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ON INVARIANT GIBBS MEASURES CONDITIONED
ON MASS AND MOMENTUM

TADAHIRO OH, JEREMY QUASTEL

ABSTRACT. We construct a Gibbs measure for the nonlinear Schréodinger equation (NLS)
on the circle, conditioned on prescribed mass and momentum:

dftay = Zﬁl]—{fT |u|2:a}1{ifT uﬂI:b}ei% Jp lulP=1 [, \u\2dP

for a € RT and b € R, where P is the complex-valued Wiener measure on the circle. We
also show that p, 4 is invariant under the flow of NLS. We note that ¢ fT ul, is the Lévy
stochastic area, and in particular that this is invariant under the flow of NLS.
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1. INTRODUCTION

We consider the periodic nonlinear Schrodinger equation (NLS) on the circle:

iy + Ugy = |ulP2u, (x,t) e T xR

where T = R/Z. Recall that (I.T]) is a Hamiltonian PDE with Hamiltonian:

1 1
)= [ fuf s [ jop.
T T

Indeed, (1)) can be written as

O0H
Ut = t—=—

ou’
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(1.1)

(1.2)

(1.3)

Recall that (I.J]) also conserves the mass M (u) = [ |u|?> and the momentum P(u) =i [ .
Moreover, the cubic NLS (p = 4) is known to be completely integrable |ZS| in the
sense that it enjoys the Lax pair structure and thus there exist infinitely many conservation
laws for (II)). For general p # 4, the mass M, the momentum P, and the Hamiltonian
H are the only known conservation laws. Our main goal in this paper is to construct an
invariant Gibbs measure conditioned on mass and momentum.

Key words and phrases. Gibbs measure; Schrodinger equation; Kortweg-de Vries equation; Lévy area.
J. Quastel was partially supported by the Natural Sciences and Engineering Research Council of Canada.

1


http://arxiv.org/abs/1012.3432v1

2 TADAHIRO OH, JEREMY QUASTEL

First, consider a Hamiltonian flow on R?":

. 0H . O0H
Pi =53¢ 9= " 5p, (1.4)
with Hamiltonian H(p,q) = H(p1,.-.,Pn,q1,---,qn). Then, Liouville’s theorem states
that the Lebesgue measure H?:l dp;dq; on R?" is invariant under the flow. Then, it follows
from the conservation of the Hamiltonian H that the Gibbs measure e~ H(®:9) H?Zl dpjdg; is
invariant under the flow of (L4]). Now note that if F(p,q) is any (reasonable) function that
is conserved under the flow of (L)), then the measure dup = F(p,q)e” 7@ H;‘Zl dp;dg;
is also invariant.
By viewing (LI as an infinite dimensional Hamiltonian system, one can consider the
issue of invariant Gibbs measures for (II]). Lebowitz-Rose-Speer [LRS| constructed Gibbs
measures of the form

dp=7"1te W H du(x) = 71Ty Jrlul” =5 Jylual? H du(z) (1.5)
z€T zeT

= Wiener measure P

as a weighted Wiener measure on T. In the focusing case, i.e. with the plus sign in (L3]), the
result only holds for p < 6 with an L?-cutoff L(|up2<B) for any B > 0, and for p = 6 with
sufficiently small B. By analogy with the finite dimensional case, we expect such a Gibbs
measure 4 is invariant under the flow of (LI). (Recall that the L?-norm is conserved.)
In addressing the question of invariance of u, we need to have a well-defined flow on the
support of . However, as a weighted Winer measure, the regularity of u is inherited from
that of the Wiener measure. i.e. yu is supported on HS(T)\H% (T), s < 4. In [BI], Bourgain
proved local well-posedness of ([I.1])

e in L?(T) for (sub-) cubic NLS (p < 4),
e in H*(T), s > 0, for (sub-) quintic NLS (4 < p < 6),
° inHS(T),s>%—%,f0rp>6.

Using the Fourier analytic approach, he [B2] continued the study of Gibbs measures and
proved the invariance of p under the flow of NLS.

Once the invariance of the Gibbs measure p is established, we can regard the flow map
of (LI} as a measure-preserving transformation on an (infinite-dimensional) phase space,

say H %_E, equipped with the Gibbs measure p. Then, it follows from Poincaré recurrence
theorem that almost all the points of the phase space are stable according to Poisson [Z],
ie. if S denotes a flow map of (II)): wg — u(t) = Spup, then for almost all ug, there
exists a sequence {t,} tending to oo such that S;, uy — ug. Moreover, such dynamics is
also multiply recurrent in view of Furstenberg’s multiple recurrence theorem [E]: let A be
any measurable set with p(A) > 0. Then, for any integer k > 1, there exists n # 0 such
that u(ANS,ANSy, AN~ NSp_1),A) > 0. Note that this recurrence property is known
to hold only in the support of the Gibbs measure, i.e. not for smooth functions.

