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SYMMETRIC OPERATORS WITH REAL DEFECT SUBSPACES
OF THE MAXIMAL DIMENSION. APPLICATIONS TO
DIFFERENTIAL OPERATORS

VADIM MOGILEVSKII

ABSTRACT. Let $) be a Hilbert space and let A be a simple symmetric operator
in $ with equal deficiency indices d := n+(A) < co. We show that if, for all X in
an open interval I C R, the dimension of defect subspaces 91\ (A)(= Ker(A™ — X))
coincides with d, then every self-adjoint extension A O A has no continuous
spectrum in I and the point spectrum of A is nowhere dense in I. Application of
this statement to differential operators makes it possible to generalize the known
results by Weidmann to the case of an ordinary differential expression with both
singular endpoints and arbitrary equal deficiency indices of the minimal operator.
Moreover, we show in the paper, that an old conjecture by Hartman and Wintner
on the spectrum of a self-adjoint Sturm - Liouville operator is not valid.

1. INTRODUCTION

Let $ be a Hilbert space, let A be a simple symmetric densely defined operator
in $ with equal and finite deficiency indices d = n4(A) < oo and let M, (A) =
Ker(A* — z), z € C be a defect subspace of A. As is known [15] dim91)(A) < d for
all A € R and dim M, (A) = d if the range of A— ) is closed, i.e., if A belongs to the set
p(A) of all regular type points of A (note that Ker(A — X\) = {0}, since the operator
A is simple). Moreover, if I = (u1, u2) is an interval such that I C p(A), then for any
self-adjoint extension A D A the spectrum a(g) in I consists of isolated eigenvalues
of A with finite multiplicity (the discrete spectrum ad(g)). In this connection it
seems to be rather interesting to find out if the situation is the same for the weaker
condition

dim9y(A) =d, MNel. (1.1)
It turns out that the answer is negative. More precisely, we show in the paper (see
Proposition 3.6) that for any interval I there is an operator A such that (1.1) is
satisfied and for any (equivalently for some) self-adjoint extension A O A the set
of all points A € I belonging to the essential spectrum oo(A)(= o(A) \ oq(A)) is
infinite. At the same time the spectrum of such an extension A is "small”? enough.
Namely, in the main theorem of the paper we prove that under the condition (1.1)

the following statement (s) is valid for any self-adjoint extension A> A
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(s) the set o(A) NI is nowhere dense in I and coincides with the closure of the

set ap(g) N I, where O'p(Av) is the set of all eigenvalues of A (the point spectrum).
Our considerations are substantially inspired by the book [18] and the recent
paper [17] in Journal of Funct. Anal., where similar results were obtained for differ-
ential operators. Namely, let Ly be the minimal symmetric operator generated by
a formally self-adjoint differential expression [[y] of an even order 2n on an interval
(a,b),—00 < a < b< oo (see (4.1)). For the operator Ly satisfying (1.1) the validity
of the statement (s) for any extension A = A* > Ly was proved by Weidmann [18]
under the assumptions, that a is a regular endpoint for the expression {[y] and Lg has
minimal deficiency indices d(= ni(Lg)) = n. Moreover, it was shown in [17] that in
the case of the regular endpoint a and an arbitrary defects d the statement (s) holds

for some self-adjoint extension A> Ly defined by separated boundary conditions.
In the present paper we generalize the Weidmann’s result to the case of arbitrary
(regular or singular) endpoints a and b and arbitrary equal deficiency indices d =
ny(Lo). More precisely, let L,o and Ly be minimal operators for the expression
l[y] on intervals (a,c) and (c,b) respectively (with some ¢ € (a,b)), let ny(Lgo) =
n_(Lao) =: dg, n+(Lpo) = n—(Lyy) =: dp and let for some interval I = (u1,p1) C R

dim m)\(Lao) =d,, dim m)\(Lbo) =d, M€

We show in Theorem 4.1 that under such assumptions the statement (s) holds for
any self-adjoint extension AD Ly.

