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Predictive Validation in ARMAX Time Series Models
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Abstract: This Paper considers the impact of Pena’s(2005) new procedure for multifold predictive

validations in time series.The modified procedure is based on the so called ”hv-filtered residuals”,in-

sample prediction errors evaluated in such a way that they are similar to ”filtered residuals”presented

by Pena. Thus ,instead of using the deletion of observations to validate the predictions,as in classical

cross-validation, the modified precedure is based on deletion of the estimated innovations.It is proved

that the ”hv-filtered residuals” are uncorrelated,up to small order.
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<HZG�SX[&ejDK"[m(o�/Q
r�fU�U[;E�ZXCBDE��%)8`|�;
-�HH�I8$�w[&%)Z)Dj���SB9"[E��"�h�}Ar[&%)DZ)j�T;�'oq#D-hHT;"[DZ)���"[;Z)�
HV�[;E�[&ejD�sfE�1|oD�`Vl�UE�1|oD�`��LD
Ho�qN[&u � h ![&%)D~C�SDE�;4 ��O5
b h ![&%)m�yN�:����ED�E�O[&%)G8`|HL
-�XuHbw;D
-!�`�:I8Qxw�	[&%)ww\{S9/��"�7UAr[&8j�T;U[&%)DZ)T4�hb"�IPYyTAfDzL�m Efron(1986)��O5GV�FSE�OZX�:^����/� +��/�'+��H�w�?:D ARMAX(p,d,q) t0m)�
Ψ(B)zt = Φ(B)xt + θ(B)et et ∼ N(0, σ2) t = 1, 2, · · · T (1)

Ψ(B) = 1 − Ψ1B − · · · − ΨpB
p

Φ(B) = Φ1B + · · · + ΦdB
d

θ(B) = 1 + θ1B + · · · + θqB
qh0 T �?:Dm&�"� Ψ(B), Φ(B), θ(B) �tz	} B DT2}�[ Ψ(B), θ(B)D�VeO`>�℄��� λ = (Ψ1, · · · , Ψp, Φ1, · · · , Φd, ϑ1, · · · , θq)

T �nIlm(w�?:
Zn = (z1, z2, · · · , zn)T A�I8� 1 ���U1y�" Zt = (z1, z2, · · · , zt)

T S�- zt+h �:D h ![&� ẑt+h = ẑt+h(Zt, λ) = E(zt+h|Zt, λ) �h0	t38$� λ �IlD�Xu
r ≤ t ≤ n−h�z1, z2, · · · , zr �1|m(o�7U#DCB h ![&%) et+h = zt+h − ẑt+h �� λ �lw�[&%)*JVTvZXLM�n λ̂n = F (Zn) �~Ub"m(oCBD38$�j��d- h ![& ẑin

t+h = zt+h(Zt, λ̂n) = E(zt+h|Zt, λ̂n) �E�O h ![&�7UE�O h ![&%)� êin
t+h = zt+h − ẑin

t+h, r ≤ t ≤ n − h ���G�� h=1 w�V
êin

t+1 = zt+1 − ẑin
t+1 = ât+1, r ≤ t ≤ n− 1 �h0 ât+1 �I8D%)�7&�_S�VDE�O
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[&%)/�`U$o�CBE�O$Z[&%)� MSPE �Dj���
V̂ in(h) =

∑n−h

t=r (êin
t+h)2

n − h − r + 1
(2)� λ̂m = F (Zm), m ≤ t, � λ̂m �U t mZDm(o�CD38$�j��!- h![& ẑout

t+h = zt+h(Zt, λ̂m) = E(zt+h|Zt, λ̂m) �E��[&�7UE�� h ![&%)�
êout

t+h = zt+h − ẑout
t+h, r ≤ t ≤ n− h �� #D	t m = t ��ED���VDE��[&%)/�`U$o!CBE��$Z[&[&%)� MSPE �Dj��G�

V̂ out(h) =

∑n−h

t=nh
(êout

t+h)2

n − h − nh + 1
(3)7q*l� êout

t+h ZF[&Dm(o��uD7&$l�U êin
t+h �uV[&m(ouD7&�$���	�� hv- ��	�h" [#D�|w�st>%)��U5P2^�D hv- t>%)�tw�?:

Zn = (z1, z2, · · · , zn)T A�I8� 1 ���>�Z��#DJ AR� 1 �I8�4�
zt = φzt−1 + at, |φ| < 1,Xu at ��au�#DDJD�FS7IlE� Zn uCBD[&%)-WjX[&�- zt, t > n DP6�� zt+h, 1 ≤ (t+h) ≤ n�E�OD[&J�#D�SX-j�[&%) et+h �msSE��DZX-j� et+h �#D�*CB$� φDj�� φ̂T = ΣT

