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FAST AND ACCURATE CON-EIGENVALUE ALGORITHM FOR OPTIMAL
RATIONAL APPROXIMATIONS

T.S. HAUT AND G. BEYLKIN

ABSTRACT. The need to compute small con-eigenvalues and the associated con-eigenvectors of
positive-definite Cauchy matrices naturally arises when constructing rational approximations with
an optimally small L°° error. Specifically, given a rational function with n poles in the unit disk,
a rational approximation with m < n poles in the unit disk may be obtained from the mth
con-eigenvector of an n X n Cauchy matrix, where the associated con-eigenvalue A, > 0 gives
the approximation error in the L° norm. Unfortunately, standard algorithms do not accurately
compute small con-eigenvalues (and the associated con-eigenvectors) and, in particular, yield few
or no correct digits for con-eigenvalues smaller than the machine roundoff.

We develop a fast and accurate algorithm for computing con-eigenvalues and con-eigenvectors
of positive-definite Cauchy matrices, yielding even the tiniest con-eigenvalues with high relative
accuracy. The algorithm computes the mth con-eigenvalue in O (m2n) operations and, since the
con-eigenvalues of positive-definite Cauchy matrices decay exponentially fast, we obtain (near)
optimal rational approximations in O (n (log 5’1)2) operations, where ¢ is the approximation
error in the L° norm. We derive error bounds demonstrating high relative accuracy of the
computed con-eigenvalues and the high accuracy of the unit con-eigenvectors. Finally, numerical
tests on random (complex-valued) Cauchy matrices show that the algorithm computes all the
con-eigenvalues and con-eigenvectors with nearly full precision.

1. INTRODUCTION

We present an algorithm for computing with high relative accuracy the con-eigenvalue decompo-
sition of positive-definite Cauchy matrices,

ozia_j
1 =75’
where ~; and «; are complex numbers and |y;| < 1. Although the con-eigenvalue decomposition (see
e.g. [21]) is less well-known than the eigenvalue decomposition or the singular value decomposition,
it arises naturally in constructing optimal approximations using exponentials or rational functions

(1, 2, [3, 10} 28] [5, [6]. For example, for a rational function f(z),

n n
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i,j=1,...,n,

we may construct a rational approximation g(z) with m poles and with an error,
2mix 2mix
max e —gle ~ A,
Joax [f(€57) =g (77) [ = A

by solving the con-eigenvalue problem (LLI]) (see Section 2] for more detail). Ordering the con-
eigenvalues, A\ > ... > A\, > 0 (they may all be chosen positive), the number of poles m of the
approximant g(z) corresponds to the index of the con-eigenvalue \,, and leads to a near optimal
approximation in the L°°-norm with the error close to A,,.

Unfortunately, current algorithms compute an approximate con-eigenvalue X;L with an error no

better than ‘)\m - X;L /|A1] = O (€), and an approximate unit con-eigenvector u,, with an error no
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better than
i = lly = O (€) fabsgap,,.  absgap,, = min [An = Xyl / Il

where € denotes the machine roundoff. This implies that a computed con-eigenvalue smaller than
[A1] € will generally have few or no correct digits. Hence, in order to obtain a rational approximation
with accuracy A\, < 1077, we are forced to use at least quadruple precision. Since quadruple precision
is typically not supported by the hardware, it slows down the computation by an unpleasant factor
(between 30 and 100). Another undesirable feature of current algorithms to solve (L)) is the O (n®)
complexity for finding the m < n poles of g(z), where n is the original number of poles of f(z).

Although the construction of optimal rational approximations in the L>-norm has a long history
(starting with the seminal papers [II, 2 [3]), the difficulties mentioned above limit practical appli-
cations of such approximations to situations where the problem size is relatively small and a low
accuracy is acceptable. In this regard, we view our results as a stepping stone toward a wider use
of optimal L°°-approximations in numerical analysis.

We develop a fast and accurate algorithm for con-eigenvalue/con-eigenvector computations of
positive-definite Cauchy matrices that addresses both of the difficulties mentioned above. Our
algorithm computes the mth con-eigenvalue/con-eigenvector in O (m?n) operations (see Section ).
Since the con-eigenvalues of positive definite Cauchy matrices decay exponentially fast, for a given
desired accuracy ||f (e2™*) — g (e*™) |lo & 6, the number of poles m in the approximant g(z) is

O (logé~t). Therefore, the complexity of our algorithm is O (n (log 5*1)2), i.e., it is essentially
linear in the number of original poles n and, thus, is mostly controlled by the number of poles of

the final optimal approximation.
We also prove that the con-eigenvalue algorithm achieves high relative accuracy, i.e., the computed

con-eigenvalue A satisfies ‘)\m - Xr\n‘ /|Am| = O (€), and the computed unit con-eigenvector u,,
satisfies
lm = @mlly = O () /relgapy,,  relgapy, = min [Am — Al / (A + Am)

(see Theorems [6] and [ for the exact statement). In contrast to the usual perturbation theory for
general matrices, we show that small perturbations of the poles 7,, and residues a,, (determining
the Cauchy matrix C = C(a,) in (1)) lead to correspondingly small perturbations in the con-
eigenvalues and con-eigenvectors, as long as the poles are well separated in a relative sense and
are not too close to the unit circle. Thus, constructing optimal rational approximations using our
con-eigenvalue algorithm is a fast and robust procedure.

Our approach is inspired by papers [15] 13} [I7, [IT], T9], which develop algorithms and theory for
highly accurate SVDs of certain structured matrices. Generally speaking, high relative accuracy
is achieved when it is possible to avoid catastrophic cancellation resulting from subtracting two
close floating point numbers (see [12] for a comprehensive analysis of when efficient and accurate
algorithms are possible using floating point arithmetic). Classes of matrices for which highly ac-
curate SVD or eigenvalue algorithms exist include bi-diagonal matrices [I4, @ [I8], acyclic matrices
[16], graded positive-definite matrices [15], scaled diagonally dominant matrices [4], totally positive
matrices [22], symmetric indefinite matrices [27], and Cauchy matrices (as well as, more generally,
matrices with displacement rank one) [I1].

The con-eigenvalue algorithm considered here is based on computing the eigenvalue decomposition
of the product, CC, of positive-definite Cauchy matrices C' and C, and is similar to the algorithm
in [I3] for the generalized eigenvalue decomposition, as well as the algorithm in [I7] for the product
SVD decomposition. We also rely on the algorithm in [I1] for computing, with high relative accu-
racy, the Cholesky decomposition (with complete pivoting) C' = (PL) D? (PL)" of a positive-definite
Cauchy matrix C'. However, since we are interested in computing only con-eigenvalues of some ap-
proximate size &, we stop Demmel’s Cholesky algorithm once the diagonal elements D;; are small
with respect to § and the desired precision. Since the diagonal elements D;; decay exponentially fast,
this allows us to accurately compute con-eigenvalues of size ¢ (and the associated con-eigenvectors)
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in O (n (log 5‘1)2) operations. We also note that the error bounds developed in [I7] are not ap-

plicable to our problem (the condition number of a Cauchy matrix cannot be appreciably reduced
by scaling the rows and columns). In contrast, the error bounds developed in this paper yield high
relative accuracy for all the computed con-eigenvalues larger than § (and high accuracy for the
con-eigenvectors), as long as the unit triangular matrix, L, is well-conditioned, and the relative gap
between the con-eigenvalues is not too small (we have always observed this to hold in practice).
In particular, if ¢ is chosen small enough, the full con-eigenvalue decomposition is obtained with
high relative accuracy. The derivation of our error bounds makes crucial use of the component-wise
perturbation theory developed in [I5] for the singular vectors of graded matrices (see also [24]), as
well as the component-wise error analysis in [I5] and [23] for the one-sided Jacobi method. We also
use the error analysis given in [19] for the Householder QR method with complete pivoting.