In the paper [9] Hartman and Wintner suggested that for the second order, i.e.
Sturm - Liouville, operator Lo on the semiaxis [0, c0) with

dim9My\(Lo) = 1(=d), A€ = (p,p2). (1.2)

the statement (s) can be strengthened to ”the spectrum of any self-adjoint extension
AD Ly is discrete in I” (similar conjecture for the operator Lg of an arbitrary order
2n is contained in [18, 17]). We prove in the paper, that this conjecture is not valid.
More precisely we show that for any finite interval I = (u1, o) there exists a Sturm -
Liouville operator Ly such that (1.2) holds and for any self-adjoint extension AD Ly
the set o.(A) NI is infinite (see Proposition 4.3).

In conclusion note that our approach is based on the concepts of a boundary
triplet for A* and the corresponding abstract Weyl function, which has become a
convenient tool in the extension theory of symmetric operators and its applications
(see [8, 3, 13, 5, 14] and references therein). Such an approach enabled us to obtain
the above results without complicated construction of the self-adjoint extension A>

Ly with the desired properties of the spectrum o(A) (cf. [17]).

2. PRELIMINARIES

In the sequel we use the following notations: $), H denote separable Hilbert
spaces; [H1, H2] is the set of all bounded linear operators defined on H; with values
in Ho; [H] := [H,H]; C4 (C_) is the upper (lower) half-plain of the complex plain.
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Moreover, for a (not necessarily bounded) operator T' from H; to Ho we denote by
D(T), R(T) and KerT the domain, range and the kernel of T" respectively.

For a closed operator T in $) we denote by p(T) = {\ € C : Ker(T — \) =
{0}, R(T—X) = R(T— N} and p(T) = {X € p(T) : R(T — X\) = H} the set of
regular type points and the resolvent set of 1" respectively.

Let H be a finite dimensional Hilbert space. Recall that a holomorphic operator
function ®(-) : C4 UC_ — [H] is called a Nevanlinna function (and is referred to
the class R[H]) if Im z - Im®(z) > 0 and ®*(z2) = ®(Z), z € C4 UC_. According to
[10, 2] a function ®(-) : C; UC_ — [H] belongs to the class R[H] if and only if it

admits the integral representation
—> dFy(t), (2.1)

@(Z):Co+201+/ﬂ§<t_z_1+t2

where Cy,Cy € [H], Co = Cj, C1 > 0 and Fg(-) : By, — [H] is an operator valued
measure defined on the ring By of all bounded Borel sets in R and such that
1
dFy(t . 2.2
| wpirsn ey (22)
The operator valued measure Fg(-) in (2.1) is called the spectral measure of the
function ®(-) € R[H].
The following lemma is well known.

1 t

Lemma 2.1. Let ®(-) € R[H] and let F(-) = Fg(-) be the corresponding spectral
measure. Then for each X € R the following relations are equivalent:

(i) 512% 1/y Im (®(X +iy)h,h) < oo, h € H,;
(ii) /R% < oo, hewH, (2.3)

If the relation (i) (or, equivalently, (ii)) is satisfied, then there exists the limit
M (X +1i0) := lim M (X + iy)
y—0

and Im M (X +1i0) = 0.

Let A be a closed densely defined symmetric operator in ) and let A* be the
adjoint operator. For each z € C denote by
N, (A) :=Ker(A* —z)(=H S R(A—-2))

the defect subspace of A and let ny(A) = dimM,(A) (z € C) be the deficiency
indices of A.

Definition 2.2. [8] A triplet II = {#,I['o,I'1} consisting of an auxiliary Hilbert
space H and linear mappings I'; : D(A*) — H, j € {0,1} is called a boundary
triplet for A* if the mapping T' = (Tg T1)" : D(A*) — H @ H is surjective and the
following abstract Green’s identity holds

(A*fv g) - (f7 A*g) = (Flfv FOQ) - (Fofvrlg)7 fvg € D(A*)
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The following Proposition was proved in [4].