Then, one of the natural questions, posed by Lebowitz-Rose-Speer [LRS| and Bourgain
, is the ergodicity of the invariant Gibbs measure pu. i.e. is the phase space irreducible
under the dynamics, or can it be decomposed into disjoint subsets, where the dynamics is
recurrent within each disjoint component? In order to ask such a question, one needs to
prescribe the L?-norm since it is an integral of motion for (IT)). It is not difficult to see that
the momentum is also finite almost surely on the support of the Gibbs measure. Indeed, if
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u is distributed according to the Wiener measure, then it can be represented adl

ue) = Yo T (1.6)

n#0

where {gy, }n20 is a family of independent standard complex-valued Gaussian random vari-
ables, i.e. its real and imaginary parts are independent Gaussian random variables with
mean zero and variance 1. Then, we can write the momentum as

2
P(u)—l/uux_zw Z|gn |9 (@)

n#0

Thus, we have E[(P(u))z] NP n=2 < ool Hence, |P(u)| < oo a.s. In the following,

we construct invariant Gibbs measures with prescribed L?-norm and momentum as the
first step in studying finer dynamical properties of the NLS flow equipped with the invari-
ant Gibbs measure, viewed as an infinite-dimensional dynamical system with a measure-
preserving transformation.

Remark 1.1. Recall that the cubic NLS (p = 4) is completely integrable. Hence, it makes
sense to pose a question of ergodicity only for p # 4. See [LRS].

There are infinitely many conservation laws for the cubic NLS, with the leading
term of the form [ |0Fu|?dz, roughly corresponding to the H*-norm, and of the form
JrudFtude, k € NU{0}. See [FT][ZM]. By (L6, we can easily see that all these con-
servation laws, except for the L?-norm and momentum, are almost surely divergent under
the Gibbs measure. Thus, it may seem that the L?-norm and momentum are the only
conserved quantities which are finite a.s. in the support of the Gibbs measure. However,
from a different perspective, we have a different set of infinitely many conserved quantities
for (L)), namely the spectrum of the Zakharov-Shabat operator L (also called the Dirac
operator) appearing in the Lax pair formulation of (ILI): 0;L = [B, L] (with some ap-
propriate B.) These are finite under the Gibbs measure. Expressing the flow of (L) in
the Liouville coordinates (or rather in the Birkhoff coordinates) with actions and angles
(which are determined in terms of the spectral data), the flow basically becomes trivial.

See [GKP].

In constructing a Gibbs measure conditioned on mass and momentum, we first condition
the Wiener measure on mass and momentum. Recall that if u is distributed according to
the Wiener measure P given byﬁ

AP = 7 Yo~ 3 Jrlul =5 Jr luzl® [T du), (1.7)
zeT

then it can be represented as

9n 2mwinx
u\xr) = ———€ . 1.8
=3 e (1)

lwe ignore the zero-frequency issue here. See (L8) below.

2We use A < B to denote an estimate of the form A < CB for some C' > 0. Similarly, we use A ~ B to
denote A < B and B < A.

3The mass is added to take care of the zeroth frequency. We still refer to P in (7)) and u in (.8]) as the
Wiener measure and the Brownian motion, respectively.
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Note that (L8] is basically the Fourier-Wiener series for the Brownian motion (except
for the zeroth mode.) Given @ > 0 and b € R, define the conditional Wiener measures
P.=P. 44, € >0, as follows. Given a measurable set £, we define P.(E) by

P.(E) = P<E | /T uf2 € A.(a), Z/Tuﬂ c BE(b)>, (1.9)

where A.(a) and B.(b) are neighborhoods shrinking nicely] to @ and b as ¢ — 0. Here
P(C| D)= P(CND)/P(D) is the standard, naive, conditional probability given by Bayes’
rule. In terms of the density, we have

dP. = Z- 'V upea. oy L f umoep. o)} AP (1.10)

Now, we would like to define the conditioned measure

Py(E) = Pyab(E) = P(E ( /T uf? = a, z/Tqu - b)

by Py = lim._,o P-. Namely, we define Py by

e—0

Py(E) = nmp<E(/T|u|2 € A.(a), Z/sz e Bg(b)>. (1.11)

Note that the normalization constant Z. in (LI0) tends to 0 as € — 0. Hence, some care
is needed. We discuss details in Subsection 2.1.

Finally, we define the conditioned Gibbs measure 19 = 4 in terms of the Wiener
measure Iy = [} 4 conditioned on mass and momentum, by setting

duo = Z3 teTr P gpy. (1.12)

.
In the defocusing case, this clearly defines a probability measure since e p drlul? <1 In
the focusing case, we need to show that

v 1 e [lapy). (1.13)

Lebowitz-Rose-Speer [LRS] and Bourgain [B2] proved a similar integrability result of the

weight er 17 ith respect to the (unconditioned) Wiener measure P defined in (L7]).
Bourgain’s argument was based on dyadic pigeonhole principle and a large deviation esti-
mate (see Lemma 4.2 in [OQV].) In Subsection 22, we follow Bourgain’s argument and
prove ([LI3]) by dyadic pigeonhole principle and a large deviation estimate for Py. This
large deviation estimate for Py is by no means automatic, and we need to deduce it by
establishing a uniform large deviation estimate for the conditioned Wiener measures P,
e > 0 (see Lemma 2] below.) As a result, we obtain the uniform integrability result

Ep, [e%fT |“‘p] <Cp <o

for all sufficiently small € > 0. We point out that the proof of Lemma 2] (and hence the
argument in Subsection 2.]]) is the heart of this paper.
We state the main theorem. The proof is presented in in the next section.