It has been an established practice, in both numerical analysis and signal processing, to use L?-
type methods for representing functions. On the other hand, it has been understood for some time
that nonlinear approximations may be far superior in achieving high accuracy with a minimal num-
ber of terms (see e.g., [25]). However, in spite of many interesting theoretical results, the widespread
use of nonlinear approximations has been limited by a lack of efficient and accurate algorithms for
computing them. Our algorithms provide the necessary tools for computing optimal nonlinear ap-
proximations via rational functions, and come with guaranteed accuracy bounds. We believe that
these new accurate algorithms may greatly extend the practical use of L*° approximations in nu-
merical analysis and signal processing. We note that we have already developed several applications
of these algorithms in numerical problems (to be published elsewhere).

We start in Section 2.I] by describing in some detail the reduction problem for rational functions,
and connect its solution to a con-eigenvalue problem for positive definite Cauchy matrices. In
Section [2.2] we review the results in [I5] [13] 17, 1T, 19] needed in our derivations (those familiar
with highly accurate SVD /eigenvalue algorithms may refer to this section only as needed). Next, in
Section [B.I] we formulate the con-eigenvalue problem in terms of an associated eigenvalue problem,
and provide an informal description of the algorithms of this paper (we defer proofs of accuracy
of these algorithms to Section Bl). We then verify the accuracy of the con-eigenvalue algorithm
by comparing the con-eigenvalue decomposition of randomly generated Cauchy matrices with that
obtained via standard algorithms in extended precision. Finally, in Section Bl we prove that the
con-eigenvalue algorithm achieves high relative accuracy and that the con-eigenvalue decomposition
is stable with respect to small perturbations of the parameters defining the Cauchy matrix.

2. PRELIMINARIES

We now provide the necessary background for the con-eigenvalue algorithm. In Section [Z1]
we explain how the accurate computation of small con-eigenvalues and associated con-eigenvectors
allows us to construct optimal rational approximations. Section 2.1] provides important motivation
for our algorithm, but is not needed to understand the rest of the paper. In Sections -4
we provide necessary background on computing highly accurate SVDs, as well some error bounds
that are needed for the analysis of the con-eigenvalue algorithm. Although the results we need in
[15] 23] 13| 24] 1Tl 19] are only stated there for real-valued matrices, they carry over to complex-
valued matrices with minor modifications and are formulated as such.

2.1. Reduction procedure. We start with a rational function f(z),

n n

(2.1) f(z)zzzai ‘—I—Z @z + ao,

i—=1 — % — 1-— TZ

where the residues «; and poles v; are complex, and |y;| < 1. We consider an algorithm to find
a rational approximation r(e?™) to f(e?™**) with a specified number of poles and with a (nearly)
optimally small error in the L®°-norm. The algorithm is based on a theorem of Adamyan, Arov,
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and Krein (referred to below as the AAK Theorem) [3]. We note that the formulation given below
in terms of a con-eigenvalue problem is similar to the approach taken in [I0] and [5].
Given a target accuracy ¢ for the error in the L*°-norm, the steps for computing the rational

approximant r(z),
m m -
_ Biz
= Z T T
=1 =1

— N iz
are as follows:

(1) Compute a con-eigenvalue 0 < A, < ¢ and corresponding con-eigenvector u of the Cauchy
matrix Oij = Oij (’}/1, Oéj),

Ui
u9 b

(2.2) Cu = \nu, where u = . , Ciyj = @9 , 4,7 =1,...,n,
Up,

and a; = \/a; /v, bj = /@, ; = 7;1, y; = —7;- The con-eigenvalues of C' are labeled in
non-increasing order, Ay > Ao > --- > \,,.
(2) Find the (exactly) m zeros 7; in the unit disk of the function

(2.3) o(z) = ﬁ o Y

i 1

The fact that there are exactly m zeros in the unit disk, corresponding to the index m of
the con-eigenvalue \,,, is a consequence of the AAK theorem. The poles of r(z) are given
by the zeros 7; of v(z).

(3) Find the residues f3,,, of r(z) by solving the m x m linear system

m
(2.4) — B
; 1— 2} 1=
The L°-error of the resulting rational approximation r(e?™*®) satisfies ||f — r|| ., &~ Am, and is close
to the best error in the L°°-norm achievable by rational functions with no more than m poles in
the unit disk. Hence, we are led to the problem of computing, to high relative accuracy, small

con-eigenvalues and the associated con-eigenvectors of positive-definite Cauchy matrices.

Remark 1. In practice, finding the new poles 7; using the formula for v(z) in (23] is ill-advised, since
evaluating v(z) in this form could result in loss of significant digits through catastrophic cancellation.
It turns out that the con-eigenvector components satisfy u; = \/a;v (v;), i = 1,...,n, which, along
with the n poles 1/7; of v(z), completely determines (2Z3]). Since the poles v; of f(z) are often close
to the poles 7); of r(z), we have observed that evaluating v(z) by using rational interpolation via
continued fractions with the known values v (;) allows us to obtain the new poles 7); with nearly
full precision.

2.2. Accurate SVDs of matrices with rank-revealing decompositions. According to the
usual perturbation theory for the SVD (see e.g. [§]), perturbations d A of a matrix A change the ith
singular value o; by do; and corresponding unit eigenvector u; by du;, where (assuming for simplicity
that o; is simple),

(2.5) |00i] o1 < ||6A|, [|dus] < M, absgap, = min |o; — 0| /o1.

- ~— absgap, Y iy

Therefore, small perturbations in the elements of A may lead to large relative changes in the small
singular values and the associated singular vectors. Moreover, since standard algorithms compute an

SVD of some nearby matrix A+ dA, where ||0A| /|4 = O (e), the perturbation bound (Z5]) shows
that the computed small singular values and corresponding singular vectors will be inaccurate.
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In contrast, the authors in [I3] show that, for many structured matrices, the ith singular value
0; < o1 and the associated singular vector are robust with respect to small perturbations of the
matrix that preserve its underlying structure. The sensitivity is instead governed by the ith relative
gap | |
. 0; — 05
relgap, = Izn7&1§1 o ¥,

More precisely, let us consider the class of matrices for which a rank-revealing decomposition A =
X DY is available and may be computed accurately. Here X and Y are n x m well-conditioned ma-
trices and D is an m x m diagonal matrix that contains any possible ill-conditioning of A. As is shown
in [13], a perturbation of A = XDY™* that is of the form A+ §A = (X +§X) (D +6D) (Y +8§Y)",
where
950 _ g0y IOV _ gy 1904l

X1l g " |Diil

changes the ith singular value o; and associated left (or right) singular vector u; by amounts do;
and du; bounded by

(2.6)

|0 max (r (X) , £ (Y))
. — < il <
(2.7) e max (5 (X),k(Y))O(e), |[du;] < relzap, O (e),
where k(X)) = || X|| HXTH and X' denotes the pseudo-inverse of A. One reason this class of matrices

is so useful is that Gaussian elimination with complete pivoting (GECP) (or simple modifications)
computes accurate rank-revealing decompositions of many types of structured matrices (see [13] and
[11]). Moreover, small perturbations of such matrices that preserve their underlying structure lead
to small perturbations in the rank-revealing factors and, therefore, small relative perturbations of
the singular values.

Given the decomposition A = X DY, it is shown in [13] (see Algorithm 3.1) that an SVD of A may
be computed with high relative accuracy, and with about the same cost as standard, less accurate
SVD algorithms for dense matrices. The key to this algorithm is the one-sided Jacobi algorithm
(briefly reviewed in Section [2.4]), which, with an appropriate stopping criterion, accurately computes
the SVD of matrices of the form DB, where D is diagonal (and typically highly ill-conditioned)
and B is well-conditioned (see [15] and [23]). In the application we are considering, X =Y and D
has positive decreasing diagonal elements, and the following simplified version of this algorithm (see
[23]) suffices.