Proposition 2.3. Let 11 = {H,Ty,T'1} be a boundary triplet for A*. Thenny(A) =
n_(A) = dimH and the equalities

D(A()) = Kerl'g = {f S D(A*) : Fof = 0}, Ay = A* f’D(AQ) (2.4)
define a self-adjoint extension Ay D A. N
Conversely, let A be a symmetric operator in $ with ny(A) = n_(A) and let A be

a self-adjoint extension of A. Then there exists a boundary triplet I = {H,Tp,T'1}
for A* such that A = Ayg(= A* | Kerly).

It turns out that for any z € p(Ag) the operator I'g [ 91.(A) isomorphically maps
MN.(A) onto H. This enables one to introduce the following definition.

Definition 2.4. [3] The operator function M(-) : p(Ag) — [H] defined by
Ty [ 9L(4) = M(2)To | T(A), = € p(Ay)
is called the Weyl function corresponding to the boundary triplet {#,To,T'1}.
As was shown in [3] the Weyl function M(-) belongs to the class R[H] and 0 €
p(ImM(z)), =€ CL UC_.

3. SYMMETRIC OPERATORS WITH REAL DEFECT SUBSPACES OF THE MAXIMAL
DIMENSION

In the sequel we denote by A a simple symmetric densely defined operator in £)
with equal deficiency indices d = ny(A) < oo. Since the operator A is simple, it
follows that Ker(A — \) = {0} and, consequently, dim91)(A) < d for all A € R. We
denote by p(A) the set of all A € R such that dim 91y (A) = d.

Proposition 3.1. Assume that A is a simple symmetric operator in $ with d =
ny(A) < oo, I = {H,To,T'1} is a boundary triplet for A*, Aq is the self-adjoint
extension (2.4) and M(-) is the corresponding Weyl function. Then a real point A
belongs to p(A) and Ker(Ag — A) = {0} if and only if

;ig% 1/y Im(M (X +iy)h,h) < oo, heH. (3.1)
Proof. For a point A € R denote by H, the subspace in H given by Hy = I'oI\(A).
It follows from (2.4) that
Ker(Ty | My(4)) = D(Ao) N 9y(A) = Ker(4g — A)
and, consequently,
dim My (A) = dim Ker(A4g — \) + dim H,y. (3.2)
Since dim ) (A) < d, the equality (3.2) yields the equivalences
(Ker(Ap — A) = {0} and dimMy(A) =d) <= dimH)=d <= Hy=H. (3.3)
Moreover according to [13] for any h € H the following equivalence holds
heH, < 512% 1/yIm(M (X +iy)h, h) < oco. (3.4)
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In view of (3.4) the equality Hy = H is equivalent to the condition (3.1), which
together with (3.3) gives the desired statement. O

Remark 3.2. Tt is easily seen that for all A € R there exists a self-adjoint extension
Ay O A with Ker(Ag — A) = {0}. Moreover by Proposition 2.3 there exists a
boundary triplet IT = {#,To,T'1} for A* such that Ag is defined by (2.4). This
implies that Proposition 3.1 provides actually the criterium (in terms of the Weyl
function) for a point A € R belongs to p(A).

Lemma 3.3. Assume that dimH < oo and F(-) : By — [H] is an operator valued
measure satisfying (2.2) and the relation
lim (F(|la,B))h,h) =00, heH.
lim (P, 3)hh)
Moreover, let Lo(F,H) be the Hilbert space of vector functions f(-) : R — H such
that

IV = [ @FOF0£0) < o0

(see [11, 6]) and let Ap be the self-adjoint multiplication operator in Lo(F,H) given
by

D(Ar) ={f € Lo(F,H) : tf(t) € Lo(FH)}, (Arf)(t) = £ (). (3.5)
Then: 1) the equalities

Dmm:&emeémwvwzﬁ,cwnw:ﬁ@ (3.6)

define a simple symmetric densely defined operator in Lo(F,H) such that ny(Ap) =
dimH and Ap C Ap;

2) for each point A € R with F({\}) = 0(< Ker(Ap — \) = {0}) the inclusion
X € p(Ar) is equivalent to the relation (2.3).