2 ztzt−1/
∑T

2
z2

t−1 �fz�	2[&8 ẑout
T+h = zT+h(ZT , φ̂T ) = φ̂h

T zT ,�zCBj�%) êout
T+h = zT+h−φ̂h

T zT = eT+h+(φh−φ̂h
T )zT �Xu eT+h = aT+h + φaT+h−1 + · · · + φh−1aT+1 �7u#DW,7& aT+1, · · ·aT+h BV�u`j�8 φ̂h

T u���D�n h = 1 �#D*JkH E(êout
T+1

)2 ≈ σ2(1 + (T − 1)−1) �WO�
E(ên+1)

2 ≈ σ2(1 + (n− 1)−1) �U5#DC2�?�SE��ZXS MSPE �:j��Arj�T;��9gvDj� E(ên+1)
2, #DS V̂ out(1) ��Xj�8�X�V

E[V̂ out(1)] ≈ σ2(1 +

∑n−1

t=n1
1/(t − 1)

n − n1

) > σ2(1 +
1

n − 2
)7q}*l� V̂ out(1) DÆ�T)�j�SX n − n1 �i;w�#D*Jj�

E[V̂ out(1)] ≈ σ2(1 +
log(n) − log(n1)

n − n1

)n#D� n1 = αn, 0 < α < 1, dlX V̂ out(1) D;E�T)*��
Bias[V̂ out(1)] ≈

σ2

n
(
−logα

1 − α
− 1)
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7q�T)u*(2��
4 α w� V̂ out(1) DT)Jp��Ie
<HZG��e; αw�SX[&DE�;4 n(1−α) �/Q
r�7Ue� V̂ out(1) D�N�h�Hb7N�
������msSE�ODZX-j� et+h ��*�	 φ̂n,fz_C ẑin
T+h = zT+h(ZT , φ̂n) =

φ̂h
nzT , �zCBj�%) êin

T+h = zT+h − φ̂h
nzT = eT+h + (φh − φ̂h

n)zT . #DW, eT+h w
(φh − φ̂h

n)zT �/lD	h�O� φ̂n uI �u9 aT+1, · · · , aT+h. �E�#D*JkH
E(êin

T+1)
2 ≈ σ2(1 − (n − 1)−1). 7UCB Bias[V̂ out(1)] ≈ −2σ2(1 − (n − 1)−1). 7T)�℄*l�E�OZX�Ar MSPE Dj�TF	`��9E�OwE��ZX
~DT
J���x Stone(1974)�2D�xP5�"D�'ejD�0mz� Pena �29Hv�Xt>%)D[&ejZX	XS[&%)

eT+h Dj�#Sm)ZX� (1) { eT+h Dj�u uV7& aT+1, · · · , aT+h, J{[&8Z aT+1, · · · , aT+h  /l
 (2) ?<HZGW�=�u aT+h+1, · · · , an J�`j�D�Q	O5�/� K�'ejup3m(oDZX�hv�Xt>%)D[&ejZXq<Fp37&	h7vZXSXP5�"UC�HrD�O�SP5�"-��p37&E
Xp3m(o	USX/l�"UC�h7vZX� E
D�O��`/l�"u�7Dm(ou��uD7&$X71y�"u[&	O5��9�F`j�[&%)w2,[&8�u7&� Pena hb9Hb7Dt>w�?: yt m)�� t = 1, 2, · · · , T , yt = zt;� t = T + 1, · · · , T + h, yT+j = φ̂j
nzT 5w aT+1 = · · · = aT+h = 0;� t = T + h + 1, · · · , n, yt = φ̂nyt−1 + ât. h0 ât+1 = êin

t+1 = zt+1 − φ̂nzt.�)-Sw�?: ytSE�O[&ejZXCB φ̂fil,fzCB[&8 ẑfil
T+h = (φ̂fil)hzT ,�zCB[&%) êfil

T+h = zT+h − (φ̂fil)hzT . ��VDt>%)[&%)/�`U$o!CBt>%)$Z[&[&%)� MSPE �Dj��G�
V̂ fil(h) =

∑n−h

t=r (êfil
t+h)2

n − h − r + 1
(4)SE�OZX�:[&ejw�UX`j�$�u7& aT+l, l = 1, · · · , h D8`�{C E(ẑin

T+haT+l) 6= 0, USE��ZX
fV E(ẑout
T+haT+l) = 0, ?��[&�Q `	ZZ7vZX/�� Pena �2D�Xt>%)D[&ZXyvD�x9E�OwE��ZXDTJ���k9[&D�Q�WUX+y
497& aT+l, l = 1, · · · , h S[&8 ẑfil

T+h DR1	7)GDL/u#D�Cl E(ẑfil
T+haT+l), l = 1, · · · , h � E(ẑin

T+haT+l) #VgF�	�� 1: tw�?: zt A� ARMAX I8 (1), � ẑin
T+h � zT+h D h !E�O[&�X
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u r < (T + h) ≤ n; � ẑfil
T+h � zT+h D h !t>[&�dS l = 1, · · ·h, V

