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Abstract

Odd symplectic Grassmannians are a generalization of symplectic Grassmannians to odd-
dimensional spaces. Here we compute the classical and quantum cohomology of the odd
symplectic Grassmannian of lines. Although these varieties are non homogeneous, we obtain
Pieri and Giambelli formulas that are very similar to the symplectic case. We notice that their
quantum cohomology is semi-simple, which enables us to check Dubrovin’s conjecture for this
case.

Introduction

The quantum cohomology of homogeneous varieties has been extensively studied (see [I3] for
references). Other well-known examples are toric varieties, yet apart from these settings, there
are only few examples where the quantum cohomology has been explicitly determined. Quasi-
homogeneous varieties provide interesting non toric and non homogeneous examples. Among these
two Hilbert schemes have been studied, Hilb(2,P?) [6] and Hilb(2, P! x P') [L1].

In [I0] Mihai studied a family of varieties, the odd symplectic flag manifolds, which have many
features in common with the symplectic flag manifolds. These varieties are interesting at least
for two reasons ; first, they are quasi-homogeneous, and secondly, since they have an action of
the algebraic group Sp,,,; (the odd symplectic group), whose properties are closely related to
those of Sp,,,, they are expected to behave almost like homogeneous spaces and thus be relatively
easy to deal with. The classical and quantum cohomology of symplectic Grassmannians has been
described in [2] and [I], so one can ask whether it is possible to obtain similar results in the case
of odd symplectic Grassmannians.

Here we deal with the case of the odd symplectic Grassmannian of lines IG (2, 2n + 1), although
some of the results about the classical cohomology hold in a more general setting. In and
we use the natural embeddings of IG (2,2n + 1) in the usual Grassmannian and in the symplectic
Grassmannian to compute classical Pieri (see [[4]) and Giambelli (see [[7)) formulas, as well as a
presentation of the cohomology ring (see [Lg).

For the quantum cohomology the situation is more complicated. Since these varieties are not
convex it is necessary to study carefully the moduli spaces corresponding to 2- and 3-pointed
invariants of degree 1 to show that they are unobstructed. This is done in 2.1l Another difficulty is
that since the group action is not transitive, an important transversality result, Kleiman’s lemma
[7] no longer holds. So it will not be possible to force two Schubert varieties to meet transversely by
an adequate choice of the defining flags as was done for instance in [4]. Hence the Gromov-Witten
invariants associated to Schubert varieties are not always enumerative. To solve this problem we
replace Schubert varieties by another family of subvarieties and we use a transversality result of
Graber [6] suited for quasi-homogeneous spaces. Finally in [Z5] we obtain a quantum Pieri formula
and a presentation of the quantum cohomology ring.

Our results show that there is a lot of similitude with the symplectic case, since the classical
and quantum Pieri formulas are almost the same in both cases. The Hasse diagrams are closely
related as well (see [[H)). However, Poincaré duality is very different, since the Poincaré dual of a
Schubert class is no longer always a single Schubert class (see [[3]). Finally, as an application of
the quantum presentation, we show in 2.6 that contrary to the symplectic case (see [3]), the small
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quantum cohomology ring of the odd symplectic Grassmannian of lines is semi-simple, hence the
same result holds for the big quantum cohomology ring. Since it is possible to find exceptional
collections for these varieties, we deduce that Dubrovin’s conjecture [5] holds.

I wish to thank Laurent Manivel for his help on this subject.

1 Classical cohomology

Let V be a C-vector space of dimension 2n+1 (n < 2) and w be an antisymmetric form of maximal
rank on V. We denote its kernel by K. The odd symplectic Grassmannian is

IG,(m, V) :={X € G(m,V) | X is isotropic for w}.
It has an action of the odd symplectic group :
Sp(V) :={g € GL(V) | Vu,v € V w(gu, gv) = w(u,v)}.

Up to isomorphism, IG,,(m, V) does not depend on the 2n + 1-dimensional vector space V nor on
the form w, so we may denote it by IG(m,2n + 1). Similarly, from now on we denote Sp(V') by
SPan41- We recall some basic facts from [10] :

Proposition 1. 1. The odd symplectic Grassmannian I1G(m,2n + 1) is a smooth subvariety of

m(m—1)
2

dimension m(2n+1—m) — of the usual Grassmannian G(m,2n + 1).

2. If 1 <m < n, IG(m,2n + 1) has two orbits under the action of the odd symplectic group
SPon+1 -

o the closed orbit O := {X € IG(m,2n + 1) | ¥ D K}, which is isomorphic to the symplec-
tic Grassmannian IG(m —1,2n) ;

o the open orbit {X € IG(m,2n+1) | X 2 K}, which is isomorphic to the dual of the
tautological bundle over the symplectic Grassmannian 1G(m,2n).

For us a quasi-homogeneous space will be an algebraic variety endowed with an action of an
algebraic group with only finitely many orbits. Odd symplectic Grassmannians with m < n are
examples of such spaces. In the sequel we will always assume m < n.

1.1 Schubert varieties

A C-vector space V of dimension 2n + 1 endowed with an antisymmetric form of maximal rank
w can be embedded in a symplectic space (V,@) of dimension 2n + 2 such that @ |y = w. This
construction gives rise to a natural embedding i : IG(m, 2n + 1) <= 1G(m, 2n + 2). Mihai proved in
[10] that i identifies IG(m, 2n+1) with a Schubert subvariety of IG(m, 2n+2). Moreover he showed
how to use this embedding to obtain a description of the Schubert subvarieties of IG(m,2n+1). In
[LTT] we recall some facts about Schubert varieties in 1G(m, 2n), then in we explain Mihai’s

description for Schubert varieties in IG(m, 2n + 1) and introduce another one using partitions.

1.1.1 Schubert varieties in the symplectic Grassmannian

Here we recall the indexing conventions introduced in [2]. Two kinds of combinatorial objects can
be used to index Schubert varieties of the symplectic Grassmannian IG(m, 2n), k-strict partitions
(with k£ := n —m) and index sets :

Definition 1. 1. A k-strict partition is a weakly decreasing sequence of integers A = (A1 >
Z)\mZO) such that)\j >/€:>)\j >)\j+1,

2. An index set of length m for the symplectic Grassmannian is a subset P C [1,2n] with m
elements such that for all i,j € P we have i + j # 2n + 1.



Now if F, is an isotropic flag (i.e a complete flag such that Ft , = F,,; for all 0 < i < n), to
each admissible index set P = (p1,...,pm) of length m we can associate the Schubert cell

Xp(Fy) == {X €1G(m,2n) | dm(ENF,,) =4, V1<j<m}.

Moreover there is a bijection between (n —m)-strict partitions A such that Ay < 2n —m and index
sets P C [1,2n] of length m, given by

A= P=(pi1,....,pm) Where pj =n+k+1-XN+#{i<j| N+ N <2k+j—1i}
P A= (A,.... ) where \j =n+k+1—p;+#{i<j|pi+p; >2n+1}

The advantage of the representation by k-strict partitions is twofold : it mimics the indexation
of Schubert classes of type A Grassmannians by partitions, and the codimension of the Schubert
variety associated to a k-strict partition A is easily computed as |\ = Z;nzl Aj. In the next
paragraph we will describe a similar indexation for the odd symplectic Grassmannian.

1.1.2 Schubert varieties in the odd symplectic Grassmannian

In the odd symplectic Grassmannian IG(m,2n + 1) we define index sets of length m as m-uples
P=(p < - <ppm)with 1 <p; <2n+1 for all j and p; + p; # 2n + 3 for all 4, j.

Proposition 2 ([I0]). The embedding i : IG(m,2n + 1) — IG(m, 2n + 2) identifies IG(m,2n + 1)
with the Schubert subvariety of IG(m, 2n +2) associated to the (n -+ 1—m)-strict partition \° such
that A} = --- =\ =1 (or, equivalently, to the index set P° = (2n+2—m,...,2n+1)).

Schubert subvarieties of IG(m, 2n + 1) are defined with respect to an isotropic flag Fy in C2"+1,
i.e a complete flag which is the restriction of an isotropic flag in C2"*2. Proposition 2limplies that
the Schubert varieties in IG(m,2n + 1) can be indexed by index sets P such that P < P9 (for the
lexicographical order). Now if P is such an index set, we associate to it a (n — m)-strict m-uple of
weakly decreasing integers A = (A > -+ > X\, > —1) defined by :

ANj=2n+2-m—p;j+#{i<j|pi+p;>2n+3} forall 1 <j<m.