4Gee Subsection 11 for the definition.
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Theorem 1. Let a > 0 and b € R. For p > 2, let ug be the Gibbs measure pg = fiqp
conditioned on mass and momentum defined in ([I2). Also, assume that p < 6 in the
focusing case. Then, g is a well-defined probability measure (with sufficiently small mass
a when p = 6 in the focusing case), absolutely continuous to the conditioned Wiener measure
Py. Moreover, e converges weakly to pg as € — 0, where ue is defined by

e = Z-teFo el gp, (1.14)

It follows from invariance of the Gibbs measure p in (L5 (with an L?-cutoff in the
focusing case) the conservation of mass and momentum that p. is invariant under the flow
of (1)) for each fized ¢ > 0. As a corollary to Theorem [Il we obtain invariance of the
conditioned Gibbs measure .

Theorem 2. Leta > 0, b € R, and p > 2 be as in Theorem[D. Then, the conditioned Gibbs
measure o = fiqp defined in (LI2) is invariant under the flow of NLS (LTI).

We conclude this introduction with several remarks. The first is about conditional prob-
abilities.

Remark 1.2. A natural way to proceed with this construction is to start with the (un-
conditioned) Gibbs measure p in (LH) on the space €2, which is the space of continuous
complex-valued functions on the circle, with the topology of uniform convergence and the
Borel o-field F. This is a complete separable metric space. Let G be the sub o-field gen-
erated by the measurable maps [ lu|?> and i JpuTi,. There is a general theorem which
guarantees the existence of a conditional probability, i.e. a family of measures p,, v € Q
such that (i) for any A € F, u,(A) is measurable with respect to G as a function of w; (ii)
for any A€ Gand B € F, uy(ANB) = E,[144(B)]. It follows from (i) and (ii) that given
B € F, we have

for p-almost every u. The sets of measure zero, on which (LI5) fails, depend on B € F,
and thus their union could be a set of nontrivial measure. Hence, one needs some regularity.
The best that can be said in such a general context is that if G is countably generated (and
one can check ours is), then p, is a regular conditional probability in the sense that (iii)
pu(A) = 1a(u) for A € G. In our context, this reassures us that our conditioned Gibbs
measure [io = [lq gives mass one to u with fT lu|> = a and ifT utt, = b. However, we only
know that this property holds for almost every a and b, and there is no soft way out to
obtain the same for all @ and b. (Another way to think of this is that applying the Lebesgue
differentiation theorem to (ii) gives Theorem [I] for almost every a and b.) Since we want
our conditioned measures to be defined for every value of a and b, we have to define them
directly. For the conditioned Wiener measure Py, which is just a Gaussian measure, this is
straightforward. In this case, we can even use the fact that the distributions of a and b are
basically explicit. However, for the Gibbs measure i, it requires hard analysis.

Remark 1.3. Consider the (generalized) Korteweg-de Vries equation (gKdV):
Up + Uppr = FuP " 2u,. (1.16)

For an integer p > 3, (1)) is a Hamiltonian PDE with Hamiltonian:

Hu) = %/T ii%/jrup, (1.17)
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and (CI6) can be written as u; = 0, %, Also recall that ([I6) preserves the mean [, u and
the L?-norm. Bourgain constructed Gibbs measures of the form (L) (with an appro-
priate L?-cutoff 1 ([ |ul><p} unless it is defocusing when p is even) for (II6]), and proved its
invariance under the flow for p = 3,4. Recently, Richards [R] established invariance of the
Gibbs measure for (LI6) when p = 5. In an attempt to study more dynamical properties
of (ILIG)), one can construct Gibbs measure conditioned on mass by an argument similar
to Theorem [I In this case, an analogue of Theorem [ holds for all (even) p when (16 is
defocusing but only for p < 5 when it is non-defocusing, due to lack of a result on invariance
of the Gibbs measure for focusing quintic (p = 6) KdV. Note that KdV (p = 3) and mKdV
(p = 4) are completely integrable. Hence, a question of ergodicity can be posed only for
p > 5. See Remark [[.11

Remark 1.4. An interesting but straightforward comment is that the momentum P(u) is
nothing but the Lévy stochastic area of the planar loop (Reu(x),Imu(x)), 0 <z < 27,

P(u) = i/Tuﬂx = /T(Reu) d(Imu) — (Imu) d(Rew). (1.18)

