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1 ÚÚÚóóó

3[1§½Â1.2.4]¥, Ü���Ñ
XeÝþ�m���z�½Âµ

½½½ÂÂÂ1. �¹�½Ýþ�m (X, ρ) ������Ýþ�m¡� X ���z�m. Ù¥�
��¹Â´: ?Û��± (X, ρ) �f�m���Ýþ�mÑ±d�m�f�m.

5. XJÝþ�m (X1, ρ1)�,��Ýþ�m (X2, ρ2)�f�m (X0, ρ2)´�åÓ��,
·�Ò` (X1, ρ1))�±i\ (X2, ρ2) . 3þã¿Âe, ·�@� (X1, ρ1)Ò´ (X2, ρ2)�
��f�m. � [1, P 10].

�´§3d½Âe���z�m3Ó�¿Âe¿Ø´���§=�3ü�Ýþ�

m§¦�Ñ´,�A½�m���z§�ùü��m¿Ø�åÓ�. XJ·�3þã½Â
¥ò�¦��z�m´“��”�U��¦ X 3Ù��z�m¥È�, K���m���
z3Ó�¿Âe��. ¤±, ·�kXe½Â, � [2, P 74].

½½½ÂÂÂ1*. Ýþ�m Y ¡�Ýþ�m X ���z�m, XJ Y ´���¿� X 3 Y ¥È

�.

3ù�©Ù¥, ·�òé½½½ÂÂÂ1?1?U, ¦Ù¤�û½�¿��½½½ÂÂÂ1*�d. Ó�·
�ò�Ñ, ?U��½Â�±3�ÆØ��ó¥��L�, l�3�ÊH��Æ¥í2.

2 ���ÆÆÆØØØ¥¥¥���ÄÄÄ���VVVggg

3êÆ¥, �ÆØ±Ä���ªÚ�?nêÆ(�9�«(�m�'X; � [3, Definition
1.1].

½½½ÂÂÂ2. �����ÆÆÆdü�Ü©|¤:

'�c: Ýþ�m§�Æ§��z

1

'�c: Ýþ�m§�Æ§��z
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(i) ��“ééé���”�a, 9

(ii) éu?¿ü�é� A Ú B, �xd A � B �������

÷vXe5�:

• ���EÜ: XJ f : A −→ B, g : B −→ C ©O´d A � B Úd B � C ���,
K§��ÎÜg ◦ f : A −→ C ´d A � C ���;

• (ÜÆ: XJ f : A −→ B, g : B −→ C, h : C −→ D þ���, @o h ◦ (g ◦ f) =
(h ◦ g) ◦ f ;

• ðÓN�: éu?�é� X, �3 X � X���1X : X −→ X ¡� X �ðÓ��,
¦�é?¿��� f : A −→ B, k 1B ◦ f = f = f ◦ 1A.

�Æ�~fkéõ, 'X¤k+(�, �)��N��é�, +(�, �)Ó�����, �
¤+(�, �)��Æ; �þ�m��N��é�, �5N�����, �¤�þ�m��Æ;
ÿÀ�m�N��é�, ëY¼ê����, �¤ÿÀ�m��Æ.
N´�y, ¤kÝþ�m�N9Ýþ�m�m��åN��¤���Æ, Ù¥Ýþ

�m��é�, �åN�����. ù��Æ¡�ÝÝÝþþþ���mmm������ÆÆÆ. ùp�åN�´�
ϕ : (X, ρX) −→ (Y, ρY), ¦�é?¿ x, x′ ∈ X, ρX(x, x′) = ρY(ϕ(x), ϕ(x′)) ¤á. 5¿�
��Ýþ�m X ´��Ýþ�m Y �f�m, ��=�3Ýþ�m��Æ¥�3d X

� Y ���(�åN�).