Conversely if A= (A > -+ > A\, > —1) is any (n — m)-strict m-uple of weakly decreasing integers
such that A\; < 2n 4+ 1 — m, then the assignement

pi=2n+2—m—-XN+#{{<jlN+N<2(n—m)+j—i} foralll1<j<m

defines an index set of [1, 2n + 1]. Tt is easy to check that with respect to this indexation convention,
the Schubert variety X (F,) has codimension |A| in IG(m,2n + 1).

Remark 1. For the case of the odd symplectic Grassmannian of lines IG (2, 2n + 1), it follows that
the indexing partitions can be either

e “usual” (n — 2)-strict partitions A = (2n —1> X1 > A2 > 0) ;

e the “partition” A = (2n — 1, —1) corresponding to the class of the closed orbit Q.

1.2 Embedding in the symplectic Grassmannian

Now we draw some consequences of the embedding of IG (2,2n + 1) as a Schubert subvariety of
a symplectic Grassmannian. Since we know the cohomology of 1G (2,2n + 2), the knowledge of
the restriction map i* will give us information on the cohomology of I1G (2,2n + 1). Let F, be
an isotropic flag, Y, (F,) a Schubert subvariety of IG (2, 2n + 2) and v, the associated Schubert
class, where (a,b) is an (n — 2)-strict partition. From Proposition [2] we know that IG (2,2n + 1)
is isomorphic to the Schubert subvariety Y; 1(Es) of I1G (2,2n + 2), where E, is an isotropic flag
which we may assume to be in general position with respect to F,. Then it follows that Y, ;(F,)
and Y7 1(F,) meet transversally, hence we can compute the restriction i*v,; by computing the
class of the intersection Y, ;, NY7 1 in IG (2,2n + 2) using the classical Pieri rules for 1G (2,2n + 2)
(see [2]):

o or s Va+1,b+1 ifa+b#2n—22n—1,
neCh Vat1,b+1 + Vat2p ifa+b=2n—2or2n—1.



Remark 2. In the above formula, we should remove classes indexed by partitions which do not
make sense, i.e that are not indexing partitions for the corresponding Grassmannian. For instance,
we should remove classes corresponding to partitions that are not k-strict for the suitable value of
k, have first part too big... We will adopt this convention throughout the rest of the text.

Now, remembering the identification of IG (2,2n + 1) with vy 1, express the pushforward i.7. ¢
of a class 7.4 in IG(2,2n+1) :
i*Tc7d = Uc+1,d+1-

Using the projection formula i, (« - i*5) = .« - 3, we obtain :
Lemma 1.

. Ta,b ifa+b#2n—-22n—1,
Vg p = '
° Tap + Tat1p—1 fa+b=2n—-2o0r2n—1.

In particular we notice that i* is surjective and has kernel generated by the class vo,. So
the classical cohomology of IG (2,2n + 1) is entirely determined by the classical cohomology of
IG (2,2n + 2).

Remark 3. The surjectivity of the restriction map i* remains true for any odd symplectic Grass-
mannian IG (m, 2n + 1). However, combinatorics is much more intricate than in the case m = 2.

1.3 Poincaré duality

Denote by a the Poincaré dual of the cohomology class « (be it in IG (2, 2n + 1) or in IG (2, 2n + 2)).
Poincaré duality in IG (2, 2n + 1) takes the form :

Proposition 3 (Poincaré duality).

Ton—1-b,2n—2—a ifa+b<2n—2,
Tab = Ten—2-b2n—1—a + T2n—1-b2n—2-a fa+b=2n—-2o0r2n—1,
Ton—2—b,2n—1—a ifa+b>2n—1.

Proof. We will derive this result from Poincaré duality on IG (2,2n + 2) using lemma[Il But first
we state

Lemma 2. Let o be a cohomology class in 1G (2,2n + 2). Then i*a = a_, where we denote by
a_ the class in 1G (2,2n + 1) such that i.(a_) = a. Notice that if o is a Schubert class, a_ only
exists when o = vgp with b > 1 or (a,b) = (2n,0).

Proof of the lemma. By definition of Poincaré duality, if o and 8 are two cohomology classes in

IG (2,2n + 2), then
/ Q- 5 = (5(1”3
1G(2,2n+2)

where § is the Kronecker symbol. So

/ (o) F=dus = | i (am1°B) = G M)
1G(2,2n+2) 1G(2,2n+2)

Now express i*/ on the dual base in 1G (2,2n + 1) : i*3 = >, 2347 We get

6a7ﬂ = Zxﬂﬁ/ i*(a7 : :77) = Zxﬁﬁéa—ﬁ'
5 1G(2,2n+2) v

S0 23,4 = 0q,3, and the result follows. O

To conclude we prove with the projection formula that if « is a class in IG (2,2n + 2), then
a_ = (& -wv1,1)—. Then using the Poincaré duality formula in IG (2,2n + 2) proved in [2], an easy
calculation gives the result. O



Remark 4. This result is very different from what we get for the usual Grassmannians or even the
symplectic or orthogonal ones. Indeed, the dual of a Schubert class is not necessarily a Schubert
class | This fact will have many consequences ; in particular, the Hasse diagram of IG (2,2n + 1)
(see figure 2)) will be much less symmetric that the Hasse diagram of, say, IG (2,2n + 2) (see figure

).

1.4 Pieri formula

To compute the cup product of two cohomology classes in IG (2,2n + 1), we need two ingredients :
a Pieri formula describing the cup product of any Schubert class with a special class (that is, one
of the classes 71 or 71,1), and a Giambelli formula decomposing any Schubert class as a polynomial
in 7 and 71,;. In this paragraph we describe the Pieri formula as well as an alternative rule for
multiplying Schubert classes by classes of the form 7, with 0 <p <2n —1 or 79,-1,-1.

We start by expressing cohomology classes in IG (2,2n 4 1) in terms of cohomology classes in
IG(2,2n + 2) using lemma (Il :

i*ve,q ife+d#2n—-2,2n—-1,
Te,d = Z;;g(—1)C_n_ji*’un_1+j,n_1_j ife+d=2n-— 2,
S (—1I T,y ifetd=2n— 1.

Now combining this with the Pieri rule in IG(2, 2n+2), we can prove a Pieri rule for IG (2,2n + 1) :

Proposition 4 (Pieri formula).

o — Ta+1,b T Ta,b+1 ifa+b#2n—3,
v Tabtl + 2Tat1,p + Tag2p—1 ifa+b=2n—3.
Ta+1,b+1 ifa+b#2n—4,2n — 3,
Tab - T1,1 = .
Tat+1,b+1 + Tat2,b fa+b=2n—4 or2n—3.

We may also state a rule for multiplying by the Chern classes of the quotient bundle

Tp if0<p<2n—1landp#2n—2
p(Q) = e
Ton—2 + Top—1,-1 if p=2n—2.
We prove it the same way as Proposition @ :

Proposition 5 (another Pieri formula).

(Vag1,41 - Vp)—  ifp#2n—2o0or (a+b#2n—1 and (a,b) # (2n —1,—-1)),
Tab Tp = (—1)*Top_19n—2 fp=2n—2,a+b=2n—1and b#0,
0 if p=2n—2 and ((a,b) = (2n — 1,—1) or (2n — 1,0)).

(—1)* 'on19n2 fat+b=2n-1,

Ton—1,a—1 ifb=0 and a # 2n — 2,
Tab * T2n—1,—1 = .

Ton—1,2n—3 if (a,0) = (2n—1,-1),

0 else.

Notice that contrary to the symplectic case (and to the case of other homogeneous spaces) we
sometimes get negative coefficients for the second Pieri rule. It is a consequence of the fact that
we only have a quasi-homogeneous space, so it is not always possible to find representatives of the
two Schubert varieties that intersect transversally. So even in degree 0 Gromov-Witten invariants
associated to Schubert classes are not always enumerative, contrary to the case of homogeneous
spaces. That is why we will have to outline conditions in to recover enumerativity for some
invariants.