Algorithm 1 SVD_ RRD (X, D) computes an accurate SVD of A = XDX*. Input: RRD factors
X (nxm) and D (m x m). Output: SVD factors U and ¥ (XDX* = UX2U*).
(U,%,V) « SVD_RRD (X, D)

1. Compute QR factors (Q, R) + Householder_QR(XD)

using Householder reflections (may use optional column pivoting)

2. Compute SVD factors (U,X,V) < Jacobi_SVD(R) (RD =

UXV*) using the

one-sided Jacobi algorithm in [[15]

4. Output QU and X

Algorithm [ yields computed singular values &; and left (or right) singular vectors @; that satisfy

|oi — i

(2.8) <K (X)O(e),

i

K (X)
relgap;

(2.9) [Jwi — wil| < O(e),
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2.3. Computing rank-revealing decompositions. In this section we review how a modification
of GECP computes accurate rank-revealing decompositions of Cauchy matrices [11]. We also review
how a variant of the QR Householder algorithm with complete pivoting computes accurate rank-
revealing decompositions of graded matrices [19].

2.3.1. LDU factorization of Cauchy matrices. We describe Demmel’s algorithm (see Algorithms 3 and 4
in [II] and Algorithm 2.5 in [7]) for computing an accurate rank-revealing decomposition of a
n X n positive-definite Cauchy matrix C;; = a;b;/ (x; +y;). The algorithm is based on a mod-
ification of Gaussian elimination for computing, in O (n2) operations, the Cholesky factorization
C = (PL)D (PD)" of a positive-definite Cauchy matrix (more generally, the algorithm computes
an LDU factorization for an arbitrary Cauchy matrix in O ( 3) operations). Here P is a permuta-
tion matrix, L is a unit lower triangular matrix, and D is a diagonal matrix with positive dlagonal
elements. It is shown in [I1] that, remarkably, the components of the LDU factors L U and D are
computed to high relative accuracy,

(210) ‘Eij — Lij S |Lij| Cné€, ’UU - Uij

< cn |Uijl €, ’ﬁu — Dy;

< ¢n |Dii| €,

where ¢, is a modest-sized function of n. The basic reason the algorithm achieves high relative
accuracy is that the only operations involved are multiplication and division of floating point numbers
(additions and subtractions in the algorithm involve only x; and y;, which are assumed to be exact).

We now review the basic idea behind the algorithm in [T1]. First, ignoring pivoting for a moment,
we assume that, after k steps of Gaussian elimination, the Cauchy matrix is transformed to the

matrix G*)
(k) (k)
G(k) _ Gll G 2
0 G( )

The elements of the Schur complement G( +1) may be computed from those of Gg’;) by using the
recursion

211 ah — (Ii_‘r’“> <yj_y’“)G(-’-“‘”, L i=k+1,...,

( ) ij z; + Yk Y Tk ij [2W] n

Introducing pivoting, we observe that the matrix G*) may be obtained by applying Gaussian elim-
ination to a Cauchy matrix C*) = C*) (a(’“),b(k),x(’“),y(’“)), where a®, b*) 2(*) and y*) are
permutations of a, b, x and y corresponding to the row and column pivoting of C. As long as the
vectors a, b, x and y are permuted according to the pivoting of G*), the recursive formula @I
still holds.

It is observed in [I1] that if C is positive-definite (and, therefore, only diagonal pivoting is needed),
then the pivot order may be determined in advance in O (nz) operations by computing diag (G(k))
from formula (ZI1]). Once the correct pivot order is known, we do not need to compute the entire
Schur complement G*) to extract the components of L and U, but only its kth row and kth column.
Indeed, we may use Algorithm 2.5 in [7], which uses the displacement structure of C, to compute an
accurate Cholesky decomposition in O (nz) operations. To see how, note that it easily follows from
(2I1) that the Schur complement of a Cauchy matrix is a Cauchy matrix,

(k) g(k)
o B
G® ()= ij=k+1,....n
i) =gy b
where the parameters al(-k) and ﬁi(k) satisfy the recursion
a(_k) _ T —wkal(.kfl), B(k) — Yk ﬁi(kq)’ i=k+1,....n
Ty + Yk Yi + Tk

Since the kth column L (:, k) may be extracted from G*) (:, k), we therefore only require O (n) oper-

(k)

ations at each step of Gaussian elimination to compute L (:, k). Updating o;"’ and ﬂi(k) also requires
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only O (n) operations. In Section (see Algorithms [B] and M), we present an O (n (log 5‘1)2)

algorithm to compute con-eigenvalues greater than a user specified cutoff § and, as a result, yielding
a fast algorithm for obtaining nearly optimal rational approximations.

Once an accurate LDU factorization C' = (PZ) D (Pﬁyk is available, an accurate SVD of C
may be obtained using Algorithm [

2.3.2. Rank-revealing decompositions of graded matrices. It is shown in [I9] that the Householder
QR algorithm with complete pivoting may be used to compute a rank-revealing decomposition of a
graded matrix of the form A = DyBDy. Here D; and D, are diagonal matrices that account for
the ill-conditioning of A. Recall that the Householder QR algorithm uses repeated applications of
orthogonal matrices to reduce A to an upper-triangular matrix R. On the first step, the parameter
1 and the vector vy of the Householder reflection matrix Q(l) = I — fiv1v] are chosen so that

(1)

ai aqq

a21 0
QW _ -

an1 0

Consequently, the first application of Q) to A results in a matrix of the form
1y Q) (1)

aq a%%) ... a%?)
AD — Q4 0 ayy ... ag,
0 aSQ) e asll,z

(U]
Y la<ij<n
steps, A~D = Q=1 QM A = R, where R is upper triangular. In the version considered in
[19], the rows of A are first pre-sorted so that so that |4 (1,:)||., > --- > [|[A(n,:)|l.. The algorithm
then proceeds as above, except that at each step, k, column pivoting is performed to ensure that
|A®) (K : n, k)H2 > > [[AB) (k- n,n)H2. Letting P, denote the row permutation matrix that
pre-sorts the rows of A, and letting P> denote the column permutation matrix corresponding to the
column pivoting, the QR Householder algorithm produces the QR factorization PiAP, = QR.
Following [19], we consider the error analysis of the Householder algorithm (without pivoting)
applied to Py AP>, where P; and P; are chosen so that no column or row exchanges are necessary (e.g.
the matrix A is pre-pivoted). Assume that the matrix P; AP, may be factored as Py AP, = D1BDa,
where Dy and D, are diagonal matrices, and that the Householder algorithm, applied to the row-

This process is repeated on the (n — 1) x (n — 1) lower block [a and, after n — 1 such

scaled matrix C' = DB, produces intermediate matrices C*) with columns cgk). Finally, define the
quantities p, u, and ¥ by

(k) k) /7. .
max; g |Cyj c;” (k- m)H max; e |
(2.12) p=max —————, [ =maxmax4a—————, — '
Lol EUEE e |t ma el

The above quantities measure the extent to which the Householder algorithm preserves the scaling
in the intermediate matrices A%*), and are almost always small (this is analogous to the pivot growth
factor in Gaussian elimination with row pivoting). It is shown in [19] that

Theorem 2. Suppose that A is pre-pivoted, and the Householder algorithm is used to compute the
upper triangular matriz R of the QR decomposition. Then there is an orthogonal matriz QQ such that
QR = D1 (B + 0B) Da, where 6B satisfies

16B] < pyoul|B] O (e),
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and p, p, and ¢ are defined in (213).

In [I9] Theorem 2lis combined with the theory developed in [I3] (e.g., see Theorems 4.1 and 4.2
in [I3]) to show that the QR algorithm with complete pivoting produces accurate rank revealing
decompositions of graded matrices of the form A = Dy BDs, as long as the principal minors of B are
well-conditioned and the diagonal elements of D1 and D5 are approximately decreasing in magnitude.
In our specific application, we are able to obtain stronger error bounds (see Proposition [I0).

Remark. Instead of pre-sorting the rows of A and applying the Householder algorithm with column
pivoting, one may also use a version of the Householder algorithm in which both row and column
pivoting is employed (see [I9] for more details). Gaussian elimination with complete pivoting may
also be used to obtain accurate rank-revealing decompositions of graded matrices [13].

