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Ruin theory with a Markov chain interest model

LIU Yan
(School of Mathematics and Statistics, Wuhan University, Wuhan 430072)

Abstract: In this paper we consider a discrete time risk process with a Markov chain interest model.
We derive recursive equations satisfied respectively by the joint distribution of surplus immediately
before ruin and the deficit at ruin, the distribution of the surplus immediately before ruin, and the
distribution of the deficit at ruin. An integral equation for the (expected discounted) penalty function is
obtained as a unified method to study ruin quantities with such an investment. Applications of integral
equation are given to the Laplace transform of the time of ruin, the deficit at ruin, the amount of claim
causing ruin, etc

Key words: Probability; Markov chain; Ruin function; Interest

0 Introduction
Consider the discrete time risk process
u =U_@a+1)-2,.,k=12K (0.2)
whereU, =u >0is a constant, {Zk;k 21} is a sequence of independent and identically
distributed (i.i.d.) random variables with common distribution function F(x)=P(Z, <x) and
tail probability F(x)=1—F(x), and {Ik;k 21} is a sequence of random variables
independent of {Zk;k 21}. In the insurance risk context, Z, denotes the net loss in period K,

namely from time k —1 to time Kk, and the distribution F is referred as the loss distribution.
The net loss is calculated at the end of each period and equal to claim amount minus premium
income in periodk . And 1, denotes the rate of interest in period k. Thus, U, defined by (0.1)

is the surplus of an insurance company with initial capital of U at the end of period K .
It is easy to see that (0.1) implies

U =u[ [+ 1,)-3 7, T]a+ 1) k=1 0.2)
j=1 =1 i=j+

b b )

where Hi=a=land zi=a= 0 if a>b.

In this paper we will study the discrete time risk model proposed in Cai and Dikson (2004).
Assume that the interest rate {I k> 1} is a Markov chain with state space I = {io, I, K iy } We

also suppose that for all n>21and all state i, it,ito K ’itH ,

P(I In - is’ Infl - it"fl’A ’IO = ito)z P(In+1 = it||n = is)
=p,>0st=0LK N

l

n+l —

(0.3)

N
where z py =1for s=012K /N.
t=0

In addition, we assume that 141, >Ofor all n>1, thatis, 1+i,>0for all i, e1. The

interest rates {Ik;kzl} can be negative. In this case, as said in Cai and Dikson (2004),
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{1,;k >1} are the return rates of a risky investment.

LetT =inf {k >21:U, < 0}, the stopping time T, is the ruin time. Then the finite and infinite
time ruin probabilities in risk model (0.2) with interest model (0.3), initial surplusu, and a
given |, =1, are defined, respectively, by

v, (W)=P( <nU, =u,1, =iy, (u)=P(T <oy =u,1, =i,)
Sinceyy; <y <yy <AL Y (u): Iimn—mol//nis :

The discrete risk model (0.2) has been studied by many researchers. Yang (1999) obtained
both exponential and non-exponential upper bounds for the ruin probabilities when the rates of
interest are identical constants. Cai (2002a, 2002b) derived the recursive and integral equations for
the ruin probabilities in the case of i.i.d. interest rates and the case of dependent model of AR(1)
structure for the rates of interest, respectively. The ruin probabilities in risk model (0.2) with i.i.d.
rates of interest was also considered by Yang and Zhang (2003). Cai and Dickson (2004)
considered the model (0.2) with rates of interest (0.3), and obtained the recursive and integral
equations for the ruin probabilities. As for asymptotic properties for ruin probabilities in risk
model (0.2) readers are referred to Nyrhinen (1999, 2001), Tang and Tsitsiashvili (2003) and
references therein.

Except for the ruin probabilities, other important ruin quantities in ruin theory include the

—al

Laplace transform of the time of ruin Ee™ , the surplus immediately before ruin UTfl, the

deficit at ruin —U; , and the amount of claim causing ruin U;_; —U;, etc. A unified method to
study these ruin quantities is to consider the (expected discounted) penalty function associated the
time of ruin with initial reserve U and for a given i, = i by defining

q)ais(u)= E|_g(UT—17_UT )eiaTlﬁm Us=u,l, = isJ (0.4)
where g(x, y), x>0, y=0, isanon-negative function such that ® ;. (u)exists; a>0,

and 1, is the indicator function of a setC .
A simple and sufficient condition on g(x, y) for CDaiS(u)<oo is that g(x, y) is a
bounded function. With suitable choice of g(x, y), D, (u)will yield different ruin functions,

see Gerber and Shiu (1997) for CDa(u)in the compound Poisson risk model, Cai and Dickson

(2002), and Cai (2004) for it in the compound Poisson risk model with a constant interest rate and
with stochastic ones, respectively.