V1,1 V21 V3,1 V3,2

V4,2 V4,3

U2 U3 U4 V41

Figure 1: Hasse diagram of 1G(2,6)

Figure 2: Hasse diagram of 1G(2,7)

1.5 The Hasse diagram of 1G (2,2n + 1)

The Pieri rule from Proposition @] enables us in particular to compute the multiplication by the
hyperplane class 71. The corresponding graph is called the Hasse diagram of 1G (2,2n + 1). For
instance see figure 2] for the Hasse diagram of IG(2,7).  As a comparison, see also the Hasse
diagram of the symplectic Grassmannian IG(2,6) in figure [l and of IG(2,8) in figure

Looking at these examples we notice that the Hasse diagram of 1G(2,7) contains the Hasse
diagram of IG(2, 6) as a subgraph, the subgraph induced by the remaining vertices being isomorphic
to the Hasse diagram of IG(1,6). Moreover, the Hasse diagram of IG(2,8) contains the Hasse
diagram of IG(2, 7) as a subgraph, the subgraph induced by the remaining vertices being isomorphic
to the Hasse diagram of IG(1,6). This is a general fact. More precisely, we have the following
decomposition of the Hasse diagrams of the even and odd symplectic Grassmannian :

Proposition 6. e The Hasse diagram of IG(2,2n+ 1) is isomorphic to the disjoint union of :

1. the Hasse diagram of 1G(2,2n), whose vertices are the classes in 1G(2,2n+1) associated

IG(L 6) V4 Us Vg v6,1

V2,2 V3,2 V4,2 V4,3

1G(2,7)

Figure 3: Hasse diagram of 1G(2, 8)



to the Schubert varieties not contained in the closed orbit ;
2. the Hasse diagram of the closed orbit O = 1G(1,2n) ;

with parts 1 and 2 linked by the simple edges joining Ton—3 t0 Ton—1,—1 and Top—.q 10 Ton—1,q
for0<a<2n-3.

e The Hasse diagram of 1G(2,2n) is isomorphic to the disjoint union of :

1. the Hasse diagram of 1G(2,2n—1), whose vertices are the classes in 1G(2,2n) associated
to the Schubert varieties contained in Xi 1 ;
2. the Hasse diagram of 1G(1,2n — 2), corresponding to the classes Ty to Ton—_3 ;
with parts 1 and 2 linked by the double edge joining Ton—3 to Ton—2 and the (simple) edges
joining T, to Tp1 for 1 <p < 2n—3.
Proof. We will denote by Hig(m,n) the Hasse diagram of 1G(m, V).

e Let 1 be the subgraph of Hig(2,2n41) induced by the vertices 7 for A such that A\; < 2n—1.
We need to prove that G1 = Hig(2,2n)- First notice these graphs have the same set of vertices.
Then we define a rational map :

o: 1IG(2,2n+1) ------ » 1G(2,2n)

This map is well-defined on the open orbit, which is a dense open subset of IG (2,2n + 1).
Looking at incidence conditions we notice that ¢*vy = 7, for each Schubert class vy of
I1G(2,2n), and we get :

¢" (viva) = P V1P VN = T1T),

hence G1 and H;q(2,2,) have the same edges. Now the vertices of Hyg (2, 2n4-1) N0t contained in
G correspond to the classes 7), with Ay = 2n — 1, that is to the Schubert varieties contained
in the closed orbit @ = P?"~1. So the graph Gs they induced is isomorphic to 1G(1,2n).
Finally, the edges joining G; and G2 are determined using the Pieri rule @l

e For IG(2,2n) the result is simply a consequence of the isomorphism between IG (2,2n + 1)
and the Schubert subvariety X; 1 of IG(2,2n) stated in paragraph[[2] and of the Pieri rule
for IG(2,2n) proved in [2].

O

Remark 5. This result can be easily generalized to all symplectic Grassmannians IG(m, N).

1.6 Embedding in the usual Grassmannian

The easiest way to find a Giambelli formula for IG (2,2n + 1) is to use the Giambelli formula on
G(2,2n+1) and to “pull it back” to IG (2, 2n + 1). More precisely, we use the natural embedding :

j:1IG(2,2n+1) = G(2,2n+1).
This embedding identifies IG (2,2n + 1) with a hyperplane section of G(2,2n + 1). So using the
same arguments as for lemma [Il we can prove :
Lemma 3. o Ifa+b<2n—2then j*o,p = Tap.

e Ifa+b>2n—2 then
j*o'a,b = Ta,b + Ta+1,b—1-
This proves that the map j* is surjective and that its kernel is generated by the class

n—1

Z (_1)n_ian+i,n—i-

=0



1.7 Giambelli formula

With lemma [Bl and the Giambelli formula for G(2,2n + 1), we can prove a Giambelli formula with
respect to 71 and 7y,1. First define d, := (7j14+s-¢)1<i j<r, With the convention that 7» =0if p <0
or p > 2. We have :

Proposition 7 (Giambelli formula).

Tf71da_b ifa+b<2n—3,

Ta,b = ZZO(—l)p_quc’quQq if (a,0)=(c+1+4+p,c—1—p),

S (=) P Yy if (a,b) = (c+ 1+ p,c—p),
wheren —1<c<2n—-2and 0<p<2n—2—c.
We can also state a Giambelli formula expressing classes in terms of the e, := ¢,(Q) :

Proposition 8 (Another Giambelli formula).

€a€h — €q+1€b—1 ifa+b<2n-3
Tap = (1) ep_q —eaer + 231 (1) " en_1yjen1-; ifat+b=2n-2
eaeb—|—22?ZIl_a(—1)jea+J—eb_j ifa+b>2n—1.

1.8 A presentation for the classical cohomology ring
1.8.1 Presentation in terms of the classes ¢,

Proposition 9 (Presentation of H* (IG (2,2n+1),Z)). The ring H* (IG (2,2n+1),Z) is ge-
nerated by the classes (ep)i<p<an—1 and the relations are

det (e14j-i)1<; j<, = 0 for 3 <7 < 2n, (R1)
e2 +2 Z enti€n—i = 0. (R2)
i>1

Proof. First of all, the quotient bundle Q of IG (2,2n + 1) is the pullback by the restriction map i
of the quotient bundle Q1 on IG(2,2n+2). So the i*c, (1) = ¢,(Q) = e, for 1 < p < 2n generate
H* (IG (2,2n+1),Z). But Q having rank 2n — 1, i*c2,(Q%) = 0, hence the cohomology ring of
IG (2,2n + 1) is generated by the (ep)i<p<on—1. Then we follow the method from [2] to obtain
presentations for the isotropic Grassmannians. Consider the graded ring A := ZJay,...,a2,—1],
where dega; = i. Set ag = 1, and a; = 0if i < 0 or ¢ > 2n — 1. We also define dy := 1 and
d, = det (a1+j_¢)1§i7jgr for r > 0. For all » > 0, set b, := a2 + 22i21(—1)iar+iar_i. Now let
¢: A— H*(IG(2,2n+ 1),Z) be the degree-preserving morphism of graded rings sending a; to
e; for all 1 <14 < 2n — 1. Since the e, generate H* (IG (2,2n + 1), Z), this morphism is surjective.
To prove that relations (RIl) and (B2) are satisfied, we must check that ¢(d,) = 0 for all » > 2 and
$(b) = 0.

(RI) Expanding the determinant d, with respect to the first column, we get the identity

i=1
Hence the identity on formal series :
2n—1
(Z aitl> > (-1t | =1. (2)
i=0 i>0
On IG (2,2n + 1) we have the following short exact sequence of vector bundles

0—38 = Oeeonsy > 2—0



so ¢(8)c(Q) = 1, where ¢ denotes the total Chern class. But

2n—2

«(Q) = > wt
=0

so (@) implies

o(8) =D (=1)'o(d)t"

>0
Since S has rank 2, it follows that ¢(d,) = 0 for all r > 2, hence the relations (RI).

(R2) From the presentation of IG(2,2n + 2) in [2] we know that

U,QZ + 2 Z(—l)ivnﬂ-vn_i =0

i>1
in IG(2,2n + 2). Pulling back by i we get (R2).
Now consider the Poincaré polynomial of I1G (2,2n + 1) from [I0] :
[ (42 ) (2 1)
(@ = D™t =1...(¢-1)

for m = 2I. Evaluating this polynomial at ¢ = 1, we get that the rank of H* (IG(2,2n + 1)) is 2n%.
As in [2] we will need the following lemma :

P(IG(m,2n+1),q) =

Lemma 4. The quotient of the graded ring Z [aq, ..., aq] with dega; =i modulo the relations
det (a’lJFj*i)lgi,jgr =0,m+1<r<m-+d

is a free Z-module of rank (m;d).

To prove the previous lemma notice that the above presentation is nothing but the presentation
of the cohomology ring of the usual Grassmannian G(m,m + d). Now to conclude the proof of the
proposition we use :

Lemma 5. Let A = Z|ay,...,aq] be a free polynomial ring generated by homogeneous elements
a; such that dega; = i. Let I be an ideal in A generated by homogeneous elements c1,...,cq in A
and ¢ : A/I — H be a surjective ring homomorphism. Assume :

C1. H is a free Z-module of rank [, (gzggi)

C2. for every field K, the K-vector space (A/I) ®z K has finite dimension.

