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Abstract. The aim of this paper is to present the stochastic Poisson equations as-
sociated to Lie algebroids. The obtained results are used for determination of stochastic
Poisson equations associated to a refinement of a principal bundle having the affine group
as structurgroup and defined by the linear group. ﬁ

1 Introduction

The stochastic Poisson equations has been introduced by J. -M. Bismut in [4]
for Brownian motions. These have extended for semimartingales in [5]. In the paper
[8] suggest to the study of stochastic Poisson equations on Lie algebroids, to have
care in that the dual space of the algebroid is endowed with a Poisson structure.

In this paper we give an answer of the above question and one obtains in a
canonical way the stochastic Poisson equations on Lie algebroids. These results are
used for to write the stochastic Poisson equations associated to the principal bundles
which compose a tissue defined by the principal bundle of affine tangent frames on
a manifold and the sequence GA(n,R) D GL(n,R) D {e = (5;)} , studied by Dan
I. Papuc in [9](1972; MR 53 # 4058) and Dan I. Papuc and Ion P. Popescu in [10]
(1973; MR 57 # 13739). For more details concerning the tissues and refinements of
a differentiable principal bundles defined by closed subgroups of the structure group
can be consult the paper [7] ( Gh. Ivan and D. Opris, 2002; MR 2005 b: 55032) and
the references.

The paper is structured as follows. In Section 2, some basic facts on manifold
valued semimartingale and stochastic Poisson equations are reviewed. In Section 3
are established the stochastic Poisson equations on a Lie algebroid. The stochastic
Poisson equations associated to a refinement of principal bundles defined by the
affine group and linear group are described in Section 4.

The study realized in this paper may be extended to other manifolds which are
equipped with Poisson structures.

Throughout this paper all the geometrical objects like, manifolds, maps and
functions always be assumed to be smooth.

YAMS classification: 60H10, 53D17, 55R05.
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2 Manifold valued semimartingale and stochastic Pois-
son equation

We recall the minimal necessary backgrounds on stochastic differential ge-
ometry (for notation, concepts and further details see [3], [§]).

Let M be a smooth manifold of dimension n. A continuous M — valued stochas-
tic process I' defined on the filtered probability space (2, F, P, {F;}+>0) is called a
semimartingale if, for any f € C°°(M), the process f oI is a real valued semi-
martingale.

Let now V be a real vector space of dimension r. Let (M, {-,-}) be a Poisson
manifold, X : Ry x 0 — V a semimartingale that takes values on V with Xg =0
( Xo is the initial value of X ), and h : M — V* is a smooth function (V* denotes
the dual of V).

Let {e%|la = 1,7} be a basis of V*, and h € V* such that h = h,e®.

The Hamiltonian equation with stochastic component X, and Hamiltonian func-
tion h, is the Stratonovich differential equation:

o = H(x, TM)6X, (2.1)
defined by the Statonovich operator H (v, z) : T,V — T, M given by
Hv,z)u =< e u> Xp, (2). (2.2)

We will refer to T as the Hamiltonian semimartingale associated to h with initial
condition 7, ([8]).

Proposition 2.1. ([8]) Let (M, {-,-}) be a Poisson manifold, X : Ry xQ =V a
semimartingale and h : M — V* a smooth function. Let I'g be a Fo— measurable
random variable and T the Hamiltonian semimartingale associated to h with initial
condition Ty. Let &' be the corresponding mazimal stopping time. Then, for any
stopping time T < £ the Hamiltonian semimartingale T satisfies

FTh) = £(Thy) = [1habOaX? + 5 [{(fha) hubdlxe XY, (23)
0 0

for all f € C*(M).
From (2.3) follows

T T

P (T~ ai(Tly) = [{a' b} ENX+ 5 [(lah b} X X0, (24)
0 0

for i=1,n,a,b=1,r.
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The relations (2.4) can be written in the following form:

dat = {2, ho YdX* + {{a', ha}, hp}d[X, X?], i=T,n,a,b=T1,r. (2.5)

Let (M, {-,-}) be a Poisson manifold and the smooth functions h, € C>*(M),a =
0,1,2,...,r. Let h : M — R"™! be the Hamiltonian function and consider the
semimartingale X : Ry x Q — R’ given by X(t,w) = (t, B} (w),..., B} (w)),
where B% a = 1,r are r— independent Brownian motions. Lévy’s characterization
of Brownian motion shows ([4]) that [B®, B®]; = t5.