In this paper we derive recursive equations satisfied respectively by the joint distribution of
surplus immediately before ruin and the deficit at ruin, the distribution of the surplus immediately
before ruin, and the distribution of the deficit at ruin. A unified treatment to the ruin quantities

when {Ik;k 21} is a Markov chain of (0.3) is also given by studying the generalized penalty
function® ;. (u)

1 Recursive equations for distributions
For initial reserve U and a given |, = i, we define the joint distribution of surplus immediately

before ruintime T = Kk and the deficit at ruintime T =k with
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Hy (u,x,y)= P(T =k,-U; >y,U; ;> XUy =U,1,=i ) x>0,y>0

From definition, we get

Hkis(u’xv Y)
d ] k k-1 j k-1
SZJJa+0) su+y[Ja+1)" >z, [ @+ 1) <u=x[J@+1,)"
_p/ i=1 _ = = i=1
k-2 j

zll'][1+| <uZZJH1+I T<uALZ (L) <l =i

j=1 i=1 j= i=
75 Therefore,

:P211+I Su+y@+1)t 0<u—x||0:is)

P( Z,(L+1,) >u+y(1+|)||0:is) X <u,
0, XU,

(1.1)

> p.P(2, >u1+|) y), x<u,
XU,

{ tNopSt 1+|) y), x<u,

X > U,
H2I u, X, y
Z@+ 1)+ 2@+ 1)@+ L) s u y@ L)L)
=P .
Z,(1+

P(Zz(1+l Su 1) -2, + y( 1) 2 <u 1) -l =i,)
o

)
)" <u—x@+1,)7, =i (1.2)
J

j Pz,0+1,) > uf+i)—z+ y@+ 1, =i bF(2)

80 and
Hy, (U xy)
Pizjf[(1+|,)1>u+yf[1+| 1izjf[1+| ) <u—x[J@+1
= j=1 i=1 i=1 j=1 i=1

izjﬂ(u L) >u+1,)-2, + yf[(1+ L) Z,@+ 1) <u@+ 1) -2z, - x@+1,)7,
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Similarly, we obtain that for k=3,

u(1+i; )
Hy (u,x,y)= Zpst .[H o (U+i)—2,% y)[F(z) (1.3)
For initial reserve U and a given |, = i, we denote the distribution of the surplus immediately
before ruintime T =K by
B (x,u)=P(T =k,U,_, > XUy =u,1, =) x>0,
and the distribution of the deficit at ruintime T =Kk by
Gy (x,u)=P(T =k,~U; >y, =u,1, = i) y=>0.

Notice that
Bui, (X’u): Hyi, (X’O)’ Gy, (X, Y): Hy, (01 Y)-
Then we get
Zpst u(l+i)), x<u,
0, XU,
N u(L+ig )-x
B (u,x)=>" pq .[P(Zz(l+| > u(l+i)- 2l —|)1F
t=0 S
N u(Ll+ig)
By, (U,X)=2" Py [ By, (Ull+i)-2z,x)3F(z) k>3
t=0 S
and
NG
Gy, (U,y)=2" po F(ut+i)+y)
t=0
N u(L+ic)
Gy, (u,y)=>"pq J.P(Zz(l+l ) >ul+i)-z+y@+1,) 7l _|)dF
t=0 e

1+ |t

Gy, (u,x,y)= Zpst Ile u@l+i,)-z ydrF(z),k >3.

Remark 2.1 In fact by the recursive equations (1.1), (1.2) and (1.3) we can derive the integral
equation for the following joint distribution of the surplus immediately before ruin and the deficit
at ruin

H, (u,x,y)= P(T <o0,-U; >y,-Uy , > XU, =u,l, = i.)x>0,y>0.
(1) Whenx<u,
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His(uian)

=P(T <0,-U; > y,U; , >X)

= H, (uxy)
k=1
N B u(L+i; )-x

=Y pF(uld+i,) Zpst jP221+I )y >u+i)- z+y(1+|2)’1|llzit)dF(z)
t=0
o N u(l+i) )

+Z Zpst .[H(k—l)h(u(l—i_lt)_z’xiy)dF(Z)
k=3 t=0 -
N B u(L+i; )