Proof. The statement 1) was proved in [5].

2) Let the function M (-) € R[H] be given by (2.1) with C; = 0 and Fy(-) = F(-).
Then according to [5] there exists a boundary triplet IIy = {#,T'o,I'1} for A}, such
that Ag(= A* | Kerl'y) = EF and the corresponding Weyl function coincides with
M(-). Applying now Proposition 3.1 to the triplet Iy and taking Lemma 2.1 into
account one obtains the desired statement. ([l

For a given operator A and an interval I = (u1,p2), —00 < pu < pg < 0o, we
denote by pr(A) = p(A)NI the set of all points A € I with dim 9y (A) = d(= ns(A))
and let pr(A) = p(A) NI be the set of all regular type points of A belonging to
I. Since dimy(A) = d for all X € p;(A), the inclusion pr(A) C pr(A) is valid.
Moreover, the set pr(A)\ pr(A) consists of all points A € I such that dimMy(A4) =d
and the range R(A — \) is not closed.

As is known [16] the spectrum o(7T) of a self-adjoint operator 7" admits the rep-
resentation

o(T) =0p(T)U0c(T), 0c(T)=0ac(T)Uos(T), (3.7)
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where 0,(T) = {A € R: Ker(T'—\) # {0}} is the point spectrum and o¢(T'), oac(T')
and o4.(T") are continuous, absolutely continuous and singular continuous parts of
o(T) respectively. Recall that the continuous spectrum o.(7") is defined as the
spectrum of the self-adjoint operator T, = T' | $)., where 9. := $HOspan{Ker(T—\) :
X € 0,(T)} is the subspace reducing the operator 7T'.

Another basic partition of the spectrum is in terms of the discrete spectrum o4(7")
and the essential spectrum o.(T"). Namely, 04(T) is the set of all isolated eigenvalues
of T' with finite multiplicity and o¢(T) = o(T')\og4(T). It is clear that o.(T) C o¢(T).
Moreover, the following lemma is well known.

Lemma 3.4. Let A be a simple symmetric operator with d = ny(A) < co. Then all
self-adjoint extensions A O A have the same essential spectrum

oe(A) = R\ j(A). (3.8)

Recall also that a set X C (u1, pe) is called nowhere dense in (pg, pg) if for any
interval (uf,ph) C (u1,pe) there exists an interval (uf,ply) C (p}, i) such that
X 0 (uf, py) = 0.

Now we are ready to prove the main theorem of the paper.

Theorem 3.5. Assume that A is a simple symmetric densely defined operator in $
with equal deficiency indices d = ny(A) < oo and I = (1, p2), —00 < py < pg < 00,
is an interval such that the set I\ pr(A) is at most countable. Then:

1) for each self-adjoint extension A D A the intersection ac(g) N1 is empty and
the set o(A) N1 is nowhere dense in I;

2) the set I\ pr(A) is nowhere dense in I.

Proof. 1) Let A be a self-adjoint extension of A and let II = {H,Ty,T1} be a

boundary triplet for A* with A= Ap(= A* | Kerl'p) (such a triplet exists in view of

Proposition 2.3). Moreover, let M(-) € R[H] be the corresponding Weyl function.
Next assume that

Xp ={M}(=0p(A) N 1)

is the (at most countable) set of all eigenvalues of A belonging to I and let X; :=
ﬁ](A) \Xp, X9 = ([\ﬁ](A)) \Xp, so that

[=X,UX;UXy, X,NX;=X,NXy=X;NXy=0. (3.9)

Then X, U X> is an at most countable subset in I and by Proposition 3.1 the Weyl
function M (-) satisfies the relation (3.1) for all A € X;. This and Lemma 2.1 yield
the following statement (si) :

(s1) there exists a subset X; C I such that: (i) I\ X is an at most countable set;
(ii) for all A € X the limit M (A+10) := ZEI_)I% M (A +iy) exists and Im M (A+i0) = 0.