Then ¢ is an isomorphism.

This result was proven in [2]. Apply it for
H=H*(IG (2,2n+1),2Z), I = (ds,...,don,bn), and A, ¢ as above.

Condition [ is an immediate consequence of the rank calculation. For condition [2] it is enough to
prove that A/I is a quotient of A/ (ds,...,dsn+1). Indeed, by lemma [ the last module is a free
Z-module of finite rank. So we are left with proving that ds, 41 belongs to the ideal I. But the
following identities of formal series hold :

2n—1 , 2n—1 ] ] 2n—1 , ]
<Z a#) <Z (—1)Za¢tz> = Z (—1)1bit21
=0

=0 =0

< TLX_: (—1)iaiti> Z diti =1.

i=0 i>0



Hence we get

1=0 1>0

2n—1 n—1
Z a;t’ = <Z bt%) > dit!

Modding out by the ideal I, it yields :

2n—1 n—1 2n—1 2
> ait' = <Z Ybt® + > (=1)'b; t%) Soditt+ Y dit!
i—0 =0

1=0 1=n—+1 i>2n+1

In degree 2n + 1, we get
0 = d2n+1;

which ends the proof of the proposition. O

1.8.2 Presentation in terms of 7, and 7 ;

First we will need a presentation for the symplectic Grassmannian IG(2,2n) in terms of v; and
V1,1 -

Proposition 10. The ring H* (IG(2,2n),Z) is generated by the classes v1, vi,1 and the relations
are

1
v_ldet (V11+44- z)1<”<2n 1=0

det (U11+i—i)1§¢,j§2n =0

Proof. We will use lemma Set R := ZJa1,az], where dega; = i. We denote by ¢ : R —
H* (IG(2,2n),Z) the surjective ring homomorphism given by a; — 77:. We also use the convention
that ap = 1 and a; = 0 for ¢ ¢ {0,1,2}. For r > 1, set 4, := det (alJrj*i)lgi,jgr' We have the
recurrence relation

57’ = a15r—1 - a25r—2; (3)

which is equivalent to the identity of formal series

(D at) (S (-1yet') =
But ¢(a;) = 11¢ = ¢;(S*). Moreover, as
0— St — O —S* =0,

where we denote by S the tautological bundle on IG, we have ¢(S*)c(S*) = 1, hence 6, =
e ((S1)*) = ¢ (Q) (Q being the quotient bundle on IG). Since Q has rank 2n — 2, we have
¢(9,) =0 for all r > 2n — 2, and in particular we get ¢(dan—1) = #(d2,,) = 0. We can write daq+1
as

O2g11 = a1Fy(ar, az),

where P,(a1,az2) is a homogeneous polynomial of degree 2¢g. Now set d5,,, = Py(a1,a2). We
want to prove that ¢(d5,_;) = 0. For this, since IG(2,2n+ 1) is a hyperplane section of the
usual Grassmannian G(2,2n + 1), we use Lefschetz’s theorem. In particular, we obtain that the
multiplication by the hyperplane class v; is surjective from H?"~2(1G,Z) to H>"~1(IG,Z). But
these vector spaces have the same dimension n — 1, so it is bijective. As we already know that
@(82n—1) = 0 it implies that ¢(85,,_ 1) = 0. Now let I := (85,,_1,2,). We proved that ¢(I) = 0 so
we may define ¢ : R/I — H* (IG(2,2n),Z). Now check that conditions [l and B are satisfied :

* : deg(dan—1)" deg(d n)
(C1) H* (IG(2,2n),Z) is a free Z-module of rank 2n(n — 1) = == g2 m

(C2) Forevery field K, (R/I)®zK is finite-dimensional. Indeed R/I is a quotient of R/(d2n—1, d2n),
which is isomorphic with H* (G(2,2n),Z), hence a free Z-module of finite rank.
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Finally lemma [ yields that ¢ is an isomorphism, hence the result. O
Now we deduce a presentation of H* (IG (2,2n + 1) ,Z) using classes 7y and 711 :

Proposition 11 (another presentation of H* (IG (2,2n + 1),Z)). The ring H* (IG (2,2n + 1) ,Z)
s generated by the classes T, 11,1 and the relations are

det (Tll+i—i)1gi,j§2n =0

7_—1 det (7‘11+j—i)1§i7jg2n+1 =0

Proof. First notice that 7 and 7y generate the cohomology ring of IG (2,2n + 1) since they
are the pullbacks of the Chern classes of the dual tautological bundle over G(2,2n + 1) by the
surjective restriction map j. Then define R := ZJay,as], where dega; = i. We denote by ¢ :
R — H* (IG (2,2n + 1),Z) the surjective ring homomorphism given by a; +— 7:. We also use the
convention that ag = 1 and a; = 0 for ¢ ¢ {0,1,2}. For r > 1, set ¢, := det (@14;-:) On
G(2,2n + 1) we know by the usual presentation (see [I2]) that

1<i,j<r

det (Ullﬂ'*i)lgﬁjg%u =0

Now define 5’2q 41 as in the proof of Proposition [0l Using the embedding in the symplectic Grass-
mannian IG(2,2n + 2), we get that ¢(d5, ;) = 0. Indeed, we only have to pull back the relation
U—ll det (v1+5-i) 1 <; j<oni1 = 0 proven in Finally, set I = (dan,d),,—;) and apply lemma O

2 Quantum cohomology

Our main goal in this section is to prove a quantum Pieri formula for IG (2,2n + 1). We denote
the quantum product of two classes 7y and 7, as 7 x 7,. The degree of the quantum parameter ¢
is equal to the index of IG (2,2n + 1), so deg g = 2n.

Theorem 1 (Quantum Pieri rule for IG (2,2n + 1)).

Ta+1,b + Ta,b+1 ifa+b#2n—3 and a # 2n — 1,
Tab+1 + 2Ta+1,6 + Tat2,0—-1 fa+b=2n—3,

T1 % Tab = X

i Ton—1,b+1 1+ 4T ifa=2n—1and 0<b<2n—3,
q(Ton—1,-1 + T2n—2) ifa=2n—1and b=2n— 2.
Ta+1,b+1 ifa+b#2n—4,2n—3 and a #2n —1,
Tat1,b+1 T Tat2,b ifa+b=2n—4 or 2n—3,
T1,1 *Ta,b = .

7 ’ qTo+1 ifa=2n—1 and b +#2n — 3,

q(Ton—1,-1+ Ton—2) fa=2n—1and b=2n—3.

The previous theorem is proved in [2.5, and from this a quantum presentation is deduced in
To prove the quantum Pieri formula, we first study in 2] the moduli spaces of stable maps
of degree 1 to IG (2,2n + 1) with 2 or 3 marked points. Then in we decribe conditions for the
Gromov-Witten invariants to have enumerative meaning. Finally, in 23] and 224] we compute the
invariants we need. From now on, we denote IG (2,2n + 1) by IG.

2.1 The moduli spaces My, (IG,1) and Mg (IG,1)

If X is a smooth projective variety we denote by M, ,, (X, 3) the moduli space of stable n-pointed
maps f in genus g to X with degree 8. This moduli space is endowed with n evaluation maps
(ev;)1<i<n that send a stable map f to its value at the ™ marked point. In this section we prove

Proposition 12. 1. The moduli spaces Mo (IG,1) and Mo s (1G,1) are smooth (as stacks)
and of the expected dimension (respectively 6n —4 and 6n — 3).
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2. The locus Mj . (IG,1) in Mo, (IG,1) of stable maps with irreducible source is smooth of
dimension 6n — 6 + r.

__ From the obstruction theory of moduli spaces, it follows that to prove the smoothness of
Mo 2 (IG,1), Mo 3 (IG,1) and Mg . (IG,1), we only need to prove that for each stable map f
in these spaces we have H!(f*T IG) = 0. We refer to [6] for more details.

2.1.1 M2 (IG,1)

Let f : (C,p1,p2) — IG be a rational map of degree 1 with two marked points. There are two
possibilities for C :

e either C' is irreducible ;

e or C = CyUC, where Cy et C; are two (smooth) rational curves meeting in one point g, p;
and ps are in Cy, f contracts Cy and has degree 1 on C}.

This gives us five cases for the map f :

1. C is irreducible and f(C) ¢ O ;

2. C is irreducible and f(C) Cc O ;
C' is reducible, f(C) ¢ O and f(p1) = f(p2) € O ;
C' is reducible, f(C) ¢ O and f(p1) = f(p2) € O ;

oo W

C' is reducible, f(C) C O,

where O is the closed orbit in IG.

