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Abstract: With linear optical components to manipulate quantum states of optical fields, the
quantum entanglement control and quantum communication can be implemented remotely. By
analyzing optical splitter and its use of coherent states, it was found that when the initial state
was a direct product of two partially entangled coherent states; another two modes would collapse
to a new entangled state using optical splitter and photon-detectors on two modes. Based on this
feature, the scheme on entanglement concentration was presented. In this scheme, the two
partially entangled coherent states were utilized as the quantum channel, when zero photon and
odd photons were detected in two modes separately, and another two modes would collapse to the
maximum entangled state, thereby completing the process of the entanglement concentration. It
was proved that, no matter how small the initial entanglement is, to distill some maximally
entangled states from partially entangled pure states is possible.
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0 Introduction

Quantum entanglement is a fundamental
resource in quantum information, ensuring security

of key distribution and efficiency of quantum
1-7]

computing" Most of the quantum information
protocols work best with maximally and pure
entangled states, but entanglement is extremely
sensitive to decoherence. Such difficulty imposes
an extensive effort in order to recover a fairly good
degree of entanglement after its interaction with
noise, which is the main cause of the entanglement
deterioration. In the last few years various
schemes have been implemented in order to
overcome this problem.

In an efficient realization of quantum
information processing, highly entangled states
play a key role. When an entangled state is initially
prepared in a non-maximally entangled state, it
needs to be distilled to a highly entangled state
before using it for quantum information
processing. To obtain highly entangled states from
less entangled states, researchers have proposed
the idea of

purification, and proved that it is possible to

entanglement concentration and

convert two copies of a less entangled state into

one copy of a more entangled state by using only
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local operations and classical communication™.
Also,

purification protocols have been investigated

concentration and
[9-11]

some entanglement
Here we show that the entanglement concentration
of entangled coherent states can be realized in a
very simple way using only linear optical elements

and photon detectors.

1 Entangled coherent states

The coherent state can be used to encode
quantum information on continuous variables!'?.
In quantum information processing, the entangled
coherent state is normally categorized into a two
mode continuous variable state. However, there
was a suggestion to implement a logical qubit
encoding through treating a coherent superposition
state, which can make a single mode continuous
variable state as a qubit in two dimensional Hilbert
space’®l Thereupon, many schemes have been
proposed for realizing quantum information
processing by using the coherent state.

We first briefly review the bipartite entangled
coherent states of the form

@)1 =Ny(cosfla) [a), —sin 0] —a) [ —a).) (1)

where N, = (1—2¢ "«" cos fsin @) V* is the

normalization factor and
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10> (2)

la) =exp

=0 /7’1!
is a coherent state. When §==/4, Eq. (1) becomes
1

\§0>1z:—(\a> la)y —
Vo(l—e 1)
| —a)i | —a)2) (3
Now we introduce the even and odd coherent states
)t = ! ()£ | —a)) )

V2(1de 2

The Eq. (3) can be rewritten as the form

Lot a7 —|

‘90>12:ﬁ

Because |a) ™

—a =) (5

and |a)~ are orthogonal, we can
introduce them as a pair of orthogonal bases to
span a two-dimensional subspace of the Hilbert
space. Then Eq. (5) is a bipartite entangled pure
state, its reduced density matrices is
p<1>:p<2>:|:1é2 1?2:| (6)
and it has the maximally partial entropy
S(‘om>=S(‘0<2))Z—tr(pmlog‘om)zl 7
It is a maximally entangled state.
generate the

Now we consider how to

entangled coherent state. The experimental setup

consists of a lossless 50/50 beam-splitter which is

described by
A
Blgiexp [1 %(é\ll‘ é\lz +C/\lg} C/\ll)] (8)

A Ap . .
here a; and a; (i denote 1, 2) are the bosonic
annihilation and creation operators of system i,
respectively. It transforms the coherent state |a); |
B, as
+iB, |BTia
B12|(1>1|B>2 ‘ 1l Yy (9

e

where the normalization factor is omitted on the
right-hand side.
splitter by a pair of —=x/2 phase shifters described

Further equipping the beam

Ay
by the unitary operator P? =exp (—i ~q, a.), we

2

A A

operator BS,,=P,B,,P, that
transforms the state [a), 8, into

Bswwammﬂ%& \%» (10)

This transformation plays an important role in the

can have the

realization of quantum information processing
which involves coherent states.