E(ẑin
T+haT+l) = O(n−1)

E(ẑfil
T+haT+l) = O(n−2)7L/ 1 u#DCl Pena �2Dhv�Xt>%)D[&ejZXexTXE�OwE��D[&ejZX�?�#DGzLB`j�$� φ̂fil w� P�bR37&

aT+l, l = 1, · · · , h D_g�O� âT+l q�[&8u2,D7D7&Dj��hG�Ar
E(ẑfil

T+haT+l)  P9B 0 D\O�`�;^D��iShv℄+�#D|*JSX�:�H!D^��#��X!�`hb7Dt>w�?: yt w`p37& aT+l, l = 1, · · · , h mz�#D��|_p3 v, v ≥ 1 b7& aT+h+l, l = 1, · · · , v �#DkJq� AR� 1 �I8�4�hb7Dw�?: xt m)�� t = 1, 2, · · · , T , xt = zt;� t = T + 1, · · · , T + h + v, xT+j = φ̂j
nzT 5w aT+1 = · · · = aT+h+v = 0;� t = T + h + v + 1, · · · , n, xt = φ̂nyt−1 + ât. h0 ât+1 = êin

t+1 = zt+1 − φ̂nzt.fz|ÆE�OZXHn�)�	#D-hv^�DZX��X� hv- t>%)�D[&ejZX	#D�*CB φ̂hv−fil �__C[&8 ẑhv−fil
T+h = (φ̂hv−fil)hzT , �zCB[&%) êhv−fil

T+h = zT+h − (φ̂hv−fil)hzT . _��VDt>%)[&%)/�`U$o!CB hv-t>%)$Z[&[&%)� MSPE �Dj��G�
V̂ hv−fil(h) =

∑n−h

t=r (êhv−fil
t+h )2

n − h − r − v + 1
(5)�nhv^�D�X� hv- t>%)�D[&ejZXq� Pena �2DZXTp39H67&�?
dO5�H!
497& aT+l, l = 1, · · · , h SX φ̂hv−fil D_g�7U{Chv^�DZX� Pena �2D7ZX`w�?:D[&ejugV5�hHJ#D�7)GDIQxDuCBkx	%��!��h"[#D�SV.E��"#SE�'�IQxDZX�[��?E�OZX�E��ZX��Xt>%)ZXJ��X hv- t>%)ZXSX[&ejD�s�����J�H#D^�DZX�X
ovZXgV5�#DJ ARMAX� 3 � 0 � 0 �I8�4�� ARMAX� 3 � 0 � 0 �I8m)�

yt = 1.4yt−1 − 0.59yt−2 − 0.07yt−3 + et et ∼ N(0, 1)#D�Sq� ARMAX� 3�0�0�I8�: 50006E�'�IQxD�̀ CbE�'�IQu�#D���v. 200+n+5b�"J��9CBU!�"�#D�Z 200b�"p
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3�fzSY)D n+5b�"�̀ Z nb�"SXI8Qx���z 5b�"(.��-F[&Dm(�"�#D�[�` n=25w n=1007bE��:IQ��SCbE�[�)(
h=1w h=37v℄9�̀ #�IQxDu�#D*2S�z 5b�"CB��E��MSPEDj���� V pop

h �fz�`HLD v, [��	 V̂ out(h), V̂ in(h), V̂ fil(h), V̂ hv−fil(h),�xbZ V pop
h �)CBT) Bias[V̂ (h) − V pop

h ] w$Z%) MSE[V̂ (h) − V pop
h ]2 �IQ�sm)��~� � 1: Bias[V̂ (h) − V

pop

h ] � MSE[V̂ (h) − V
pop

h ]2

Bias MSE

h V̂ pop V̂ in V̂ out V̂ fil V̂ hv−fil V̂ in V̂ out V̂ fil V̂ hv−fil

n=25

1 2.0127 -1.0962 2.5846 -0.8912 -0.2714 1.2016 6.6800 0.7943 0.0737

3 5.7401 -2.0436 5.0378 -1.7359 0.5949 4.1763 25.3798 3.0133 0.3539

n=100

1 1.3070 -0.3367 1.8958 -0.2792 -0.2106 0.1134 3.5939 0.0780 0.0443

3 5.0364 -0.7036 6.9380 -0.5170 -0.1985 0.4951 48.1350 0.2673 0.0393*�����1�
)&� ^�D�X� hv- t>%)�D[&ejZX�	�>��[lKW,XI8Qxt0Zm(w�?:u2,N*JwI8$�j�.��k*�hHZX�p^SBw�?:N*JDÆ&"�u��w�hv^�D[&ejZXux�D v D�`kfV=X�H!D�? � ��(,
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