Obstruction in cases Il and Bl As in [6], we use the Sp,, ;-action on IG. This action is
transitive on IG \ O, so the tangent bundle T IG is globally generated outside of @. If the map f
is such that no irreducible component of C' is entirely mapped into @, which is true in cases [I] and
Bl then f*T IG is generically generated by global sections, so H! (C, f*T IG) = 0 and thus there is
no obstruction.

Obstruction in case[2l We use the tangent exact sequence of the closed orbit
0—TO— TIGg — No — 0, (4)

where we denote by Ng the normal bundle of the closed orbit. Pulling back by f, one deduces the
long exact cohomology sequence

0— H(C, f*T Q) - H°(C, f*TIG) — H° (C, f*Ng) — H' (C, f*T O)
— H' (C, f*T 1G) — H' (C, f*Ng) — 0. (5)

As O is homogeneous under the Sp,,, , ;-action, TO is generated by global sections, so H! (C, f*T Q)
= 0. To compute the obstruction, it is then enough to know f*Ng.

Lemma 6. Ng = S*/S, where we denote by S the (restriction to the closed orbit of the) tautological
bundle of 1G.

Proof. First notice that S = O @ O(—1). Indeed all elements in @ contain the kernel K of w, the
quotient S/K is nothing but O(—1) and the extension is split. Now consider the tangent exact
sequence of IG restricted to O :

0 —— TIG T G b o(1) ——0

12



We have T G =2 S ® Q = Hom(S, Q), where we denote by Q the quotient bundle. It is easy to
see that Hom(S, S1/S) is in the kernel of ¢,,. It has codimension 1 in T IG |p. Moreover we have
0 = P(C?*"*!'/K), hence TO = O(1) ® Q = Q(1) D S+ /S(1). We get the following commutative
diagram

0 0
L L
0 TO TIG o No 0

S /S(1) —— st /8 @ S /S(1)

where L and L’ are line bundles. It follows immediately that 7 is an injection. We also notice that
L=detQ® (St/S)~! = L', so the diagram becomes

0 0
)% L
0 TO TIG o No 0

0 —— S/8(1) —— 84 /S 8L /S(1) —— §L/S —— 0

0 0

hence the isomorphism Ng = S*/S. (|
Now we compute f*Ng. A line D in the closed orbit is of the form
D:=DEK,W)={2clG|KCXCW},

where K is the kernel of the antisymmetric form w. Moreover we have two possibilities for W,
whether it is isotropic or not. In the first case, W has in C?"*! an orthogonal complement U, so
for ¥ € D, we have ¥+ = X @ U, and Ng |p is trivial. In the second case W C YL, hence the exact

sequence of vector spaces
0—W/E = 2t/8 - 2H/W —o0. (6)

But the bundle with fiber W/ over D is isomorphic to Op (1). Moreover, an easy remark is that
there exists W’ of dimension 2 and U’ of dimension 2n — 4 such that

° (C2n+1:W®W/®U/;
o U L W W
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e W |wgw has rank 4.
As ¥t D U’, we have St /W = Op (—1) ® 0224 50 (@) becomes :
0— O(1) = SH/S = O(=1) g 024 .

Now we only have to notice that this exact sequence is split. Then H* (C, f*Ng) = H! (C, f*T IG) =
0.

Obstruction in case Bl The map f*TIG — f*T IG |¢, is surjective. Its kernel corresponds to
local sections at ¢ that vanish along C7, which means we have the following exact sequence

005" 2 9T, - f*TIG — f*TIG |¢,— 0, (7)

hence the long exact cohomology sequence
0— HO (Co, 052 ®Iq) S HO(C, f*T1G) — HO (Cy, f*TIG |¢,) —

- (co, 0= ®Iq) S HY(C, f*TIG) — H' (C1, f*TIG |¢,) — 0. 8)

As Z, = O(—1), we have H! (OO, (’)650(2”72) ® Iq) = 0. Moreover the proof for case 2 showed that
H' (C1, f*TIG |¢,) = 0, so H (C, f*T IG) = 0.

Obstruction in case @ The proof is very similar to that of case
Conclusion. This ends the proof of the first item of Proposition [2] for My 2 (IG, 1). O

2.1.2 Moz (IG,1)
Let f: (C,p1,p2,p3) — IG be a map in Mo 3 (IG,1). We have four possibilities for C :
e (' is irreducible ;

e ' =(CyUC(C, where Cy and Cy are two rational curves meeting in one point ¢, p; and ps lie
on Cy, p3 lies on Cq, f contracts Cy and has degree 1 on Cf ;

e ' =CyUCy, where Cy and C are two rational curves meeting in one point ¢, p1, p2 and ps
lie on Cy, f contracts Cy and has degree 1 on C] ;

e C'=ClUCyUC, where C) and Cy meet at ¢’, Cp and Cy meet at g, p1 and ps lie on Cy,
ps lies on Cy, f contracts Cy and C{ has degree 1 on Cj.

In the first three situations, arguments similar to those used for My (IG, 1) show that there is
no obstruction. So we only need to compute the obstruction in the last situation, which gives us
three cases :

L f(C) 20, flq) €0;

2. f(O)Z 0, fg) €0O;
3. f(C) C O.

Obstruction in case[Il As f*T IG is generated by global sections, we get H! (C, f*T IG) = 0,
so there is no obstruction.
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Obstruction in case2l The map f*TIG — f*TIG |c, is surjective with kernel (f*T IG) [¢,ucy
®Z,. In addition, the map (f*TIG) |couc; ®Zq — (f*TIG) |c, ®Z, is surjective with kernel
(f*TIG) |c; ®Zy. So we get two exact sequences

0— (f"TIG) |CDUC{J ®RZLy; — TIG — f*TIG |Cl—> 0, (9)
0— (f"TIG) |C() ®ZLy — (f*TIG) |CoUC(’, ®Zy; = (f*TIG) |¢, ®Zy — 0. (10)
In the second exact sequence, we have
(f*T IG) |C'0: (,)20(277,—2)7

SO
(f*TIG) ¢ ®Ty = Ocy(~1)®Cn=2),

hence
H' (Co U G, (f*T1G) |oguey ©Zy) = 0.

But H! (C1, (f*T IG) |¢,) = 0 according to the proof for the case where C is irreducible, so the
first exact sequence yields
H! (C, f*T1G) = 0.

Obstruction in case[Bl The proof is very similar to that of case
Conclusion. This concludes the proof of the first item of Proposition O

2.1.3  M;, (IG,1)

Let f: (C,p1,...,pr) — IG be a map in Mo, (IG,1). Since C is assumed to be irreducible no
component of the source curve is contracted and we only have two possibilities :

L. f(C) ¢ O
2. f(C) cO.

In the first case we again use the global generation of T IG outside of the closed orbit, while in the
second, the previous calculation of the normal bundle enables us to conclude. O

2.2 Enumerativity of the invariants in M, (IG,1) and M3 (IG,1)

In this section we prove a Kleiman-type lemma for quasi-homogeneous spaces, due to Graber in
[6]. First we state Kleiman’s lemma :

Lemma 7 ([7]). Let G be a connected algebraic group, X an irreducible algebraic variety over
C with a transitive G-action. Let i : Y — X be the embedding of an irreducible subvariety and
f:Z — X be a map from an irreducible algebraic scheme. For g in G, let gY denote the translate

of Y by g.

(i) There exists a dense open subset Uy of G such that, for each g in Uy, either the scheme
f~Y(gY) is empty or it is equidimensional and its dimension is given by the formula,

dim(f~!(gY)) = dim(Y) 4 dim(Z) — dim(X).

(i) AssumeY and Z are smooth. Then, there exists a dense open subset Us of G such that, for
each g in Us, the scheme f=1(gY) is smooth and reduced.

Now we are going to use the previous lemma to prove a version for quasi-homogeneous spaces.
Note that the hypothesis that the space has only finitely many orbits is crucial.
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Lemma 8. Let X be a variety endowed with an action of a connected algebraic group G with only
finitely many orbits and Z an irreducible scheme with a morphism f : Z — X. LetY be a subvariety
of X that intersects the orbit stratification properly. Then there exists a dense open subset U of
G such that ¥g € U, f~1(gY) is either empty or has pure dimension dimY + dim Z — dim X.
Moreover, if X, Y and Z are smooth and we denote by Yies the subset of Y along which the
intersection with the stratification is transverse, then the (possibly empty) open subset ffl(ngeg)
s smooth.