2.4. Modified one-sided Jacobi algorithm . The heart of Algorithm [lis the modified one-sided
Jacobi algorithm, which accurately computes the SVD of matrices of the form DB and BD, where
D is diagonal and typically highly graded, and B is well-conditioned (see [15] and [23]). Although
we focus on the one-sided Jacobi algorithm as applied to G = BD, analogous considerations apply
to G = DB by replacing G by G*. The one-sided Jacobi algorithm works by applying a sequence of
Jacobi matrices Ji, ..., JJy to G from the right (i.e., the same side as the scaling, which ensures that
components of the right singular vectors are computed with high relative accuracy). Each Jacobi
matrix J is chosen to orthogonalize two selected columns, and one sweep consists of orthogonalizing
columns in the order (1,1),(1,2),...,(1,n), followed by columns (2,3),(2,4),...,(2,n), and so on.
Sweeps are repeated until all the columns are orthogonal to each other to within the bound
|wi w;|

G(Jle):W 172 1/2§7’L€, 1f27éj

)
|wiwi " wiwi]

This stopping criterion is used to ensure that even the smallest singular values are computed with
high relative accuracy. The SVD of G = UXV* immediately follows by taking 3;; = W (:, 1),
V=W/S,and U = (J1Jo--Jur)".

It will be crucial for the error bounds developed in this paper that the components of the right
singular vectors of DB (or the left singular vectors of BD) scale in a way similar to D, and are
computed accurately relative to this scaling. At each step m of the Jacobi algorithm, we write
(Jo--Jm)G = By, Dy, where the columuns of B,, have unit I?-norm and the matrix D,, is diagonal.
Defining v = maxi<, < k2 (Bm)®, we then have the following result from [23] (an improvement on
results in [15]).

Theorem 3. Let G = DB be an xn full-rank, complex-valued matriz, where the diagonal matrix D
is chosen so that the [>-norm of each column of B is unity. Suppose that one-sided Jacobi algorithm
is used to compute an approximation U; to the ith left singular vector v; of G (normalized so that
v; (i) = 1), and the iteration converges after M sweeps. Then the following error bound holds on the
computed components of v;:

N . Di; | | Dj; p(M,n)v
2.13 () — 0 ()] < 2 ) [+ 0O (&
(213) orti) =5 G < min (| 2| 22]) (205 e+ 0(@)).
where
|loi — g
1 = —

and p (M, n) is proportional to M -n3/? .

3. ACCURATE CON-EIGENVALUE DECOMPOSITION (AN INFORMAL DERIVATION)

3.1. Accurate con-eigenvalue decompositions of positive-definite matrices with RRDs.
Since in the con-eigenvalues are determined only up to an arbitrary phase factor e!?, we may assume
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they are real without loss of generality. Moreover, the con-eigenvalue problem for a positive-definite
Cauchy matrix C;; = a;b;/ (z; + y;) reduces to an eigenvalue problem,

(3.1) CCu=\Ct = |\ u.

Remark 4. For applications to computing optional rational approximations (see Section 21J), we
need to compute the con-eigenvalues/con-eigenvectors of Cauchy matrices of the slightly different
form, Ci; = a;a5/ (1 — 47;), i.e., with a; = /ai /i, by = \/@;, 2 = 7; !, and y; = —7;. The same
reasoning as in [11] shows that the Cholesky computation of C' (see Section 23] is performed with
high relative accuracy, as long as the differences ~; ! _ 57 are computed with high relative accurately.
As noted in [I1], ”yj_l —7%; may be accurately computed using techniques from [26]. Alternatively, if

needed, we may compute some of these differences using extended precision without impacting the
overall speed of the algorithm.

We now discuss how to compute accurate eigenvectors and eigenvalues of matrices AA, where
A is of the form A = XD?X*, with X a (well-conditioned) n x m matrix (m < n) and D an
m X m diagonal matrix with positive diagonal entries. To do so, let us define the m x m matrix
G=D (XTX) D, and consider its SVD, G = WAV*. Then G*G = VA2V*, and the ith right
singular vector (1 < i < m), v; = V(:,1i), satisfies (DX*XD) (DXTXD)v; = A?v;. It then follows
that z; = X Dv; is an eigenvector of AA with eigenvalue \?, since

AAz; = (XD?X*)(XD*X") 2z =
= XD (DX*XD) (DXTXD)v; = N} XDuv; = X}z

and, thus, Z; = X D7; is an eigenvector of AA. To summarize: given the decomposition A = X D?X*,
an eigenvector z; (i < m) of AA is given by Z; = X Dv;/ D;;, where v; is the ith right singular vector
of the m X m matrix G = D (XTX) D.

To compute eigenvectors and eigenvalues of AA, we first use the Householder QR algorithm from
Section to obtain an accurate rank-revealing decomposition of G = QR. Algorithm [I] then
computes an accurate SVD G = WA2V* (see Section 2.2)), where the diagonal elements of A contain
m con-eigenvalues of A, and the columns of the matrix T = X (DVD’l) contain m con-eigenvectors.
The main steps are shown in Algorithm

Algorithm 2 ConEig RRD (X, D) computes accurate con-eigenvalue decomposition of X DX*.
Input: rank-revealing factors X and D (of dimensions n x m and m x m). Output: m con-
eigenvalues/con-eigenvectors of X DX*, contained in A and T.
(A,T) + ConEig RRD (X, D)

1. Form G=D(X'X)D

2. Compute QR factors (Q, R, Pi, P») + Householder_QR of G (G =

PIQRP,), using complete pivoting (see Section

3. Compute the SVD factors (W,A,V) « Jacobi(RP,) of RP, (RP, =

WA2V*), using one-sided Jacobi, applied from the right (see Section 2.4D

4. Form matrix of con-eigenvectors T =

XDV /D!, and output con-eigenvalues A and con-eigenvectors T

In our application, the elements of D decay exponentially fast and it would appear that computing
the con-eigenvectors z; = YDU_Z-/ D;; might lead to wildly inaccurate results even if v; is computed
accurately. The basic reason Algorithm [2] achieves high accuracy is that the matrix containing the
right singular vectors scales like |V;;| < ey min (D;;/D;;, D;;/Dy;), and the computed components
\A/l-j are also accurate relative to the scaling in D, i.e.,

Vij—‘A/z'j

<min (D;;/Dj;,D;j/Dii) O (e) .
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3.2. Accurate con-eigenvalue decompositions of positive-definite Cauchy matrices. If
A = (C is a positive-definite Cauchy matrix, then we know from Section that the modified
GECP algorithm in [I1] computes the Cholesky decomposition C' = (PL)D? (PL)" with high
relative accuracy. Therefore, Algorithm @] for the eigenvalue problem of CC may be used, with
X = PL, to compute all the eigenvalues and eigenvectors (and, therefore, the con-eigenvectors and
con-eigenvalues of C). Alternatively, from the decomposition C' = (PL) D? (PL)", we may first use
the one-sided Jacobi algorithm of Section 2.4 to compute an SVD of PLD = UX (U’) x (where U and
U’ are unitary matrices), yielding C = UX2U*. Then, with X = U and D = %, Algorithm 2 com-
putes the eigenvalues and eigenvectors of C'C. In our analysis of this version of the con-eigenvalue
algorithm, the error bounds for the computed con-eigenvectors are better but, in practice, we have
not observed a significant difference in accuracy between the two.

For our purposes, we are only interested in computing a single con-eigenvector with associated
con-eigenvalue of approximate size ¢ (see Section 2I]). However, the diagonal elements of D may
be many orders of magnitude smaller than §, and it is then natural to expect that, by computing
a partial Cholesky decomposition of C'; we may obtain the ith con-eigenvector in much fewer than
O (n3) operations. In this case, we stop Demmel’s algorithm for the Cholesky decomposition of C'
once the diagonal elements D;; are small with respect to the product of § and the machine round-off

€, that is, as soon as D,,,, < de for some m. We then obtain C' = C = (ﬁi) D? (162) , Where L
is an n x m matrix and D is a diagonal m x m matrix. Algorithms [J and @ contain pseudo-code for

computing E, 5, and P. In the pseudo-code I (n,m) denotes the first m < n columns of the n X n
identity matrix.

