + ga(3!" ﬁm)}

Therefore we obtain an explicit formula

(2.44) faire) (71, 72) —CZB tfa(d '1 5(2 )

This formula can be written as
d

(2.45) farr@) (1,72) = CZ Bflfﬂ(ﬁfhﬁf(il), Bj(z‘)%ﬁ;;é(i)))
i=1

and is consistent with Proposition 1.3.

2.5. Assume that the class number of F in the narrow sense is 1. Suppose
that €2 is a Hecke eigenform. Then the L-function L(s,(2) defined by (2.4)
essentially coincides with the Euler product given in [Sh4] or in Jacquet-
Langlands [JL] but there is a subtle diffence; we are going to explain it

briefly for the reader’s convenience.
We write 0p = () with 6 > 0. Let Q € Sk, x,(I'), I' = SL(2, Op) and let

Q=)= > c(a)ep(%z)

0<KaceOr

be the Fourier expansion. We have a(a/d) = c¢(a) (cf. (2.1)). We set
A={ae M20F)|deta> 0}.

Let m be an integral ideal of F' and take m > 0 so that m = (m). Then we

define
T(m)= ) Tal,

a€A,det a=m
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which is an element of the abstract Hecke ring H(I', A) (cf. [Sh2], p. 54).
Let T'(m) = US_,I'5; be a coset decomposition. Assume that k; > ko, We
define the action of 7'(m) on € by

Q| T(m) = N(m)"2 3 QL.
=1

Then Q|T(m) € Si(I'); we can verify easily that it does not depend on the
choices of m and ;. We have

a b
T<m> = |—l(d),d>>0,cwl=m b mod d r (0 d) .

Calculating similarly to [Sh2], p. 79-80, we find that the Fourier expansion
of Q|T'(m) is given by

@QTm)() = Y d(a)er(52).

0<La€e0Fr

mao

(246) () =(m®)E R N @)

(a),a>0,a|(m,q)

).

a2

Now assume that € is a nonzero common eigenfunction for all Hecke opera-
tors T'(m). We put
Q| T(m) = A(m)2.

By (2.46), we find ¢(1) # 0. We assume that 2 is normalized so that ¢(1) = 1.
Then we have
Am) = cfm)(m )42

Using this formula and (2.46), we obtain, after routine computations, that
(247)  L(s,9Q) = (8@) "2 D TT(1 = Ap)N(p) ™ + N(p)r7>) 7.
p

Here p extends over all prime ideals of F' and Dr = N(6) is the discriminant
of F.

When 0 < w € Op generates a prime ideal p, we denote T'(w) defined
by (2.33) also by T'(p).

§3. Cohomology of P

In this section, we will study cohomology groups of P. Main results are
Theorems 3.7 and 3.9 which give the vanishing of H'(P,V) and H*(P,V)

29



when [; # l. Hereafter in this paper, we assume that [F' : Q] = 2. We also
assume |; =l mod 2 and [, < ;.

3.1. Put I' = PSL(2,Op). In this section, we define subgroups P and U

of I' by
p— {(Z tE]l) ’ e Bp ue OF} {415,

U= {(j;l iol) we OF} {11,

We write O = Z + Zw. Let ¢ be the fundamental unit of F' and let

€€ = A+ Bw, €w=C+ Duw.

A B A B
2 . .
Then we see that € is an eigenvalue of < c D) and that < C D) €
SL(2,Z). We put

1 0 1 0 el 0
U1:<1 1), UQ:<W 1)€U, t:<0 6).

We have

(3.1) turt ™ = uitu® tugt ™! = ubul.

We put

(32) Z = {(Ul,UQ) eV xV | (Ul — 1)U2 = (UQ — 1)U1}

It is easy to see that by the mapping

ZHUV) 3 f— (f(w), f(u2)) € Z,
we have an isomorphism Z'(U,V) = Z. Put
(3.3) B={((uy —1)b,(ug — 1)b) | be V}.

Then we have BY(U, V)~ B C Z.
We have V = V) @ V,, V; = Chtl V, = ClFL Let {e},ey,...,€,11}
(resp. {e}, e, ..., €, }) be the standard basis of Vi (resp. V3).

Lemma 3.1. We have dim VY =1 and V'V is spanned by e,+1® e;2+1.
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Proof. Put

0= {(Cl (1’) , <012 (1’)) Crcy € c} C SL(2,C)%,
ﬁiz{(QifD,b)clec}, ﬁg:{u%(é ?))CQEC}.

Since U is Zariski dense in (7 we have VU = VU, We also see easily that

VU = Cey, 41, V2 = Ce),, |, VU = VlU1 ® VU2 This completes the proof.

Lemma 3.2. Lei;g:(c1 (1) , Cl (1]
2

that c¢; # 0, co # 0. Then the dimension of the subspace of V' consisting of
all vectors fixed by g is Iy + 1. (Note that we have assumed l; > l5.)

)) € SL(2,C)%. We assume

Proof. By the definition of the symmetric tensor representation p; of
degree [, we have

o0 (4 D=3 (57

k=

Hence for p = p;;, ® p,, we have

(o D) (o Dese
—hfbf(l_l)( 11)clf ey @ ).

k=i l=j
Put

/1 0\ (10 k=111 o
N—p(<C1 1) ) <C2 1))7 Nilig = (l—l) <]_1)C1 Cy "

Then (3.5) can be written as

l1+112+1

el®e E E Nkl ij ek®el

k=i l=j

The vector 31+ Z?Jrll r;(e; ® €}) is annihilated by N — p(1) if and only if

k l
(36) Z Z Nklijlij = 0

=1 j=1,(i,5)#(kl)
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holds for every 1 < k <y +1,1 <1 <[y + 1. Note that ng,; # 0if £k > 1
and [ > j since ¢; #0, co # 0; n; =0itk <lorl <j.
First let [ = 1 in (3.6). Then we have

anl,ﬁl’u =0, 2<k<l+1.

We successively obtain
Ty =T =+ =x11 = 0.
We are going to show that
(3.7) Tyu=aTy="=a41-1; =0, 1<i<Ilp+1

by induction on [. Assuming the hypothesis of induction, we obtain

k-1
g Nty = 0
i1

when k < [;+2—1 from (3.6). Hence (3.7) follows. Now assume k > [;+3—1.
We write (3.6) as

k

E E Nki,ij 45 + E Nkl,ali = 0.

Jj=1 =1

Using (3.7), we see that this equation is equivalent to

-1 k
(3.8) Z Z Nkl,ijTij + Z Ny ati = 0.
G=1 i=l;4+2— .

In (3.8), zy, 1 < ¢ < are determined by x.5, § <[ —1 and x4y, is left
undermined. Therefore when 7,15, 1 < j < Iy + 1 are given, the solution
x;; satisfying (3.8) exists and is unique. This completes the proof.

0

Lemma 3.3. Let u = (1
c 1

),O#CGF. Then we have

ei®e;€Im(u—1), for1<j<la+1ifi>Il+3—7].

Here Im(u — 1) denotes the image of the linear mapping V 3 v — (p(u) —
p(1))vevV.
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Proof. We have
i+ 1

(1= e ef) = icerss + ;7 ) oa b ) el

By descending induction on i, we see that e; ®e;, | € Im(u—1), i > 2. This
proves our assertion when 7 = [y + 1. When j = [, we have

(u—1)(e;®ey,) = (icej1+ ) @6, + (e +icej1 +-- ) lacey, .

The second term belongs to Im(u — 1) if ¢ > 2, and by descending induction
on i, we can show that e; ® e}, € Im(u — 1), i > 3. Proceeding similarly by
induction on j, we see that the assertion holds.

Lemma 3.4. We have
Im(u; — 1) + Im(ug — 1) = (@gglc(el ® e;-)) 2} (692251 EB?:T C(e; ® e;-)).

In particular, dim(Im(u; — 1) + Im(us — 1)) = dim V — 1.

Proof. Put W = Im(u; — 1) + Im(up — 1). Since it is clear that e; ®
ey ¢ Im(u; — 1), ¢ Im(uy — 1), it suffices to show that e; @ €; € W when
(1,7) # (1,1). We have

(us —1)(e1 ®ey,) = (wes + -+ ) @ ey, + (€1 +wey + ) @ lbw'e, ;.
By Lemma 3.3, we have
w(es ®ep,) + lhw'(e; ®ep, ) € Im(uy — 1).
Similarly we have
(e2®e,) + ey ®ey,, ) € Im(uy —1).

s

lgw/

Since det (i ) # 0, we obtain

ey ®e,, . €W, e;®e, €W.
We are going to show that
(¥) e@e; e W, 1 <i<h+1,j>2, e®e;, €W, 2<i<h+1,j>2

by descending induction on j. By Lemma 3.3 and by what we have shown,
(*) holds when j = Iy + 1. We assume that (x) holds for j + 1. We have

(1-1) @126 ;) = (iwery o+ )0e) -+ {eptiwer it )@((j—T)we+ ).
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Suppose that ¢ > 2. Then the second term on the right-hand side belongs to
W. By induction on i, we obtain

ei®e;-71€W', i> 3.
If i = 1, we obtain
. / . / /
iwe; @€ | +(j—we ®e); €W
Considering u; — 1, we obtain
iey®e; | +(j—1l)e;®e; € W.

Hence (x) holds for j. This completes the proof.

By Lemma 3.1, we have
(3.9) dimB =dimV — 1.
Consider the surjective linear mapping
Z5 (U,U) = (ug — 1)Uy € Im(ug — 1) N Im(ug — 1).

The kernel of this mapping consists of (Uy, Uy) such that U; € Ker(uy — 1),
U, € Ker(u; — 1). Hence by Lemma 3.2, we have

(3.10) dim Z = dim(Im(u; — 1) N Im(ug — 1)) + 20y + 2.
By (3.9) and (3.10), we obtain
(3.11)  dim H(U,V) = dim(Im(u; — 1) N Im(ug — 1)) + 2l + 3 — dim V-

Lemma 3.5. We have dim H'(U,V) = 2.
Proof. We have
dim(Im(u; — 1) N Im(uy — 1))
= dim(Im(u; — 1)) + dim(Im(ug — 1)) — dim(Im(u; — 1) + Im(ugy — 1)).

By Lemma 3.2, we have dim(Im(u; — 1)) =dimV — (lu + 1), ¢ = 1, 2. Then
by Lemma 3.4, we get

dim(Im(u; — 1) NIm(uy — 1)) =dimV — 21, — 1.

The assertion follows from (3.11).

3.2. In this subsection, we will prove the following theorems.

34



Theorem 3.6. The eigenvalues of the action of t on HY(U,V) are
6h+2(€/)—l2 and 6*[1*2(6/)&. In particu]ar, Hl(U, V)P/U =0.

Theorem 3.7.

0 if I1#1l, or N(e)' =—1,

dim H'(P,V) = ,
1 if I, =1, and N(e)h =1.

Here N(€) denotes the norm of e.

Taking G = P, N =U, M =V in (1.9), we obtain the exact sequence
0 — HY(P/UVY) — HYP,V) — HYU,V)P/V —— 0,

since P/U = Z. Therefore Theorem 3.7 follows immediately from Theorem
3.6, since dim H'(P/U,VY) is easily seen to be equal to 0 (resp. 1) if I; # Iy
or N(e)" = —1 (resp. if l; = Iy and N(e)* = 1), in view of Lemma 3.1.

Proof of Theorem 3.6. First we recall the following fact on the action
of t on HY(U,V) (cf. (1.3)). Let f € Z9U,V) and let f € HY(U,V) be the
cohomology class represented by f. Put

g(ni,na, . ..ng) =t f(tngt tngt ™ tngt ™Y, nel, 1<i<q.

Then g € Z9(U,V) and f + g is the action of t.
As in the proof of Lemma 3.4, let

W =TIm(uy — 1) +Im(uy — 1) = (@25 Cle; @ €))) @ (B B Cle; @ ¢))).

We have
V=Ce,®e))®W.

We may assume that [; > 0 since our assertion is clearly true if [y = I, = 0.
Put t; = e; ® e;, ;. Let us show that for

11+1

to=w(er®@e, ) + Z zi(e; @ e€,,q)
=2
with suitably chosen x; € C, we have

To this end, for 7 > 1, put
W, =@ Cley®e), ).
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We have

(up — 1) (€1 ® €] ;) = (wes + wWez+ -+ ) Ve,
| i+1
(11 = (es @ ) = G + (1 1 Yoot o) @

We see that
(UQ — ].)tl = (Ul — 1)t2 mod Wg.

2

For x5 = (w* — w)/2, we have

(ug — 1)t1 = (ug — 1)ty mod Wy.

In this way, we can determine x; successively so that (3.12) holds. Let f; €
ZY(U,V) be the 1-cocycle which corresponds to the point (t1,ts) € Z.
Put t; = e;, 11 ® e]. Similarly to the above, we can show that for

lo+1

ty = w/(eh-‘rl ® ell) + Z yj(eh-i-l ® e;’)’
j=2
the relation

holds when y; are suitably chosen. Let fo € Z'(U, V') be the 1-cocycle which
corresponds to the point (ts, t,) € Z.

Let f; be the class of f; in HY(U,V), i = 1, 2. Let us show that {fi, f>}
gives a basis of H'(U,V). To this end, assume that af; + 8f, € BY(U,V)
for a,, 5 € C. Then there exists b € V such that

(1) Oztl + 6133 = (Ul — 1)b,
(11) OétQ -+ ﬁt4 = (UQ — 1)b
hold. Put
l1+112+1
b= Z Zwij(ei X e;)
=1 j=1

On the left-hand side of (i), the coeflicient of the tensor e; ® €}, |, is o and
the coefficients of e; ® e} are 0 for 1 < j <. We have

lo+1
(ur —1)(er @€)) =jler®e), ) + Z z(er ® €) + A,
I=j+2
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where 2, € Z and A is a term which does not contain e; ® ej. Therefore
we have 17 = --- = xy;,_1 = 0. By comparing the coefficients of the tensor
e; ® €j, , on the both sides of (i), we obtain

a = l2x1l2.

By comparing the coefficients of the tensor e; ® e ,; on the both sides of
(ii), we get
aw = lyw'myy,.

Hence we obtain xy;, = 0, « = 0. Similarly by comparing the coefficients of
the tensor e, 11 ® €] for the both sides of (i) and (ii), we obtain § = 0.

Let f{ be the image of f; under the action of ¢t and let (Uj,U}) € Z be
the point corresponding to f{. Then we have

Up = filw) =t filtut™) = t7 fi(uguy)) =t [ug fu(uy) + filug)],

Uy = fi(ug) = t7" filtust™) = t7" fi(ufuy) =t [uf fi(ud) + fi(uf)).
For i =1, 2, we have fi(u;) = t; and

(3.14) ) =0 +u +--+ul D, if n>0.

(3.15) filu;™) = —(uyt + - +u™t; i n>0.