In this setup, the equation (2.3) reads

F(TE) = £(Tf) = / ({f, ha}(T")AX" + 0{{f, ha}, by })dt + / {f,ha}dB", (2.6)
0 0
da' = ({z', ho} + 0{{a", ha}, hy})dt + {a', ho }d B, (2.7)

fori=1,n, a,b=1,r.

These equations have been studied by Bismut in [4] in the particular case in
which the Poisson manifold (M, {-,} is just the symplectic Euclidean space R?"
with the canonical symplectic form.

Proposition 2.2. Let (R",{-,-}) be a Poisson manifold with {z* 27} = AZjJEk, and
ha = agir®, a = 1,1 with ag; € R. The equation (2.7) is given by
Ohg

dz' = (AY o7 T 8 agjopp AT AR )2t dt + ag A 2 dB?, (2.8)

for i,5,k,0,p=1,n, a,b=1,r.

The equations (2.8) are called the stochastic Poisson equations associated to
Poisson manifold (R", {-,}).

Applying the relations (2.8) for the Poisson structures defined on R3 R® R’
one obtains the stochastic Poisson equations for the rigid body on SO(3),S0(2,1),
heavy top etc. ([1]).

3 Stochastic Poisson equations associated to a Lie alge-
broid

The theory of Lie algebroids has recently proved to be extremely fruitful in
tackling some problems in the context of geometric mechanics ([§]). Recall that the
dual of a Lie algebroids admits a canonical Poisson structure and, therefore, one can
naturally consider Hamiltonian systems on them. According to the results and the
acceptance of this new formalism we shall investigate the consequences of having
stochastic processes taking values on their duals for mechanical purposes.
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A Lie algebroid A over a manifold M is a vector bundle 7 : A — M together
with a Lie algebra structure [, -] on the space of sections Sec(A) and a bundle map
b: A— TM ( called anchor map) such that:

(i) the induced map b: Sec(A) — Sec(T'M) = X(M) is a homomorphism of Lie
algebras;

(1) for any aj,as € Sec(A) and smooth function f € C°(M), the Leibniz
1dentity holds:

la1, fas] = fla1, a2] + b(a1)(f)az. (3.1)

For a Lie algebroid (E,m, M,[-,:],b), we consider the manifold M of dimension
n and denote the rank of the vector bundle A with r. Recalling the construction of
a canonical Poisson bracket on the dual A* of the vector bundle A ([2]). If one fixes
local coordinates (z¢),i = 1,n over a trivializing neighborhood U C M and choose a
basis of local sections {e,|a = 1,7} of the vector bundle A, then the corresponding
local coordinates on A are denoted by (z%,y%),i = 1,n,a = 1,r.

The local expression of a section a € Sec(A) with to respect the basis {en} is
a = a%q, with a® € C®°(U), a = 1,r. Since e, € Sec(A), we have b(e,) € X(U)
and [eq, eg] € Sec(A). Then there exists the functions b, C(zﬁ € C*(U) such that:

0

b(eq = b=, for i=1,n, a=1,r
(€a) Oz’ (3.2)
lea,e5) = C 5€7; for «,8,y=1,r.

The functions b, C(zﬁ € C*°(U) given by the relations (3.2) are called the structure
functions of the Lie algebroid (E, [, -], b) with to respect the chosen local coordinates
system.

The defining relations for a Lie algebroid translate into certain partially differ-
ential equations involving its structure functions.

One define a Poisson structure on A* as follows. Let {{,} the linear coordinates

on the fibers of A* associated with the basis of local sections ey, = 1,7. The
Poisson bracket {-,-} on C*°(A*) is defined by

Aij = {xivxj} =0, A?x = {xi7§a} = bfx? Aa,ﬁ = {§a7§ﬁ} = C(ZBS’Y’ (33)

fori,j =1,n, o, 3,7 =1,7.

One checks that this bracket is independent of the choice of local coordinates
and basis.