Note that this is not the actual area enclosed by the loop, but a signed version. A Brow-
nian loop has infinitely many self-intersections. Regularizing the Brownian loop gives a
loop with finitely many self-intersections. The ‘area’ is then computed through the path
integral above, with each subregion bounded by non-intersecting part of the loop having
area counted positive or negative depending on whether the boundary is traversed in the
counterclockwise or clockwise direction, respectively. This includes the fact that the areas
inside internal loops are multiply counted. Removing the regularization gives the Lévy
stochastic area. Remarkably, unlike other stochastic integrals, the limit does not depend
on the regularization procedure. For example, one can check directly that the Ito (left end-
point rule in the Riemann sum) and Stratonovich (midpoint rule) versions of (II8]) give
the same result. The stochastic area has attracted a great deal of attention. Lévy [L] found
the exact expression %(cosh(a:/ 2))~? for its density under the standard Brownian motion
measure. Our base Gaussian measure (7)) is almost the same as the standard Brownian
motion, and the analogous computation can be performed (see Section 2.1.) Our Gibbs
measures flg = [l are absolutely continuous with respect to the base Brownian motion, so
most of the results about the stochastic area continue to hold, though, of course, there are
no longer any exact formulas. The Lévy area is basically the only new element when one
moves from the Wiener-It6 chaos of order one to order two. Therefore, it is a natural object
to supplement the Brownian path itself, and this is the basis of the rough path theory [LQ).
It seems a remarkable fact that the flow of NLS preserves the Lévy area.

2. PROOF OF THEOREM [I CONSTRUCTION OF THE CONDITIONED GIBBS MEASURES

2.1. Wiener measure conditioned on mass and momentum. In this subsection, we
construct the Wiener measure P, conditioned on mass a and momentum b for any fized
a>0and b € R. Given P. as in ([LI0)), we define Py as a limit of P. by (ILI1l), where E
is an arbitrary set in the o-field F. In the following, we show that (LII)) indeed defines
a probability measure. For this purpose, we can simply take E to be in some generating
family of F. Let us choose the increasing family Fnx = o(gy,; |n| < N) as such a generating
family of F.
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Fix a nonnegative integer N and a Borel set ' in C?V*!. Let E = {w : (gn;|n| < N) €
F}. Then, by (9], we have

P.(E) = <(gn, n| < N) € F(/ uf2 € A(a), /Tuu cB (b)>
where A.(a) and B.(b) are neighborhoods shrinking nicely to a and b as € — 0. That is,
(a) For each € > 0, we have
Ac(a) C(a—e,a+¢) and B.(b) C (b—e,b+e).
(b) There exists a > 0, independent of e, such that
|Ac(a)| > ae and |B:(b)| > ae.
By (L8) and independence of {gy }jnj<n and {gn }jn|>n, We have

r- | P S ot ) 2lgnl? € Acl@), Spuisns (1) 290l € B.(0)) o)
F

P32, () 21ga> € Acla), 32, (7) 2tlgal® € B-(0))
6_% Z\n\gz\f |gn|2

X dgn.,
In|<N

where 71 = 2mn, (1) = V1 + 12, and A.(d) and Be(b) are translates of A.(a) and B.(b)

centered at B
G=a— Y (W) lg’, and b=0b— Y (@) ilgal?, (2.2)
[n|<N In|<N
respectively.
Now, define the density fy(a,b) by

fn(a,b)dadb = P( > () Plgnl? € da, Y (7)) *Rlgnl® € db>.

In[=N In[>N

By computing the characteristic function of fy, we have

fN(s,t) :E[exp (is Z (7) 2| gn? + it Z 27 gy >]

[n|>N In|>N

= 1] E[ezm )24 () 2 >|gn|2}

In|>N

1
- U =@ 2
1
ngv 1 —2i(s +t()72n)) (1 - 2i(s(m) =2 — t () ~2n))
1

- ngv 1+ 4(n)y=*(n2t? — s?) — dis(n) =2 (2:4)

It follows from (Z3)) that ]fN(s,t)\ < 1. Thus, we have

/ |fv(s,t)| dsdt < Cy < 0. (2.5)
[s|<1,]¢|<1
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Next, we consider the contribution from {|t| > 1}. Fix s and [¢| > 1. In this case, if
114 4(n)~*(n%t? — s?)| < t2, then we have ¢, 5% < t? < ¢/,s%. Thus, we have

11+ 4@) (@22 — s?) — 4is(n) 72| = max((s), 2, |t]), (2.6)

where the implicit constant depends on n. It follows from (23] that each factor in ([2.4)) is
less than or equal to 1. Thus, from (24]) and (2.6]), we have

A N+3 1 11
(s, t)] < gvl+4<ﬁ>_4(ﬁ2t2_82)_42.8@_2 <N iepe

~

for |t| > 1, where C3(N) is at most a power of N. Hence, we have

/|t>1 |fn(s,t)| dsdt < CQ(N)</<3>—2dS> </|t>1t_2dt> - @)

Lastly, we consider the contribution from {|s| > 1,|t| < 1}. As before, it follows from
@3) that |fn(s,t)] < C3(N)s~2, where C3(N) is at most a power of N. Hence, we have

/| . (s, )| dsdt < cg(N)/l s <o, (2.8)
> s[>

Therefore, from (Z5), (271), and (Z8]), we have
vl < CV) < .