From these formulas, we see easily that the coefficient of e;®e], ,, in tU7 is A+
Bw. Hence the coefficient of e;®e]_, , in U] is € (¢') 2 (A+Bw) = e t2(¢/) .
Similarly we see that the coefficient of e; ® €], in U} is we' *2(¢') 2.
Now let
fi=~vfi+df, mod BYU,V)

with v, € C. Then there exists ¢ € V such that

<1V> "}/tQ + 5t4 — Ué = (UQ — 1)0

Put ¢ = S 0! 22:11 yij(e; @e;). Comparing the coefficients of e; ®e),,; on
the both sides of (iii), we obtain

T EZH—Q(E/)_Z2 = l2yll2'
Comparing the coefficients of e; ® €}, |, on the both sides of (iv), we obtain
(v = "2()T)w = layu,w'.
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From these two formulas, we obtain yy;, = 0, v = €'™2(¢/)7"2. Similarly
comparing the coefficients of e;, 1 ® €] on the both sides of (iii) and (iv), we
obtain § = 0. Thus we have shown

(3.16) fl =272 f mod BY(U, V).

Next let f; be the image of f, under the action of ¢t and let (U}, Uj) be
the point of Z corresponding to fj5. Here U = f5(u1), U; = f4(uz). Then we
have

U = fow) =t foltwt™) =t fo(ui'uy) = t7"[uf fo(uy) + fo(ui)],

Uy = foluz) =t foltust ™) =t fo(uiuy)) = 7 uf foluy') + fo(uf)].

The coefficient of ;.1 ® €] in tUj is A + Bw' = ¢ 2. The coefficient of
e,+1 ®e€) intU] is C + Dw' = e ?w’. By a similar argument to the above,
we obtain

(3.17) fry=e 1722 fy, mod BY(U,V).

This completes the proof of Theorem 3.6.

3.3. In this subsection, we will prove the following theorems.

Theorem 3.8. We have dim H?(U,V) = 1 and t acts on it as the
multiplication by €1 (¢')%.

Theorem 3.9. We have H?(P,V) = 0 except for the case l; = Iy and
N(e)r =1. Ifl; = ly and N(e)"* =1, then we have dim H*(P,V) = 1.

First we will prove the part of Theorem 3.8 concerning the dimension.

Lemma 3.10. We have dim H*(U,V) = 1.

Proof. Let U; be the subgroup of U generated by u;. We have the exact
sequence

(3.18) 0 U, U Uy — 0

and the associated spectral sequence (cf. (1.8))

(3.19) EYY = HP(Uy, HY(U,,V)) = H"(U,V).

Let E" = H™"(U,V) and {F'} denote the filtration on E™ induced by (3.19).

We have FP(E™)/FPHi(E") 22 Enp. Since Uy = Z, we have E29 = F21 —
0. Since F3(E?) = 0, we get F2(E?) = 0. Since U; 2 Z, we have EP> =
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E?? = (. Hence we get E*/F'(E?) = 0. We have F'(E?)/F*(E?) = ELL
Therefore it is sufficient to show that dim EL! = 1.

We consider
Ey' = HY Uy, HY(UL, V).

The map Z'(U1,V) 3 f+ f(uy) € V induces the isomorphism
(3.20) HY (U, V) = V/Im(u; — 1).
The action of u € U, on the right-hand side of (3.20) is given by
V/Im(u; —1) 2 v mod Im(u; —1) — w'v mod Im(u; —1) € V/Im(u; —1).
Since 1y = us mod Uj is a generator of Us, we have
HY(Uy, HY (U, V)) = (V/Im(u;—1)) /Im(tig—1) =2 V/(Im(u; —1)+Im(uy—1)).
By Lemma 3.4, we obtain
dim HY(Uy, H (U, V)) = dim Ey' = 1.

Since E5° = 0, we have EL! = E)''. This completes the proof.

Proof of Theorem 3.8. We set 7 = uy, n = us. Let F be the free
group on two free generators 7 and 1 and let 7 : F — U be the surjective
homomorphism such that

©(T) =T, () =n.

Let R be the kernel of 7. For a, b € F, let [a,b] = aba~'b~! be the commu-
tator of @ and b. We see easily that

R=([F, gz |z € F), R=[F,F|.
We have the isomorphism (cf. (1.11))
(3.21) H*(U, V)= HY (R, V)V /Im(H"(F,V)).
We have
(3.22) H'(R,V)" = {p € Hom(R,V) | p(grg™") = gp(r), g€ F, r € R}.

Hence o € H(R, V)Y is completely determined by o([7,7]). Forb € H'(F,V),
we have
b([7, 7)) = (1 =n)b(7) + (1 — 1)b(7).
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Let W be the suspace of V as in the proof of Lemma 3.4. For ¢ € Im(H!(F,V)),
the formula above shows that ¢([7,7]) can take an arbitrary vector in W.
In particular, it follows that dim H?*(U,V) < 1. Since dim H*(U,V) = 1 by
Lemma 3.10, we see that there exists p; € H'(R, V)V such that ¢ ([7,7]) =
e; ® e). This ¢; corresponds to a generator of H?(U, V).

Let f € Z*(U,V). For g € F, we put g = 7(g). There exists a € C'(F,V)
such that (cf. (1.12))

(3.23) f(91,92) = g1alg2) + alg1) — a(g192), 91,92 € F.

The corresponding element ¢ € H'(R, V)V to f is obtained as the restriction
of a to R. Now let £ be an automorphism of F. Since ¢ stabilizes R = [F, F],
¢ induces an automorphism of U = F /R, which we denote by £&. We have

§9)=¢9),  geF

From (3.23), we obtain

(3:24) f(&(91),8(g2)) = &(g1)alé(g2)) +alE(91)) —a(&(g1)6(g2)), 91,92 € F.

Z) € SL(2,Z), let £(y) be the automor-

phism of U defined by £(7)(1) = 7, £(7)(n) = 0. Then there exists an

Lemma 3.11. For v = <Z

automorphism &(vy) of F such that £(7y) = &(vy). Moreover () can be taken
so that

(3.25) ©(£(7)(9)) = w(g) mod W

holds for every ¢ € H'(R,V)V and every g € [F,F].

Proof. For i, 72 € SL(2,Z), we have {(7172) = £(71)€(72). For two
automorphisms &1, & of F, we have &€ = £&. Therefore to show the

01
<_01 é) of SL(2,Z). Clearly the formulas E(%)(?) = 7 5(71)(77) — 77,

E(v)(T) = 7Y, £(72)() = T define automorphisms &£(7;) and &(vs) of F

satisfying the requirements.
To show the latter assertion, we first note that

. . . - 11
first assertion, it is sufficient to verify it for generators v; = ( ), Yo =

(3.26) uv=v modW forevery u € U and every v € V.
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Let o € HY(R,V)V. Since £(7y) can be taken from the subgroup of Aut(F)
generated by & (71) and £ (72), it is sufficient to show (3.25) for these gener-
ators. Moreover since p(z[T,7]z™1) = z¢([7,7]) for x € F, it is enough to
verify (3.25) for g = [7, 7] in view of (3.26). For £(y1), we have

90(5(71)([’7\:7;71)) = @(?[?’m?_l) = T@([?a;ﬂ) = 90([?7;11) mod W

by (3.26). For £(72), we can check (3.25) similarly since &(72)([7,7]) =
7 [7,mn. This completes the proof of Lemma 3.11.

Applying Lemma 3.11 to v = (é lB)), we see that there exists an au-

tomorphism & of F such that (cf. (3.1))

&(u) = tut™?, ueU.

Under the action of ¢, f is transformed to the 2-cocycle f’ € Z%(U, V) where
f'(hi,ho) =t f(thot ™t thot ™), hi,hy € U.

By (3.24), we obtain

T f (gt tgat ™)
=gt a&lg2)) +t al&(gr)) — t a(&e(91)Ee(92)), 91,92 € F.

This formula shows that 1-cochain o’ € C*(F,V) which splits f’ is given by

(3.27)

d'(g) = t""a(&(g)), geF.

Now suppose that f (resp. f') € Z*(U,V) corresponds to ¢ (resp. ')
€ HY(R,V)Y. We have

(3.28) ¢ ([7.7) =t (&7, 7).

We may assume that ¢ = ¢y, i.e., ¢([T,7]) = e; ® €]. Then by (3.25), we
obtain

¢ ([7.0) =t e([7,7) = €' () ([7.7])  mod W.
This completes the proof of Theorem 3.8.

Proof of Theorem 3.9. Set T' = P/U. Then T is generated by t
mod U. We consider the spectral sequence

(3.29) EPY = HP(T, HY(U,V)) = H"(P, V).
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Let E" = H"(P,V) and {F"} denote the filtration induced by (3.29). Since
T = Z, we have EY? =0 for p > 2, ¢ > 0. Hence F?(E?)/F3(E?) 2 E%" =
0. Since F3(E?) = 0, we obtain F?(E?) = 0. By Theorem 3.6, we have
Eyt = HY(T,H'(U,V)) = 0. Hence we have F'(E?)/F?(E?) = EL' = 0.
Therefore we obtain

(3.30) dim H2(P,V) = dim E?/F*(E?) = dim E2.

Now assume l; # Iy or N(¢)!* # 1. By Theorem 3.8, we have H?(U, V)T =
0. Hence we get Ey”° = E% = 0. Next assume that [; = I, and N(e)* = 1.
By Theorem 3.8, we have dim Ey? = dim H*(U, V)" = 1. We clearly have
EY? =~ E%2 This completes the proof.

§4. On the parabolic condition

In this section (in particular subsection 4.1), we will show that it is pos-
sible to deduce information on critical values of L-functions, once we know
a corresponding 2-cocycle which satisfies the parabolic condition.

From this section until the end of the paper, we define subgroups of I' by

u v
P=16 )
1 w
=100 4)
restoring the notation to that of §2. We see that Theorems 3.7, 3.9 and
the fact H'(P, V)P’V = 0 stated in Theorem 3.6 are valid, considering the

isomorphism P 3 p — 'p~! € 'P and noting that g — p(g) and g — p(tg™1)
are equivalent as representations of SL(2, C)2.

uw € FEp, veE OF} J{EL:},

ve oF} J{£1,})

4.1. Let Vi (resp. V) be the representation space of p;, (resp. pp,).
We take a basis {ej,es, ..., e, 1} of V; so that pl1(<8 (1)) Je; = alttl7le;.

Similarly we take a basis {e],e5,...,e;  } of V5 so that ,012((8 ?))e; =

a2l We assume that [; > lp, [} = I, mod 2. We put ky = I; + 2,
ky = lo+2, k = (ki,ko). Let Q € Sip(I'). We assume that [; is even if
N(e) = —1. (This assumption is (A) in §1.)

We recall the formulas:

y1w1 Y w2
(4.1) f(y1,72) = / / 0(Q2), wy = i€ wy = oo,
gl

172wy J w2
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(12 fom=-[" [ "o

The formula (2.30) shows that the coefficients of ; ® €]_ ;) » in f(o,p),
(lh—=13)/241 <i < (l14+13)/2+1 are related to the critical values of L(s, Q).
The parabolic condition on the cocycle f is

(4.3) fon,v2) =pf(n,7v2)  forevery pe P, y,7 el

Now suppose that we add the coboundary of b € C(T", V)

b(1172) — Mb(y2) — b(n)

to f. We assume that the resulting 2-cocycle is normalized and still satisfies
the parabolic condition (4.3). Then we see easily that b must satisfy the
condition

(4.4) b(py) =pb(y) +b(p), peP yel.

Put A = f(o, n). After adding the cobounday of b, A changes to A+b(opu)—
ob(p) — b(o). By (4.4), we have

blop) =b(u~ro) = p'b(o) +b(u™"),  b(p~t) = —p b(p).
Therefore A changes to
At (5t = 1)b(0) — (o + pL)b(n).

By (4.4), we have b|P € Z'(P,V). Suppose that l; # ly. By Theorem 3.7,
we have

b(p) =(p—1b, beV
Since (0 + pu ') (p—1) = (p! = 1)(c — 1), we see that A changes to
A+ (p ' =1)b(o) + (1 —0o)b].

This formula shows that the components of A related to the critical values
do not change by adding a coboundary, since p'(e; @ €;_q,_1,)2) = € ®
€i_(,—1)/2)- Next suppose that [; = l,. By Theorem 3.7 and by the exact
sequence below it, we have

b(u)=(u—1)b+by, beV, byecVV.
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Hence A changes to
A+ (5 = 1)[blo) + (1= o)b] — (o + )by,

Since by € VY, this formula shows that the components of A related to
the critical values do not change except for two critical values L(1,€2) and
L(l; +1,Q) at the edges.

4.2. Let Z*(T, V) be the subgroup of Z2(T', V) consisting of normalized
2-cocycles. Put

B*T,V)={f=db|be CY(T,V), b(1) = 0}.

Then we have B B
Z*(,V)n B*(,V) = B*T,V)

and therefore
Z*(T,V)/B*(T,V) c Z*T',V)/B*T,V).
Since every 2-cocycle can be normalized by adding a coboundary, we have
H*T,V)=Z*T,V)/B*T,V).

Put
(4.5)
Z3(T,V) = {f € Z*(I',V) | f satisfies the parabolic condition (4.3)},

Bi(I, V) ={f e B*I',V) | f =db,bc C'(T,V),
b(py) = pb(y) +b(p), pe€ P,yeT}.

An element of Z3(T', V) is called a normalized parabolic 2-cocycle. The next
lemma can easily be verified.

(4.6)

Lemma 4.1. We have
ZET, V)N B*(T',V) = BE(T', V).
By Lemma 4.1, we have
Z3(T,V)/BE(I, V) c Z*T',V)/B*I,V) = H*T,V).
We define the parabolic part HA(T, V) of H*(T, V) by
(4.7) HE(,V) = Z3(T,V)/B:(T, V).

4.3. As another application of Theorem 3.7, we are going to show the
nonvanishing of the cohomology class attached to a Hecke eigenform.
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Lemma 4.2. Assume Iy is even if N(e) = —1. Let f € Z%(T',V) be
a normalized parabolic 2-cocycle. For (I; —15)/2+1 <i < (I3 +13)/2 + 1,
let ¢; be the coefficient of e; ® €]_ ;) in f(o, ). Assume that ¢; # 0 for
some i if [y # l and that ¢; # 0 for some i # 1,1; + 1 if [y = l5. Then the
cohomology class of f is non-trivial.

Proof. Suppose that the cohomology class of f is trivial. Then there
exists b € CY(T', V) such that

(v, 72) = mb(72) + b(71) — b(1172), 1,72 € T.

From f(1,1) = 0, we get b(1) = 0. Since f satisfies the parabolic condition,
we have

pY16(72) + b(py1) — b(pY1y2) = pr11b(12) + pb(71) — Pb(7172)

for p € P. Taking v, = +; ' and writing 7; as 7, we find

b(py) =pb(y) +bp), peP yeTL.

Now

fo, ) = ab(p) +b(o )—b(w) = ob(p) + (o) — b(~" o)
= ob(p) +b(0) — p~'b(o) = b(u™").

Since b(p') = —p~b(p), we obtain
(4.8) flo.m) = (1= puh)b(o) + (o + p~")b(u).