Suppose the input state of the beam splitter

BS (1) is a direct product of a coherent
superposition states
W = (VZa) — | —Za))) (1)

VN,

| 0),, where N

normalization factor, and the superposition | ¥) of

and a vacuum state is a

a

two coherent states |v2a) and | —4/2 «) may be
generated by exploiting a coherent state |+/2 a)
propagating through a nonlinear medium™*’. Then
the input state of the beam splitter BS(1) is

1
\‘I’>1®\0>2:ﬁ(\«/ga>1*|*«/§a>1)®|0>2 (12)

after interaction with the beam-splitter, the output
state emerging from the beam splitter BS (1) is
given by

1
‘®>12:7( |(1>] |a>2_ ‘

VN,

This is a maximally entangled coherent state; we

—an | —ar,)  (13)

have proven its entanglement entropy is 1.

2 Entanglement concentration

In quantum information, researchers need

maximally entangled states for an efficient
realization of quantum information processing. If
the initially prepared entangled coherent state is in
a pure but not maximally entangled state, this
state may be distilled to a maximally entangled
state before using it for quantum information
processing through entanglement concentration.
Here we show that for an entangled coherent state
the entanglement concentration may be realized by
using a beam-splitter and photo-detectors.

Suppose two people, Alice and Bob, share a

partially entangled coherent state

1
‘90>]2:7(COS 7]|(1>1 |a>2_
v N’7

sin gl —a)1 [ —a)2) 14

Here, N, is a normalization factor given by
N,= (15)
the real phase factor , 0<<y<<w/2, determines the

degree of entanglement for state (14), from which
we want to distill the maximally entangled state.

After sharing the quantum channel with Bob,
firstly Alice prepares another a pair of particles in
state ‘90>;;4 which is in the same entangled state as
the quantum channel |g0>12. The initial state of the
whole system consisting of the four subsystems is
then given by

‘¢>1231:|§0>12®‘§0>m (16)
For convenience, now we assume mode 1 on Bob's
side and modes 2, 3, and 4 on Alice's side, then

state |¢) 1230 can be explicitly written as

1
‘(/1>1z3r1:ﬁ|:C052 77‘0(>1 la)s [ads )y —
7

Jsin (2 a)1 | | —a)s | —adi—
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1 sin (27 | —a)i | —adelads|ad, T

2
Sin2 77‘*a>1‘70(>2 7Q/>3‘70(>4:| (17)
Secondly Alice lets modes 2 and 3 enter the input

ports of the beam-splitter BS(2). After interacting
with the beam-splitter BS (2), the stat of the

whole system becomes

’ 1 ,
‘(/l >123V1:ﬁ[005Z 77‘01>1 |«/§01>2
7

O>3‘(1>17

Lsin 2 ladi 100, VZa)s | —ade—

2

Lsin (2p ] —a)1 100 | —VZads o)+

sin® gl —a)1 | —v2a), [0 | —a)y ] (18
Subsequently Alice makes the two-mode

photon number measurement on modes 2 and 3 at
her side to finish the entanglement concentration
process. When zero photon is detected at 2 mode
and n (nonzero) photons are detected at 3 mode
simultaneity, the state consist of modes 1 and 4
collapses into

¢ u—> ) [ =)+ (D" —adi [ad, (A9
If n being odd, Bob and Alice get an entangled
coherent state which is defined by the following

\¢”>H=J%<|a>l|—a>1—\—a>l\am (20)
where N =2[1—exp (—4|qa

factor. For state (20), we have proved it is a

2)7] is normalization

maximally entangled state, its amount of

entanglement is exactly one ebit and the
entanglement is independent of the parameters
involved. From Eq. (18) we can obtain the
probability of finding zero photon in modes 2 and
odd photon in modes 3 simultaneity
P(0,0dd) = [,<<0|,<<Todd| ") 2
sin? 2pe 2" (2a2)"
AN nl
This leads the

maximally entangled coherent states to be

2 —

2D

probability of obtaining the

o« _sin® 2pe?' Lo 2 _
P “Z(),ddP(0,0dd) 4]\7?] n—odd 7|
1 .. Zala? . ,
——sin® 2pe %" sinh (24%) (22)
4N’ 7

which implies that no matter how small the initial
entanglement is, it is possible to distill some
states from  partially

maximally  entangled

entangled pure states.

3 Conclusion

In summary, we have presented a simple
scheme to distill the maximally entangled coherent

states from partially entangled pure states. In this

scheme, we exploited the important features of the
beam splitter transforming entangled coherent
state. According to this schemes, we have proved,
no matter how small the initial entanglement is, to
distill some maximally entangled states from
partially entangled pure states is possible. In our
entanglement concentration scheme, the key factor
is photon number measurement which must be
sensitive enough to measure the number of photons
and determine whether the number is even or odd.
In practice this is difficult, especially for large
numbers of photons, but in principle this can be

With  the

experimental

done. recent developments in

techniques for generating and
manipulating the single photon, such possibility is
increasing. Besides, in Ref. [ 15 ], Xiao-Guang
Wang described one method to distinguish even
and odd n by coupling the field to a two-level atom
through dispersive interaction, which can enhance
the possibility to realize this scheme.
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