Algorithm 3 Pivot_Order (a, b, x,y, d) pre-computes pivot order for Cholesky factorization of n x
n positive-definite Cauchy matrix C;; = a;b;/ (z; +y;). Input: a, b, x, and y defining C;; =
a;bj/ (z; +y;), and target size § of con-eigenvalue. Output: correctly pivoted vectors a, b, z, and y,
truncation size m, and m X n permutation matrix P

(a,b,x,y,f’,m) « Pivot_Order (a,b,z,y,9)

Form vector ¢; := a;b;/(x; +vi), i=1,...,n
Set cutoff for GECP termination: 7 := €d
Initialize permutation matrix (n X n identity): P=1I (n,n)
Compute correctly pivoted vectors:
m:=1
while |g(m)|>n or m=n—1
Find m <! <n such that |g(l)| = max|g(m : n)|
Swap elements:
g(l) <> g(m), (1) <> x(m) , y(I) <> y(m)
a(l) < a(m),b(l) + b(m)
Swap rows of permutation matrix:
P(l,:) ¢ P(m,:)
Update diagonal of Schur complement:
glm+1:n):=
(@ (m+1:n)—a(m))/(y(m+1:n)—y(m))g(m+1:n)
Increment iteration count:
m:=m+1
Output a,b,z,y, P(1: m,n),m
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Algorithm 4 Cholesky Cauchy (z,y,a,b,d) computes partial Cholesky factorization of positive-
definite Cauchy matrix C;; = a;b;/ (x; + y;). Input: a, b, x, and y defining Cj; = a;b;/ (x; + v;),
and target size 0 of con-eigenvalue. Output: n X m matrix Z, m X m matrix 5, and permutation
m X n matrix P in partial Cholesky factorization.

(L, D, P) + Cholesky Cauchy (a,b, x,y, )

Compute pivoted vectors and matrix size m (Algorithm [3D:

(a,b,x,y,ﬁ,m) <+ Pivot_0Order(a, b, x,y,0)
Initialize generators:
a:=a, f:=b
Compute first column of Schur complement:
G 1)=axp/(z+y)
for k=2,m
Update generators:
ak:n)=ak:n)x(xk:n)—zk-1))/(xk:n)+y(k—-1))
B(kin):=B(k:n)x(y(k:n)—y(k—1)/(yk:n)+zk-1)
Extract kth column for Cholesky factors:
Gk :nk)y:=alk:n)«xB(k:n)/(z(k:n)+y(k:n))
Output partial Cholesky factors:
D =diag(G(1:n,1:m)"?, L=tril(G(1:n,1:m))D"2+I(n,m), P

Once the partial Cholesky decomposition C = C = (ﬁZ) D? (ﬁf) is computed, Algorithm

for the eigenvalue problem of CcC may then be used, with X = PL and D = l~), to compute
accurate con-eigenvalues and con-eigenvectors of C' (see Theorem [7]). As before, we may optionally

~~ o~ ~~ o\ * ~ ~ /~\2 ~
use Algorithm [l to compute an SVD of PLD = UX (U’) , yielding C = U (E) U*. Since the

con-eigenvalues decay exponentially fast, the complexity of this algorithm is O (n (10g(56)_1)2)
operations. Therefore, when used in the reduction procedure outlined in Section 21l the near
optimal rational approximation may be obtained by computing the SVD of a matrix that is roughly
the size of the optimal number of poles. The pseudo-code is given in Algorithm

Algorithm 5 Con_Eigvector (a,b,z,y,0) computes accurate con-eigenvalue decomposition of
positive-definite Cauchy matrix C;; = a;b;/ (v; +y;). Input: a, b, z, and y defining C;; =
a;bj/ (z; +y;), and target size J of con-eigenvalue. Output: con-eigenvalues lager than ¢, and
associated con-eigenvectors.

(A, T) + Con_ Eigvector (a, b, z,y, )
1. Compute partial Cholesky factors (E,f),ﬁ) —
Cholesky_Cauchy(a,b,z,y,d) (Algorithm @D and set X = PL
2. Optionally, compute the SVD factors (ﬁ,i,ﬁ’) —
SVD_RRD (157;,5) (Algorithm @) and set X =U, D=1%

3. Compute con-eigenvalues and con-eigenvectors (A,T) +
ConEig_RRD (X, D) (Algorithm using Algorithm

4. Select largest [ such that Ay >

0 and output A(1:7,1:1), T(1:n,1:1)
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4. EXPERIMENTAL VERIFICATION

We test the accuracy of Algorithm 5] on 300 random Cauchy matrices, Ci; = (@) / (1 — v:7;),
i,j =1,...,120. The complex poles v; = p;e*>"*%i and residues w; = (;e**™¥i are generated by taking
pjs ¢4, and 1; from the uniform distribution on (0,1), and taking ¢; from the uniform distribution
on (0, 10). For each randomly generated matrix, we first compute, as a gauge, CC = TA?T~! using
the in-built Mathematica 7™ eigenvalue solver with 300 digits of precision, and compare the result
with 7 and A computed via Algorithm [l using standard double precision. We then evaluate the
maximum relative error in the con-eigenvalues A; = A;;, max; [A; — ;\;
T(vj) - T(v])
by the complex-valued constant T (io, §) /T (io, ), io = maxi<i<n |T (4, 7)|, since T (:,7) and T, j)
are defined only up to an arbitrary complex-valued factor.

Figures 4.1l and summarize the result of a typical run. Figure dTj(a) shows the distribution of
the poles ; inside the unit disk and Figure.I(b) displays log;, )\f as a function of the index j. Fig-

/|Aj], and the maximum

error in the computed con-eigenvectors, max; JNT (5, 7)|5. We first scale T (:,5)
2

ure [L.2((a) shows the relative error in the con-eigenvalues ’)\j - j\;’ / |Aj], and Figure[4.2(b) displays

the error in the normalized con-eigenvectors ||z; — Zj||, / [|25]l5, as functions of the index j.

[(esssessages L L L L L
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\.
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(b) ~100+

FIGURE 4.1. (a) Distribution of poles ; determining Cauchy matrix C' in a typical
run. (b) Exponential decay of the eigenvalues A3 of CC as a function of the index
J using log; scale.
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FIGURE 4.2. (a) Relative error in the jth con-eigenvalue, ’)\j - X;

(b) ¢

/ 1A;], as a func-

tion of the index j. (b) The error in the jth con-eigenvector, ||z; — Zj|, / |2l

z; =T 1(:,7), as a function of the index j.

In Figures 4.3l and [4.4] for each of the 300 random Cauchy matrices, we plot the error in the com-

puted con-eigenvalues

A=A

/|1Aj| and con-eigenvectors ||y — wjll, / [lu;l[,for j = 1,40, 80,120
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(note the exponential decay of );). We see that the con-eigenvalues and the con-eigenvectors
are computed with nearly full precision for all the Cauchy matrices. In fact, the largest errors

—

Aj = Nl /A and [[@; — ], / |lujlly in the computed con-eigenvalues and con-eigenvectors, for
any of the 300 Cauchy matrices and any 1 < j < n, are 5.3 x 10713 and 6.4 x 10713,

14 | .
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4.x1078 |
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3.x10° 3
2.x107 8 | .
. 5.x10°15
1.x1073 | °
. M .
‘F' Se o ey LAY 3 2 -
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. oef .
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4.x1074 |
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3.x10°%E
-14
1.x10 2 %104 |
5.x107%° 1.x1074

()

(d)

—

FIGURE 4.3. Relative error in the computed con-eigenvalues, ‘)\j - /\j‘ /|A;], for

Jj = 1,40,80,120 ((a), (b), (c), and (d), respectively), plotted for each of the 300
random Cauchy matrices.
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FIGURE 4.4. Relative error in the computed con-eigenvectors, ||4; — w;ll2/||u;||2,
for j =1,40,80,120 ((a), (b), (c), and (d), respectively), plotted for each of the 300
random Cauchy matrices.
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5. ACCURACY AND PERTURBATION THEORY

We show that Algorithm [Blof the previous section (with the optional SVD step included) achieves
high relative accuracy. We also demonstrate that small perturbations of a;, b;, x;, and y; determining
C lead to small relative perturbations of the con-eigenvalues and small perturbations of the angles
between subspaces spanned by the con-eigenvectors, as long as the parameters x; and y; are not
too close in a relative sense. We mention that omitting Step 2 in Algorithm [Bl also yields high
relative accuracy, but with a more pessimistic error bound (in practice we have observed essentially
no difference in accuracy between the two algorithms).