First we consider the case [; # l,. Since b|P € Z'(P,V)and H'(P,V) =0
(Theorem 3.7), there exists b € V such that b(u) = (1 — 1)b. Then we have

flo.m) = (1= pu"h)b(o) + (1 —0)b].

We have pu~1(e; ® e;—(ll—l2)/2> = N(e)(e; ® e;_(ll_l2)/2). Hence ¢; vanishes
for all 7. This is a contradiction and the proof is complete in this case.

Next we consider the case [y = [,. By Theorem 3.7, there exist b € V
and by € VY such that

b(p) = (1 — 1)b + by.
Then we have
flo,p) = (1= pH)[b(o) + (1 = o)b] + (o0 + )by,

Since by € VY, this formula shows that ¢; = 0 if 7 # 1,1; + 1. This is a
contradiction and completes the proof.
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Proposition 4.3. Let k = (ky, ko), k1 > ko, k1 = ks =0 mod 2. Let
Qe Sp(T") and let f = f(Q2) be the normalized parabolic 2-cocycle attached
to Q (cf. (4.1)). We assume that the class number of I in the narrow sense
is 1 and that () is a nonzero Hecke eigenform. If ki # ko, we assume ky > 4.
If ky = ko, we assume ko > 6. Then the cohomology class of f in H*(T',V)
is non-trivial.

Proof. Let ky =11 +2, ks =I5+ 2. By (2.30), we see that the coefficient
c; of e, ® e;—(ll—ZQ)/Q in f(o,pn) is L(l; +2 — 4,9) times a nonzero constant
for (I; —12)/2+1 <i < (l14 +13)/2+ 1. It is well known that L(s,Q) # 0
for R(s) > (k1 +1)/2 (cf. [Sh4], Proposition 4.16). For i = (I; — l5)/2 + 1,
¢; is nonzero times L((ky + k2)/2 — 1,Q). Since (k1 +k2)/2 — 1> (k1 +1)/2
if ko > 3, our assertion follows from Lemma 4.2 if ky # ko. Assume k; = ks.
For i = 2, ¢; is nonzero times L(k; —2,2). Since k; —2 > (k;+1)/2if ky > 5,
our assertion in this case also follows from Lemma 4.2.

4.4. With a free group F with finitely many generators, we write [' =
F/R. Let m : F — I be the canonical homomorphism with Ker(r) = R.
For g € F, we put m(g) = g. We regard V' as an F-module by gv = gv,
g€ F,veV. By (1.11), we have

(4.9) H*(T, V)= HYR, V)" /Im(H*(F,V)).

We are going to examine the part of the right-hand side of (4.9) which
corresponds to HA(T, V). Put P = 7= }(P). Let f € Zi(,V). Take a
1-cochain a € C*(F, V) which satisfies (1.12). Then we have

f(0g1, 32) = pgra(gz) + alpgr) — a(pgrge), P EP, g1,92 € F.
By the parabolic condition on f, this is equal to

p(gra(g2) + a(g1) — a(g192))-

Hence we have
a(pg1g2) — a(pg1) = pa(gig2) — pa(gr), PpEP, 91,90 € F.
Taking g, = g, ' = g, we obtain

(4.10) a(pg) = pa(g) +a(p), p€eP, geF.

Conversely if a satisfies (4.10), then f satisfies the parabolic condition.

Let ¢ = a|R. We note that a satisfies (1.13) and ¢ € H'(R,V)'. For
every s € P, we take an element 5 € P such that 7(s) = s. We fix the choice
of 5. Then we write a(s) as a(s). By (1.13), we have

(4.11) a(sr) = sp(r) +a(s), s€ P, reR.
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Now for s1, sy € P and rq, ro € R, we have

a(31718979) = a((5152)(5152) 151828, T15972)
= 51500 ((5152) 151528, 'T18979) + a(5152)
= 5152[0(55 11152) + (r2) + ((5152) 7'5152)] + @(s152)
= 510(r1) + s1520(r2) + ©(5182(5152) 1) + A(s152),

using (1.13), (1.14) and (4.11). On the other hand, by (4.10), we have

a(51718212) = s1a(Sara) + a(s17r1)
=s1(s2¢(r2) + a(s2)) + s10(r1) + als1).

Comparing two results, we obtain

(412) @(glgg(slsg)_l) = 815(82) +5($1) — 5(8182).
The condition (4.12) can be interpreted as follows. The group extension

1 R P P 0.

defines the factor set
(413) (81, 82) — glgg((%)_l

of P taking values in R. Mapping this factor set by ¢, we obtain a 2-cocycle
of P taking values in V (cf. Lemma 1.4). Then (4.12) means that this
2-cocycle splits.

Next we consider the condition (4.10) on a double coset PJR, where § is
an arbitrary element of F. Since R is a normal subgroup of P, we have

POR = Usep/r SOR.
We assume that POR # PR. We write a(sd) as a(sd). By (1.13), we have
(4.14) a(sor) = sdp(r) + a(sd), s€ P, reR.
Now for s1, s € P and r1, 73 € R, we have

a(17152072) = a((5152)00 ™ (5152) 71515200185 ' 115207)
= 51520[0(0 7" (5152) 51520 1) + 0(8715, 'r1526) + (r2)] + G(s1526)
= s1520((5152) 7'8152) + s10(r1) + 515209(r2) + a(s1520)
5152) ) + s19(r1) + $15200(72) + a($1520)

= p(5152(5152
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using (1.13), (1.14) and (4.12). On the other hand, we have, using (4.10),

a(§1T1§257’2) = 81&(§25T2) + (I(ngl)
= 51[$2000(r2) + a(520)] + a(syr)
= 51520(12) + s1a(s20) + s1(r1) + a(sy).

Comparing two formulas, we obtain

(4.15) ©(5152(5182) ) = s1a(s20) + a(s1) — a(s1s20).

Thus we have shown the following: For f € Z3(T',V), take a € C1(F,V)
which satisfies (1.12). Define ¢ and a as above. Then (4.12) holds. Con-
versely take ¢ € HY(R, V). Suppose that the 2-cocycle

(s1,52) — @©(5152(5152) ")

of P taking values in V splits. There exists @ € C'(P, V) with which (4.12)
holds. Take a double coset decomposition F = LsPIR. We put a(sd) = a(s).
Then we define a € C*'(F, V) by the formula

a(sor) = sdp(r) + a(sé), r e R.

Then a satisfies (4.10). Therefore the 2-cocycle f determined by (1.12) be-
longs to Z2(T', V). Thus we have proved the following proposition.

Proposition 4.4. On the right-hand side of (4.9), the subgroup which
corresponds to H3(T', V') consists of the class of p € H'(R, V)" for which the
2-cocycle (s1, s2) — ¢(35152(5152) 1) of P taking values in V splits.

By Theorem 3.9, we have H?(P,V) = 0 if Iy # ly. Hence the next
proposition follows.

Proposition 4.5. Ifl; # ly, then we have H*(T',V) = HA(T',V).

It is known that there are no holomorphic Eisenstein series of weight
(k1, ko) if k1 # ko ([Sh6], Proposition 2.1). We can interpret this proposition
as the cohomological counter part of this fact.

Remark 4.6. In view of the results of Matsushima-Shimura [MS], Hida
[Hil], [Hi2] and Harder [Ha], we should be able to prove that dim H3(T', V') =
4dim S}, 494,42(F).  The author does not work out the details yet. The
parabolic cohomology group is also discussed in [Hi2].
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§5. Decompositions of H?(T',V)

5.1. Let F' be a real quadratic field and let I' = PSL(2, Op). We define
elements o, pu, 7 and n of I' by

_01 _eO _11 _lw
T =\10) F=\o et) T \o 1) "7 \o 1)

Here we choose an w so that Op = Z 4 Zw. Let F be the free group on four
letters o, i, 7, 1. Let w : F — I" be the homomorphism such that

m(o) =0, w(p)=p, w(T)=7, 7(0N) =17

By Vaserstein [V], 7 is surjective. Let R be the kernel of 7. For v € T, we
choose a § € F so that w(7) = . For v = o, u, 7 and n, we choose 7 so that
the notation to be consistent. We choose 1 = 1. For other v, we will specify
the choice of 7 later (cf. (5.2) and §6.2).

Let f € Z*(T',V) be a normalized 2-cocycle. There exists a € C'(F,V)
which satisfies

f(r:72) = ma(¥2) + a(h) — a(M132).

A corresponding element p € H'(R, V) to f is given by ¢ = a|R. As was
shown in §1.5, adding a cobounday to f, we may assume that f € Z*(T',V)
is given by

(5.1) f(r,72) = _90<;Y/1§2(’Y/1\’Y/2)71)7 v1,72 € I

Let Fp be the subgroup of F generated by j, 7 and 1. Let mp be the
restriction of m to Fp and let Rp be the kernel of mp. We see that Rp
is generated by the elements corresponding to the relations (iv), (v), (vi)
of Appendix and their conjugates. Suppose that f satisfies the parabolic
condition (4.3). Then, by (4.12), we see that we may assume that p|Rp =0
in addition to (5.1), adding a cobounday to f if necessary.

Conversely assume that ¢|Rp = 0. Take a complete set of representatives
A for P\I" and fix it. We have

For vy =pd, p e P, ) € A, we define
(5.2) 5 = po.

In (51), write y; = p151, p1 € P, 0, € A, Y17Y2 = pg(sg, P2 € P, 09 € A. Let
p € P. Then we have

PN =ppid = ppi(BPy) Y, D2 = Dbaby .
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Hence, by (5.1), we have

fon,v2) = —o(pr (P91) P32 {pP2(PP2) ' P2} )
=~ R(12) 70 = —pe(A2(172) ) = pf (1, 72).
Therefore f satisfies the parabolic condition (4.3).

The value f(o, ) of the cocycle is related to the critical values of the
L-function. By (5.1), we have

P

flo, ) = —p(Gh(on)™") = —p(@n(p"o)™").

We assume that ¢ € A. Then we have

flo,p) = —p(ono " (p=1)71),

since p~lo = Fa. As FZZ € Rp, we have

flo,n) = —p(E7i5 ")) = —p(575*571) = —p(FHE (57) ' 5Ta7)

= —opp(57?) — p(Thof).

Therefore we obtain

(5.3) flo. ) = —o((FR)°) + opp(a?).

5.2. Let us consider the action of Hecke operators. Let w be a totally
positive element of F'. Let

1 0\ w pp
F(O w)T—uileﬁz

be a coset decomposition. We put
2
C = H(w(y))(k0+kV)/2_2
v=1

Let f € Z*(T,V) and put g = ¢T'(w)f. The explicit form of g is given as
follows (cf. Proposition 1.3 and (2.45)). Let

Bn =080, 0D, Brp=0"B 0o €T,
for 1 <i < d. Here j and k are permutations on d letters. Then

d

(5.4) 9(1,72) = ¢ Y B F BBy, Biiy 2By

i=1
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We assume that f € ZZ(T,V) and that it is given by (5.1) with ¢ €
HY(R, V)" satisfying ¢|Rp = 0. Then we have

d —_ — —_ — —_ —
(55)  g(ne) = —CZ5[1<P(5ﬁ15;(i1)5j(i)725;;(;(i))(51‘71725;;(}(1-)))_1)-

i=1

Let v € HY(R,V)' be a corresponding element to g. We are going to give
an explicit form of 1. There exists b € C'(F, V) such that

g(.f‘l,.f'Q) = .le(I'Q) + b(ﬂfl) — b(xll’g), T1,T2 e F

and ¢ is given as the restriction of b to R. Here z = w(x), z € F. We assume
that () is a prime ideal. Then d = N(w) + 1 and {5;} can be taken as

o =) = (507
0 w/)’ ’ 0 1)
Take p € P and let Bipﬁj’(il) €l for 1 <¢ < d. Then we see easily that
-1 .

By (5.5), (5.6) and ¢|Rp = 0, we find
(57) g<p17p2) = 07 P1,p2 € P.
We have

b(.’lﬂ'll’g) = .ﬁl]lb(.l’g) + b(ﬂfl) — g(.’fl,.i_fQ), T1,T2 € F
and we can use this formula to determine the value b(x), x € F by the

induction on the length of the element z. As the initial conditions, we may
assume that

bE) =0, bF) =0, bF)=0, bE)=0.
Then, by (5.7), we see that
(5.8) b|Fp = 0.

The next Proposition is a special case of Proposition 1.5.
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Proposition 5.1. Suppose v; € I" are given for 1 < j < m. For every
J, we define p; € Sy by

5z‘7j5pj(i) el 1<q<d.
We define q; € Sy inductively by

q1 = D1, Gk = PrQe—1, 2<k<m.

We assume that v; € P or y; = o for every j. Then we have
(5.9)
b2+ Yim)

—_— P

d —_ — —_ N —
=Y B (BB 1 B 128 sy Bamr 0 ¥m B (B va -+ mBy ) ™)

i=1

5.3. For the practical computation, it is convenient to decompose H?(T', V)
into a direct sum of subspaces under the action of the automorphisms of IT'.

We put
u 0

which is the center of GL(2,Op). Then we have

7 -SL(2,00)/7 = SL(2, Op) /{ £ ((1] ?)} — PSL(2,04) = T.

By this isomorphism, we regard I" as a subgroup of PGL(2, Or) = GL(2,0r)/Z.
Hereafter we assume that [; and [, are even. When [ is even, we define a
representation p; of GL(2, C) by

(9) = m(g)det(g9)™?, g€ GL(2,C).

Then p; is trivial on the center. We put p' = pj, ® pj,. By gv = p'(g)v,
g € GL(2,0r), v € V, we regard V as a left GL(2, Or)-module. Since
p'(z) =id, z € Z, we can regard V as a PGL(2, Op)-module. Since p/|I' =
p|l', the I'-module structure of V' is the same as before.

We have
PGL(2,0r)/PSL(2,0r) = Er/E7 = 727 © 7./ 2Z.

By conjugation, PGL(2, Or) acts on H%(T', V') and it decomposes into a direct
sum of four subspaces. We put

=(9) = (@)
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We see that PGL(2, OF) is generated by v and § over PSL(2, Or). We first
examine the action of v. For f € Z*(,V), define ef € Z*T,V) by (cf.

(1.3))
(5.10) ef(re) =v  flomr " vper™),  m,1e el

Then ¢ induces an automorphism e of H*(T', V). Since v = pu, ¢* is obtained
from the inner automorphism by p. Hence e? = 1. By (5.10), we see that
ef is a parabolic cocycle if f is parabolic. Therefore, by the action of e, we
have the decompositions

HY(D,V) = HYT,V)* & HAT,V)~, HA(T,V) = H3(D,V)*" & HA(T, V) .
Here we put
H*(T, V)= ={c€ H*I,V) | ec = £c}, HE(T',V)* = {c € HA(T,V) | ec = %c}.

Explicitly the decomposition is given by

f=5la+af+0-9f, fezXr.V)

N | —

Proposition 5.2. Let k = (ky,ks), k1 > ko, k1 and ky are even. Let
Qe Sp(T') and let f = f(Q2) be the normalized parabolic 2-cocycle attached
to Q2 by (4.1). We assume that the class number of F' in the narrow sense is
1 and that () is a nonzero Hecke eigenform.