Let a € Sec(A) be a section of the vector bundle A. Then it defines in a natural
way a function f, : A* — R which is linear in the fibers and is given by

fa(@,8) = a®(2)a, a=1,r. (34)
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Proposition 3.1. ([2]) The assignement a — f, defines a Lie algebra homomor-
phism (Sec(A),[,:]) — (C*°(A*),{-,-}). Moreover, the Hamiltonian vector field
associated with f, is given by

8 0
ax] )6 a— 95"

. 5 0 .
Xy, = b%aﬁ% + (a“’C’é‘y i,7=1,n, B,y,A=1,r. (3.5)

Let be the functions fs : A* — R for each s = 1,p, where

fo(@,8) = ag(2)€a, =17 (3.6)

Using the relations (3.3) and (3.6), from (2.7) we obtain the stochastic Poisson
equations associated to h : A* — R and f,, s = 1,p, given by

. oh Ssu a 7 s
doi = (baa_ga + 5*“b5a) o —(bhal)))dt + bhaldB®,
oh y 0 aau
_ i supl _—_(pt € 3.7
déa (baa i + O 65’*{ ag 5 bz/a ] (ba a 7 ) s£€+ ( )
SuYE i 8@2 8 A S
+4 Cg-ybOC?a’syfe)dt + ( auaggﬁ)dB :

Let the tangent bundle TM — M and cotangent bundle T*M — M. The total
space of the vector bundle T*M @ A* has the Poisson structure {-, -}, defined by

{ AT ={a",27} =0, A} ={a',p;} =5, Ay = {a" &als
(3.8)

AZ_] = {plypj}7 Ocﬁ = {gavgﬁ} = aﬁ&“{v Aia = {pzaéa}

Proposition 3.2. The stochastic Poisson equations defined by h : T*M & A* — R
and functions gs : T*M & A* -+ R, s =1,p, given by

gs(x7p7£) = a?(m)ga +dép27 § :m7
1, i 1, s (3.9)
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are
da' = (K + By ki), + (kP + Bk )p + 55 (d + Vo)
8 i« 7 i S
6_(a + b ) (ds + baas )dB (t)7
1 akhe us (1m o m a2a:9y 82dl
dpj = (=(5 5 7Pnpe + 0" (Og'ay + dy) (5258 + 5 5 pi) —
L Od da%  Bdl, Oag . Od, s
—0 S5 (5 o+ o D))t + (5-5a + 5 =pi)dBC(1),
1 9k" kP 1 0k3P
dé, = ( b(zazphpﬁ"i_ 555—’_2 8xzp]§ﬁ)
8 8CL5 a j SULT 8d£ 8@2
—5“S(bga5 +db)- W( P 788+ baa sz) +9 bo‘((‘)g;i {Yaa:" )
dati  d i 0as,  odl
(Ga8n T gaPi))dt = ba(5 585 + o g B0

(3.10)

4  Stochastic Poisson equations associated to refine-
ment of a principal bundle having the affine group
as structure group

We start with some definitions and results of [3] that we will use later.

Let mg : P — M be a left principal bundle with the Lie group G as structure
group, where M = P/G. Let G the Lie algebra of the Lie group G. The associated
bundle with standard fibre G, where the action of G on G is the adjoint action is called
the adjoint bundle and it is denoted by G¢ = Adg(P). We let 7g : §¢ — M = P/G
denote the projection given by 7s([q,&la = [d]a-

Consider now the bundle TM ® §G — M and we assume that is given a (
principal) connection A% on the principal bundle 7g : P — M, determined by
the local functions {A%(z)} on M. Given the basis {¢,|a = 1,p} for the Lie algebra

§ having {Cp.} as structure constants, one obtains the local basis { -, €q) for
Sec(TM ® GC) such that [eq, 5] = Céec.

The corresponding covariant derivative %Acﬁ of a section £ = £%, and X €
Sec(T M) reads
65“

AG _ 7

-+ CRATYE)e,. (4.1)
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The curvature BA® of the connection A is given by

BAY = —BG“dx Adxle,, where (4.2)

Ga a
SGa _ 0A; 9 AS
K ozt OxJ

Let X; @€, € Sec(TM @ §G), 1 =1,2 be given two sections. Then

+ Cp AT AT, (4.3)

(X1 @&, Xo® &) = [X1, Xa] @ %ﬁfﬁ - W‘gj& — BAY(X1, Xo) + [61, 6], (44)

For { 0 @Ea,z—l =1,p we have
9 9 Ge d AGe  RA%d d
[8;UZ @ a, a ] @ 5[)] (O A CCG,A] BZ] + Cab)ed. (45)

Let (2, 2%, £%) the local coordinates of TM® 5% and (2%, p;, i1a) the local coordinates
of T*M & G&". The structure Poisson on T*M & GC” is given by

{ {2t 27} =0, {z',p;} = 5;-, {pi,pj} = —BjHe,

. (4.6)
{pispa} = —CLASua, {ia, o} = CSpies  {x%, pa} = 0.

Using the method for determination of Poisson equations in the case of Lie algebroids
one obtains the following proposition.