Note that C'(N) is at most a power of N. This shows that fy € L'(R2). Hence, fy is
bounded and uniformly continuous. In particular, we have, for any N > 0,

P<Z|n\2N<n>_2|9n|2 € A(a), Z|n\>N<”>_2n|9n|2 € Bs(g))

|4:(@) x B (b)|
1

|A(@) x Bo(b)| Ja.@)xB.()

fn(d,b)dd'db — fn(a,b), (2.9)

as ¢ — 0. By the uniform continuity of fy, this convergence is uniform in @ and b.

In taking the limit of (ZII) as ¢ — 0, the expression fy(a,b) appears in the denominator.
Hence, we need to show that fo > 0 everywhere. First, write fo as fo = f1 *4 X3, where
X2 is the density for the (rescaled) chi square distribution with two degrees of freedom,
corresponding to |go|? = (Rego)? + (Imgo)?, and *, denotes the convolution only in the
first variable of f;.

Now, suppose that fo(a*,b*) = 0 for some a* and b*. Then, from

0= fola™,b") = /fl(a* — z,b%)x3(x)dz

and the positivity of x2, we must have fi(a,b*) = 0 for any a. Write f1 as f1 = faxg, where
g(a,b) =9 b (a)®x3(b) and x? is the density for the (rescaled) chi square distribution with

four degrees of freedom, corresponding to

(1+47%)7221(|g1)? + |g-1)?) = (1 + 47 )_227r((Regl)2+(Imgl)2+(Reg_1)2+(1mg_1)2).
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Then, we have
0= fi(a,b*) = /fg(a —x,b" — y)&zi (z) @ x3(y)dzdy
/f2 a—— 0" —y)X3(y)dy for any a.

From the positivity of x2 and fo > 0, this implies fo(a,b) = 0 for any a and b since
R? = {(a — &,b* —y) : a,y € R}. This contradicts with the fact that f is a probability
density. Hence fo(a,b) > 0 for any a and b.

Putting everything together, we have

P( oo a7 200l € Ae@), jojo v () 20lg0f? € B-(D)) |, fva@b)
P52, () 2lgal? € Ac(a), 52,,(7)2iilgn]? € B.(b)) fola.0)

(2.10)

where the convergence is uniform in @ and b. Moreover, the right hand side of 210) is
uniformly bounded for small € > 0 (for fized a and b), since || fni1]lre < ||fns1llr < oo.
Hence, by (LI1)), 1)), and Lebesgue dominated convergence theorem, we have

fyyi(a, b)e 3 i< lonl?
P(B) =l P(E) = | =3 @ |1_<[ngn

This shows that Py is a well-defined probability measure. Lastly, note that it basically
follows from the definition that P. converges weakly to Fp.

2.2. Gibbs measure conditioned on mass and momentum. In the previous subsec-
tion, we constructed the Wiener measure Py conditioned on mass and momentum as a limit
of conditioned Wiener measures P.. In this subsection, we define the conditioned Gibbs
measure jg = fgp by ([I2). In the defocusing case, (ILI2) defines a probability measure.

L
In the focusing case, however, we need to show (L.I3)); the weight e? Jrlul? i integrable with
respect to Py for p < 6 (with sufficiently small mass when p = 6.)

Bourgain proved a similar integrability result of the weight e% Jelul” with respect to
the (unconditioned) Wiener measure P in (7)) via dyadic pigeonhole principle and a large
deviation estimate. In the following, we also use dyadic pigeonhole principle and a large
deviation estimate (for the conditioned Wiener measure Py) to show that the conditioned
Gibbs measure pg is a well-defined probability measure. Indeed, Lemma 2] below estab-
lishes a uniform large deviation estimate for P., ¢ > 0, and we prove uniform integrability

o
of the weight er Jr el igh respect to P: for sufficiently small ¢ > 0. See ([2I7]).

First, we present a uniform large deviation lemma for the conditioned Wiener measure
P.,e>0.

Lemma 2.1. Let R > 5N% and M ~ N. Then, we have

P€< Yo ez R2> < Ce s (2.11)

In—M|<N

uniformly for sufficiently small ¢ > 0.