(1) If ky # ko, we assume kg > 6. If ky = ko, we assume ky > 8. Then
the cohomology class of (1 +¢)f in H*(T, V) is non-trivial.

(2) If ky # ko, we assume ky > 4. If ky = ko, we assume ky > 6. Then
the cohomology class of (1 —¢)f in H*(T',V) is non-trivial.

Proof. We apply Lemma 4.2 in a similar way to the proof of Proposition
4.3. We use the same notation as there. By (5.10), we have

V]

@)o,p) =v  flvor ™ vuw™t) = v f(po, p) = v pf (o, 1) = vf(o, ).
We have
V<ei®eéf(l17l2)/2> = N(Qll/zﬂﬂ'(ez’@e;f(lrlg)ﬂ) = N<5)k1/27i(ei®e§7(11712)/2)-
By the assumption, we have N(e) = —1. The range of 7 is %—% <i< %+%
We see that L(l; +2—1, ) is non-vanishing if ¢ # k; /2. To conclude the non-

vanishing of the cohomology class of (14-€) f, it suffices to find an even integer
j such that 0 < j < 15/2if ky # ky and 0 < j < [y/2 — 1 if ky = ko. Such
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a j exists under the condition stated in (1). To conclude the non-vanishing
of the cohomology class of (1 —¢€)f, it suffices to find an odd integer j such
that 0 < j <ly/2if k1 # ko and 0 < j < ly/2 — 1 if k; = ko. Such a j exists
under the condition stated in (2). This completes the proof.

We put
I ={yeCGL((2,0p) |det(y) =€e",neZ}, TI*=2T/Z
Then T* is generated by v over I' and we have [['™* : T'| = 2. Let
Res: H*(T*,V) — H*(T, V), T:H*T,V)— H*T*V)
be the restriction map and the transfer map respectively.
Proposition 5.3. We have
(1) Res(H*(T*,V)) = H*(T', V)™ .
(2) T(H*(I,V)*) = H*(I™, V).
(3) Ker(T) = H*(T,V)".
Proof. Tt is clear that Res(H?*(I'*,V)) C H*(I',V)T. Let f € Z*T,V)

and take a coset decomposition I'* = I' v~ 'T". Then by Proposition 1.2, we
have

T(f)(y1,7) = f(pv®, v %0®) + v o, vy

for 11, 72 € I'*. Here T (f) denotes a cocycle which represents the transfer
of the class of f; a, b, ¢, d = 0 or —1 and they are determined so that all
arguments on the right-hand side belong to I'. In particular, if v{, 75 € T,
then we have

T(f) (1, 72) = fOn.72) + v fomv ™ vyr™).

Therefore we have
ResoT =1+e¢

on H?*(',V). This formula combined with (1.6) shows that 7" o Res and
ResoT are the multiplication by 2 on H?*(I'*, V') and H?*(T', V)" respectively.
Hence (1) and (2) follow. Then (3) follows since H*(T', V)~ C Ker(T) and
T|H*(T, V)" is injective. This completes the proof.

5.4. We have
H*T, V)= HY(R, V)" /Im(H(F,V)).

Let us consider the action of e on the right-hand side under this isomorphism.
We use the same notation as in §5.1. Let £ be the automorphism of I' defined
by £(v) = vy, vy € T. Put

e=A+ Buw, ew=C+ Duw.
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Then we have <é g) € GL(2,Z). We have

yayflza,u*l, V/ﬂ/*l:u, vty =TT, vny T =T 0.

Using Lemma 3.11, we can check that there exists an automorphism E of F

which satisfies

(5.11) m(&(g)) =&(n(g), g€ F.

Now let f € Z*(T', V) and take a € C*(F,V) so that

f(ﬂ-(gl)a 77(92)) = gla(QQ) + a(g1) — a(glgz), g1, 92 € F.

Then we have

@f)(m(91), m(g2)) = v~ f(E(m (1)), E(m(g2))) = v~ f(m(E(9n)), 7(E(g2))

=g 'a§(g2)) + v a(é(gr) — v alE(g192)

for ¢, go € F. Put

a(g) =v'a(g), geF.

Then we have

(€f)(m(g1), m(g2)) = g1d(g2) + d'(91) — d'(9192), 91,92 € F.

Thus we obtain the following proposition.

Proposition 5.4. Let f € Z*{T,V) and let ¢ € H'(R,V
corresponding element. Then a corresponding element v of H'(R,V
is given by

)

W) =veE(r), reRr

We can check easily that the map ¢ — 1 induces a map from

be a

) toef

HYR, V)V /Im(HY(F,V)) to itself and gives an automorphism of order 2.

5.5. For the actual computation, the cohomology group H?(I'*,V) is
easier to handle than H*(T', V). By the action of 6, we can further decompose

H?*(T*,V) so that
H*(T*, V)= H*T*, V)T @ H*(T*,V)".

Let d (resp. d) denote the action of § on Z2(I'*, V) (resp. H2(I'*,V)).

95



Proposition 5.5. Let k = (kyi,ks), k1 > ko, k1 and ko are even. Let
Qe Sp(T") and let f = f(Q2) be the normalized parabolic 2-cocycle attached
to Q by (4.1). We assume that the class number of F' in the narrow sense
is 1 and that 2 is a nonzero Hecke eigenform. Take f* € Z*(T'*, V) so that
A= (1 +e)f. 0 If ky # ko, we assume ky > 6. If ky = ko, we assume

ko > 8. Then the cohomology class of (1 +d)f* in H*(T'*, V') is non-trivial.

Proof. The proof is similar to that of Proposition 5.2. We consider the
restriction fo of (14 d)f* to I'. Since § commutes with o and pu, we find

f0<07 M) = (1 + 5)<1 + V)f(O', ,LL)

We have

5(€i ® €, 1,)/2) = € @ €_q, 1)
Hence the assertion follows from Lemma 4.2 in the same way as Proposition
5.2.

Until the end of this subsection, we assume that o, v and 7 generate I'*.
(This assumption is satisfied if Op = Z + Ze.) Let F* be the free group on
three letters o, v and 7. We define a surjective homomorphism 7* of F* onto
'™ by

™ (c) = o, (V) = v, ™(T) =71
and let R* be the kernel of 7*. We see that ¢ commutes with ¢ and v and
6761 = 771, We can define an automorphism z +— x5 of F* by (7)5 = 7,
()s =7, (T)s = 7 1. Then we have

7 (z5) = om*(2)07 !, x e F*.
The following proposition can be shown in a similar manner to Proposition
0.4.

Proposition 5.6. Let f € Z*(I'*,V) and let ¢ € H'(R*, V)" be a
corresponding element. Then a corresponding element 1 of H'(R*, V)" to
df is given by

D(r) =6 to(rs), re R
Let o € HY(R*,V)I". We define @5 € H(R*,V)I" by the formula

(5.12) ps(r) =07 p(rs).

Then we can check easily that (¢5)s = ¢ and H'(R*,V)!" decomposes into
a direct sum of +1 eigenspaces under the action of §:

(5.13) HYR* V)" = gY(R*, V)" @ HY(R*, V)T,

3f* = T(f) satisfies this condition.
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5.6. Let [; and Iy be nonnegative even integers. We assume that [; >
ly. Let Q € Sy 425,+2(I'). Define L(s,Q) and R(s,€2) by (2.4) and (2.5)
respectively. The functional equation is (cf. (2.7))

R(s,Q) = (—1)0H22R(1, 42 — 5, Q).
For an integer m, L(m, () is a critical value if and only if

l1—12+1§m§ll+l2

(5.14) +1.

The central critical value is L(l;/2+ 1, ) which vanishes if (1 +13)/2 is odd.
By (2.30), we have

(5.15) R(m,Q) = (1™ =R)2 o) 22 e

Here P;; denotes the period integral given by (2.25). Let f = f(Q2) €
Z%(T, V) be the parabolic 2-cocycle defined by (4.1). Then we have

fom=-[" [ "o

and — P, 1 m—1-(1,—15)/2 1s equal to the coefficient of e;, o, ® €

in f(o, p).
Using the operator € (cf. (5.10)), we define

fr=Q0+of f=0-9f

We have f£ € Z3(T',V). As was shown in the proof of Proposition 5.2, we
have

(5.16) flop)=0+v)flo,n), [ (op)=1-v)f(on.
We have

/
(l1 +l2)/2+27m

<517) y<ell+27m ® e/(ll+l2)/2+27m> = N<€>m717l1/2e11+27m ® el(l1+12)/2+27m'

Assume N(e¢) = —1. Suppose that [;/2 is even. By (5.17), we see that
f*(o, 1) contains information on R(m, <) for odd m and f~ (o, u) contains
information on R(m, ) for even m. If [;/2 is odd, then f* (o, u) contains
information on R(m,2) for even m and f~(o, ) contains information on
R(m, ) for odd m.

To treat f~ efficiently, we will need more techniques which will be ex-
plained in the next section.
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§6. Numerical examples I

6.1. In this section, we assume that F' = Q(v/5). (The formulas (6.1) ~
(6.6) and those given in §6.5 are valid for any real quadratic field.) We use
the notation of §5. The elements o, v and 7 of I'* satisfy the relations

i) o’ =1.

(ii") (o7)® = 1.
(iii’) (ov)* = 1.
(iv') Tvrv = v
(v') Vvt =rvrvh

Theorem 6.1. The fundamental relations satisfied by the generators
o,v, Tof ' are (1) ~ (V).

This theorem follows from Theorem A.1. We sketch a proof. We have
p=v? n=wvrv'. Then we can check easily that the relations (i) ~ (vii)
in Theorem A.1 follow from (i') ~ (v'). Suppose that

(%) ULUg * + * Uy = 1

1

is a relation. Here u; is one of o, v, v, 7, 771, In (x), we substitute v~ by

p~tv. Then we obtain a relation
() VUg - - - U, = 1.

Here v; is one of o, v, u~t, 7, 771, The number of v; such that v; = v is even.
If this number is 0, then (%) is the relation among the elements o, p and .
If this number is positive, then in (x%), a term of the form v Xwv is contained,
where X is an expression which contains only o, 7 and u. We may replace
vXv by vXv~tu. By the relations

vovt =ov % = cr/fl, vyt = 7,

vXv~! is transformed to an expression which contains only o, u, 7, n and
their inverses. Repeating this procedure, (#x) can be reduced to a relation
among the elements o, u, 7 and n. By Theorem A.1, this relation follows
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from the fundamental relations (i) ~ (vii). Since (i) ~ (vii) follow from (i')
~ (v'), our assertion is proved.

Let F* be the free group on three letters o, v, 7. We define a surjective
homomorphism 7* : F* — I'* by 7%(¢) = 0, 7*(V) = v, 7*(T) = 7. Let R*
be the kernel of 7*. We have I'* = F*/R*. By Theorem 6.1, R* is generated
by the elements

(i) 7.

(i) ol

(i) ),

(iv*) R (e B
(v) A G

and their conjugates.

Let P* be the subgroup of I'* consisting of elements which can be repre-
sented by upper triangular matrices. Let Fp« be the subgroup of F* gener-
ated by v and 7. Then 7*|Fp« : Fp« —> P* is surjective. Let Rp- be the
kernel of this homomorphism. We see that Rp- is generated by (iv*) and
(v*) and their conjugates.

We have [F* : (7*)~(T)] = 2. The following lemma can be proved easily
by applying the method of Reidemeister—Schreier (cf. Schreier [Sc], Suzuki
[Sul, §6).

Lemma 6.2. The group (7*)~'(T') is the free group on five elements &,
2, 7, vov—t and v7v L.

We put 22 = 11, 70! = 7). Let F be the free group on four elements
o, it, T and 77. Then our notation becomes consistent with that given in the

beginning of section 5. We have FR* = (7*)~}(T).

6.2. For every v € I'*, we choose ¥ € F* so that 7*(§) = 7. For explicit
calculations, it is necessary to specify the choice of 7. First let p € P. We
can write p = p®7°n¢ and this expression is unique. We put p = 1%7°n°¢. Next
let p € P*. We have p € P or p = vp; with p; € P. In the latter case, we
put p = vp;.

Let A be a complete set of representatives for P\I" as in §5.1. Then A is
also a complete set of representatives for P*\I'*. For v € I'*| we write v = pd
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with p € P*, § € A and put 7 = fﬁg Our task is to specify the choice of
A and define ¢ for § € A. To specify A is equivalent to choose one element
a b

2]

(1) The case where Py = P. We take 1 as the representative. We take
the identity element of F as 1.

(2) The case where ¢ € Er. We can take an element of the form (? _dl)

from every coset Py, vy € I'. Let v =

as the representative. We define

P e N

(0 2) =7 1)

(3) H The case where ¢ # 0 and ¢ ¢ Er. We note that Op is a Euclidean
ring with respect to the absolute value of the norm (cf. [HW], Theorem 247,
p. 213): For every z, y € Op, x # 0, there exist ¢, r € Op such that

y=qe+r, N[ <|N(z)|.

We have

u 0 a b\ [ ua ub 1 ¢ a b\ [(a+tc b+td
0 v ') \e d) \ule uld)’ 0 1) \e d) c d :

U
0

First mulplying v on the left by ( 91), u € Er, we normalize ¢ so that

c> 0, 1<d/e<é.

Next mulplying v on the left by ((1) 115

|N(a)] < |N(c)| by the Euclidean algorithm. However to specify the choice
of t is not necessarily easy. In other words, there can be many choices of
such a’s. We make the preference order of the choice of a as follows. Put
a=a+pPe a, feZ.

1. |a|+|B] is minimum. 2. |¢| is minimum. 3. |5] is minimum. 4. a > 0.

5. 8 >0.
b) and proceed by

), t € Op, we may assume that

We define § for § € A as follows. We put 6 = d
induction on |N(c)|. The case |N(c)| = 0 or 1 is settled by (1) and (2). By

4In this paper, this step will be used for the actual calculations only in the case a € Ep.
Since it will become necessary in future calculations, we write one (tentative) algorithm
explicitly.
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our choice of A, we have |N(a)| < |[N(c)|. Put 071§ = p1dy, p1 € P, 6; € A,
5 = (‘“ bl). We have |N(c1)| = | N(a)] < [N(c)|. We define § = 5713

C1 d1
6.3. Let f € Z%(I',V) be a normalized parabolic 2-cocycle. We first

consider f* (cf. §5.6). We put f* = T(f). Then f* € Z*T*, V) and
fT = f* (cf. §5.3). We can verify easily the parabolic condition

(6.1) [ (v, 72) = pf (71, 72), pe P, y,yel™
We have
(6.2) H*(T* V) = HY (R, V)T /Im(HY(F*, V).

Let o € HY(R*,V)'" be a corresponding element to f*. We recall that ¢ is
obtained in the following way. There exists a € C'(F*, V) such that

(6.3)  alg192) = qra(g2) + algr) — f*(7*(g91), 7 (g2)), 91,92 € F~.