3 ���mmm���������zzz999ÙÙÙííí222

y3, ·��±½Â^Ýþ�mù��Æ��ê(�–�m�m���–5½Â��Ýþ�
m���z�m
:

½½½ÂÂÂ1**. �Ýþ�m (Y, ρY; ϕY) �¹Ýþ�m (X, ρX), Ù¥ ϕY ´ X � Y ���, ¡
Ù� (X, ρX) ���z�m, XJ (Y, ρY) ´���§�éu?¿�¹ (X, ρX) ����
m (Z, ρZ; ϕZ), Ù¥ ϕZ � X � Z ���, �3d Y � Z ��� ϕ, ¦�ãL

(Y, ρY)
ϕ // (Z, ρZ)

(X, ρX)

ϕY

OO

ϕZ

66mmmmmmmmmmmmm

��, =é?¿ x ∈ X k ϕZ(x) = ϕ ◦ ϕY(x).

�`²½½½ÂÂÂ1**´û½���½½½ÂÂÂ1*�d, ·�I�e¡�½n, ù�´�©�Ì�
(J.

½½½nnn1. (X, ρX) ��Ýþ�m. XJ (Y, ρY; ϕY) ´�¹ (X, ρX) �����Ýþ�m, Ù
¥ ϕY ´ X � Y �i\N�, K±e·K�d:
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1. (X, ρX) �åÓ�u (Y, ρY) ���È�f�m, �°(/`, ϕY(X) 3 (Y, ρY) ¥
È�;

2. éu?¿�¹ (X, ρX) ����m (Z, ρZ; ϕZ), Ù¥ ϕZ � X � Z ���, �3d
Y � Z ��� ϕ, ¦�e¡ãL��:

(Y, ρY)
ϕ

%%JJJJJJJJJ

(X, ρX)

ϕY

99sssssssss ϕZ // (Z, ρZ)

½n�y²ò3e�!�Ñ.
dd½n, ·���½Â1*¥�Ýþ�m���z�m÷v½Â1**¥��¦, ½

Â1**¥���z�m�÷v½Â1*¥��¦, ¤±ü�½Â´�d�. ½Â1**�/
ª�±|^��ãL3?¿�Æ¥í2: � C ���Æ, P ��5�, S = {X ∈ C |
X äk5� P} �÷v5� P �é��N|¤�fa. XJé?¿ P ¥�é� A, A �

Ùg�� 1-1 ���ðÓN�, K·��±½Â?¿é�� P zXe.

½½½ÂÂÂ3. � X ��é�, Y ���¹ X �é�, =�3 X � Y � 1-1 �� fY, ¡ Y �

X � P z, XJ Y ∈ S �éu?¿� Z ∈ S, e Z �¹ X � fZ � X � Z � 1-1 ��,
K�3 Y � Z � 1-1 �� f , ¦�ãL

Y
f // Z

X

fY

OO

fZ

88ppppppppppppp

��.

5. 3Ýþ�m��Æ¥, du���Ýþ�m�m��åN�, �d�åN��5��d
�Æ¥���þ� 1-1 N�.

4 ½½½nnn���yyy²²²

½n1�y². (1) ⇒ (2): � (Z, ρZ) ����¹ (X, ρX) ���Ýþ�m, Ù¥ ϕZ �L

(X, ρX) � (Z, ρZ) ��åi\. du ϕY(X) 3 (Y, ρY) ¥È�, �é?¿� y ∈ (Y, ρY),
�3 X ¥�S�

{xn}∞n=1 ⊂ (X, ρX)

¦�3 (Y, ρY)¥ ϕY(xn) → y � n →∞ �¤á. du ϕY Ú ϕZ þ��Ýi\, =N��
Ýþ, � {xn}∞n=1 � {ϕZ(xn)}∞n=1 þ�éA�m¥� Cauchy S�. db�, (Z, ρZ) ��,
¤±�3 z ∈ (Z, ρZ) ¦�

lim
n→∞

ϕZ(xn) = z.
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½Â

ϕ : (Y, ρY) −→ (Z, ρZ), ϕ(y) ≡ z,

Ù¥ z = lim
n→∞

ϕZ(xn) dþ(½. y3·��y ϕ ´û½�(=Ø�6 {xn}∞n=1 �À�)¿

�ÎÜ·���¦.
(i)� {xn}∞n=1 Ú {x′n}∞n=1 � (X, ρX)¥�ü�S�, ÷v {ϕY(xn)}∞n=1 Ú {ϕZ(x′n)}∞n=1