Proposition 4.1. The stochastic Poisson equations defined by the functions h :
T*M oGS = Rand f: T*M &G — R with f(x,p,p) = @’ (z)pj +d*(x)pa are

(@ + 8@

ozt | oxt”
oh . Oh d i ah ‘

(— Ozt Bz] Capj — CoabtaA Lo + {{pi, £}, f})dt

— (B pea’ + CcaudA¢d“)dB(t), (4.7)

dat = a')dt + a'dB(t),

dp; =

Oh Oh

dpe = (CcaudAca— +chuc +{{ua,f} f})dt+

(CcaudAccﬂ + ch,ucdb)dB( ).

Let 7g : P — M = P/G the principal bundle with the structure group G.
We assume that is given a sequence No = (G D K D {e}) of closed subgroups
of G. If we denote n = (P,ng, M = P/G,G), then the pair (n,N2) determines a
refinement (;701,712) of n defined by K, where ny = (P/K,7ngx, M,G/K,G/N)
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and n12 = (P,7x, P/K,K), and N is the largest normal subgroup of G included in
K ( see Papuc [9], Ivan and Opris [7]).

Let AY and AX two connections on P given by the forms AY : TP — G, AK .
TP — X, where G resp., X is the Lie algebra of G resp., K.

Let the adjoint bundles §¢ = Adg(P) and KX = Adg (P). The vector bundles
TM®SC — M and T(P/K)® XX — P/K are called the reduced bundles associated
to refinement defined by the pair (n,Na).

Let us we apply the above considerations in the case when the group G =
GA(n,R) is the affine group and K = GL(n,R) is the linear group. We obtain thus
the sequence Ny = (G = GA(n,R) D K = GL(n,R) D {e}). The Lie algebra § of G
has the base {e e; } and we have [e ek] =0}, é—5éek, €5, ex] = Stej, leisej] =0.
The Lie algebra X of K has the base {e } and we have [e], ef] = 5ke - 566%.

Let mg : P — M the principal bundle having the affine group G as structure
group and the local coordinates (z, y]',yi) on P. The base of sections of the vector

0 n O
oyl T Vo

Let A® a connection on the principal bundle 7 : P — M given by the functions
(AR, AR) on M. From (4.1) follows

bundle §G — M is 6;— = yj’

7

VAY e = (AR5L — ALoD)e] — Aley,

ki~q
ox’
VAL e = Al g
o €k lerEis (4.8)
ox”
BAC = (B,wd:n Ada? ® ef + Bida' A da? @ gp).

Let (2%, ps, ,uf;, ¢) the local coordinates on T*M @ GG, The structure Poisson is
given by the following relations

{a, 25} =0, {a",p} =0, {a", e} =0, {pmi,p;}=0,
{2, pj} = 0%, {pi,pj} = —Byiuf — B,

{pi, iy} = (AL, 05 — AL o — Alpr,  {pis i} = Afp,
{Ngaﬂk} = 5kﬂg 5?:%7 {Nka 1} = 5kﬂj-

(4.9)

Using the method for determination of Poisson equations in the case of Lie algebroids
one obtains the following proposition.

Proposition 4.2. The stochastic Poisson equations defined by the functions
h:T*M &G - R and f: T*M & 59 — R with
f(l'lvpj) /Jiv /M) =a’ (x)pj + d?(a:),uf; + gz(gj)'ue
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are
( dor® = (g—; + g—;iak)dt + a'dB(t),
dp; = (% - (Bﬁij/ﬁ? + ijﬂf)% + ((Aiﬁﬁ - Aﬁﬁi)ug—
—Afuk)(%% + Aiiupaa—:k) + i [ R+ A{pis fYB(E), (410)
df, = (((AR;00 — AR s — Al )df + AR png'+
+{{u Y, FHdt+ {p, f1AB(),
dpi = (=Afppa® — pwidpdy + {{pi, £}, f1)dt + {pi, f}dB(2).

Let mx : P — P/K the principal bundle having the affine group K = GL(n,R)
as structure group and the local coordinates (z?,q%) on P/K. The base of sections

of the vector bundle KX — P/K is 53- = y?—h
0}

Let AX a connection on the principal bundle 7 : P — P/K given by the

functions (Afj, ij) on P/K. From the relations (4.1) follows:

( S AK

VA@ & = (AZiég - Agiéi)ag’
'

~ AK

VAS ef = (B, — BLODE] (4.11)
g
~ 1 . , ; ; ; j
BAY = §(Bf;ijd:1:l Adx? + Bﬁi]—dql Adg’ + Bliijd‘rl Ndg') @ ef.