Then ¢ = a|R*. We may regard (6.3) as a rule for determining the value
a(g) according to the length of a word g € F*. We can take a(c) = a(v) =
a(T) = 0. Then we have a|Fp« = 0, since (6.1) yields f*(p,v) =0, p € P*,
~v € I'*. In particular, we have

(6.4) ©|Rps = 0.
As shown in §1.5, we may assume that

(6.5) fr(n,72) = —p(TR(n72) ™)
adding a coboundary to f*. By (6.4), we can check that f* satisfies (6.1) in
the same way as in §5.1. We have (cf. (5.3))
fr(o,n) = —p((G1)*) + opp(c”).
We have
PGT) = p(G757) = ol
= (Gvov) + (') + (v 'ever?) = (1 + v Hp((6D)?) — v 1p(c?).

1 1 ~2

55

Therefore we obtain

(6.6) foop) = =1+ v e((67)%) + (op+ v ().

Clearly ¢ is determined by its values on the elements (i*) ~

(v¥).
¢ takes the value 0 on the elements (iv*) and (v*). We have op(c°) = p(o
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Take h € H'(F*, V) so that h(c) = —¢(6?)/2, h(v) = 0, h(T) = 0. Adding
h|R* to ¢, we may assume that p(c?) = 0; ¢ still satisfies (6.4).

We analyze the process of adding h|R* to ¢ in more detail. For S, T,
U €V, we can find h € H'(F*, V) such that

h(c) =S, nMT) =T, h(v) = U.
We find easily that the conditions that A vanishes on the elements (iv*) and
(v*) are

(6.7) A+7v—v—vrv T+ (1 - 1)1 —vrv HU =0,

(6.8) VP =1-m)T+1+v—1*rv ' —7)U=0
respectively. We have
(6.9) h(®) = (1 +0)8S.
We put
A=p((@0)*),  B=w((@7)°).
We note that
(6.10) ovA = A, oTB = B.

Our objective is to determine A explicitly.

6.4. Let us consider the Hecke operators. We put ¢* = T'(w)f* where
g* is defined by (5.4) with T'* in place of I'. Let v € H*(R*,V)'" be a
corresponding element to g*. We see that Proposition 5.1 remains valid with
[ and P* in place of I' and P. In particular we may assume that v is given
by the formula
(6.11)

V(N2 Tm)

d —_ — —_ — —_ — —_ —
i=1
Here v; =0 or v; € P* and y1y2 -+ -y = 1.
Example 6.3. Let us consider 7'(2). We may take

10 1 1 1 €
/81:<0 2)7 62:<0 2)7 63:(0 2)7
1 € 2 0
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By (6.11), we find
V((7)%) = (B3 Zs + By ' Za),

where

01 z=o((y 5) z=e(y O

We have

€ —é e el 0 1 € (1 €
2 —2) %0 ¢Jlo 1) %\o1
Hence, using (6.4), we have

P S S

z=ee(y ey L)

Similarly we obtain

20— ol (ON”)&(;A‘?) ?).

6.5. In general, every element r of R* can be written as
7= 0pi0p2- 0P

with p; € P*, 1 < ¢ < m such that opiops---op,, = 1. We call such
an element an m terms relation. Theorem 6.1 assures us that ¢(r) can be
expressed by A and B. The following formulas can be proved easily.

(6.13a) e((ev™?) = (1 +v 4+ M)A, n>1,

(6.13b) o(GT ™) = —(w+ 1P 4+ VA, n>1,

For t € Ep, we put

P e B g

O R = A T

Then we have B(1) = B,

—~—

e (=) LU G ETC (R



(6.15) e :V_lB(t)l et Loet (1 et
+[1+0—<O 1)a<0 1 ) 0-(0 1)0—]A,

(6.16) B(t) = o (é i) B(tY) + <p((a<é tﬂ))?).

By these formulas, we can express B(t) in terms of A and B explicitly. Using
B(t), we have an explicit formula for ¢(r) for a three terms relation r:

~fU1 Ty \~[U2 Z2\~[U3 T3
ol ) 2 %)

o (" 1) s e (D)9

(" ) oG (%v?)))

For an m terms relation » € R*, m > 4, we may write p; = (%’ ﬁ’),

u; € Ep, x; € Op, 1 < i < m. We see that ¢(r) reduces to an (m — 2) terms
relation if x; = 0 for some i. If z; € Ep for some i, ¢(r) reduces to an (m—1)
terms relation. For example, if 1 € Er and m > 4, we have

(5 Ui ZL‘15_,U2 $25U3 T3 5...5 Um, l‘m)
% 0 1 0 1 0 1 0 1

-1, -1 -1 -1
_ (uju —u; ~(1 —u Uy To\~[Us T3\~
_< 0 u )‘p<‘7<0 1 )(0 1)‘7(0 1)‘7
-1, —1 -1
“(0 1)( 0 u ))

(5 ) Bwe@ (O

1

(6.18)

Here u = u; "x;. For a general m terms relation r, the explicit reduction of
©(r) to A and B is a highly non-trivial problem. The author has an idea
on a heuristic algorithm to solve this problem, but it will not be discussed
in this paper. For our present purposes, the formulas (6.13a) ~ (6.18) are
sufficient.
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6.6. For actual computations, it is convenient to use the decomposition
(5.13). Proposition 5.5 shows that we will lose little information by assuming
o € HY(R*,V)I"* so we do assume this. Then we have

— p((67°) = o7 157157 15) = (7))
= o((37))5) = 7 0e((37)).
Hence
(0r+1)B =0.
Similarly we obtain
(6—1)A=0.

Now we are ready to state explicit numerical examples. First by numerical
computations, we have verified:

Fact 1. Suppose 0 < I, < [; < 20. Then adding h|R*, h € H*(F*,V) to
¢ (keeping ¢ in the plus space under the action of §), we may assume B = 0.

Therefore our task is to find constraints on A = ¢((67)?). Note that

2
(ov—1)A=0. We put = = (; 62) 7 and

(6.19) Zi={veV]|(ov—1)v=0, (6—1)v=0, 2235 = Z3}.

Here some explanation is called for on the meaning of xZ3 = Z3. First note
that Zs is defined by (6.12); clearly we must have 73 = Z3. Using the
formulas (6.13a) ~ (6.18), we see that Z3 can be expressed by A. Therefore
xZ3 = Z3 gives a constraint on A. We define a linear mapping

(6.20) (T 7§ — CclH

as follows. Let v € ZX. We let the coefficient of e, 19, ® e/(l1+l2)/2+27m in
(1 + v~')v be equal to the (I; + I3)/2 + 2 — m-th coefficient of (T (v), for
(lh—10)241<m< (i +13)/24 1 (cf. (6.6)).

Suppose that ¢ as above corresponds to a (nonzero) Hecke eigenform
Q€ S;,420,+2(I). Suppose that [; and Iy are in the range of Fact 1. Then
Ct(A) # 0 if I > 4 in the case I} # lo, if Iy > 6 in the case [} = [y by
Proposition 5.5.

Example 6.4. We take [; = 8, Iy = 4. Then dim S1p6(I") = 1. We find
(T (ZF) is one dimensional and consists of scalar multiples of *(4,0,1,0,4).
Hence we obtain

R(T,Q)/R(5,Q) =4, Q€ Sis(D).
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My computer calculates this example in six seconds.

Example 6.5. In the same way as in Example 6.4, we obtain the follow-
ing numerical values.

R(9,Q)/R(7,Q) =6, Qe Spe(l).

R(6,Q)/R(4,Q) — % Q€ Ses(T).

RS, Q)/R(6,Q) =7, Q& Sps(D).
720

R(lO,Q)/R(& Q) = i, Qe 512710(1—‘).

The spaces of cusp forms appearing in this example are all one dimensional.

6.7. To deal with the case where dim Sj, y2,42(I") > 1, it is necessary to
use the action of Hecke operators. To this end, we consider the contribution

of HY(F*,V) to Z}. Take h € HY(F*,V) and put
h(c) =S, h(v) =1, h(T)=T.

We require that h|R* vanishes on the elements (i*), (ii*), (iv*), (v*). These
conditions are equivalent to

(6.21) (0 +1)S =0,

(6.22) {(o7)? + 07 +1}(6T +S)=0
and (6.7), (6.8). We have

h((ED)%) = (ov + 1)(aU + S).
We also require that
(6.23) (6 — 1)(ov + 1)(cU + §) = 0.

Let B} be the subspace of V generated by (ov + 1)(cU + S) when S, T,
U extend over vectors of V' satifying the relations (6.7), (6.8), (6.21), (6.22)
and (6.23). We have B} C Z}. As shown in §4.1, we have

(6.24) CHBY) ={0} ifly #1,,  dim{H(B) <1 ifly =1Ly,
By Proposition 5.5, we have

dim Z:{/BX Z dim Sll+2_12+2(F) if 12 Z 4, ll 7£ 12 or if ll = l2, 12 Z 6.
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Now by numerical computations, we have verified:
Fact 2. Suppose 0 <l < 1; < 20. Then dim Sy, ,94,,1(I") = dim Z§ /BY.
This fact means that the constraints posed on A = ¢((67)?) is enough.

Example 6.6. We take l; = 12, [, = 8. We have dim S1410(I') = 2.
Moreover we have (T (Z}) = 2 in this case. Hence (T gives an isomorphism
of Z1/B} into C2*1. Calculating the action of T'(2) on Z 1 /B using (6.11),
we find that the eigenvalues are —2560 + 960+/106. Take an eigenvector in
Z+/BY and map it by ¢(*. Then we find

R(11,Q)/R(7,Q) = 1616 — 76v/106,  R(9,Q)/R(7,9Q) = 5—38 - % 106

i 0 £ Q € Siu(l) satisfies QT(2) = (—2560 + 960v/I06)2. If 0 £ Q €
S1410(I") satisfies Q|T'(2) = (—2560 — 960+/106)2, then we have

58 5
R(1L,Q)/R(7,Q) = 1616 + 76106, R(9,Q)/R(7.Q) = 7 + -V/106.

Remark 6.7. The relation dim ¢(*(Z}) = dim Sy, 19, 12(I) is rather acci-
dental in the above example. It holds in many cases but we have dim S, 42 ,42(I') >
dim (T(Z}) in general. Even in the general case, we can obtain ratios of L-

values by finding an eigenvector of Hecke operators in Z} /B} and mapping
it by ¢*.

6.8. We next consider the 2-cocycle f~ (cf. §5.6). The technique of
calculation is basically same as for fT, but this case is somewhat more com-
plicated. Put
(6.25)

H'(R*,V)' = {p € Hom(R", V) | p(grg™") = g(r), g € F,r € R*}.

Let ¢ € H'(R*,V)'. We put
(e)(r) = vt p(orv ), re R".
Then we can verify easily that
ep € HY(R*, V', o = .
Therefore H'(R*, V)" decomposes as
(6.26) HYR* V' = HY (R, V)" @ HY(R*, V)",
where, for e = %1,

HYR*, V)" = {p € Hom(R*, V)" | o(orv™') = evip(r),r € R*}.
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First we take an arbitrary normalized 2-cocycle f € Z?(T', V). Since F R*
is a free group, there exists a € C'(FR*, V) such that

(6.27)  f(7"(g1), 7" (92)) = gra(g2) + alg1) — a(g192), g1,92 € FR".
As shown in §1.4, we have
a(gr) = ga(r) +a(g),  algrg”') =ga(r), g€ FR*, reR".

Put ¢ = a|R*. Then the above formulas imply ¢ € H'(R*, V). From the
isomorphism I' = FR*/R*(=2 F/F N R* = F/R), we obtain

(6.28) H*T,V)= HY(R*, V)" /Im(H (FR*,V))

and the procedure f — ¢ described above gives an explicit form of the
isomorphism (6.28). We consider the decomposition of H?(I', V) under the
action of v (cf. the formula below (5.10)). Then we have

(6.29) H*(I',V)* = H' (R, V)"*/(Im(H"(FR*,V)) N H'(R*,V)""*)).

6.9. Now we consider the 2-cocycle f~. Let ¢ € HY(R*,V)I'™ be a
corresponding element. As for f*, we may assume that

(6.30) o|Rp- =0,

(6.31) = (ny72) = (M (172) ™)
adding a coboundary to f~. We put
A=p(@0)*),  B=o(@7)).
The formulas (6.13a) ~ (6.18) hold with the following modifications.

(6.13a7) (@) =1 —-v ' +v 2+ 4+ (=1)TMA, n>1,

(6.13b7)  o((6v ™)) = (v -1 +1° — -+ (=1)1M)A, n > 1.

We define B(t), t € Er by the same formula as before. In (6.15), the term
v~ B(t) should be replaced by —v~'B(t); (6.14) and (6.16) hold without any
change. For u = +€" € Er, we define ¢y(u) = (—1)". On the right-hand side
of (6.17), the first term should be multiplied by €p(u;) and the third term
should be multiplied by €y(ug). On the right-hand side of (6.18), both of the
first and the second term should be multiplied by €g(u;).

68



We may and do assume that f~ belongs to the plus subspace of H*(T', V)~
under the action of . Then we have

(6—1)A=0, (57+1)B=0.

By numerical computations, we have verified

Fact 3. Suppose 0 < Iy < |3 < 20. Then adding h|R* for h €
HY(FR*,V) such that h|R* € H'(R*,V)I'"™ to ¢ (keeping ¢ in the plus
space under the action of §), we may assume B = 0.

Therefore our task is to find constraints on A = ¢((67)?). Note that

_ 2
ov+1)A=0. We put x = 7 ) 7 and
( 92 —62

(6.32) Zy={veV|(ov+1)v=0, (§—1)v=0, xZ5 = Z3}.

Here the meaning of the constraint 73 = Z3 is the same as for ZX. We
define a linear mapping

(" :Z; — CRH
as follows. Let v € Z,. We let the coefficient of e;, 15, ® e,(11+12)/2+2—m in
(1 — v71)v be equal to the (I; + l5)/2 + 2 — m-th coefficient of (~(v), for

Example 6.8. We take [; = 8, l; = 6. Then dim Syos(I") = 1. We find
¢~ (Z}) is one dimensional and consists of scalar multiples of
£(2,0,7/90,0,—7/90,0, —2). Hence we obtain

180
R(S, Q)/R(67 Q) - 7, Q € 51078(F).

Example 6.9. In the same way as in Example 6.8, we obtain the follow-
ing numerical values.

R(9,Q)/R(7,Q) = 7—; Q e Sips(T).

R(g, Q)/R(?, Q) =42, Qe 51271()(11).
The spaces of cusp forms appearing in this example are all one dimensional.

6.10. To treat the case where dim Sj,19,12(I') > 1, it is necessary to
consider Hecke operators.

First let us write down Im(H*(FR*,V)) N H'(R*,V)I'* which appears
on the right-hand side of (6.29), explicitly. Take h € Z*(FR*,V). We put

(6.33) (eoh)(z) = v h(vav™ 1), r € FR".
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We can check easily that egh € Z'(FR*, V) and that
(e2h)(x) = h(z) + (v 2 — av ?)h(D?), r € FR".