þª�u y ∈ Y . @o

lim
n→∞

ρX(xn, x′n)= lim
n→∞

ρY(ϕY(xn), ϕY(x′n))=ρY(y, y)=0,

�

lim
n→∞

ρZ(ϕZ(xn), ϕZ(x′n))= lim
n→∞

ρX(xn, x′n)=0.

¤±

lim
n→∞

ϕZ(xn) = lim
n→∞

ϕZ(x′n).

� ϕ ´û½�.
(ii) ϕ ��åN�. ?¿ y, y′ ∈ (Y, ρY), �3 (X, ρX) ¥�ü�S� {xn}∞n=1 Ú

{x′n}∞n=1, ¦� y = lim
n→∞

ϕY(xn) Ú y′ = lim
n→∞

ϕY(x′n). d½Â, ϕ(y) = lim
n→∞

ϕZ(xn) �

ϕ(y′) = lim
n→∞

ϕZ(xn), qdu ϕY � ϕZ þ��åN�, �ål¼ê�4�Ò���, �

ρZ (ϕ(y), ϕ(y′))

= ρZ

(
lim

n→∞
ϕZ(xn), lim

n→∞
ϕZ(x′n)

)
= lim

n→∞
ρZ(ϕZ(xn), ϕZ(x′n))

= lim
n→∞

ρX(xn, x′n) = lim
n→∞

ρY(ϕY(xn), ϕY(x′n))

= ρY

(
lim

n→∞
ϕY(xn), lim

n→∞
ϕY(x′n)

)
= ρY(y, y′).

¤±ϕ´�åN�.
(iii) é?¿� y = ϕY(x) ∈ ϕY(X), � xn ≡ x, n = 1, 2, 3, ..., K

ϕ(y) = lim
n→∞

ϕZ(xn) = lim
n→∞

ϕZ(x) = ϕZ(x).

¤±, ?¿ x ∈ X, ϕ(ϕY(x)) = ϕZ(x) ¤á, �(2)¥�ãL��.

(2) ⇒ (1): �Ä Z ≡ ϕY(X) � ϕY(X) 3 (Y, ρY)¥�4�. du (Y, ρY) ��, � Z

3(Y, ρY) ¥4, � (Z, ρZ) ��, Ù¥ ρZ �l ρY ���p�Ýþ. db�, �3 ϕ �d

(Y, ρY) � (Z = ϕY(X), ρZ) ��åi\, ¦�ãL

(Y, ρY)
ϕ // (Z = ϕY(X), ρZ)

(X, ρX)

ϕY

OO

ϕY

55jjjjjjjjjjjjjjj
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��, = ϕ|ϕY(X) = id. é?¿� y ∈ Y 9 ε > 0, du ϕ(y) áu ϕY(X), ��3 x′ ∈ X

¦�

ρZ(ϕ(y), ϕY(x′)) < ε,

qduϕ �ϕY þ�±Ýþ, � ϕ|ϕY(X) = id, �

ρY(y, ϕY(x′)) = ρZ(ϕ(y), ϕ(ϕY(x′))) = ρZ(ϕ(y), ϕY(x′)) < ε.

¤±, ϕY(X) 3 Y ¥È�. ½n1�y.

������. �©´3�S�Ç�G%����©Æ¬�Ãh�Ïe�¤�. �öé�S�
Ç��©Æ¬L«©%�a�.
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An alternative definition of the completion of metric spaces 
Hao Cheng 
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Abstract 
In this article, the author propose another way to define the completion of a metric space other than by 
using the dense property, and prove the equivalence between two definitions. The definition we give is 
based on considerations from category theory, and can be generalized to arbitrary category. 
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