10 TADAHIRO OH, JEREMY QUASTEL

Proof. By Chebyshev’s inequality, we have

Pa( > ol > R2> < e Ep, [etz‘wf\SN'gn|2 . (2.12)
[n—MI<N

1 2
Set t = §. We estimate Ep, [eztz‘”*M\SN 9] ] in the following. As in (21]), we can write
it as

1
Ep [ei 2jn-M|<N |9n‘2}
1>

_/ P<Z|n—M\2N+1<ﬁ>_2’gn’2 € A:(a), Z|n—M\zN+1<ﬁ>_2mgn\2 € Be(g))
cane P32, (1) 2lgal? € Acla), 32, () 2iilgn]? € B-(v))

1 2
e 1 Z\nfl\/I\SN lgn

S e e II don. (2.13)
[n—M|<N

where @ and b are given by
G=a— Y (@) gl and b=b— Y (W) Zlg.l* (2.14)
ln—M|<N In—M|<N

By repeating the argument in Subsection 2.1, we can show that the right hand side of 213])
is uniformly bounded for small € > 0.
More precisely, define the density fy(a,b) by

Foatydatr=P( Y @ o edo, Y (@) ol € ).
[n—M|>N In—M|>N
Then, as in Subsection 2.1, one can prove
P<Z\n—M|2N+1<ﬁ>_2|gn|2 € A(@), Yo nrsn1(n) 0lgnl® € Be(b)> Fne1(a,b)

P(Zn<ﬁ>‘2!gn\2 € A(a), 3, (M) ~27|g,|% € Ba(b)> fola,b)
(2.15)

where the convergence is uniform in @ and b. Moreover, by showing || fx ||z~ < oo as before,
we see that the right hand side of (ZI5) is uniformly bounded for small € > 0. (Recall that
a and b are fixed.) By (2I3]), (ZI5), and Lebesgue dominated convergence theorem, we
have
~ ~ 1 2

: L 2 (@, b) e~ 3 Zn-ani< lon]

lim Ep. et Lin—nr|<x l9nl ] :/ dg

e—0 C2N+1 fo(a, b) (27T)2N+1 n—ll\;J|:<N "

- L )
< M/ e~ 12 In—m|<n lon] H "
B fo(a, b) C2N+1 (271)2N+1

SN+l soni1

f 0 (av b) 7
where the last inequality follows from change of variables. Also, by examining the argument
in Subsection 2.1, we see that || fx1][z < [[(fx+1)"[|z1 is bounded at most by a power of
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N. Hence, we have

Ep, [ei Zin-mi<x \gnP] < 93N (2.16)
for all sufficiently small € > 0. Therefore, [211]) follows from ([2I2) and (2I6]) as long as
R? > (24In2)N. O

In the following, we show that the weight elrlul® is uniformly integrable with respect to

P., for sufficiently small ¢ > 0, for p < 6 (with sufficiently small mass when p = 6.) This,
in particular, shows that u. in (LI4) is a well-defined probability measure.
Note that it suffices to prove that

/ e)‘P€</|u|p2p/\>d)\
0 T

_ /OOO e)‘P</T uf? sz(/TW € A.(a), Z/Tua c Be(b)>d>\ <Cy<oo (217)

for all sufficiently small € > 0. The estimate (ZI7) follows once we prove

Ce=M"  when p < 6.
P. P>ph| < 2.18
€</E|U| ZPp > > {Ce_(1+5),\ when p = 6. ( )

for A > 1 (with some § > 0), uniformly in small € > 0.

Before proving (ZI8]), let us introduce some notations. Given My € N, let P~ p, denote
the Dirichlet projection onto the frequencies {[n| > Mo}. ie. Popyu = 32,150, Ty e2mine,
P<py, is defined in a similar manner. Given j € N, let M; = 2/ My. We use the notation
In| ~ Mj to denote the set of integers |n| € (M;_1, M;], and denote by Py, the Dirichlet
projection onto the dyadic block (M;_1, M;], i.e. Ppju = ZWNM], Uy, €27

Without loss of generality, assume € < a. Then, we have [ |u? < 2a =: K. By Sobolev
inequality,

1_1
IP<asullpe(ry < Mg " IP<asyull L2m)- (2.19)
Hence, we have
/]]P’<Mou\p <ZX on /u2 <K, (2.20)
T T
by choosing
2 p 2 __p_
My = cgA\r2 K 72 ~ cgAr—2q P2 (2.21)

for some ¢y > 0. Let o; = C27%  j =1,2,... for some small § > 0 where C = C(9) is
chosen such that Z;’il oj = 1. Then, we have

p€</ [ YRALES gA> < ZPE(HIP’MjuHmm > (5
. :
7=0

==

). (2.22)

By Sobolev inequality as in ([2Z19]), we have

1

11
IParullpoery < eM? 7 |Paryullp2cry.- (2.23)
From (L), we have

~ -1
IPaulfamy = Y lanf>= > (1+(2mn)*)  |gnl® (2.24)
[n|~M; [n|~M;
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From (223) and (224)), the right hand side of ([Z22]) is bounded by

o] 1_1
ZR;( > gnl® > R]2->, where R; := c’ajA%M;’ 2(1+ M2, (2.25)
j=0 |~ M,

l_;’_l 1
Note that R; 2 M]? " > M}. By applying Lemma 2T to (2:25]), we obtain

> 1 p2 > 2,2 pTH
/1 )
P[Pl > 83) £ 3078 £ 300
T =0 =0
Sl 2 p5.2 P2 2 2
S e—c(27) P AP M, 5 e—c)\PMO (2.26)
J=0
Hence, from (2.26]) and (2.21), we have
6—p _pt2
PE</ lul? >p)\> <Cexp{ - A T2 (2.27)
T

and (2.18) follows. Note that when p = 6, we need to take a sufficiently small such that
the coefficient of A in (227)) is less than —1.