If we restrict h to R*, then the action ey coincides with the action of e defined
in §6.8. We have (e2h)|R* = h|R*. We put

h* = h =+ eh.

A general element of Im(H'(FR*,V)) N H'(R*,V)'"% can be obtained as
h*|R* from a general element h € Z*(FR*,V).

Let ZY(FR*,V)* be the subgroup of Z!(FR*,V) consisting of all ele-
ments whose restrictions to R* belong to H'(R*,V)I'®. Take ¢, = +1 and
put h* = h + e egh. For the free generators o, 7, 02, vov—!, v7v! of FR*,
we put

h(G) =S, h(7)=T, h@*)=U hver )=V, h@E ") =W.

Then we find

hE(5) = Sy + ev 'V,

hi(?) == T1 + 611/_1W1,

hE?) = (1 + v U,

hE(wer™t) = Vi 4+ evS) + vt (1 — vio)U,
W) =Wy + ey + e (v — v AU

Fix ¢, = 1 and put

(6.34) hE(G) =S5, hE(F) =T.

Then V; and W, are eliminated and we obtain

(6.35) hET?) = (1 + v U,
(6.36) hEwor) = evS + e (1 — vio)U,
(6.37) W) = ewT + e (vt — v 2)U.

Clearly S, T and U can take arbirary three vectors of V. The formulas (6.34)
~ (6.37) describe a general element of Z'(FR*,V)*. The conditions for h*
to vanish on the elements (iv*) and (v*) are

6.38) {vrv ' —1+ea(l-m}T+ea(l-7) ' —v iU =0,
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(6.39) (1+e7v—v)T+H{ar(w  —vrv?) = (1= ) (14+er HIU =0
respectively. For h®™ € Z'(FR*,V)* as above, we have
(6.40) hE((67)%) = (14 erov)S + (v 2 + eov 1)UL

Now we consider the case €, = —1. Let B, be the subspace of V' generated by
(1—0ov)S+ (v 2—ov 1)U when S, T, U extend over vectors of V satisfying
the relations (6.21), (6.22), (6.38), (6.39) and

(6.41) —D{Q-0ov)S+ ¥ ?2—0ov U} =0.
We have B, C Z,. As shown in §4.1, we have
(T (By)={0} ifly#1l,, dim¢ (B;)<1 ifly=1Is.
Using Proposition 5.2, (2), we can show that
dim Z7 /B > dim Sy, 04,0(T)  iflo>2, i £lyorif [ =1y, Ip > 4.

Now by numerical computations, we have verified:
Fact 4. Suppose 0 < [y <y <20. Then dim S, 42,,41(I") = dim Z, /B}.

The formula (6.11) can be generalized in the following way. We put
g~ = T(w)f~ where g~ is defined by (5.4). Let ¢ € HYR*,V)I'"™ be a
corresponding element to f~. We may assume that (6.31) holds. There
exists a 1-cochain b € C'(FR*, V') such that

(6.42)  f7(7"(x1), 7" (x2)) = 1b(22) + b(x1) — b(2179), x1, %9 € FR".
As the intial conditions, we may assume that
b(g) =0, b(@*)=0, b(F)=0, brov')=0, bETr ') =0

for the free generators of FR*. Then the formula (5.9) holds when b(¥;) = 0,
1 < j < 'm. This condition holds if 7y, is equal to one of the five free generators
as above or their inverses. In particular, 1 = b|R* is given by

YNz Ym)

—_ e/~

d —_ — —_ —
=c Z 5;1<P(5i715q:b)5q1(z‘)’Vzﬁq;b) E '5qm,1(i)’7mﬁ;j(i) (Bimivyz - - 'f}/mﬁqjj(i))il)
i1

provided 7; is equal to one of the five free generators of 7 R* or their inverses
and 7172 -+ - ¥m = 1. The above formula is the same as (6.11) but there is
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one important point about which we must be careful. This ¢ belongs to
HY(R*,V)!' and gives a corresponding element to g~ but it does not neces-
sarily belong to H'(R*,V)"~. We obtain ¢~ € HY(R*, V)"~ corresponding
to g~ by ¥~ = 3(1 — )¢ (cf. §6.8).

Example 6.10. We take [; = 12, [, = 8. We have dim Sy419(I") = 2.
Moreover we have (7(Z,) = 2 in this case. Hence (™ gives an isomorphism
of Z, /B, into C2™!. Take an eigenvector of T'(2) in Z, /B and map it by
(~. Then we find

R(10,9)/R(8,) = 50 — /106,

if 0 # Q € Siui(T) satisfies QT(2) = (—2560 + 960v/I06) If 0 £ Q €
S1410(I") satisfies Q|T'(2) = (—2560 — 960+/106)2, then we have

R(10,9Q)/R(8,9) = 50 + v/106.

Let € be a Hecke eigenform of Si419(I"). Then L(m, Q) is a critical value for
integers in the range 3 < m < 11 (cf. (5.14)). We have L(s,Q) = L(14—s,2)
(cf. (2.7)). By Examples 6.6 and 6.10, we have treated all critical values on
the right of the critical line.

Example 6.11. We take [; = Iy = 18. We have dim Sy (") = 7.
Calculating the action of T'(2) on Z1/B} using (6.11), we find that the
characteristic polynomial of 7'(2) is (we can use Z, /B, which gives the
same result)

(X — 97280)2(X + 840640)(X* — 12867803 + 19006483200.X >
+27181090390835200X — 22979876427231395840000).

The irreducible factor of degree four corresponds to the base change part
from S (I'0(5), (5)); X + 840640 corresponds to the base change part from
So0(SLy(Z)); the factor (X — 97280)? corresponds to the non base change
part. Let Q € dim Sy 90(I") be a Hecke eigenform in the non base change
part. A calculation for the plus part yields the result

R(18,9)/R(10,Q) = 39355680000,  R(16,$)/R(10, ) = 33163650,

1266460 26075
R(14,Q)/R(10,Q) = , R(12,Q2)/R(10,Q) = ——.
27 216
A calculation for the minus part yields the result
11100679200 54618434
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453159

1606
We note that though there are two Hecke eigenforms in the non base change
part, these ratios are the same for them. B

R(13,Q)/R(11,Q) =

§7. Numerical examples II

7.1. In this section, we treat the case F' = Q(v/13). We use the same
notation as in the previous section. Many results there remain valid in the
present case so we will be brief.

The fundamental unit of F is € = “T‘/ﬁ The elements o, v and 7 of I'*
satisfy the relations (i) ~ (iv’) in §6.1 and
(V) Vv ? = 1(vrv )R
Though we do not know that (i') ~ (v') are the fundamental relations, we
will show that it is possible to calculate ratios of critical values of L-functions
rigorously.

Let F* be the free group on three letters o, v, 7. We define a surjective
homomorphism 7* : F* — I'* by 7*(c) = o, 7*(V) = v, 7*(T) = 7. Let R*
be the kernel of 7*. Then R* contains the elements (i*) ~ (iv*) in §6.1 and
(v*) D A e 7 A R
For every 7 € T, we choose 7 € F* so that 7*(7) = 7. We use the same
algorithm as in the previous section. _

We consider f* (cf. §5.6). We put f*=T(f). Then f* € Z*(T*,V) and
A0 = f+ (cf. §5.3). Let o € HY(R*,V)'" be a corresponding element to
f*. We may assume that (6.4) and (6.5) hold. We may also assume that

©(0?) = 0. We need to analyze the process of adding h|R* to ¢. For S, T,
U €V, there exists h € H'(F*, V) such that

hE) =S, hF =T, §h©) =U

We find that the conditions for A to vanish on the elements (iv*) and (v*)
are (6.7) and
(7.1)
[V —r{1+vrv 4 (v ) — 1T
+H(A =) +v) — {1+ vt + (v D)2 1 —vr YU =0

®We can show that the L-functions (2.47) are the same for two Hecke eigenforms in the
non base change part. In fact, let €2 # 0 be a Hecke eigenform in the non base change part
and let A(m) be the eigenvalue of T(m) for ). For the nontrivial automorphism o of F,
there exists a Hecke eigenform 2, # 0 such that Q,|T(m) = A\(m?)Q, (cf. [Y2], p. 1035,
Remark). Since €2 is not a base change, we have A(m) # A(m?) for some m. Hence €2, is
not a constant multiple of 2. On the other hand, L(s,€,) is equal to L(s, ).
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respectively. We put
A=p((@D)"),  B=e((E7)*)
Then (6.10) holds. As in the previous section, our objective is to determine
A explicitly.
7.2. Let us consider the Hecke operators. We put ¢* = T'(w)f* where
g* is defined by (5.4) with T'* in place of I'. Let v € H*(R*,V)!" be a
corresponding element to g*. We may assume that v is given by (6.11).

We have 3 = (4 4++/13)(4 —v/13) in F. Put w =4 — V13 = —2¢ + 7,
p = (w) and we consider the Hecke operator T'(p) = T'(ww). We may take

1 0 1 1 1 0
ﬁ1=(0 w), 52:(0 w), 53=<0 ;), 542(3 1).

Using (6.11), we can compute ¥(c?), ¥((o7)?) and ¢ ((67)%). Remarkably
it turns out that these quantities can be expressed by A and B. Since this
is technically the essential part of calculation, we are going to explain the
computation of ¥((77)?) in some detail. By (6.11), we have

U((07)%) = B3 Zs,

where

P o

(72) Zs = (5 (661 e 7)5(3) _126) ).

For x € Op and u € EF such that x divides u — 1, we put

{z,u}q

(o 76 )l ) ) )

Then {z,u}, € R*. As a quantitative version of Lemma A.6, (3) of Appendix,
we can show that

p({z, u}a) = p({x, u}a)
+o (uol uieﬂ(l B ue)/x) o (é ue12x) @({—ue*%, u671}4)

—_

e I LR (L)
()o@ ()
o sy )



for e € Z. (This formula holds for any real quadratic field F'.) By (7.3) and
using the formulas given in §6.5, we can express 1((o7)%) in terms of A and

B.
7.3. We assume o € HY(R*,V)I"* (cf. §5.5). Then, as in §6.6, we have
(0r+1)B =0, (6—1)A=0.
Fact 1. Suppose 0 <[y <[; < 20. Then adding h|R*, h € H(F*,V) to
¢ (keeping ¢ in the plus space under the action of §), we may assume B = 0.

Therefore our task is to find constraints on A = p((57)?). We put = =

el 27 1 —2¢
O(O . )0(0 1)andlet
(7.4) Zi={veV](ov—1)v=0, (6—1)v=0, v25 = Z3}.

Here Z3 is defined by (7.2) and the meaning of ©73 = Z3 is the same as in
§6.6. Namely, v73 = Z3 must hold because 2® = 1; since Z3 can be expressed
by A, xZ3 = Z3 gives a constraint on A.
We consider the contribution of H'(F*, V) to Z. Take h € H'(F*,V)
and put
h(c) =S, h(v) =U, h(7)=T.

We require that h|R* vanishes on the elements (i*), (ii*), (iv*), (v*). These
conditions are equivalent to (6.21), (6.22), (6.7) and and (7.1). We have
h((6D)%) = (ov +1)(cU + 9).

We also require that (6.23) holds. Let B} be the subspace of V' generated
by (ov + 1)(cU + S) when S, T, U extend over vectors of V' satifying the
relations (6.7), (6.21), (6.22), (6.23) and (7.1). We have B} C Z}. As shown
in §4.1, (6.24) holds. By Proposition 5.5, we have

dim ZX/BX > dim Sll+2_12+2(F) if 12 > 4, ll 7£ 12 or if ll = l2, 12 > 6.

Now by numerical computations, we have verified:
Fact 2. Suppose 0 < Iy <I; < 20. Then dim S, 494,+1(T) = dim Z /B}.
This fact means that the constraints posed on A = ((67)?) is enough.

Example 7.1. We take [; = [, = 6. We have dim Sgg(I") = 5. Calculat-
ing the action of T'(p) on Z} /B} using (6.11), we find that the characteristic
polynomial of T'(p) is

(X? — 40X — 3957)(X® + 28X* — 2601.X — 71748).
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The quadratic factor corresponds to the non base change part; the irre-
ducible factor of degree three corresponds to the base change part from
Ss(I'o(13), (53))- Let Q € Sgg(I') be the Hecke eigenform such that Q[T'(p) =

(20 + v/4357)€2. Then we find

R(6,9)/R(4,9) = 70/3.

Example 7.2. We take |, = [y = 8. We have dim Sy0,10(I") = 7. We find
that the characteristic polynomial of T'(p) is

(X?—16X —42789)(X°+X*—-66033X 341260423 X >+530326440X +14266185264).

The quadratic factor corresponds to the non base change part. Let Q €
S10.10(I") be the Hecke eigenform such that Q|T'(p) = (8 + v/42853)€2. Then
we find

R(7,Q)/R(5,9) = 50.

Example 7.3. We take [; = Iy = 10. We have dim S5 15(I") = 11. We
find that the characteristic polynomial of T'(p) is

(X — 252)(X* + 252X° — 496198 X2 — 116604684.X + 25202349477)
(X% +244X° — 665334 X* — 129598956 X + 109163403621 X >
+ 14522233287672X — 255121008509808).

The irreducible factor of degree four corresponds to the non base change
part; X — 252 corresponds to the base change part from Si5(SLa(Z)) and
the irreducible factor of degree six corresponds to the base change part from
512(F0(13), (1—3)) Put

F(X) = X" +252X% — 496198 X% — 116604684 X + 25202349477.

Let 6 be a root of f(X) and put K = Q(#). We find that K contains a
quadratic subfield F' = Q(+/7 - 5167). Put d = 7-5167. Then a root of f(X)

is given by

= —(63+Vd) + \/ 223837 — 360V/d.

We have
N(223837 — 360\/@ =13 -563 - 6205151.

This number and the quadratic fields in Examples 7.1 and 7.2 are consistent
with the table given in Doi-Hida-Ishii [DHI].
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For the Hecke eigenform 2 € Sy212(I") such that Q|T(w) = €2, we find

3732099 + 18663v/d
5 b)

R(10,Q)/R(6,Q) =

24367 + 121Vd
20 '

R(8,9)/R(6,Q) =

68. A comparison of two methods

In [Sh3], Shimura gave a method to calculate critical values of D(s, f, g)
for two elliptic modular forms f and g. Here D(s, f, g) is the Rankin-Selberg
convolution of f and g. Shortly later he gave a generalization to the case
of Hilbert modular forms ([Sh4]). Taking one argument in the convoluted
L-function as a suitable Eisenstein series, this method enables us to calculate
the ratios of critical values of L(s, 2) for a Hilbert modular form Q. We call
this technique method A. We call the cohomological technique method B,
which was initiated in [Sh1] and studied in this paper when [F': Q] = 2. It
is interesting to compare A and B.

(0) Method A is more general and conceptually simpler. It has the ad-
vantage to give the relation of the product of the plus and minus periods to
the Petersson norm. It is applicable also to modular forms of half integral
weights.