For two (complex) floating point numbers = and y, we denote by fl (z ® y) the result of applying
the operation x ® y in floating point arithmetic, where ® is one of the four basic operations, ® €
{+,—,x,+}. We use that fl (z ©®y) = (z ®y) (1 4 ), where [§| < ce+ O (€?), € denote the machine
round-off, and ¢ is a small constant (cf. [20]). We will also abuse notation by letting fl (XY) denote
the result of multiplying matrices X and Y in floating point arithmetic.

Let us define a quantity that will appear often in our estimates. For a given diagonal matrix D',
we define

AR
(5.1) dij (D’)_nnn(‘D}j‘, |DZ| , L,3=1,...,n.

For the diagonal matrices considered in this paper, the elements of the matrix d;; (D’) decrease
exponentially fast away from its diagonal ¢ = j.

In Theorems below we always assume that the con-eigenvalues are simple, although this is not
a crucial restriction. In the statements and proofs of these theorems, the implicit constant factor
implied by the notation O (n) and O (¢) (here €, < 1) depends only on the size n of the matrix C.
We also use the notation O (1) to denote a quantity that depends only on the size n. We note that
all these implicit constants may be tracked more carefully and are modest-sized functions of n.

Theorem 5. Suppose that the parameters defining the positive-definite Cauchy matriz C = C(a, b, x,y)
are perturbed to a = a+ da, b=>b+ b, x = x + dx, and y =y + doy. Let us define

n = (1/m +1/n2 + 1/n3) max {[|dall . , 100/l ; [162]] o » 109l }

where
N el N (1 71
M = min ————, 7y = min ————, 73 = min —————.
i | + il i yil =+ 1yl #i || + y;]
Let C = LDL* denote the Cholesky factorization of C, and let C = C(E,E, Z,%y) denote the Cauchy
matriz corresponding to the perturbed parameters. Finally, let Ai, A; and z;, z; denote the con-
eigenvalues and con-eigenvectors of C and C'.

Then the con-eigenvalues \; and \; satisfy

Ai = Ai
7 <R(L)OMm),
|Ail
and the acute angle between the con-eigenvectors z; and z; is bounded by
) N k(L) A=A
sin (£z;,2;) < ——=—0O(n), relgap; = min ———
(22050 = Sedgap O T = R T
where k(L) = ||[L7|| | L] is the condition number.

Next we state

Theorem 6. Suppose that Algorithm [A (with the optional SVD step included) is used to compute
the full con-eigenvalue decomposition of a positive-definite Cauchy matriz C'. Suppose also that C
has the Cholesky factorization C = (PL) D? (PL)", where P is the permutation matriz that encodes
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complete pivoting. Then, letting A;, )Ti, and z;, z; denote exact and computed con-eigenvalues and
con-eigenvectors of C, we bound the relative error

Wg(pu¢+u+n(L))O(n),

and the acute angle between z; and Z;

pub + v+ k(L)

—Aj
O (e), relgap; = min [Ai = A
relgap;

sin (£z;,2;) < A At
( ) J#i |/\|+|/\ |

The value of v comes from the error analysis of the modified Jacobi algorithm described in Section[2.4).
The values of p, u, and ¥ come from the error analysis of the Householder QR algorithm described
in Section [2.3.2.

Theorem 7. Suppose Algorithm [A (with the optional SVD step included) is used to compute m
approximate con-eigenvalues XZ and associated con-eigenvectors z; of a positive-definite Cauchy ma-
triz C. Suppose also that C' has the Cholesky factorization C = (PL) D? (PL)*, where P is the
permutation matrix that encodes complete pivoting. Let L=1L (1 n, m) and D = D (1:m,1:1m),

where m is chosen so that D, < de for some § > 0, and LD = QRP is the QR factorization of

LD with column pivoting.
Then the acute angle between z,, and z, may be bounded by

L
it v 1 (L) | CY g
relgap; relgap;

sin (£z;, z;) < (

where, as in Theorem[B, the value of v comes from the Jacobi algorithm and values of p, u, and v
from the Householder QR algorithm.

Although estimates (Z.8) and (Z3) imply that the SVD of the matrix G = X (UTU) ¥ = (QW) SV
in Algorithm[Blis computed accurately (and, therefore, the con-eigenvalues are computed accurately),
the con-eigenvector z; is obtained from the right singular vector v; of G by the transformation

= (UZ) v;/ ||(UE) le Since the elements of ¥ decay exponentially fast, the matrix U has
a very large condition number, and it would at first appear that the computed con-eigenvector
=5 ({5 o |5
S are known accurately. The reason Algorithm[Blachieves high accuracy is that the singular vectors v;
are bounded component-wise by |v; (§)| < d;; (£) co, and the computed singular vector components
0; (j) of G are accurate relative to the scaling of ¥ in the sense that |v; (§) — 0; (j)| < codij () €.
The constant ¢y is moderate sized if L, the unit triangular matrix from the Cholesky factorization
of C, is well-conditioned, and the relative gap, relgap,, is not too small. Recall that the quantities
d;j (3) = min (3;;/3;;,3;;/%:;) may be many orders of magnitude smaller than e. Then it follows

that
Y. . E\A .
E]_J_vi(y)—ﬂ< ”MJ))

0%

) could be a wildly inaccurate approximation of z;, even if ¥;, U , and

(52) < C1€,

where ¢; is a constant (small if ¢y is small). It also turns out that ||Sv; /¥;;]| > 1. Therefore, since U is
orthogonal, and the ith exact and computed con-eigenvectors z; and z; are given by z; = U (Zw; /X4;)

and z; = fl ((7 (i@l/i\”)), it follows from the above inequality that sin (£z;,%;) = ¢10 (). The
details of the proof may be found in Section
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5.1. Perturbation theorem. In this section, we prove Theorem[El We start by formulating several
preliminary results. Lemma [§] describes how perturbations of the vectors a, b, z, and y defining
the Cauchy matrix C = C(a,b,z,y) change the factors L and D in the Cholesky decomposition
C = LDL* (see [11] for a proof).

Lemma 8. Suppose the data defining the Cauchy matric C = C(a,b, z,y) is perturbed to a = a+da,
b=0b+40b, x =x+ 0z, and y =y + dy. Let us define

n = (L/m +1/n2 + 1/n3) max {{|dal|  , [|60] , 12| o 0¥l } »

where
N N e 1 o Jw
=1 ————-—, 7j2 = Il =———"—,  7)3 = I ————"".

i#i |j] + | i#i |yl + 1yl i#i il + 1y
Then C = C(a,b,z,y) and C = CN'(&', b,Z,y) have Cholesky factorizations C = LDL* and C =
LDL*, where L, L are unit lower triangular matrices, D, D are diagonal matrices with positive
entries, and

L;; — Ljj; = |Di| O (n).

=|Li| O (n), ‘Dn‘ — Dy

We also need the following proposition, the proof of which may be obtained via techniques de-
veloped in [4] and [15] (see also [24]). The proof is given in the Appendix (it is a straightforward
modification of that found in [I5] Proposition 2.12], and is provided for completeness).