2.3. Weak convergence. Finally, we prove weak convergence of p. defined in (LI4) to
1o Let f be a bounded continuous function on H %_7(']1‘) for some small v > 0.

We first consider the defocusing case. If a sequence of functions u,, converges to u in
1
H277(T) with v < p~!, then we have u, — u in LP(T) by Sobolev inequality. Thus,
e~ Jrlul” is bounded and continuous on H %_V(T). Then, by weak convergence of P- to Fj,
we have

Z. = /e_%fT |“‘de€ — /e_%-/aTMdeo =7y ase — 0.
Since f(u)e~ J-I*" is also bounded and continuous on H%_W(T), we have

_ 71 —3 Jrlul? -1 —3 Jrlul? _
fdp: = Z flu)e »t"dP. — Z; fluwe »/ T dPy = | fdpy ase— 0.
This shows that p. converges weakly to pg in the defocusing case.

Next, we consider the focusing case. First, we prove
Z. = /e%fT W ap, — /e%fT APy = Zy ase — 0. (2.28)

For small € > 0, define Z. by

)

Zon = / er e P<nul gp_

By Sobolev inequality (see (ZIJ)), we have [ |[P<yul? < cN% 145 on Jplul <a+e < 2a.
In particular, e% J 1l s bounded and continuous on H %_V(T). Thus, by weak convergence
of P. to Py, we have

Z€7N — Z()7N as € — 0. (2.29)

The following lemma on uniform convergence of Z. n to Z. is a consequence of the

uniform tail estimate ([2:26) and (227)).



ON INVARIANT GIBBS MEASURES CONDITIONED ON MASS AND MOMENTUM 13

Lemma 2.2. Let Z. n and Z. be as above. Then, Z. N converges to Z. as N — oo,
uniformly in small € > 0.

Assume Lemma for the moment. Fix § > 0. By Lemma 22] choose large N* such
that |Z. y+ — Z:| < % for all small € > 0. By ([229)), there exists small ¢* > 0 such that

such that |Z, y+ — Zo n+| < % for all € € [0,&*]. Then, we have
|Z: — Zo| <|ZeN — Ze| 4+ | Zen — ZoN| + | ZoNy — Zo| < O
for all € € [0,e*]. Hence, ([2.28) follows.

Proof of Lemma[Z2. By Mean Value Theorem and Cauchy-Schwarz inequality, we have

|Ze - ZE,N| - ' / (e% IT ful? _ 6% IT |P§Nu‘p)dpe
g/max (e%fT‘ulp,e%fT “PSNu‘p) /]u\p—/UP’<Nu]p‘dPE
T T

< (/e%fT|up+%fT|P<Nu”dp€>§(/(/\uyp_/yP<Nu\p(2dPE>§. (2.30)
T T

In view of (2.27)), the first factor on the right hand side is bounded uniformly in small

e > 0. (When p = 6, the L?-cutoff needs to be sufficiently small so that ev Jolel? € L*(dP.),
uniformly in small € > 0.) Hence, it remains to show that the second factor tends to zero
uniformly in small £ > 0 as N — oo.

In the following, we use the following elementary inequality. For p > 1 and small n > 0,
we have

la + b|P — |aP < nlal? + Cn*~P|b|P. (2.31)
First, we use (2Z3I)) to show that the second factor in (2.30) tends to zero uniformly in
small € > 0 as N — oo. Then, we prove (Z31).
Fix small n > 0 (to be chosen later.) By (231]), we have

</‘/yuv’ /\]P’<Nu]p‘ dP) </(n/yP<Nu\P+cn1 P/yp wup| dP)
<cm<//\]P><Nudede> + Con'~ p<//]]P’>Nu\pdde> = 1 +1L

Fix § > 0. By [2.217) (applied to P<yu with 2p instead of p), we have

SBI —RY 5
I = C177</ e—c)\P a P d)\) = C(p)n < 5
0

by choosing 1 ~ §. Next, we estimate II. The contribution of II from fT IPo yu|?P < 0%
(with n ~ ) can be easily estimated by g. Thus, we assume [1 |[Psyul? > 6% in
the following. Then, by ([226]) with N = My and 2p instead of p, we can estimate the
contribution of II in this case by

c282P % oo %
chot—r / 1d\) +Chet? / P€< / |Ps yul? > )\)d)\
0 c202P T

1
4 1 s1—p >~ —c)\%Np_JIs1 °
< =+ 025 e d)\ <
8 02521)

=] >
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by making N = N(p,d) sufficiently large. This shows that Z. y converges to Z. uniformly
in small € > 0, since the estimates ([2.26]) and ([2.27) are uniform in small € > 0.
It remains to prove ([Z31)). It suffices to prove
la+b” < (L+n)lal’ + Cn' P b (2.32)
for a,b > 0. By Mean Value Theorem and Young’s inequality, we have
ja+ b < [af” + pla+ 0P B| < [af” + (p — 10777 |a + b + 677[b]?