(1) If n =[F : Q] > 2, the method B has to calculate H™(I', V'), which is
beyond the reach at present. Therefore when [F': Q] > 2, A is definitively
superior than B.

(2) Suppose that [F' : Q] = 2. The method B is still incomplete. But
in the cases well worked out, F' = Q(\/g) for example, B has the advantage
that we can write a program which calculates everything by machine. It can
also be used to calculate the characteristic polynomials of Hecke operators.
(In this respect, it is desirable to solve the problem mentioned at the end of
subsection 6.5.) We employed essentially a single program to obtain examples
in section 7. Therefore in some cases at least, B will have the advantage over
A. But in general the method A is conceptually simpler.

In Doi-Goto [DG] and Doi-Ishii [DI], the authors gave interesting exam-
ples of critical values of D(s, f,g) for Hilbert modular forms f and g. Their
interests was the relation of this value to the congruences between Hilbert
modular forms. However they did not give examples of critical values of
L(s,€). Recently Dr. K. Okada calculated the ratios of critical values of
L(s, ) and confirmed the numerical value of Example 7.1 by method A. He
obtained one more example for F' = Q(v/17).
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(3) Suppose that F' = Q. The method B is developed into the theory of
modular symbols which is presently used to calculate characteristic polyno-
mials of Hecke operators. For the L-values, the author doesn’t know which
is faster. But the calculation of [Sh1] reviewed in the introduction suggests
that B would not be more complex than A.

Appendix. Generators and relations

Let F' be a real quadratic field and € be the fundamental unit of F'. Let
{1,w} be an integral basis of Op, i.e., Op = Z ® Zw. We write

(A.1) ¢ = A+ Buw, w=C+ Dw.

We put I’ = PSL(2, Op), I = SL(2, Op),

P )

We define elements of I by

_01 _eO _11 _lw
=\ =1 0) P o et) TT\0 1) "7\ 1)

Then it is known that o, p, 7 and 7 generate r (cf. Vaserstein [V]). This fact
can be proved in elementary way if Op is a Euclidean ring, F' = Q(+/5) for
example. We use same letters o, u, 7 and n for their classes in I, since this
will cause no confusion. Now we have relations among them:

a€ BEpbe OF} . P=P/{£1,}.

(i) o2 =1.

(ii) (o7)* = 1.
(iii) (op)? = 1.
(iv) ™ =nr.
(v) prp~t=14",
(vi) pnpt =77,
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If we can take w = € and —e~! = A’ 4+ B’e, then we have
(vii) ono =1 on 1.

The relations (ii) and (vii) follow from

1t 1 —t -t 1
(A.2) O(O 1)a:<0 1 )a(o —t_l)’ t € Ep.

It is easy to see that u, 7 and 7 generate P and (iv) ~ (vi) are their funda-
mental relations.
The purpose of this appendix is to prove the following theorem.

Theorem A.1. Let F = Q(v/5) and I' = PSL(2, Or). We take w = «.
The fundamental relations satisfied by the generators o, u, T and n are (i) ~
(vii).

We note that if F = Q(v/5)then A=1,B=1,C=1,D=2 A =1,
B’ = —1. The relations (i) to (vi) and (A.2) hold for any real quadratic field.
Our theorem states that the minimal relations are enough when F = Q(v/5).
This minimality will be satisfied by some more real quadratic fields with small
discriminants but will not hold in general.

We begin by preliminary considerations on generators and relations of
I.[ Since T is generated by P and o, every relation among elements of P
and o takes the form

P1OP20 -+ Py = 1, p€P, 1<i<m.

Using (i) and (iii) ~ (vi), this relation can be written as

1 = 1 1 x, _fu O '
(0 1)0(0 1)0 ~<0 1)0—( ul)’ z; € Op, u € Ep.

0
We call a relation of this type an m terms relation counting the number of
o involved.

Lemma A.2. Using relations (i) and (iii) ~ (vi), every three terms
relation can be reduced to (A.2).

Proof. If we have a two terms relation

1 = 1 2\  (u O
0 1/%\ o 1) \o w)

6For this part, we do not assume F = Q(v/5).
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we have 7 = x9 = 0, u = £1. Hence the two terms relation reduces to (i).

1 = 1 xo 1 3 _fu O
0 1)7%0 1)%%0 1)77\0 !
be a three terms relation. Then we see that zo = +u € Ep. Using (A.2), we

1
have o (0 :1:12) 0 = p1opy with some p;, po € P and the three terms relation

in question reduces to a two terms relation. This completes the proof.

Lemma A.3. Assume that we can take w = €. The relation (A.2) can
be reduced to the relations (i) ~ (vii). In other words, the relation (A.2) for
t € Er can be reduced to the relations (A.2) for t = 1, € using relations (i)
and (iii) ~ (vi).

Proof. We write the relation (A.2) as {t}. Using (i), the relation (iii)

-1
implies the relation (g uol) c=0 (u for u € E. Then we obtain

0
the relation {—t} taking the inverse of the both sides of (A.2), using (i),
(iv) ~ (vi). Taking the conjugate by u of both sides of (A.2), we obtain the
relation {¢~2t} using (i), (iii) ~ (vi). Since Er is generated by € and 41, this
completes the proof.

Next we consider the four terms relation.

(A3) (; ﬁl)o(g ?)g(g fgs)a(g) x;)a: (g uol)

We write the relation (A.3) as {x1, x2, x3, x4; u}.

Lemma A.4. The four terms relation (A.3) reduces to (i) ~ (vi) and
(A.2) if z; € Ef for some i, 1 <i < 4.

Proof. Suppose that zo € Er. By (A.2), we have o (é $12) 0 = P1ops
with some py, p, € P. Using this expression, we find that (A.3) reduces to a
three terms relation. We write (A.3) as

O )70 5) (0 w)e=r o )6 A)

. . . . . . Uzil 0 1 —U72LU1
Using (i) ~ (vi), the right-hand side can be written as o ul o 1 :
Hence {z1, z9, T3, T4;u} is equivalent to {zo,xs, x4, v 2x1;u~t} under (i) ~
(vi). By this cyclic rotation, any x; can be brought to the second position at

the cost of multiplying by a unit. Hence the assertion follows.
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For u € Er, v € Op, we have the relation

E :f) 3<(1) (1 —1u)/a;) 5 ((1] —xl/u> . ((1) —u(1 1— u)/x) .
u 0
U

if z divides u — 1.

Lemma A.5. Under (i) ~ (vi) and (A.2), the four terms relation (A.3)
can be reduced to (A.4) with some z and u.

O =

(A4)

Proof. We see easily that the four terms relation (A.3) is equivalent to
a relation of the form

1 x I Ly L ys\ (h O
!/ —
(4.3) "(0 1)“‘(0 1)“(0 1)“(0 1)\o nt)
Here z, y; € Op, 1 <i <3 and h € Er. By a direct computation, we get

h(?/lyz - 1) = —Ww, hy, = wex, h_l(?/zys - 1) = —Ww,

where w = £1. Putting u = wh™!, we have
1—u 1—ut
Y2 = ux, Y1 = ) Ys =
uw uw

Hence we see that x divides u — 1 and that (A.3’) is equivalent to

w7l

_ <(1) (1 —zf)/u:c> . <(1) ula:) . <(1) (1 —ul_l)/u:c) (u; 2) '

On the other hand, under (i) ~ (vi), (A.4) is equivalent to
1 —x
olog 1)°
(A.4)

_ (é (1 —1u)/:c> . <(1) —:i/u> . <(1) —u(1 N u)/x) <7E)L u(L) '

We obtain (A.3”) from (A.4") by substituting by —x and u by u~!. This
completes the proof.

We denote the four terms relation (A.4) by {x,u}. We have {z,u} =
{z,1—u)/x,—x/u, —u(l—u)/z;u}. Under (i) ~ (vi), the relation of the form
(A.3') is equivalent to {x,u} and the relation {x1,xs, x3, x4; u} is equivalent
to {wq, 3, 24, u"2x1;u""} (cf. the proofs of Lemmas A.4 and A.5). Therefore
{z,u} is equivalent to {(1 — u)/z,u"'} under (i) ~ (vi). By Lemma A.4,
{z,u} is reducible to (i) ~ (vi) and (A.2) if x € Er or (1 —u)/x € Ep.
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Lemma A.6. Assuming (i) ~ (vi) and (A.2), the following assertions
hold.

(1) {z,u} is equivalent to {—z,u"'}.
(2) {z,u} is equivalent to {t*>x,u} for every t € Ep.

(3) We assume the four terms relation {x,u}. Then {z,u} is equivalent
to {utx,u'~¢} for e € Z.

(4) {z,u} is equivalent to {(1 —u)/x,u"1}.
(5) Suppose that (x) = (2). Then {z,u} is equivalent to {x, —u}.
Proof. We write {—z,u™'} in the form of (A.3”). Taking the inverses of
both sides, we obtain (1). We obtain (2) taking the conjugates of both sides
by tol g) To prove (3), we set the right-hand side of (A.3") is equal for

{z,u} and for {x,u°}. By a simple computation, we find that the resulting
equality is

()
_ ((1) (ue! —11)/u6x) . (é ulx) . ((1) (u™! —1ue2)/a;) (uzl UI()) |

which is {u®z,u'~¢}. Hence we obtain (3). We noted (4) already in the
discussion before Lemma A.6. To prove (5), we set the right-hand side of
(A.3") is equal for {z,u} and for {z, —u}. The resulting equality is

1 ux
oy 1)°
(1 —2/uzx 1 —ux 1 —2/uz\ (-1 0
o 1 )% 1 )%\ 1 0 —1)°
Since —2/uz € EF, this relation reduces to a three terms relation by Lemma

A.4. In view of Lemma A.2, this completes the proof.

Remark A.7. Suppose that (1 —u)/x € Ep. Then, by Lemma A.4,
{tx,u} can be reduced to (i) ~ (vi) and (A.2) for every t € Er. By (1) and
(3) of Lemma A.6, we see that {x,u°} can be reduced to (i) ~ (vi) and (A.2)
for all e € Z.

The following Lemma is of some interest though it will not be used in
this paper.
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Lemma A.8. Suppose that there exist sequences of integers xg, x1, . . .,
1, € Op and units ug, uq, ..., u, € Er such that

xi_lxizl—ui, 1§’L§k3

We assume that u; = wu;";, 1 < i < k with a nonzero interger m;. If
(1 —wug)/xo € Ep, then the four terms relation {xy, uy} reduces to (i) ~ (vi)
and (A.2).

Proof. Using Lemma A.6, the reducibility of {tz;,ui}, t € Ep, e € Z
can be shown easily by induction on .

Let G be a group with generators oy, ..., 0,,. Let F be a free group on the
free generators o4,...,0,,. Then we can define a surjective homomorphism
m:F — Gbyn(o;) =04, 1 <i<m. Let R be the kernel of w. Next
let S be a finite subset of G which generates GG. For v € S, we prepare a
symbol [y] and let F’ be the free group on the free generators [y], v € S.
We can define a surjective homomorphism 7’ : 7/ — G by 7'([y]) = 7,
v € S. Let R’ be the kernel of 7. Clearly ([y1][v2]) v172] € R if v, 7o,
Y172 € S. We assume that R’ is generated by the elements of this form and
their conjugates.

Now for every v € S, we take and fix an expression

vy =05 ok, i; €[1,m], € ==l

and put ¥ =g} ---0;F. (If vy = 0y € S, we put 7 = 0;.) By the universality
of the free group, there exists a homomorphism ¢ : ' — F which satisfies
o([v]) =7, v € S. Then we have 7’ = 7o . Let Ry be the normal sub-
group of F generated by (1%2) 17172, V1, 72, 7172 € S and their conjugates.
We have Ry C R. Since ¢(R') C Ry by the assumption, ¢ induces the ho-
momomorphism @ : F'/R' — F /R, which satisfies ¢(¢ mod R') = ¢(g)
mod Ry, g € F'.

Lemma A.9. Let the notation be the same as above. If o; € S,
1 <i < m, then we have Ry = R.

Proof. Define a homomorphism g : F/Ry — G by mp(h mod Ry) =
m(h), h € F. Since (mpo¢)(g mod R') = (mrop)(g) =7'(9), g € F',mop
is injective. Hence mo|@(F’/R') is injective. We can write ¢(F'/R') = H/Ry
with a subgroup H of F. Now the assumption of the Lemma implies H = F.
Therefore 7 is injective and we obtain Ry = R.

For the proof of Theorem A.1, we use the following theorem of Macbeath
(cf. Theorem 1 of [Mac] and also Theorem 1.1 of [Sw]).
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Theorem M. Let X be a path connected Hausdorft topological space
and I" be a group which acts on X as homeomorphisms. We assume that the
fundamental group m(X) of X is trivial. Let V be a path connected open
subset of X such that X = T'V. Define a subset S of I" by

S={yel|VnNyV #0}.

Then S generates I'. [ Let F be the free group which has the symbols [o],
o € S as free generators. Define a homomorphism 7 : F — I" by n([o]) = 0.
Let R be the kernel of w. Then R is generated by ([o][7])~![oT] and their
conjugates, where o and T are elements of S which satisfy

(%) VoV NnoerV # 0.

In other words, I has a presentation I' = F/R.

Swan ([Sw]) generalized this theorem to the case where 7 (X) # 1 and ob-
tained generators and relations for SL(2, O), for several imaginary quadratic
fields K with small discriminants.

Let the notation be the same as in Theorem M. For a subset T of X, we
put

S(T)={y el | TN~T # 0}.

Let D be a closed subset of X such that I'D = X.

Lemma A.10. Suppose in addition that the topological space X is
normal. Then we have

mU:)D, U is open S<U) = S(D)

Proof. Clearly the left-hand side contains the right-hand side. Pick an
element ~y of the left-hand side. Assume that DN~yD = (). Since X is normal,
we can find open subsets U and U’ of X so that

U>DD, U D~D, Unu =0.

Put U” = U N~~'U’". Then we have U” > D, U"N~U" c UNU' = (. This
is a contradiction and we complete the proof.

Next we assume that S(D) is finite and that S(U) is finite for an open
set U which contains D. We put

S<D) = {717"'777%}7 S(U) :{717---77m77m+17---77n}

"This fact is an old result of Siegel, cf. [Sil].
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assuming S(U) 2 S(D). By Lemma A.10, for every v;, i > m, there exists
an open set U; O D such that ; ¢ S(U;). Put V. =UnN(N;.,,,,U;). Then we
have 7; ¢ S(V'). Therefore we conclude that S(D) = S(V) for an open set V'
which contains D. This means that we may replace S to S(D) in Theorem M
if such a V' is path connected. (Note that in Theorem M, ([o][7])"![o7] € R
for o, 7 € S such that o7 € S. Thus the condition (%) may be dropped.
However (x) reduces the number of relations and can be essential for the
practical purpose.)