According to [1, Theorem 4.3] the statement (s;) implies that og.(A) NI =

0, o4c(A) NI =0 and, consequently,
o.(A)NI=0. (3.10)
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Next assume that F(-) and F(-) = Fy(-) are spectral measures of the operator

A(= Ap) and the Weyl function M (-) respectively. According to [1, Lemma 3.2] the
measures F(-) and F(-) are equivalent. Moreover, by (3.10)

o(A)NI=X,, (3.11)

which implies that the measure E(-) is discrete on I and hence so is the measure
F(-). Combining this statement with Proposition 3.1 and Lemma 2.1 one obtains

d(F'(t)h, h)
/RW Zk: (Fih,h) /(A — N2 < o0, Ae Xy, heH, (3.12)

where Fj, = F({\;}) € [H]. Let {e;}{ be an orthonormal basis in H and let c; =
> (Frej,ej). Since Fj, # 0 and Fj, > 0, it follows that ¢; > 0 and the relation (3.12)
J

yields
> /(A=A <00, AeE Xy (3.13)
k

Thus the following statement (s2) is proved:

(s2) there exists a decomposition (3.9) of the interval I and a sequence of
positive numbers {ci} such that X, = {\¢} and X, are at most countable sets and
for all A € X7 the relation (3.13) holds.

By using the statement (s2) one can prove in the same way as it was done [18,
Theorem11.7] that the set X, is nowhere dense in I. This and the equality (3.11)
imply that the set a(ﬁ) N I is nowhere dense in I as well.

The statement 2) follows from the obvious inclusion (I \ p7(A)) C o(A) N I and
the statement 1). O

It turns out that the relation O'C(AV) NI = () in the statement 1) of Theorem 3.5 can
not be replaced with the stronger one o.(A) NI = (). More precisely the following
proposition holds.

Proposition 3.6. For any interval I = (u1, p2), —00 < puy < pz < oo, and for any
d € N there exist a Hilbert space ) and a simple symmetric operator A in $ such
that n(A) = d, pr(A) = I and for any self-adjoint extension A > A the interval I
contains infinitely many points of O'e(Av). In view of (3.8) the last statement implies
that the set pr(A) \ pr(A) is infinite.

Proof. First assume that d = 1 and consider the following two alternative cases:
(1) po < 00, i.e., the interval I is bounded from above.
Let {A\x}§° be a strictly increasing sequence of the points A\p € I such that
hm A = uo and let {)\Jk}jk , be a sequence of the points A\j € (Ax—1,Ax) such

that Ak < Njgiks M — Ajr < 1and lim A\jp = Mg, 7,k € N. Consider also two
j—ro0
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sequences of positive numbers {s;}7° and {u;;}7%_, such that

o0 [e.9]
Zsk<oo and Zujk:sk
k=1 j=1
and let Fjp = ujp(Ap — )\jk)z. Since Fj, < ujy, it follows that
YIDILIED ) BT RS
ko ko k
This enables one to introduce the scalar discrete measure F’(-) on Borel sets B C I

by
F'({Njk}) = Fiis = Y Fi (3.14)

Ajx€B

Assume also that F”(-) is a scalar measure on bounded Borel sets B C R such that
F'(R\I)=ocand [ (t*41)7'dF"(t) < cc (for example one can take as F”(-) the

R\I
standard Lebesgue measure on the line). Then the equality
F(B)=F(BnI)+F"(BNn(R\1I)) (3.15)
defines the scalar measure F'(-) on bounded Borel sets B C R such that F(R) = oo
and
dF(t)
. 3.16
/]R 71 (3.16)
Next we show that
dF(t)
—s < 0 3.17
La=nr 347

for each point A;. Let (og, ;) be an interval such that A\y_; < ap < A and
A < B < )\l,k—l—l- Then

dF(t) >
S = 1
[ /5)(t—>\k)2 ;(]k—/\k Zu]k Sk <00 (3.18)
A, Pk
and in view of (3.16) one has
dF(t)

