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1. Introduction.
The Euler numbers {F,,} are given by

"L /2
Ey=1, Es1=0, 2(2:)15%20 (n=1,2,3,...).
r=0

The first few Euler numbers are shown below:

Ey=1, By=—1, B, =5, Eg = —61, Ey = 1385, Ey9 = —50521,
B = 2702765, F1q = —199360081, E1g = 19391512145.

Let N be the set of positive integers. For k,m € N and b € {0,2,4,...}, in 1875
Stern ([2]) proved the following Stern’s congruence:

(1.1) FEompyy = Ey 4+ 2™k (mod 2™ 11,

There are many modern proofs of (1.1). See for example [1,3,5,6].
Let b € {0,2,4,...} and k,m € N. In [4] the first author showed that

(1.2) Eympyy = Ey + 2™k (mod 2™%2) for m > 2,
(1.3) Eompyy = Ey+5-2"k (mod 2™3)  for m >3
and

Ey +5-2™k (mod 2mt4) if b= 0,6 (mod 8),

f >4,
Ey—3-27k (mod 27H4) ifb=2,4 (mod 8) . =

(14) Eka+b = {
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From [4, Corollary 3.2] we know that for any nonnegative integer k and positive
integer n,

32k+1 4 d (k=1 =\ (k)32 1
(1.5) ————FEq, = § (="t (n L T) <1~) — b (mod 2°3™).
r=0

In the paper we use (1.5) to obtain a congruence for Eomyj, — Ej, modulo 2™+7, where
k,meN m>4andbe {0,2,4,...}, see Theorem 2.1. As a consequence, we have

(1.6) Eompyy = By — 2™k((b+1)* +10) (mod 2™7%)  for m > 6.
Throughout the paper we use Zs to denote the set of rational numbers whose de-

nominator is odd.

2. The main result.

Theorem 2.1. Let b€ {0,2,4,...} and k,m € N with m > 4. Then

b(b+2) b(b+2)

Bompyy = Bp—2"k((b+1)2442—32(—1)" 5 +2"k((—1)2+2(—1)" %)) (mod 2™17).

32k+b+1

Proof. Set f(k) = 3+ Ey .y and F(k) = 273* S°F_ (¥)(=1)" f(r). From (1.5)
(with n = k) or [4, Lemma 2.3] we know that F(k) € Z. By the binomial inversion
formula we have f(k) = Zfzo (k)(—2)37"F(r) and so

r

) = FO) + Y

r=1

() e

r

—ro+ X EE (T T o

For r > 3 we have ? € Zy and F(r) € Zs. Thus

2m—1 . 237"F(T> _ 2m+2T+1 . 27"—2

F(r) =0 (mod 2™%7).

T r
Hence,
(2.1)
2" k+b+1
% [o
= f(2™ k) = F(0) — 2" P2k (1) 4+ 2" E(2m T — 1) F(2)
b+1

= B g, () — (1)~ 27K (O) — 2£(1) + F(2)) + 2R ()

— 3b+1 + 1 m—2 m—+7

=B = 2"k (3f(0) - 4f (1) + f(2)) (mod 2 7).
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Putting n = 3 in (1.5) we see that

b+1 2 1 2r+1
3 +1EbEZ(_1>2_T<b/2 1 r)(b/2)3 1

4 = 2—r T 4
_(B-DG=-2 b 3G 1)

= 40b® — 84b + 1 (mod 27).

Thus,
(2.2)
3f(0) —4f(1) + f(2)
= 3(400% — 84b + 1) — 4(40(b+2)* —84(b+2) 4+ 1) +40(b+4)*> — 84(b+4) + 1

= 336 — 320b = —176 — 64b (mod 27).

For r > 3 we see that 4T_3/7° € Zo and so

2m—2 4r—3 2m—2 -1
< k) 80" = 2m At = k. 57"( K ) =0 (mod 2™*?).
r r r—1

Thus,

2m—2g
m m — 2m_2k
32"k = (14-80)%" 7k = 80"
=14 5k-2™"2 4 25k - 2mTP(2m 2L — 1)

=1-195-2""2k =1+ 61 2"k (mod 2™T9).

This together with (2.1) and (2.2) yields

31 +61-2mF2k) + 1

1 Eomptp
32mk+b+1 1 3b—|—1 1
= TJFEQWH, = T+Eb 4 2™ 72 (176 4 64b) (mod 2™T7).
Thus,
30+t 41
(2.3) == (Bompgp — Ep) = =55 - 3% - 2™k Fymjqy + 2™k(44 4 16b) (mod 2™F7).

4

By [3, Corollary 7.9] or [4, Corollary 3.5] we have

362 —11b+1 d27) if 4]b,
(2.4) Ebz{ +1(mod2") if 4]

b2 —23b+41 (mod 27) if 4|b—2.
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302 — 116+ 1+ 2™mk(6b — 11) (mod 27) if 4|0,

2.5 Eompyy =
(2.5) 2mhth {b2—23b+41+2mk(2b—23) (mod 27) if 4[b—2.

3P =(1+8)"2 =1+ <b{2)8+ (bé2>82+-~-58b2—12b+1

{ —12b+ 1 (mod 27) if 4| b,
20b — 31 (mod 27) if4|b—2,

by (2.5) we have

(362 — 110+ 1 + 2™k(6b — 11))(—12b+ 1) (mod 27) if 4]b,

3bE m =
ke { (6% — 23b + 41 + 2™ k(2b — 23))(20b — 31) (mod 27) if 4|b— 2.