Now let F' be a totally real field of degree n. Let us review the funda-
mental domain of I' = PSL(2, Op) acting on " (cf. [Si2]). Let oy,...,0,
be all the isomorphisms of F into R. For a € F, we put a!¥ = a%. Take an
integral basis of O so that

OF:ZCUQ+ZW2+"'+ZCU,L

and let €1, ..., €, 1 be generators of a free part of Ep. For x = (x1,...,x,) €
C", we put N(z) = x1 - - - x,. For simplicity, we assume that the class number
of F'is one. Take z = (z1,...,2,) € §". Put z; = x; + 1y;, z;, y; € R. We
define the local coordinates of z relative to the cusp co by the formulas (cf.
[Si2], p. 249)

1
A.5) Yilog e(k)+---+Yn_1log e(kz = —log Yk , 1<k<n-1.
1 n—1 n
2 N(y)
(A.6) X1w§l)+-~-+ang):xl, 1 <1<,
Here y = (y1,...,¥yn). We put
Lo 1 , 1 1 .
Dw:{zeﬁ\——g}/@-<§,1§z§n—1, —§§Xj<§,1§j§n}.

Then D, is a fundamental domain of P. (P is the subgroup of I' consisting of
all elements which are represented by upper triangular matrices.) We define

D ={2¢€ Dy |N(lez+d|) >1 whenever

A7
(A7) ¢ and d are relatively prime integers of Op}.

Here D, denote the closure of Dy, and |cz+d| = (|cMz +dD|,. .. ™z, +
d™|). Then D satisfies that (cf. [Si2], p. 266-268):

1. D is a closed subset of $™ such that I'D = $H™.
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2. Two distinct interior points of D cannot be transformed each other by
an element of T

3. There are only finitely many v € T" such that DN~yD # (). Furthermore
D and vD, v # 1 can intersect only on the boundary of D.

Now we assume that [F': Q] = 2. We may assume that w; = 1, wy = w,
¢) = ¢. Then we have

(A.8)
D:{ZE5:_)2|€_2§%§62,
Y1
1< 1 ( )<1 1< 1 ( )<1
— = Wy —wr - == r—x —
2 w—w V= 2 w—w T T

N(|cz +d|) > 1 whenever ¢ and d are relatively prime integers of OF}.

Here w’ denotes the conjugate of w.
Hereafter in this section, we assume that F' = Q(v/5). We take w = .
The next lemma is the essential ingredient of the proof of Theorem A.1.

Lemma A.11. Let F = Q(+/5) and take w = ¢. Put S = {y € T |
DnN~D # (0}. Then S is a finite set and we have S C Sy U Sy U Sy, where

b
SOZP7 51:{/7:((; d)7C€EF}7

o _f ([t b +1 b
27T T 2 463 ) 2% 2 +1) ("

Here + can be taken arbirarily and b € O is chosen so that dety = 1. (S
consists of eight elements.)

We give a proof of Theorem A.1 assuming Lemma A.11.

Proof of Theorem A.1. We consider $2 C C? and let d denote the
Euclidean metric induced by this embedding. For § > 0, we put

Ds={z € $H*|d(2,D) < d}.

We see easily that D is path connected. Let z € Ds. Then there exists
z1 € D such that d(z,z;) < 0. Hence z is connected by a path to z.
Therefore Ds is path connected. By using the argument of Lemma A.10,
we see that Ns~oS(Ds) = S. Moreover we can show without difficulty that
S(Ds) is finite when 0 is sufficiently small. Therefore S(D;s) = S when §
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is sufficiently small and Theorem M can be applied with S given in Lemma
A1l

For v € S, we prepare a symbol [y] and consider the free group F’
on the free generators [y]. By Theorem M, it is sufficient to show that
Yol i) 7 12, Y15 Yo, 7172 € S can be reduced to a three term relation.
We put S = SNS;, 0 < i < 2. We can check easily that o, u, 7,7 € S. Hence
Lemma A.9 is applicable. Let F be the free group on the free generators o,
i, T and 77. We define a homomorphism 7 : F — I" by 7(0) = o, () = u,
7(T) = 7, () = n. For v € S, we define ¥ € F such that 7(y) = v as
follows.

If v € P, we write v = u®7®n°. Then we define 7 = p47°7°
this rule applies to an element v € S|. We have

ao (D)= 6 )G (@ 2h) e

Hence v € S| can be written as v = piops, p1, p2 € P. We fix such an
expression and define ¥ = pyopy. Suppose v € S,. We write 7 in the form
T < u g),u,u*EEF,BEC’)F,mEZ. We have

2e™

(A.10) (;:m 5) _ (é _2“116m) o <_O“ __uﬂl) .

We fix this expression v = opiops, p1, p2 € P and define v = op10p,.

By Lemma A.9, it is sufficient to show that ¥, '3, 19775 reduces to a three
terms relation (under (i) ~ (vi) and (A.2)) when 71, 72, 7172 € S. We see that
there cannot arise the case where all of vy, v, 7172 belong to S, by inspecting
the (2,1)-component of v17,. This implies that if two of 1, 79, 7172 belong
to S}, then the other one must belong to S). Therefore 7, !5, !9, defines
at most a four terms relation. We may assume that 7, '3, 177, defines a
four terms relation. Then one of 1, 7a, 7172 belongs to S5. By (A.10), this
relation takes the form (A.3') with € Op such that () = (2). As shown in
the proof of Lemma A.5, it suffices to consider the four terms relation {z, u}
for w € Ep such that = divides u—1 . Now the group Eo) ={u € Ep [u=1
mod 2} is generated by —1 and €3. By € — 1 = 2¢ and Remark A.7, we see
that {z, e3¢} is reducible to (i) ~ (vi) and (A.2) for e € Z. By Lemma A.6,
(5), {x, —€3¢} is reducible to (i) ~ (vi) and (A.2). This completes the proof.

. In particular,

Now we are going to prove Lemma A.11. We consider an element v € T’
such that for a point z € D, vz € D holds, i.e., DN ~y~1D # (. . we put

8Since S;, i = 0, 1, 2 is stable under v+ y~!

DnN~y~iD #0.

, it suffices to determine v which satisfies
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a b . .
= (0 0) = = ) = i g = 120 = (). We

N(y)
Ny )= —""—.
¥) = Nez + a2
Hence N(y') < N(y). Changing the roles of z and 2’, we have N(y) < N(y').
Hence we see that N(y') = N(y) and
(A.11) N(lez+d]) =1.
Since we are assuming that F' = Q(v/5), w = ¢, we have

I++5 1—+5
Ty = X1+ 2\/_ 2\/_

Xo, o= X5+

, —

1
Xo, 3 <X; <

N | —

Then z17o = X? — X2 + X; X, and we see that

)
(A12) [Te| < —, || <

<
16 |2l <

Since z € D, we have
(A.13) N(|z])* = (21 + yi) (23 + y3) > L.

Put k = y1y,. Since € 2 < y1/ys < €2, we have e 'k <y, yo < eVk. Then
by (A.13), we have

k? + (27 + 23)’k + 2325 — 1 > 0.
We consider the equation with respect to ¢:
(A.14) t? + (2] + 23)e’t + aia; — 1 =0.

Let £ be the positive root of (A.14) and let k* = min&. Here the minimum
is taken with respect to X; and X5, regarding x; and x5 as the functions of
X; and X5; X; and X5 extend over the domain —1/2 < X, X, < 1/2. Let
k be the positive root of the equation

7(3 3 15
8 16

This is the positive root of (A.14) when X; = X, = 1/2, z; = (3 +V/5)/4,
Ty = (3 —+/5)/4. We have k = 0.19622---. By elementary but somewhat
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tedious calculation, which we omit the details, we can show that x* = k.
Hence we have

(A.15) Yiys > K = 0.19622- - - .

If ¢ = 0, then v € Sy. It suffices to show that v € 57U Sy assuming ¢ # 0.
By (A.11), we have

(A.16) [N (e)lyry2 < 1.

By (A.15), we have |N(c)| < 1/k. Therefore |[N(c)] = 1 or 4 or 5. If
IN(c)| =1, then ¢ € Ep and v € S;. Hereafter we assume |N(c)| = 4 or 5.
By (A.15) and (A.16), noting € 2 < y1/y2 < €2, , we obtain

(A.17) Ve <y < ——=.
IN(c)]

Since N(|z]) > 1, we have (23 + y3) (23 + y3) > 1. Using y1y2 < 1/|N(c)]|, we
have

2 4 2 2 1 2 x%

NP N2 =

If x1 = 0, we obtain

1 1
>1—-—

22 >1—
N2= 27 N2 = 16

from N(|z|) > 1 and (A.16). By (A.12), we have

1 2
>4/1——-—=1.19681---.
= 16 ¢
This contradics (A.17). Hence we have z; # 0.
First we exclude the case |[N(c)| = 5. To this end, we assume |N(c)| =5
and consider the equation (cf. (A.18))
5

1
(A.19) 23 — (1 — 2222 — %)t +5:=0.

Let f(t) be the polynomial of ¢ on the left-hand side. For t; = e 2k, we have

25 1 1 €

e+ 1
___t _ (—
256 25)“25(2

flto) < (=) — (1

)2 = —0.02882--- < 0
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using (A.12). Let m; > ¢ %k > ny be the roots of the equation (A.19). By
(A.17) and (A.18), we must have y, > /1. We note that (cf. (A.17))

€
We consider 7; as a function of X; and X5 defined in the domain —1/2 <
Xi, Xy < 1/2. First we consider 7; on the subdomain defined by the condi-
tion 7 > 0. It is not difficult to check that n; is monotone decreasing with re-
spect to the both arguments X; and X,. For X7 = 1/2, X, = 0.4985, we have
VL = 0.72377 - - - For X, = 0.4985, Xy = 1/2, we have /M = 0.72389 - - -.
In view of (A.20), we must have X7, X5 > 0.4985. Similarly, in the subdo-
main x1 < 0, we must have X7, Xy < —0.4985.

First we consider the case X7, Xy > 0.4985. For relatively prime integers
a, B € Op, we have (cf. (A.8)) N(laz+ 8|) > 1. Take a = 2, 8 = —¢%. We
have

1221 — € < 0.03(1 +¢), 1229 — 72| < 0.03(1 + |€]).

Here € = (1 — +/5)/2 is the conjugate of e. Then we find

N(|2z = €])? = {(221 — €)? + 47 H{(2z2 — € )% + 443}
= 16ydys + 4y%(2x2 — 672)2 + 4y§(23:1 — 62)2 + (2z — 62)2(2:52 — 672)2

< ;—g + 4y7{0.03(1 + €)}* + 4y5{0.03(1 + |€'])}?
+{0.03(1 + €)}2{0.03(1 + |€|)}*.

Since yi, y2 < 0.72360 - - -, this contradicts N(|2z — €%|) > 1. When X\,
X, < —0.4985, we obtain a contradiction similarly by taking o = 2, 8 = €2.
Thus we have shown that the case |N(¢)| = 5 cannot occur.

It remains to show that v € Sy assuming |N(c)|] = 4. We can write
¢ = £2¢™ with m € Z. Changing v to —v if necessary, we may assume that
c=2¢". We put 2’ = (21, 29) = 72, 2 = 2, + iy}, j = 1, 2. Since z = vy,

vl = (—dc _ab)’ the estimate (A.17) holds also for 3] and y5. We have

(A21) e 'Vr=0.27376 < y1,yo, ¥, vy < ——— = 0.80901 - - - .
|N(c)|
We have A A '
J
Hence we obtain
2

. . €
(A22) e /rVIN@)| < |z +dV)P < ——oon,  j=1,2.
’ VEVIN(0)]
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In particular, we have

2
. €
(P < —— e, =12
7T VREVIN()]
Using (A.21), we obtain
(A.23) V| < Ex734N(e)| YV =6.27915---, j=1,2.

From (A.23), we obtain m = 0, +1, +2.

Next we are going to restrict possibilities of d. A preliminary table of
listing all possible d can be obtained by (A.22) and (A.23). By (A.11) and
(A.21), we have

(A.24) {(2e™xy +dD)2 42 2 (2(€)ay +dP) + 4P 725} < 1.
We consider the equation (cf. (A.18))

1 x2
A2 22 (1 — 2222 — )+ 2 =0.
( 5) Ty ( L1y 16)+16 0

Let g(t) be the polynomial of ¢ on the left-hand side. For ty = ¢ 2k, we can
check g(to) < 0. Let ny > to > 19 be the roots of ¢g(¢). By (A.18) and (A.21),
we have y» > /7. As in the case where |N(c)| = 5, we consider 7; as a
function of X; and X, defined in the domain —1/2 < X3, Xs < 1/2. On the
subdomain defined by the condition x; > 0, we check that 7; is monotone
decreasing with respect to the both arguments X; and X5. For X; = 1/2
X, = 0.39, we have \/n; = 0.81291---. For X; = 0.38, X, = 1/2, we have
VM = 0.81101---. In view of (A.21), we must have X; > 0.38, X, > 0.39.
Similarly, in the subdomain z; < 0, we must have X; < —0.38, X5 < —0.39.
Let V be the closed domain

V= {(X1,X5) | 0.38 < |X1| < 1/2, 0.39 < |Xo| < 1/2}
and consider the function
F(X1, Xo) = {(26™ 21 + dD)? + 4221 {(2(€) ™ wy + dP)? + 4272}
on V. By (A.24), we see that:
(C1) The minimum of f(X;, Xs) on V' does not exceed 1.

Next let & be the positive root of (A.14). Since y1y2 > &, we have y,
Yo > e /€. By (A.11), we obtain another inequality:

(2e™zy + dV)2(2()"xy + dP)? + 42 2E (2 xy 4 dD)?

A.26
( ) —|—462m72£(2<6/)m1’2 + d(2))2 + 16&2 < 1.
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We regard x, x5 and £ as the functions of X; and X, and let g(X;, X3) be
the function on the left-hand side of (A.26). Then (A.26) implies:

(C2) The minimum of g(X;, Xs) on V' does not exceed 1.

By numerical computations using a computer, we find the following:

For m = 0, (C1) leaves possibilities d = 41, d¢, &2, +¢ . If combined
with (C2), the only possibility is d = €. For m = 1, (C1) leaves possibilities
d = +1, *e, +€%, £e3. If combined with (C2), the only possibility is d = 4-€3.
For m = 2, (C1) leaves possibilities d = +e, +¢2, +¢*, +€*. If combined with
(C2), the only possibility is d = +€*. For m = —1, (C1) leaves possibilities
d = *1, +e, +e !, £e 2. If combined with (C2), the only possibility is
d = +e. For m = —2, (C1) leaves possibilities d = +1, e !, de 2, & 3. If
combined with (C2), the only possibility is d = +1.

Thus, in every case where ¢ = 2¢™, we have d = +€" with n depend-

ing only on m. Changing the roles of z and 2’ and noting that —y~! =

(_Cd _ba), we see that a must have the same form a = +€". (Here the +

sign is arbitrary but n is the same for d and a.) By dety = 1, we have ad = 1
mod 2, which implies n = 0 mod 3. Therefore only the cases m = 1, —2 can
survive and we see that v € Sy. This completes the proof of Lemma A.11.
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