Given n > 0, choose # such that 1+ 7 = (1 — (p — 1)9%)_1. This choice of 6 gives
6~P ~ n'~P, and hence (Z32) follows. O

Let f be a bounded continuous function f on H %_V(T)_ Then, by writing
/ fdpe — / fduo =z / Flw)er =P ap, — 71 / Flu)es =17 ap,
= Zo_l</f(u)€‘1’ Jx W ap, — /f(u)etl) Jx |ude0>

+(Z7 -2y / fluyer 21" ap,,

it follows from (2.28)) that the second term on the right hand side goes to zero. By a slight
modification of the proof of ([2.28]), we can easily show that the first term goes to zero.
Hence, pu. converges weakly to pg. This completes the proof of Theorem [l

3. PROOF OF THEOREM [2l INVARIANCE OF THE CONDITIONED (GGIBBS MEASURES

In this section, we show that the conditioned Gibbs measure g is invariant under the
flow of NLS (L.I]). In fact, one can directly establish the invariance of the conditioned Gibbs
measure o by following the argument developed by Bourgain [B2, [B3]. This argument is
based on approximating the PDE flow by finite dimensional Hamiltonian systems with
invariant finite dimensional Gibbs measures. For such an argument, one needs the the
following large deviation estimate (with ¢ = 0.)

Lemma 3.1. Let s < % Then, we have
P€<Hu|st > A> < Oy, (3.1)
uniformly in small € > 0.

Proof. This basically follows from the proof of (ZZ7) in Subsection Given s < 3,
L

choose p > 2 such that s = 5 %. Then, we have

11
IP<nroullgrs(ry < My P [P<aroullL2(my- (3:2)

1
(Compare this with (ZI9]).) By repeating the computation in Subsection 22 (with A = A7),

we obtain
p+2

P.(lullzs > A) < Coexp { cAPOH5TD) 555 (3.3)

Then, (3] follows since p(1 + g%g) > 2 for p > 2. O
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Bourgain’s argument requires a combination of PDE and probabilistic techniques.
In the following, however, we simply show how the invariance of the conditioned Gibbs
measure (g follows, as a corollary, from a priori invariance of Gibbs measures u., € > 0.

e Case 1: p < 6. In this case, the flow of (L)) is globally defined in H %_6(T) for small
d =d(p) > 0, thanks to [BI,B5]. Let S; be the flow map of (LI): up — u(t) = Spug. Then,
S, is well-defined and continuous on H %_6('11‘)

Given a bounded continuous function ¢ on H %_6('11‘), ¢ oS, is bounded and continuous
on H %_6(1[‘). By weak convergence of p. to pg and invariance of u. under the flow of (I1I),

we have
/¢duo=hm/wua=hm/¢>o8tdua=/¢ostduo.
e—0 e—0

This proves invariance of g for p > 6.

e Case 2: p > 6. (This is relevant only in the defocusing case.)

In this case, there is no a priori global-in-time flow of (II]) on H %_5(’]I'). However, by
Bourgain’s argument B3], pe is invariant under the flow of NLS (L)) for each ¢ > 0,
and we show invariance of pg as a corollary to the invariance of u., € > 0.

Let K be a compact set in H*(T) with s = £—. Then, there exists A = A(K) > 0 such

that |lul|gs < A for u € K. By the (deterministic) local well-posedness [B2], there exists
to > 0 such that NLS (1) is well-posed on [0, o] for initial data ug with |lug||gs < A+ 1.
Moreover, for each small 6 > 0, there exists § > 0 such that

Sto (K + Bg) - StoK + By. (34)
Then, by weak convergence of p. to pg, we have

po(K) < po(K + Bs) < liminf yi.(K + Bs)

By invariance of p. and (3.4,
= lim inf p1c (S, (K + Bs)) < liminf e (S, K + By)
e—0 e—0

< limsup pe (S, K + By ) < limsup (S, K + By)

e—0 e—=0
< po(Sto K + By ),

where the last inequality follows once again from the weak convergence of u. to pg. By
letting # — 0, we have po(K) < uo(Sy, K). Given arbitrary ¢ > 0, we can iterate the above
argument and obtain po(K) < po(SiK). By the time-reversibility of the NLS flow, we
obtain

to(K) = po(SK).

This proves invariance of g for p > 6.
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