Proof. Let O be a G-orbit. We apply Kleiman’s lemma [7 to the following diagram
f710)

L

Yno—' .0

We deduce that there exists a non empty open subset Up C G such that Vg € Up, f~(gY NO)
is either empty or has pure dimension dim f~1(0) + dim(Y N O) — dim O. But codim o(Y N O) =
codim xY by the transversality assumption, so if f~*(g¥ N O) is non-empty, then

dim f~!(gY N O) = dim f~(0) — codim xY < dimY + dim Z — dim X.

Then the finite intersection U := (| Up has the required properties.
Now assume X, Y and Z are smooth. Kleiman’s lemma applied to the previous diagram shows
that for g € U/, a non-empty open subset of G, f~1(g¥ N O) is smooth, that is

Df(Tz Z)+ Tf(z) YNO)= Tf(z) O
for any z such that f(z) € O. Moreover on Y;c, the intersection with O is transverse, so

Tr) Y +Tpz) O =Ty X,

hence

Dy(T: Z2) + Ty Y = Ty(z) X,
which is the required transversality relation. O
Theorem 2 (Enumerativity of the Gromov-Witten invariants). Let r = 2 or 3 and Yi,...,Y,
be subvarieties of 1G representing cohomology classes v1,...,7v, of codimension at least 2 that

intersect the closed orbit generically transversely and such that >, codim v; = dim Mo, (IG, 1).
Then there exists a dense open subset U C Spy,, | such that for all gy,...,g, € U, the Gromov-
Witten invariant I (y1,...,7v-) is equal to the number of lines of 1G incident to the translates
aYi,..., 9. Y.

Proof. The result is proven by successively applying the transversality lemmal[§ First we prove that
stable maps with reducible source do not contribute to the Gromov-Witten invariant by applying
the lemma to the following diagram :

MO\ M

|<'K:
4

y ' L1gr

where Y = (Y1,...,Y,), ev = ev; X -+ X evp, M = MQT (IG,1) and M* is the locus of map with
irreducible source, which is a dense open subset by Proposition

We should also prove that it is not possible for a line to be incident to one of the subvarieties Y;
in more than one point, since such a line would contribute several times to the invariant. Suppose
for example that there exists a line L that intersects Y7 in a least two points. Then any stable
map f whose image curve is L corresponds to a map f in H07r+1 (IG, 1) that contributes to the
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invariant I1(y1,71, ..., 7). Since we have already excluded the case of maps with reducible source,
it follows that f lies in fact in My 41 (IG, 1), which has dimension 6n — 5 + r by the second part
of Proposition Hence applying Lemma [§ to the following diagram

Mar-l—l (IGa 1)
ev

Vi XY X xY, — " gt

and using the fact that codim v; > 2 we conclude that such a line cannot exist.
Now using :

M*

o

Sing ¥ < IG"

where Sing Y denotes the singular locus of Y, we may assume that Y is smooth. Moreover, since
Y1, ..., Y, intersect the closed orbit generically transversely, another application of Lemma & allows
us to assume that this intersection is transverse everywhere. Finally, applying the lemma to

M*

‘@
i

Y ——IG"

we conclude that there exists a dense open subset U C Spj, ., such that for all g;,...,g, € U,
Ni_, ev; ! (9:Y;) is a finite number of reduced points, which equals the number of lines incident to
all the g,;Y;. O

Remark 6. Theorem [2] enables us to compute the Gromov-Witten invariants by geometric means.
However, Schubert varieties will not be appropriate to perform this calculation. Indeed, the inter-
section of a Schubert variety and the closed orbit is not even proper. So we will instead use the
restrictions of the Schubert varieties of the usual Grassmannian.

2.3 Computation of the invariants in Mg, (IG,1)

First we state some conditions that will be required for flags defining our varieties.

Notation 1. Denote by
e [, the variety of complete flags in C2"+! ;
e A, the variety of antisymmetric 2-forms with maximal rank on C?"+1!,

Lemma 9. Assume n > 2. The set of triples (Fo,Ge,w) € F,y X Fy, X Ay, such that the following
holds

(C1) Y0 <p<2n+1, wp, has mazimal rank ;
(C2) Y0 <p<2n+1,wq, has mazimal rank ;
(C3) Y0 <p,q<2n+1, F, NGy has the expected dimension ;
(C4); dim (Fonq1-iNGipsNFENGT) =1;(0<i<2n-2)

(05)1 dim F5,,_; N Gi+3 n C:lL =1 and dim(an_i n Gi+3 n G%)l Nk, =1; (O <i<2n-— 2)
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(C6); dim Fppi1-iNGipoNF- =1 and dim(Fapy1— NGina NFH)T NG =1; (2<i< 2n—4)
(C7); dim (Fop_i NGigs) NF=1;(2<i<2n-—4)

(C8); dim (Fopn_i NGisa) NGy =1;(2<i<2n—4)

(C9) Fy ¢ G}

(C10) Gy ¢ Fi-

(C11); Fop1-:NGi3NG =0; (0<i<2n—6)

(C12); Fopy1-iNGiiNFE=0;(4<i<2n-2)

s a dense open subset in F, x F,, x A,,.

Proof. F,, x F,, x A,, is a (quasi-projective) irreducible variety. Moreover all conditions are clearly
open. So it is enough to show that each of them is non-empty.

(C1),(C2) et (C3) Obvious.

(C4); Since n > 2, we may choose the flags Fy and G, such that the subspace A := Fo,11-;NG;13
has dimension 3 and A together with the lines L := F} and L’ := G; are in direct sum. Then
there exists a form w € A,, such that A N L+ N L'+ has dimension 1.

(C5); As before we may choose Fy and G, such that A := F5,_; N G;y3 has dimension 2 and
A, L := G;1 and B := F, are complementary. So we may construct w € A, such that
(ANL*)* N B has dimension 1. First construct wg on A@ B& L. Let a € A\ 0 and b € B\ 0.
There exists wp a symplectic form on A @ B such that wg(a,b) # 0. Then we extend wg to w
defined on A @ B @ L by setting w(a,l) = 0, w(a’,l) # 0 and for instance w(B,1) = 0 for all
B € B, where [ generates L, a,a’ generate A.

(C6); As in (C5);.

(C7); We may choose Fy and G, such that L := F5,_; N G;42 has dimension 1 and is in direct
sum with A := F,. But then there exists w € A,, such that A ¢ L*.

(C8); Asin (CT),.
(C9) Gfi is a general hyperplane, so it does not contain Fj.
(C10) Asin (C9).
(C11); Fop—1-;NGiq3 is a line Gf- is a general hyperplane, so their intersection is zero.
(C12); Asin (C11);.
O

We can now define the varieties we will use to compute the invariants, which will be restrictions
of the Schubert varieties of the usual Grassmannian :

Lemma 10. Let 0 <j<n—1and 0 <i < 2n—1— 25 be integers. Let
Xi,j = {E G | XN Fj+1 7é 0, C F2n+1—i—j}7
be a subvariety of G := G(2,2n + 1), where Fy is a complete flag satisfying condition (C1).

1. X ; and 1G intersect generically transversely.
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2. Let Y; ;.= X; ; N1G. We have

Ton—1—7j,i+j T Ten—jitj—1 ifj#Z0andi#2n—1—2j

v;,]1¢ = Ton—j,2n—2—j ifj#0andi=2n—-1-2j
w Ton—1,i ifj=0andi#2n—1
0 ifj=0andi=2n-—1,

where we denote by [V]'S (respectively by [V]9) the class of the subvariety V in IG (respec-
tively in G).

Proof. 1. In the Schubert cell C; ; C X; ;, a direct computation shows that T, X;; ¢ T, IG

as soon as Fji1 ¢ Fj;l_‘_l_i_j, which is true by condition (C1). So C;; NIG is transverse.
Applying again (C1), we notice that C; ; NIG is an open subset of X; ; NIG.

. We have [X; ;] = 02,,—1—j,i+;. Moreover, the previous item implies that [V; ;] = o1[X; ;]¢.
So

Oom—1—jitj+1 T O2n—jit; if j#0and i#2n—1—2j

[Y .]G _ O2n—j,2n—1—j lf] 75 Oandi=2n—1— 2]
i O2n—1,i+1 lfj =0and? 7& 2n—1
0 ifj=0andi=2n—1.

. —-1-4 .
Moreover, [Y; ;1% = j.[¥;;]'C, [Vi['9 = S0 7 apman 1 pitp and jurap = gapir for
a+b>2n —1, so we can determine the «, by identifying both expressions.
O

We now assume all genericity conditions (C1-12) are satisfied and prove

Proposition 13. Let 0 < ¢ < 2n—2, 0 < 25 < 2n—2—14 and 0 < 2] < 1 be integers.