Let (mi,qi,:i:i,q'i,ﬁﬁ) the local coordinates on T'(P/K) @ KK and (xi,qi,pi,)\i,ui)
the local coordinates on T*(P/K) @ X%". The structure Poisson is given by the
following relations:

{a,27} =0, {a',¢"} =0, {a',p;} =01, {a', N} =05,
{‘/Einui} =0, {qi’qj} =0, {qi’pj} =0, {qi’ AJ} =0,
. 1 1
{qlwui} =0, {pipj}= _§B£ijﬂlgv {pi, \j} = _531@]‘#?: (4.12)
1
{pi i} = (ARi0g — AL, {Ni A} = —5 Bt
(i} = (BRidg — Bouopup, (s iy = 04 — 05tk

Using the method for determination of Poisson equations in the case of Lie algebroids
one obtains the following proposition.
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Proposition 4.3. The stochastic Poisson equations defined by the functions
h:T*(P/K)& XX — R and f: T*(P/K)& XX — R with
f(xl7 qlapju )‘]7 Mi) - a](xu q)p] + d](ﬂf, q))\j + g']i,(ﬂf, Q):u’gC

are
(i oh i i
de' = (ap- + {2, £} fHdt+{a", f1dB(2),
oh 1 oh
dpi = (_8:13i - §B£ij:u§ + (Aiﬁﬁ - Agﬁi)ﬂga—%*‘
i oh i i
d¢ = (5 +Ud\ fh rhdt+{d¢', f1dB(),
(4.13)
oh 1 Oh
dri = (_8_qi - §B£ij:u§ + (B0 — Bfﬁi’)u;’,a—%ﬂt
Oh Oh
dpf, = (—(AD6%+ Agjag)ug% — (B0, — B,‘;jaﬂ,j)uga—%+
- - Oh
+(88pf, — %uﬁ)aﬂi_ + {{ug, 3, F 1At + {, FYAB(2).
J

The study of equations (3.10), (4.7), (4.10) and (4.13) enable by choosing of the
functions h and f,.

References

[1] D. Andrica and I.N. Casu, Aplicatia Ezponentiala si Mecanica Geometrica,
Presa Universitara Clujeana, 2008.

[2] A. Cannas da Silva and A. Weinstein, Geometric Models for Noncommutative
Algebras. Berkeley Math. Lectures, vol.10, Amer. Math. Soc., Providence, 1999.

[3] H. Cendra, J.E. Marsden and T.S. Ratiu, Lagrangian Reduction by Stages.
Memoires of the Mamerican Society, 152, no. 722, 2001.

[4] J. -M. Bismut, Mécanique Aléatoire. Lecture Notes in Mathematics, 866,
Springer-Verlag, 1981.

[5] M. Emery, Stochastic Calculus in Manifolds. Springer-Verlag, 1989.



Stochastic Poisson equation associated to Lie algebroids and some refinements... 11

[6]

M. Emery, On two transfer principles in stochastic differential geometry.
Séminaire de Probabilités, 24, 407— 441. Lecture Notes in Mathematics, 1426,
Springer-Verlag, 1990.

Gh. Ivan and D. Opris, Old and new aspects in the study of refinements of a
principal bundle. Tensor (N.S.), 63 (2002), no.2, 160-175.

J.A. Lazaro Cami, Stochastic Geometric Mechanics. Universidad de Zaragoza,
Ph. D. Thesis, Zaragoza, 2008.

D. I. Papuc, Sur les raffinements d’un espace fibré principal différentiable. Anal.
St. Univ. Al 1. Cuza” Iasi, Sect. a I-a, Mat. ( N.S.), 18 (1972), 367-387.

D. I. Papuc and I.P. Popescu, Sur les connexions infinitésimales d’un
raffinement d’un espace fibré principal. Rend. Accad. Naz. del XL(4),
22/23(1971/1972), 1973, 265-284.

West University of Timigoara
Department of Mathematics
Bd. V. Parvan,no.4, 300223, Timigsoara, Romania
E-mail: ivan@math.uvt.ro; miticaopris@yahoo.com



	1 Introduction
	2  Manifold valued semimartingale and stochastic Poisson equation
	3 Stochastic Poisson equations associated to a Lie algebroid
	4  Stochastic Poisson equations associated to refinement of a principal bundle having the affine group as structure group
	Bibliografie