R\ [, k)

Combining (3.18) and (3.19) we arrive at (3.17).
(i) po = oo, i.e., the interval I is unbounded from above.
Assume also without loss of generality that p; < 1. In this case we put A\ =
k, Njp =k + jﬁ, k,j € N and let {F;}{° be a sequence of positive numbers such
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o0 o0
that > (j +1)2F; < co. Then s:= Y Fj < oo and the equalities
=1 =1

F({Aje}) = Fj, = Y F (3.20)

Ajr€EB

define the scalar measure F'(-) on bounded Borel sets B C R. For this measure we
have

F([k,k+1)) ZF =s, kCN

and, consequently, F'(R) = oc. Moreover

dF(t) > F; = 1

= < _— = —

[ Er=omt [ =Y P <> e
(—00,1) [k, k+1) Fl( m) + =1

for all £ € N, which implies that

Z/dF i%«n

R Uk k+1) k=1

Hence the measure F'(-) satisfies the relation (3.16). Next for a given \;, = k consider
the interval (ay, B)) such that (k — 1)+ 3 < ay < kand k+ 3 < B < k+ 1. Then

o0 [e.9]

/ — Z F; :Z(.+1)2F~ _
) ‘ )\k = [(k—I_Hl) _k’]z j=1 ’ js e

and by (3.16) the inequality (3.19) is also valid. This gives the relation (3.17) for
the measure (3.20).

Thus in both cases (i) and (ii) we constructed the countable infinite subsets Y3 =
{Ajr} and Yo = {A\;} of I and the discrete measure F(-) with the following properties:
1) Y7 consists of isolated points and Y3 is the set of all limit points of Y7 belonging
to I; 2) the measure F(+) is concentrated on Y7, F(R) = oo and the relations (3.16)
and (3.17) are satisfied. This properties imply that the multiplication operator Ap
in Ly(F') (see (3.5)) satisfies the equality

0e(Ap) N1 = Ya(= {\}). (3.21)

Next assume that Ap C Ap is a simple symmetric operator in Ly (F) given by (3.6).
Then ny(Ap) =1 and in view of (3.21) and Lemma 3.4 the set oc(A4) N I(= {\})
is infinite for any self-adjoint extension A D Apr. Moreover, by (3.17) and Lemma
3.3,2) Yo C pr(Ar) and the equality (3.8) gives

I\Yz = pr(Ar) C pr(Ar).

This implies that I = p;(Ar) and hence Ap is a desired operator.
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d
In the case of an arbitrary d € N we put A = @ Ap, where Ap is the constructed
k=1
above simple symmetric operator with ny(Ar) = 1. It is clear that the operator A
has the required properties. O

4. DIFFERENTIAL OPERATORS

In this section we apply the obtained results to differential operators generated
by the formally self-adjoint differential expression

M) = (DM (a-sy™)® = 1 sy™)* D + (guoiy® D)D) +ppy - (4.1)

k=1
of an even order 2n. The coefficients pg(-) and gx(-) of this expression are defined
on an interval (a,b), —oco < a < b < oo, take on values in [C™] and possess the
following properties:

(a) pr, qx are measurable on (a,b);

(b) pr(t) = pi(t) (k =0-+n) and 0 € p(po(t)) almost everywhere on (a, b);

(c) the operator functions px (K =2-+n), qx (k =1+ (n—1)), pgl, q(’jpal and
%qépalqo — p1 are locally integrable on (a,b).

The expression (4.1) is called regular at a, if a > —oo and the assumptions on
the coefficients are satisfied in [a,b) instead of (a,b). The regularity of (4.1) at b is
defined correspondingly.