Set

Y1 =Y, ;j(F.) and Ys := Yo _o_;1(G.), where the complete flags Fy and Go as well as the form w

verify the transversality conditions of lemmal[d. Then

1. The intersections Y1 N QO et Yo N O are transverse. Moreover

vino={" Fiorjs0
{Fi®K} ifi=j3=0

Y, N0 = 0 z.fz.yéZn—Zorl;éO
{GioK} ifi=2n—-2andl=0

2. If j orl > 2, there exists no line passing through Y1 and Ys.

8. If j, 1 <1, there exists a unique line passing through Y1 and Y.

Proof. 1. inO = {EEIG|EﬂFjJrl?éO,KCECFQnJrl,i,j}, so if i 4+ j 75 0, then K C

Fyp41-i—j, which, according to (C1), implies that Y1NO = (, so the intersection is transverse.
Moreover if i + j = 0 we get Y1 N O = {F} @ K}. Denote by ¥y the point K & Fj. To prove
transversality at Xy we use the embedding in the usual Grassmannian G := G(2,2n+1). It is
well-known that Tx,, G = Hom (Eo, C2"+1/Eo). Now express Ty, Y1 and T, O as subspaces
of TZQ G:

Ty, Y1 ={¢ € Ts, G|o(f1) =0}
Ts, 0= {¢ € Tx, G| ¢(k) =0},

where f1 and k generate F; and K. We see that these subspaces are complementary in Ty, G.

Computing dimY; = 2n — 2 and dim @ = 2n — 1 we conclude that they generate Tsx, IG. We
can proceed in a similar fashion for Yo N Q.
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2. Let D :=D(V,W) be a line meeting ¥; and Y>. Then we must have V' C Fopy1—i—jNGiys_i.
But according to (C3), this subspace is either zero or it has codimension 2n +4 — j — . So
for j 4+ 1 > 3, it is zero and there is no line. If j = 2 and [ = 0 (and symmetrically if j =0
and [ = 2), we must have V. C Fy, 1 ; N G153 N G = 0, which is impossible by (C11);
(respectively by (C12);). So for a line to exist we must have j and I < 1.

3. There are four cases to study :

a)
b

C

)
)
d)
)

a

J=1=0;
i=1,1=0;
j=0,1=1;
j=1=1.

Let A= Fy,.1 i NGiy3. We have dimA = 3 by (C3). But V C Aand V C Fi* NG
since F1,G; C W and W C V+. By (C4);, we have dim A N Fi* N G{ = 1, hence
V=ANF:NGL. SoW DV + (Fy &G1) (Fy and Gy are in direct sum (C3)). To
show equality, it is enough to prove that the sum is direct. If not then there exists a
non-zero vector of the form af; + bg; in V, where f; and g, generate F} et G;. So
af1 + bgl € AcC Font1-4, which implies bgl € Font1-4, hence b=0o0ri=0. If b =0,
then V = Fy, and consequently F; C Gi, which is impossible by (C9). So i = 0. But
then af; +bg; € G3, so af; € G3 and also a = 0. Hence V = G; C Fj-, which is excluded
by (C9).

Let A= Fy, ;NG;y3. By (C3), dim A = 2. By (C5);,dimANG{ =1,50 V = ANGT.
Moreover dimV+ N Fy, = 1. We have W D V + Gy + V1 N Fy. To determine W, it is
enough to show that the sum is direct. First, V + G is direct, because if it was not
we would have V = Gy, so G1 C F,_;, which is impossible by (C3). Finally the sum
V @G+ VN F is direct, or we would have V- N F, € Gyy3. But dim F, NG5 =0
by (C3) since i < 2n — 4.

This case is similar to [BH ; the proof uses (C3) and (C6);.

By (C3), we get dim Fb,,—1NGip2 = 1,80 V = Fo,, 1 NGj12. We must have dim WNF, #
0. But V ¢ Fj, or else we would get G;y2 N Fy # 0, which is impossible by (C3) since
i < 2n—4. Now W C V= implies W N F, C V+ N F,, which has dimension 1 by
(CT)i. SoW c VN F, @ V. Similarly, using (C8);, we get W NGy = VN Ga, so
WO VaVinF + VNG, Now we only have to show that this sum is direct. If
not, then there exists a non-zero vector of the form av + bfs in V- N Gg, where v and
fo generate V and V+ N F,. As v € G2, we obtain bfy € G2, so b = 0 because
i < 2n—4. Hence V- NGy = V and consequently V C G5 and dim F,,_; NGy < 1, which
is impossible since i > 2.

O

2.4 Computation of some invariants in Mg ; (IG, 1)

In the previous section we computed the two-pointed invariants in IG, which is equivalent to
compute the quantum terms of the product by the hyperplane class 1. Indeed, the divisor axiom
(I8]) yields :

Li(vi,72,m1) = Li(y1,72),

where v1 and -2 are any cohomology classes. Hence to obtain a quantum Pieri rule for IG (2, 2n + 1),
we are left to compute the quantum product by 71,;. So we have to determine all invariants of the
form I (71, 7, T,) with |A| + |p| = 6n — 5, that is to compute the number of lines through the
following subvarieties :

Yi:{EEIG|ZﬂFj+1 %O,ZCFQH_,_Q_i_j}
%Z{ZEIG|EﬂGl_;,_l#O,ECGi_;_g_l}
Ys={X€lG|XCH}
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where 0 <i<2n—-1,0<2j<2n—1-—1¢and 0 < 2] < i are integers, F, and G, are isotropic
flags and H is a hyperplane.
As before we use a genericity result which is proved in a similar way as lemma [J] :

Lemma 11. Assumen > 2. The set of 4-uples (Fo,Ge, H,w) € F,, x F,, x P27 x A,, satisfying the
following conditions

(C1) Y0 <p<2n+1, wp, has mazimal rank ;

(C2) Y0 <p<2n+1, wq, has mazimal rank ;

(C3) wy is symplectic ;

(C4) Y0 <p,q<2n+1, F, NGy has the expected dimension ;

(C5) Y0 <p,qg<2n+1, F,NGy N H has the expected dimension ;
(C6); dim (Fony2—i NGips NHNFF-NGE)=1;(1<i<2n-2);

(07)1 diman_,_l_i n Gi+3 NHN GlL = 1 and dim(F27L+1_¢ n G¢+3 NnHN GlL)L n F2 = 1;

(08)1 dimF2n+2_¢ n GH_Q NHAN P’lL =1 and dim(F2n+2_fL' N Gi+2 NHN F‘lL)l n G2 = 1;
(2<i<2n-1);

(C9); dim (Fopi1 i NGiaNH) " NF=1;(2<i<2n-3);
(C10); dim (Fopi1-iNGipa NH)Y NGy =1;(2<i<2n-3);
(C11) A ¢ Gt ;

(C12) Gi ¢ Fi- ;

(C13); F2,iNGi3NHNGL=0;(0<i<2n-5);

(C14); Fopyo NG NHNF-=0;(4<i<2n-1);
(C15); ,NGi3NGE=0;0<i<2n—3;

(C16); GoNFopig i NFLE=0;2<i<2n—1.

is a dense open subset of F,, x F,, x P2" x A,,.

Under these assumptions we can prove

Proposition 14. 1. The intersections Y; NQ are transverse. Moreover
0 ifi+7>2
YinNO=<{FR oK} ifi=1landj=0
{K®L|LCF} ifi=0andj=1
YN0 = 0 fznfli#2n—2orl7é0
{Gio K} ifi=2n—2andl=0
YsNn0O=10

2. If j oul > 2, there is no line meeting Y1, Ys and Ys.

8. If j and 1l < 1, there is a unique line meeting Y1, Yo and Ys.
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Proof. 1. The case of YoNO has already been treated in the proof of Proposition[I3l If X € Y1NO,
we must have K C Fbpq9_j—j,80i+j =1 Ifi=1and j =0, then Y1 N0 = {K & F },
and transversality is proven as in Proposition Ifi =0and j =1, then Y1 NO =
{K@®L|LC Fy}. Take ¥y = K& < fo > where f5 is a non-zero element in F5. Again we
express Ty, Y7 and Ty, O as subspaces of Ty, G, where G is the usual Grassmannian :

Ts, Y1 ={0€Tx, G| d(f2) € Fo/ < fa >,0(k) L fa}
Tzo@:{¢ETEOG|¢(1€):O}7

with £ a generator of K. We see that the intersection of Ty, ¥; and Ty, O has dimension
1. Computing dimY; = 2n — 1 and dim O = 2n — 1 we conclude that they generate Ty, IG.
Finally, Y3 N O = () since K ¢ H by (C3).