=Y pF(ul+i)+y) Zpst .[Hl. ull+i,)-z,x,y)dF(z)
t=0
N u(@+iy) o -

+Z Pst j ZH(k—l)h(u(l_i_lt)_Z’X!y):“:(z)
t=0 . k=3
N _ u(@+i) o

=Y pF(ul+i,) Zpst j ZHkl ull+i,)—zx y)dF(z)
t=0
N _ N (1“1)

=Y pF(ul+i)+y) Z .[Hil(u(1+it)—z,x,y)dF(z)
t=0 —0

105 (2) When Xx>u,
His(u1x y

=P(T <o,-U; >y,-U;, >x)

H S(u,x,y)

u(L+iy )-x

jPz L+ 1,) > ul+i) -z +y@+ 1)1, =i o (2)

M

-
I
o

u(L+i; )

+i pS '[Hkl ull+i,)—z,x,y)dF(z)

k=3 t=
u(1+|1) ut+ic) o
=Y p, '[H (U@+i)-z,x y)dF(z Zpst j > Hyy, W@+i) -z, %, y)[F (z)
—o —o k=3

u(l+ig) o
Pyt '[ szg (u(1+it)_Z’X! Y):“:(Z)
—_oo k=1

u(L+ic)

P [H, l+i)-2,x y)dF(2)

—0

Il
MR

-
I
o

Similarly, using the recursive equations for By (u, X) and Gy (u, y) we can obtain the
corresponding integral equations for the distribution of the surplus immediately before ruin
B, (u,x)=P(T <o0,U;_, > XU, =u,1, = i) x>0
110  and the distribution of the deficit at ruin
G, (u,x)= P(T <oo,U; > YU, =u,l,=i;)y>0.
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Remark 1.2 As we known that the joint distribution of surplus immediately before ruin and the
deficit at ruin with initial surplus U and a given |, = i is usually given by

3. (uxy)=P(T <o0,-U; <yU; <xUy =u, 1, =i ) x=0,y>0.
By the relationship
Ji (u,x,y)=H, (u,00)-H, (ux0)-H, (u,0,y)+H, (uxy)
we get the integral equation for the joint distribution Jis (u, X, y),

u(l+i; )

(uxy)= Zpstlz( u(l+i,))- Flu@+i)+ y))lm + '[J uL+i,)- z,x,y)dF(z):l

2 Integral equation for penalty function

In this section we derive an integral equation for CDaiS (u) and the main result is the following
theorem.
Theorem 2.1 For anyu > Oandi, €1,

L+ig

:g;pSt {ICD ull+i,)—z)3dF(z) ('[g) u(l+i )z u(1+it))dF(z)}.

Proof Conditioning on I, =i, , Z, =z, if zSu(1+it), then ruin does not occur,
U, =ull+i)-z, CDail(u(l+it)—z) is the expected discounted value at time 1, then
GO (UL +i,)—2z) gives the expected discounted value at timeQ . Ifz > u(L+1, ), then ruin

occurs withT =1, U, =u(l+i,) and —U; =z —u(l+1i,). Thus, from the independence of
{Z:;k>1} and{l ;k >1}, it follows that

@, (u)
- E[g(UTfl’_UT )eiaTlT@o |U0 =u, |o = |s]

N +o0
:Zpst IE[g U,_,U )e aT1T<oo |U =ul =i,z = Z}jF(Z)
t=0 S

1+|1

Zpst Ie u@l+i,)-z)dF(z)+ Ig(u(l+it),z—u(l+it))e"’dF(z)
u(l+i; )
The proof of Theorem 2.1 is completed

3 Applications

In this section we give some examples to illustrate the applications of integration derived in
Section 2.

Example 3.1 Let g(X,y)=1ande >0, then
@, (U)=Ele 1, U, =u1y =i, ]= Ele U, =u,1, =i, )=, (u)
is the Laplace transform of the time of ruin with an initial surplus uand a given |, =1, . Thus,

by Theorem 2.1, we get

u(L+ig)

q<>zp [, 00 1) 2 ()¢ Fluli) |



140

145

150

155

160

http://www.paper.edu.cn

Example 3.2 Let g(x, y):land a =0, then
q)ais(u): E[l{T<oo}|Uo =u,l, = is:|:'/fiS (u)
is the infinite time ruin probability with an initial surplus uand a given I, =i,. Thus, by

Theorem 2.1, we have

(2+iy)

Zp{ [w, (u@+i) z)dF(z)+E(u(1+it)):l.

which is Equation (2.3) of Cai and Dickson (2004).