If 4| b, then
(36 — 116+ 1)(—12b + 1) = —36b> + 135b% — 23b + 1 = 7b* — 23b + 1 (mod 128)
and
(6b—11)(—12b+1) = —11 = —3 (mod 8).
If4]6—2, then 32| (b —2)(b+2) and so

(b — 23b+41)(20b — 31) = ((b—2)* — 19(b — 2) — 1)(20(b + 2) — 71)

= —20(b +2) — 71(b* — 23b + 41)
= —7b* 4+ 13b — 7 (mod 128)

and

(2b — 23)(20b — 31) = (2(b — 2) — 19)(20b — 31) = 19 - 31 = —3 (mod 8).

Thus

70 —23b+1—3-2mk (mod 27)  if 4|b,

—Tb?> +13b—7—3-2™k (mod 27) if 4]b-2.

Substituting this into (2.3) we obtain

(2.6)

3b—|—1 + 1
4

3bE2mk+b = {

2ME(—b2 +b— 11 — 3-2Mk) (mod 2m+7) if 4] b,

E'm _E =
(Bt = Bo) {2mk(b2+5b+45—3-2mk> (mod 2+7) it 4]b—2.

It is easily seen that

31 +1 3(1+8)"2+1 _3(1+5-8+ (") -8)+1

4 4 4
4

= 60> —9b + 1 (mod 27).



If 4 | b, one can easily check that
(602 —9b+1)(0* +3b2+9b+1) =1 (mod 27), b3 +3b>+9b+1=1+b (mod 8)
and
(=0 +b—11) (b3 + 30> +9b+ 1) = b> — b% — 2b — 11 (mod 27).
Thus, by (2.6) we have

Eompay — Ey = 2™k(=b% +b— 11 — 3 - 2Mk) (b3 + 362 + 9b + 1)
=2"k(b® —b* —2b— 11 —3(b+ 1) - 2™k)
[ 2™k(—(b+1)? =10 —3-2™k) (mod 27)  if 8|b,
- { 2mk(—(b+1)2 — 10 4 64 + 2™k) (mod 27) if 8 |b— 4.

If 4 | b — 2, one can easily check that

(66 —9b+1)((b+2)> =3(b+2)2+9(b+2) +3) =1 (mod 27),
(b+2)%—30b+2)2+90b+2)+3=b+5 (mod 8)

and
(b 4+ 50+ 45)((b+2)> —3(b+2)> +9(b+2) + 3) = b + 5b* — 22b + 61 (mod 27).
Thus, by (2.6) we have

Eompry — By = 2™k(b? +5b+45 — 3 - 27k) (b + 2)® — 3(b+ 2)2 + 9(b + 2) + 3)
= 2™k (b% + 5b% — 220+ 61 — 3(b+ 5) - 2™k) (mod 27).
Since
b® +5b% — 220+ 61+ (b+1)* + 10
= 0% +6b% — 200+ 72 = (b+2)> —32(b — 2)
— (b4+2) = { 0 (mod 128) ?f b =6 (mod 8),
64 (mod 128) if b =2 (mod 8),

we see that

Eompqy — Ey = 2™ k(b + 562 — 220+ 61 — 3(b + 5) - 2™k)
B { 2mEk(—(b+1)2 — 10 — 2™k) (mod 2™m+7) if b= 6 (mod 8),
L 27k(—=(b+1)2 =10+ 64+ 3-2k) (mod 2™+7) if b =2 (mod 8).
Note that (—1)b(bT+2) = 1 or —1 according as b = 0,6 (mod 8) or b = 2,4 (mod 8).
Combining all of the above we deduce the result.
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Remark 2.1 Let k € {0,1,2,...} and b € {0,2,4,...}. Taking m = 3 in [3, Corollary
7.8] we deduce

Espip = (’;) Ergp — k(k —2)Esyp + <k ; 1) Ey (mod 1024).
Hence
(2.7) Egpvp — Ep = (;) (E1640 — Ep) — k(k — 2)(Esyp — Ep) (mod 1024).
By [4, Corollary 3.7] we have
(2.8)
L4176k 128%2 (mod 512) and Eyprg = —1— 208K+ 128k2 (mod 512).

= 14 220k — 160k2
Corollary 2.1. Let k,m € N with m > 4. Then

Eomp =1—2"k(11+3-2™k) (mod 2™17)

7 — 68k + 96k2

and
Eompio = —1+2"k(45+3-2™k) (mod 2™17).

Corollary 2.2. Let b€ {0,2,4,...} and k,m € N with m > 4. Then
Eympsy = Ey — 27k((b+1)% + 10 — (=1)22™k) (mod 277,

Corollary 2.3. Let b€ {0,2,4,...} and k,m € N with m > 5. Then

By — 1127k (mod 27+%) if b=0,14 (mod 16),

Ey +13-2™k (mod 2™*5) 4f b=2,12 (mod 16),

Ey, —3-2™k (mod 2™%%)  4if b=4,10 (mod 16),

Ey+5-2™k (mod 2™%%)  if b=6,8 (mod 16).

E2mk+b =

Proof. By Corollary 2.2 we have
Eompyp = Ep — 2™k((b+ 1)* 4 10) (mod 2?).

Thus the result follows.
In the end we pose the following conjecture.

Conjecture 2.1. Let m,n € N, m >n and b € {0,2,4,...,2mF =1 _ 2} Then

E2mk+b - Eb = E2mk+2m+n—1_2_b - E2m+n—1_2_b (mOd 2m+n).
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