2. By (C5), Font2—i—jNGit3—yNH =0 as soon as j+1 > 3. Moreover if j = 2 and [ = 0 then
we get W D G, hence V C Fy,_; N Giy3 N H N Gi. But this space is zero by (C13);, so
there is no line. By (C13),, we get the same result when j = 0 and [ = 2.

3. There are four cases :

a) j=1=0;
b) j=1,1=0;
c) j=0,1=1;
d) j=1=1

a) We have V = Fy,10 i NGiy3 N HNFi-NGi by (C6);. Moreover W D V + Fy +G;. To
obtain equality we only have to show that the sum is direct. First V # F} since Fy ¢ Gi
by (C11). Finally if Gy C V @ Fi, as V C Fj-, we would have G; C Fi-, which is
impossible by (C12).

b) We have V = Fy,11-; N Gixz N HNGi by (C7);. Moreover W C V + Gy + FonV+.
We prove now that this sum is direct. First V' £ G4, or we would have G; C H, which is
excluded by (C5). Now F, N"\V+ ¢ V@ Gy since F, NGip3 NG =0 for i < 2n — 3 by
(C15),.

C) V =Fopqo; QGH_Q ﬂHﬂFlL by (08)1 Moreover W DV + F} +G20Vl (by (09)1 and
(C10),), and this sum is direct (same argument than in the previous case, using condition
(C16),).

AV =Fop1-iNGia NH, WO VAWNFR+WNG =V +BNVE+ G nVL
This sum is direct ; indeed, Fb N V+ # Go NV car F, NGy = 0 by (C4) ; in addition
Vg EBNVEaGNVE, or we would get Go N Fa,yq1—; # 0, which is impossible by i > 2.

O

2.5 Quantum Pieri rule
We can now prove Theorem [I] :

Proof. We start with the invariants I; (71, 7q,p, 7¢,4), which are equal to the two-pointed invariants
I (Ta,b, Te,a) because of the divisor axiom. The first item of Proposition [[3 enables us to apply the
enumerativity theorem 2l Then we use the second item of Proposition For j =1 =0 we get
that for all 0 <4 < 2n — 2 we have I1(T2n—1,i, Ton—1,2n—2—i) = 1. Then setting j = 0 and [ > 0 we
recursively get I (Ten—1,i, Ten—1-1,2n—2—i+1) = 0 (for all ¢ and [ > 0). Finally, setting j and I > 0
we get It (Ton—1—j,i4j, Ton—1—1,2n—2—i+1) = 0 (for all ¢ and 4,1 > 0). Hence :

lifa=c=2n-1
Oifaore<2n—1.

Il (7'1, Ta,b, Tc7d) = {
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73,1 73,2

S

qoy4
qo1.1 q02\

qos3.1

T5,—1

Figure 4: Quantum Hasse diagram of IG(2,7)

V1,1 V2,1 V3,1 V3,2

qui1,1 qu2.1
Figure 5: Quantum Hasse diagram of IG(2,6)

Similarly, Proposition [[4] and Theorem 2] imply

lifa=c=2n-1
Oifaore<2n—1.

(711, Tahs Te,d) = {

Using the classical Pieri rule and Poincaré duality, we get our result. O

Using the quantum Pieri formula we can fill out the Hasse diagram from figure 2l to obtain the
quantum Hasse diagram of 1G(2,7) in figure @l As a comparison see the quantum Hasse diagram
of IG(2,6) in figure

2.6 Quantum presentation, semisimplicity

Proposition 15 (Presentation of QH" (IG (2,2n+ 1),2Z)). The ring QH" (IG (2,2n+1),Z) is
generated by the classes T, 71,1 and the quantum parameter q. The relations are

det (7'11+J‘—i)1§¢,j§2n =0

1
’7'_1 det (T11+j_i)1§i,j§2n+1 +q= 0
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Proof. Siebert and Tian proved in [12] that the quantum relations are obtained by evaluating the
classical relations using the quantum product. Define da,, and d5,,,; as in the proof of Proposition
and denote by ds,, and K the same expressions with the cup product replaced by the quantum
product.

Now we consider the quantum products T, := (71)2("=% x (71,1)® for 0 < a < n. For reasons of
degree it has no g-term of degree greater than 1. First we prove that II, has no ¢-term if a # 0, 1.
To prove this, we decompose I, for a > 0 as

II, = T1,1 % ((7_1)2(71711) (lel)ail) .

Notice that for degree reasons, (7'1)2(”_‘1) (71,1)*"! has no ¢g-term. Moreover, if a > 2, the classical
Pieri formula [ implies that this product contains only classes 7. 4 with ¢ < 2n — 1. Then we use
the quantum Pieri formula [I] to conclude that there is no g-term in IT,. We are now left with
computing the g-term of IIp and II;. Set «; := (71)? for p < 2n — 1. a; has no ¢-term. We have
Iy = 7 * agp—1 and I} = 71 1 * agp—2. We compute recursively the coefficients of 7, and 7,1 1
for p < 2n — 3 in o, using the classical Pieri rule. We find

ap =Tp+ (p— 1)7p—1,1 + terms with lower first part.

Then
Qan—2 = Ton—1,-1 + (2n — 2)72,,_2 + terms with lower first part

and
aon—1 = (2n — 1)719,—1 + terms with lower first part.

Finally we use the quantum Pieri rule to deduce :

Iy =classical terms + (2n — 1)g
II; =classical terms + q.

But
02y, = IIp — (2n — 1)II; + linear combination of II,’s with a > 2
05,41 = o — 2nIl; + linear combination of I1,’s with a > 2,
hence 82, = 82, and &, = 8hy, 41 — . U

Now we show that the quantum cohomology ring of IG (2, 2n + 1), localized at ¢ # 0, is semisim-
ple. To do this we use a presentation in terms of the Chern roots of the tautological bundle S,
which makes the symmetries more apparent :

Theorem 3. 1. The ring QH* (IG (2,2n + 1),7Z) is isomorphic to RS2, where
R=7 [xla Z2, q] / (h2n(x17 x?)a hn(x%, x%) + q)

where x1 and xo are the Chern roots of the tautological bundle S and hy(y1,...,yp) is the
r-th complete symmetric function of the variables y1,...,yp.

2. QU (IG (2,2n +1),Z) 4, is semisimple.

Proof. 1. We use the recurrence relation [ from Proposition [I0 to prove that 6, = h,.(x1,x2)
for all . Then :
h2n+1(331,332)

:h 2 2 .
1+ o n (21, 23)

6/2n+1 =

2. It is enough to prove the semisimplicity of R localized at ¢ # 0. We may assume ¢ = —1.
Using (21 — x2)hopn (x1,x2) = xf"“ — m%”“ and noticing that we must have xs # 0, the first
relation implies that 1 = (xa, where ( # 1 is a (2n + 1)-th root of unity. Replacing in the
second relation hy(z?,23) — 1 = 0, we get 22" = 1 + (. Since ¢ # —1, this equation has
2n distinct solutions. So we have 2n distinct solutions for z1, and for each x; we have 2n
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distinct solutions for x, which gives us (at least) 4n? distinct solutions for the pair (z1, z2).
But the number of solutions, counted with their multiplicity, should be equal to twice the
rank of H* (IG (2,2n + 1),Z), which is equal to 2n%. So there are no other solutions, and all
solutions are simple. Hence the semisimplicity.

O

Now recall the first part of Dubrovin’s conjecture about the quantum cohomology of Fano
varieties :

Conjecture (Dubrovin [5]). Let X be a Fano wvariety. The big quantum cohomology of X is
semisimple if and only its derived category of coherent sheaves D®(Coh(X)) admits a full exceptional
collection.

Remember that semisimplicity of the small quantum cohomology implies semisimplicity of the
big one. So to confirm Dubrovin’s conjecture for the case of the odd symplectic Grassmannian
of lines it is enough to find a full exceptional collection. But in [9], Kuznetsov computed full
exceptional collections for the symplectic Grassmannian of lines. His result can easily be adapted
to the odd symplectic case, hence the result.

It should be mentioned that this doesn’t work so well for the symplectic Grassmannian of lines.
Indeed, although Kuznetsov has found a full exceptional collection for these varieties, Chaput and
Perrin proved in [3] that their small quantum cohomology is not semisimple. What happens for
the big quantum cohomology is still unknown.
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