Next assume that yl*l(-), &k = 0 + 2n are the quasi-derivatives of a function
y(-) : (a,b) — C™ [15, 12] and let D(I) be the set of all functions y(-) such that the
quasi-derivatives y¥!(-), k = 0+ (2n — 1) are absolutely continuous in (a,b). Then
for each function y € D(1) the equality I[y] = y!*" is valid.

For a given interval («, ) C R denote by Lo(a, 8) the Hilbert space of all mea-

B
surable functions f(-) : (o, 8) — C™ such that [||f(t)]|?dt < co. As is known

[15, 18] the expression (4.1) generates the maximal operator L in La(a,b) defined on
the domain D(L) := {y € D(I) N La(a,b) : l[y] € La(a,b)} by Ly = l[y], y € D(L).
Moreover, the minimal operator Lg is defined by Lg = L_E), where Lj, is a restriction
of L onto the linear manifold of all functions y € D(l) with compact support. It
is known [15, 18] that Ly is a densely defined symmetric operator in Ly(a,b) and
Lt =L.

For a given point ¢ € (a,b) denote by l,[y] and [[y] the restrictions of the ex-
pression [[y] onto the intervals (a,c) and (¢, b) respectively and let L,o (Lyg) be the
minimal operator in Ls(a,c) (resp. Lo(c,b)) generated by l,[y] (resp. lp[y]). It is
clear that for each A € C the defect subspace My (Lao) (Ma(Lepo)) is the set of all
solutions of the equation

Iyl = Ay =0, (4.2)

which lie in La(a, c) (resp. La(c,b)). Therefore the defect number n (L) (n (L))
can be defined as the number of linearly independent solutions of the equation (4.2)
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with A = i belonging to La(a,c) (resp. La(c,b)). Similarly one defines (with A = —i
in place of A = i) the defect numbers n_(Ly) and n_(Lyg).
If the operators L,g and Ly have equal deficiency indices

n+(La0) = n_(Lao) = da, n+(Lb0) = n_(Lb(]) = db, (43)

then nm < d, < 2nm, nm < d, < 2nm and the operator Ly also has equal
deficiency indices

ni(Lo) =n_(Lo) = dg + dp — 2nm.

In this connection note that the relations (4.3) hold if m = 1 (the scalar case) and
in formula (4.1) g = 0. Observe also that all the above definitions and assertions
do not depend on the choice of the point ¢ € (a, b).

Application of Theorem 3.5 to the minimal differential operator Ly gives the
following result.

Theorem 4.1. Let the operators Lqy and Ly have equal deficiency indices (4.3)
and let I = (u1,p2), —0o0 < pp < pg < oo, be an interval such that for some
(equivalently, for all) ¢ € (a,b) and for all X € I, besides an at most countable set
X C I, the equation (4.2) has dg linearly independent solutions belonging to La(a, c)
and dy linearly independent solutions which lie in Lo(c,b). Then for any self-adjoint
extension A D Lq the statement 1) of Theorem 3.5 holds.

Proof. Since the expressions l,[y] and [p[y] are regular at ¢, it follows that the cor-
responding minimal operators L,y and Ly are simple (see for instance [7]). Hence
the symmetric operator Lo := Lao & Ly in Ls(a,b) is also simple and in view of the
equality ‘ﬁA(ﬁo) = 9\ (Lao) ® Ma(Lyo) one has

dim 0Ny (Lo) = dim 9y (Lqeo) + dim My (Lyy), X € C.
Therefore by (4.3) n+(Lo) = dq + dp and
dim My (Lo) = do + dyp(= n+(Lo)), AE€T\ X,

which implies that ﬁj(ﬁo) = I\ X. Moreover, Lo C Ly and consequently Ly C A
for any self-adjoint extension A D Lg. Now it remains to apply Theorem 3.5 to Lo
and any self-adjoint extension A D Lo(D Lo). O

The following corollary is immediate from Theorems 4.1 and 3.5.