Example 3.3 Letg(xl,xz):l{ anda =0, then

X <X}
@, (U)=PU,, <xT <odUy=u,1,=i;)= A (u,x)
is the distribution of surplus immediately before ruin. Thus, by Theorem 2.1, we get

u(L+i,)

(u,x) Zpst|: '[A ul+i) z,x)dF(z)+E(u(l+it))lx>u:| (3.1)

Example 3.4 Let g(xl, Xz) :l{ anda =0, then

X, <y}

@, (U)=P(-U; <y, T <odU, =u,l,=i;)=K; (u,y)

is the distribution of deficit at ruin. Thus, by Theorem 2.1, we get
u(L+iy) . .
ull+i)-z,ypF(z)+ Fu@+i))- Fu@+i,)+ y):l (32)

Z p{ [ (
Remark 3.1 Notice that As(u,x) and Kis(u, y)are two marginal distributions corresponding

—0

to Jis (u, X, y), that is,

Ais(u’ X): )Ili_r)';‘o‘]is(u’ X, )/), Kis(u’ X): )I(i_rll‘]is (u’ X, Y)’
Then we can get (3.1) and (3.2) from (1.4).
Example 35 Let g(x,%,)=€"™, r>0 and a=0,then

®, (u)=E[e" V1, U, =u,1,=i,]= K, (u,r)
is the Laplace transform of the deficit at ruin. Thus, by Theorem 2.1, we get

(u,r) Zp{ Ti( u@+i,)-z,rdr(z) Ie’” ugF (2 )}

u(L+ic)
N u(L+ic)
=>"p, IK (U+i)-z,r)dF(z)+em®w Ie “dF(z) |
—® u(L+i)
Example 3.6 Let g(x,%,)=e "), r>0 and o =0, then
CDaiSu:E[e AR S VA _ul_|] D, (u.r)
is the Laplace transform of the amount of claim causing ruin. Thus, by Theorem 2.1, we get

(u,r) Zp{ Tb u@l+i,)-z,rdF(z) je "dF(z )}

u(l+i; )

T<oo
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4 Conclusion

In this paper we derive recursive equations satisfied respectively by the joint distribution of
surplus immediately before ruin and the deficit at ruin, the distribution of the surplus immediately
before ruin, and the distribution of the deficit at ruin. A unified treatment to the ruin quantities of
is also given by studying the generalized penalty function.

References

[1] Cai, J., Dickson, D.C.M. Ruin probabilities with a Markov chain interest model[J]. Insurance: Math. Econ.,
2004, 35: 513-525.

[2] Yang, H. Non-exponential bounds for ruin probability with interest effect included[J]. Sacnd. Actuarial J., 1999,
99: 66-79.

[3] Cai, J. Discrete time risk models under rates of interest[J]. Prob. Eng. Inf. Sci., 2000a, 16: 309-324.

[4] Cai, J. Ruin probabilities with dependent rates of interest[J]. J. Appl. Prob., 2000b, 39: 312-323.

[5] Yang, H., Zhang, L. Martingale method for ruin probability in an autoregressive model with constant interest
rate. Prob. Eng. Inf. Sci., 2003, 17: 183-198.

[6] Nyrhinen, H. On the ruin probabilities in a general economic environment[J]. Stochastic Process. Appl., 1999,
83: 319-330.

[7] Nyrhinen, H. Finite and infinite time ruin probabilities in a stochastic economic environment[J]. Stochastic
Process. Appl., 2001, 92: 265-285.

[8] Tang, Q., Tsitsiahvili, G. Precise estimates for the ruin probability in finite horizon in a discrete-time model
with heavy-tailed insurance and financial risks[J]. Stochastic. Process. Appl.,2003, 108: 299-325.

[9] Gerber, H.U., Shiu, E.S.W. The joint distribution of the time of ruin, the surplus immdeiately before ruin, and
the deficit at ruin[J]. Insurance: Math. Econ., 1997, 21: 129-137.

[10] Cai, J., Dickson, D.C.M. On the expected discounted penalty function at ruin of a surplus process with
interest[J]. Insurance: Math. Econ., 2002, 30: 389-404.

[11] Cai, J.Ruin probabilities and penalty functions with stochastic rates of interest[J]. Stochastic Process. Appl.,
2004, 112: 53-78.

5 PR 8 H) = XU AR B YAl = TH 18

polfic]

(KA KFHFE%ITF%, AR 430072)
WE: AXFEWAL REAZHWEHAOER, 2748 T ZERAE AR 875K
FHER A A DA R I A BT R B VA AR AR SR B T AR A B A 5T o AR e 2 I I
Jit v AR 7 A2, 2 55 RN BB B BT R F RS BB W RIS LB AR
H.
KA Mk, B RadAE; TS A1E
FEINES: G22