Proposition 9. Suppose G = DBD and G+6G = D (B + dB) D, where D is a diagonal matriz with
positive diagonal entries, and B, B+6B are non-singular Hermitian matrices. Then, letting X denote
the diagonal matriz of eigenvalues of G, unit eigenvectors x; and T; of DBD and D (B + éB) D,

may be chosen so that
1/2
)~ 7G| < dy (D) <“<B> ) 0 (I9Bl)

Omin (B) relgap;
Also, the following norm-wise and component-wise bounds hold:
_ Duz; .
2 () < | B2 )] < w82, ).

Finally, we state the main result needed to prove Theorem

Proposition 10. Suppose G = DBD and G + §G = D (B + 6B) D, where B is a non-singular
complex-valued matriz, and D is a diagonal matriz with positive diagonal elements. Then the ith
(left or right) singular vectors v; and v; of G and G 4+ 6G may be chosen so that

K(B)2 M vi(J w(B)Y2d.;
Telgapio( 1B )7 lvi(§)| < K(B)/“di; (D).

If, in addition, the matriz B is complex symmetric (BT = B), then
‘ Dvi

i

lvi(§) —2:(5)| < dij (D)

>k 2 (B).

Proof. Note that the SVD of DBD may be obtained from the eigenvalue decomposition of the
Hermitian matrix

b )-8 8) (4 )2 3)

Similarly, the SVD of D (B + §B) D may be obtained from the eigenvalue decomposition of the
Hermitian matrix

F+5F:(loj g)((B—i-OcSB)* BT)KSB)(? g)'
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Indeed, given the SVD, DBD = USV*, the matrix F' has the eigenvalue decomposition

p_[L(V V S o0 N[l /v VAl
V2 \U U 0 -5 Ve \U U '
A similar statement applies to F' 4+ §F. The component-wise bounds now follow from applying
Proposition [0l to F and F + 0 F, and using the equalities

H<f§ g)l ‘H( (391)* B(;l >H—2IIB1||7 and H(;’ ﬁ)H—anu.

If B is complex symmetric, then we may take U = V and apply Proposition [I0, yielding

H(IOD fg)(%)”“’ 2“”2(( o §)>=2n1/2(3).

We now prove Theorem
Recall that the matrix T of con-eigenvectors satisfies T = UXV, where C=U. 21%{* is the SVD
of C' and V is the matrix of right singular vectors of G = X (UTU) Y. Let C = UX2U* denote the

SVD of C. From Lemma 8 and the discussion in Section (see also [11]),

D’Ui
:2 _
1=

k22

i — s

(5.3) jv-0|=rmom. |t =nmom.

Defining G = % (ﬁTﬁ) 5, the above bounds yield G = ¥ (UTU + E) , where |E|| = £ (L) O (n).

Proposition [I0 states that unit singular vectors v; of G and v; of G may be chosen so that

(5.4) lvi(§)] < kY2 (UTU) dij (B) = dij (2),
and
N &2 (UTD) k(L)
(5.5) [vi(j) — vi(5)| < dij (%) <m> O (| E]) <dij (%) MO
Therefore, defining w; = Xv;/X;; and w; = fﬁi / EN“-, we have
lwi () —wi(j)] = ;Z vi(j) — g—jj ;?@(j)’
< S ) - (L4 RO W) TO)
< ?ZZ (lvi(5) — 0 (D] + [vi ()| £ (L) O (n))
<

(ol k) om.

relgap;

where we used (5.3) in the first inequality, and [&4])- (5.5) in the last one. Proposition I0lalso implies
that 1/ [Jw;|| < s/ (UTU) =1 and 1/ |w;]| < O(1).
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The proof now follows upon noting that the con-eigenvectors z; and z; satisfy z; = Uw;, z; = U w;,

and using (E3),

sinZ(z;,2;) = min||w— -« < ||7— - —
o HU@ [Uwi| HU@H [Uw]|
< 6{51 _ U’LT)Z U’LT)Z _ U’LUZ
- ’ oa,l| o ] Ua; Hﬁai
|@-v)a] L
< B Oy - i< (S w)) o).
w1

O

5.2. Proof of Theoreml6l (high relative accuracy of Algorithm[Bl). First consider Steps 1 and 2
of Algorithm B From [IT], the computed SVD factors ¥ and U of C satisfy

(56) Dij — Dij

’ —

<Dyl k(L) O(e) | HU—ﬁH <k(L)O(e).

Next, Algorithm [2is used to compute the con-eigenvalue decomposition of ) ([7 Ty ) $. In Step 1,
the computed matrix G satisfies G = fl (f] (ﬁTﬁ) f]) =X (UTU + Ep) &, where || Ey|| < k(L) O (e).

In Step 2 of Algorithm B, a computed upper triangular factor R of G is obtained using the
Householder QR algorithm with complete pivoting. By Theorem 2], there is an orthogonal matrix Q
and permutation matrices P, and P» such that the computed R satisfies

(5.7) PIQRP, =% (UTU + E,) 3,

where Fy = Ey + Eq, |E1]l < puvO (e), and p, p, and @ are “pivot growth factors” described in
Section

Step 3 of Algorithm [2involves computing an approximate SVD }A%PQ R ﬁlf\ﬁ:* using the modified
one-sided Jacobi algorithm, applied from the right. Note that, from (5.7), if RP; has the (exact)
SVD EPQ = U;AU}, then U, is the matrix of right singular vectors of ¥ (UTU + Eg) Y. Therefore,

defining U = XU, X", Proposition [ implies that |(U}),;| < & (UTU + E,) < O(1). Also,

= |(zuts, | = s,

<0().

J

[Crs = |,

Therefore, we have x (U.) < O(1). Then it follows that we may write RP, = R'S, where R/ =
U (XU,271) and k (R') < O(1).

Now, let ©; denote the computed right singular vector of RP. Then, by Theorem [B] and the

equality EPQ = R'Y, there is an exact right singular vector vgl) of R such that

(5.8) 5 () = o ()] < dis (%) ——0 ().

Also, since P, QEPQ = (P1Q) (/]\liﬁ; =D (UTU + Eg) D, Theorem [I0 ensures that there is an exact

left singular vector v; of G = D (U TU ) D that satisfies

K2 (U TU )
relgap,

relgap;

L)+ oy,

(5.9) () —oVG) < dy (D) ommHS¢ﬂﬂﬁk@m

Therefore, from (.8) and (2.9) we obtain

(5.10) vi (5) = 0 ()] < dij (%)

(€).
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We will also need the following component-wise bounds,

(5.11) v (DI 12: ()] < dij () O (1),
which follow from Proposition [I0l
Finally, Step 4 of Algorithm [2] involves computing the con-eigenvector z; = fl (17 (fh’;} / f);))

Now let w; =1l (i@/g) = i@/i\” + E3, w; = Yv;/Y;; and note that

|Ey] < ‘i

__
vl / ’Eiz‘

O(e) = (1+ 0 (o) [X[ o] / [ O (€) = O (),

where (B.6]) is used in the first equality and (B.I1]) is used in the second equality. Therefore, we
obtain

wi) — TG = 2 Uim-;i;;;:m}
= ) - 1+ R (L)OE) )
< 22 () - B+ 36 (D)0 (@)
< oy (2 B 4 o
< (2 til im) o,

where we used (B4 in the second equality, and (GI1) and (EI0) in the second inequality. We also
have from Proposition [0 that 1/ ||w;| < /2 (UTU) = 1 and 1/ |w;|| < /2 (UTU + E) = O (1).
Therefore, recalling that U is orthogonal and ‘ U —U| =r(L)O(e), a similar calculation as in the
proof of Theorem [B] shows that the acute angle between the computed and exact con-eigenvectors
z =1l (ﬁuﬁ?) and z; = Uw; is bounded by the quantity in the last inequality above, thus completing
the proof.

5.3. Proof of Theorem [Tl We need the following well-known result describing the sensitivity of
the eigenvalue problem for diagonalizable matrices.