Corollary 4.2. Let the expression (4.1) be regular at a and let the corresponding
minimal operator Lo has equal deficiency indices d = ny(Lg). Moreover, let I =
(B, p2), —00 < py < pg < 00, be an interval such that Eq. (4.2) has d linearly
independent solutions which lie in Lo(a,b) for all X € I besides an at most countable
set X C I. Then: _

1)for any self-adjoint extension A D Lg the statement 1) of Theorem 3.5 holds;

2) the set of all points A\ € I such that R(Lo — \) # R(Lo — A) is nowhere dense
i 1.
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The particular case of (4.1) is the scalar Sturm - Liouville expression

yl = —y" +pt)y, te(0,00), (4.4)

where p(-) : (0,00) — C is a scalar function such that p(t) = p(t) and p(t) € L1(0,¢)
for every ¢ € (0,00) (this means that the expression (4.4) is regular at 0). Let the
minimal operator Ly of the expression (4.4) has minimal deficiency indices ny (Lg) =
1 (the limit point case). For a given 6 € R consider the boundary value problem
defined by the equation (4.2) and the boundary condition

y'(0) — 0y (0) = 0. (4.5)

Assume that ¢(¢, A) is the solution of (4.2) with the initial data ¢(0,\) = 1, ¢'(0,A) =
0 and let Ay be a self-adjoint extension of Ly with the domain

D(4g) = {y € D(L) : y/(0) = 0y(0)}.

As is known [15] the scalar measure F'(-) : B, — R is called a spectral measure of
the boundary problem (4.2), (4.5) if the relation (the Fourier transform)

L2(0,00) 3 f = (VN = /0 Tt V(1) dt € L(F) (4.6)

defines the unitary operator V' : Ls(0,00) — Lo(F)(= Lo(F,C)) such that the
operators Ag and Ap (see (3.5)) are unitary equivalent by means of V.

If F(-) is a spectral measure of the problem (4.2), (4.5), then the unitary operator
V' (4.6) gives the unitary equivalence between the minimal operator Ly and the sym-
metric operator Ap defined by (3.6). Observe also that F'(-) is the spectral measure
of the Titchmarsh-Weyl function m(-) of the boundary problem (4.2), (4.5)[15] and
hence it satisfies the relation (2.2).

In the following proposition we show that the conjecture by Hartman and Wintner
on the spectrum of a self-adjoint Sturm - Liouville operator is false (for more details
see Introduction).

Proposition 4.3. For any finite interval 1 = (u1,p2), —00 < p1 < pg < 00,
there exists a Sturm—Liouville expression (4.4) such that the deficiency indices of
the minimal operator Ly are d = ny(Lg) =1 and the following statements hold:

1) for all N € I Eq. (4.2) has the unique solution which lies in La(0,00);

2) for any self-adjoint extension A> Lg the interval I contains infinitely many
points of the essential spectrum ae(g).

Proof. Let I = (1, pu2) be a finite interval, let {\z}. {A\;x} and {Fji} be the same
as in the proof of Proposition 3.6 (case (i)) and let F’(B) be the measure on Borel
sets B C I defined by (3.14). According to [15, ch. 8. 26.3] the measure F’(-) can
be extended to the measure F'(-) on bounded Borel sets B C R with the following
property: there exists the Sturm-Liouville expression (4.4) and a real § such that
the corresponding minimal operator Ly has the deficiency indices d = ny(Lg) = 1
and F'(-) is the spectral measure of the boundary problem (4.2), (4.5).
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Next assume that Ap and Ap are the operators (3.5) and (3.6) respectively. Then
repeating the same reasonings as in the proof of Proposition 3.6 one obtains that

pr(Ar) = I and for any self-adjoint extension A D Ap the set o.(A) NI is infinite.
Since the minimal operator Ly is unitary equivalent to Ar (by means of the Fourier
transform (4.6)), the operator Ly has the same properties as Ar. This implies the
desired statements 1) and 2). O
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