Lemma 11. Assuming that A has simple eigenvalues, we consider its perturbation A + E. Let

X = ( Tl ... Tp ) denote the matrix of unit eigenvectors of A, with corresponding eigenvalues
A1y ..oy An. Then the acute angle between the ith unit eigenvectors x; and T; of A and A is bounded
by

O (IE1)

sin (L, ;) < k(X , where absgap; = m;n [Ai — Aj].
j#i

absgap;

The next result shows that the matrix of eigenvectors of CC' is well-conditioned.

Lemma 12. Let C denote a positive-definite Cauchy matriz, and let T' denote the matriz of unit
eigenvectors of CC. Then we have x (T) = O (1), where O (1) denotes a modest-sized function of n.

Proof. From Section [3.T} we know that the matrix of (unnormalized) eigenvectors of CC is given by
Z=U (EVZ‘l), where V is the matrix of right singular vectors of 3 (UTU) > and U is the unitary
matrix in C = UXU*. Now, by Proposition [I0} we have that

(5.12) (575, | =| (Ve | < w2 (UTr) =1
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Also,

<1

(57| =

(27’12—1)ij

Therefore,  (SVE™!) = O (1), and it follows that x (Z) <k (SVE~!) = O (1).
Now define Q;; = ||z, and let T = ZQ~! denote the matrix of unit eigenvectors. From (5.12),
Q;; = O(1). Also, again using Proposition [I0] we have
Qi = |Usoy!| = [Zosyt| > w12 (UTU) =1.
Therefore, we finally obtain x (T) < K (Z) k() = O (1). O

= |(zvs

Ji

The next lemma is the key to proving Theorem [7}

Proposition 13. Suppose that PCP has the Cholesky factorization C = (PL)D?(PL) (where
complete pivoting is used). For a given m < n, define C = L1D?L%, where L1 = (PL) (1 :n,1:m),
Dy =D(1:m,1:m), and where 1 < m < n is such that Dy, < e\;. Assume that the eigenvalues
of CC and CC are simple. Then if CCz = Az and 66’51 = /\Nifzvi, we may bound the acute angle
between z; and z; by

A= A
(] h lgap;, = _
relgap. (e), where relgap, r]n;? N

Ly Lo Dy 0
< Loy Lo > ’ < 0 Do )
Then, since complete pivoting is used and the components of PL are bounded by 1,

_ 2 £ _ LDy Ly2Ds DiL;y, DiL3%
O=(PL)D7(PL) = <L21D1 L2y Do DLty DLy )7

_ LDy O DiLi; DLy
= (L21D1 0)( 0 o )tE

= LD+ E =C+Ey,

sin (£z;, 2;) <

Proof. Let

where ||E1|| < O(1)Dpm. Therefore, 55 = CC + E,, where Ey = EEl + E1C + F1E; and
[ B[l < O) [[Cl| D _
Now, let T denote the matrix of unit eigenvectors of CC. Then by Lemmas [I1] and 2, we have
O(lEl) . o@lcl
absgap, ~ absgap;
o) Dmm _ _|ICl
IO —— < o
relgap; Ai relgap;

sin (£z,2z;) < k(T)

mm:-

IN

(€).-

Finally, we are ready to prove Theorem [7]

Proof. The proof of Theorem [0l shows that the m computed con-eigenvectors Z of C = LD?L are
close to the exact eigenvectors z;, i.e.,

= o L
sin(£3.7) < prv+vE (L) 5 )
relgap;
Since Proposition [[3] implies that
~ C
sin (Z£z;,2;) < Il O (e),
relgap;

the claim follows. O
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6. APPENDIX

We prove Proposition For the sake of clarity, we first prove several lemmas. Throughout this
section, unless stated otherwise B will denote a non-singular Hermitian matrix and D will denote a
real-valued matrix with positive diagonal elements.

Lemma 14. The eigenvalues \; of DBD may be arranged so that
)\min (B) sz S )\1 S /\max (B) D121

Proof. 1t suffices to show that Apin (B) (D*z,2) < (DBDz,x) < Amax (B) (D*z, ), since D? and
DBD are Hermitian. These inequalities follows from the fact that (DBDz,x) = (BDx, Dx), since

Amax (B) (D*z, %) = Amax (B) (Dz, Dz) < (BDz, Dz) < Amax (B) (Dz, D2) = Amax (B) (D?z, 2) .
O

—~

Lemma 15. The components of the ith eigenvector x; of DBD, normalized so that ||x;|| = 1, satisfy
the estimate

|2:(j)| < K(B)'/*dy; (D).
It also holds that
>k~ Y2(B).

D,Ti
Dy;

Proof. Let G = DBD, and suppose that Gx; = \;x;. Then y; = Dux; satisfies, By; = A\, D~ 2y;.
Therefore,

A= Il [ D7 2wil|* = Il (w2 D7200) | = Il (95, Byi)| = Omin(B) il -
Similarly,

Al = il [ D7 ]| = Inil [ (i D 293) | = Al (i Bya)| < 0ma(B) 1yl
It follows that

(61) (Um“—('m)/ < gl < (Um“—('m)/

The estimate on the norm of Dx;/D;; follows from the first inequality above and Lemma [T4] since

1/2 1/2
Dal| el o (N1 (oanB))Y
D — D?Z Umax(B)l/2 - Umin(B) '

Di;
To prove the inequality on the components of x;, first suppose that D;; < Dj;;. Then

. 1/2
. yi(J 1 Ai
i) = L (A
Ji JJ Umm( )

- G)(5) Gm)
mh
< K(B)? <g_”) | i

where we used (G.I)) in the first inequality and Lemma [I4]in the second inequality.
Now suppose that D;; > D;;. Then z; is an eigenvector of G1,

Gilxi = (DilBilDil) €Xr; = )\ixl

)
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Since D7 < D“ , we may apply the first case to G,
. 112Dyt
lzi(j)] < k(B 1)1/2F
73
D ..
_ 17255
The inequalities on the components of x; follow. O

Lemma 16. Given a (Hermitian) perturbation 6B, the eigenvalues \; and Xi of DBD and D(B +
dB)D may be arranged so that

8Bl

Umln( )

165]]

1-— —_.
Umin(B)

<

)\
—| <1
N +

Proof. Use Lemma 2.1 of [15] with H = B, K = D=2, §H = 6B, and 6K = 0.

We now prove Proposition

Proof. From standard perturbation theory, if z; (t) denotes the ith eigenvector of D (B + t6B) D
0<t<1,then

—tz LL‘k t D&fi\D) _tz ka(t *5B (Dxl(t))xk(t)

oyt k(t) Ai(t) — Ag(t)

Now let yi(t) = Day(t), z(t) = yi(t)/ |y(t)]. Then

|20 (1) 0 B2 (1) .
6.2 j 75 1T ,
(02 I W VI R

k#j

where

lyx@I Ny @

= O I

Since yi(t) satisfies
(B + t6B) yi(t) = Ae(t)D 2y, (¢),

we may estimate

M@ = @] | (ye(t), D~ 2yx (1)) |
= |(yx(t), (B +10B) yx(t))|
> Ny(®)|” omin (B) (1 = t[|0B])) .
From the above bound,
6ol < (semra—emsm)
(6. = L o(sBl).

Omin (B)
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Using ([63) and Lemma [I5in equation (6.2), we obtain

OO € (3G PRI )

iz ) =A@ /[t
(n—1)t [0B] ,
< t
— min (B) [N (8) = M ()] / [N ()Mt )I1/2| HOu)
. (-nwB)” |A OMOF |2 @ PaOA®I |2 (1) [
- Omin (B) Ailt) = Ae(t)] j(t) I (t) = ()] | Ak (1)
(n—1ix(B)? w MO ol (o)
< |oB| oo (B) ) N T = MO (@)
(n—1)ts (B)? |\ (t|—|—|)\ OIS
= BT ® - ‘Ag ol
The result follows from the equality |Z; (§) — z; ()] = ’fol z}(t) () dt’. O
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