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Abstract

In this paper, we consider Navier-Stokes equations in thin 3D thin domain with more general
Navier-friction boundary conditions (2.4) (compare with boundary condition in [1]). We prove
the global existence of strong solutions for the initial data and external forces are in larger sets,

and existence of attractor of strong solutions, we generalize the results in [1].
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1 Introduction

As is well known, the existence and uniqueness theory of 2D Navier-Stokes equations is well un-
derstood with suitable assumptions on the initial data and forces. However, there is no general
existence and uniqueness result for strong solutions to 3D Navier-Stokes equations. In general, we
have a global solution for small data, or a short-time solution for arbitrary data (see [10]). Thus a
natural question arises, namely can we use the thinness of the three-dimensional domain in order
to improve the global existence results of strong solution? The study of global existence of strong
solutions of Navier-stokes equations on the thin domains originates in a series of papers [7] [8] by
Hale and Raugel. In thin 3D domains, inspired by the methods developed in [7] [8], Raugel and Sell
[3] [4] proved global existence of strong solutions for large initial data and forcing terms in the case

of periodic boundary conditions (PP) or mixed boundary conditions (PD).i.e. periodic conditions
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in the vertical thin direction and homogeneous Dirichlet conditions on the lateral boundary. Raugel

and Sell use, as an essential tool, the vertical mean operator M, which allows to decompose every
function w into the sum of a function Mwu which does not depend on the vertical variable x5 and a
function (I — M)u with vanishing vertical mean and thus to apply more precise Sobolev and Poincaré
inequalities. In fact, Raugel and Sell demonstrate that the initial data and forcing are allowed to
grow at a faster rate as ¢ — 0 than the classical results would allow. After these initial results, a
series of papers which improved the results on the size of the initial data and external forces was
made in [9,10,13,14].

For all the above boundary conditions,the mean vertical operator has advantage of commutativity

0
ox;’

friction boundary conditions these underlying properties do not hold true.

with differential operators 1 = 1,2, 3, the Stokes operator A.. However, in the case of Navier-

The Navier boundary conditions appear already in the original paper of Navier [15], who claimed
that the tangential component of the viscous stress at the boundary should be proportional to the
tangential velocity. It was rigorously justified as a homogenization of the no-slip condition on a rough
boundary (see [12]). In [16] the author introduce an elementary derivation of an explicit form of the

Navier boundary condition for general regions €2, that is,

u=—k(z)wN(z) on 09 (1.1)

k

where w is the vorticity matrix w"* = uJ —u} and N(z) is the unit outer normal on 9. In [17]

Zj
Lions,Temam and Wang introduce the Navier conditions in terms of an interface condition(also see
2] for the study of such an interface condition in the case of a thin product domain). The authors

in [1] consider the Navier-friction boundary conditions,

. laua .
U3—0,ga—x3+ua—0 onFt,
ugzO,‘gUTZ‘:O on 'y,a=1,2,

u is periodic in the directions x1, zo with period w.

by constructing the new average operator M, and its complement N, based on the spectral decompo-
sition for the corresponding Stokes operator A.. The authors in [2] proposed to leave the traditional
framework to dealing with the Stokes operator A. with divergence free constraint for its domain
d.e.divu = 0,and to work with operator D, = —vA, with the prescribed boundary conditions. How-
ever, In [1] [2],constructing the eigenvalue and eigenfunction of Stokes operator A. is required. The
author consider the more general boundary I'. = (zp,,eg(z)) in [6].

In this paper, we consider the global-in-time of the strong solutions to the 3D Navier-stokes
equations in thin 3D domains Q. = Q x (0,e) = (0,4;) x (0,12) x (0,¢),0 < ¢ < 1, with periodic
conditions on the lateral boundary I = 0Q x (0,¢) and friction boundary conditions on the thin

vertical direction I'y = Qx{z3 = ¢}, = Qx{x3 = 0}. We consider the more general Navier-friction

2
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boundary conditions (2.4) which is equivalent to (1.1). For more general Navier-friction boundary

conditions,it is difficult to utilize the technique in [1][2] to construct the spectrum of the corresponding
Stokes operator A. with Navier-friction boundary conditions. Inspiried by the methods in [6] and
[2],we define the new mean operator of vector field as (2.10), we deduce a “good” estimate of the
trilinear term | st (u-Vu)- Audz| by decomposing the vector u into v 4w and by using the smallness
properties of w as well as the fact that v depends only on the horizontal variable z’, we improve the
results in [1].

This paper is arranged as follows. In section 2, we recall the 3D Navier-stokes equations and
its mathematical setting and the new vertical mean operators M. and its properties. In section
3, we deduce some essential auxiliary inequality.In section 4 , we deduce a “good” estimate of the
trilinear term. Section 5 gives the proof of the global existence of strong solutions of (2.1)-(2.4) for
large initial data and forcing term. Finally, in section 6, we show the existence of a compact local

attractor to system(2.1)-(2.4).

2 Preliminaries

Let Q. C R and Q. = Q x (0,e) = (0,1;) x (0,12) x (0,¢),0 < & < 1, we consider the following

Navier-Stokes equations in 2.,

% —vAu+ (u-V)u+Vp = f(z,t) in Q. x (0,00), (2.1)
divu = 0, in Q. x (0,00), (2.2)
u(z,0) = wup(z), in Q. x{t =0}, (2.3)

where v > 0 is the kinematic viscosity and f(z,t) is the body force, u = (uy, ug, u3) is the velocity
vector at point x and time ¢, p(x,t) is the pressure. To specify boundary conditions, we separate

the boundary of €2, as follows,
[;=00x%(0,6), Ty =Qx{e}, T, =Q x {0}.
We will assume the Navier-friction boundary conditions as follows,

(Ul,UQ,'ng) = —k('T/)(&“ M70>7 on Ftv

dz3’ Dz
(ur, wz ug) = (a') (32, 52,0), on T, (2.4)

u is perodic in the directions z1, z9.i.€.on I7.
where ' € Q. On the other hand, we assume on k(') as follows,

k(x") is periodic with respect to ',

015 < |Vk371(l'/)| < 0287036 < kil(l'l) < 048.

3
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Where C4, Cy, C3, Cy are independent of e. We require in addition that the initial ug and f(x, t) satisfy

(H) [ udr = [, fdz=0.
For the mathematical setting of the Navier-Stokes equations, we consider the Hilbert space H. C

L?(.), such that

H. = {u € L*(Q.) : divu = 0,u is periodic in z; and x5, u satisfies the contions(H)}.

The scalar inner product on H, is denoted by (-,-), the associated norms is a general L? norm and
is denoted by || - || z2(q.)-

We now define the space
H' = {u € H'() : divu = 0, u satisfies (2.4) and the conditions(H)}.
We also define V., a closed subspace of H'(£2.) as follows

V. =H' nHY(Q)

Let P. denote the classical Helmholtz-Leray ( orthogonal ) projection of L?(€.) onto H..

In this paper, we will use various norm,such as || - ||zz, || - ||z1, || - [|z2, || - ||2e,etc. The subscripts
should read as: L? = L?(Q.)3 H* = HY(Q.)3, H?> = H*(.)? etc. For functions f = f(x,t) €
L>(0, 00; L*(€2.)?), we define the norm || f||. by

||f||oo - Stl>1103 |f('7t)|:

where one uses the essential superum.

We also introduce the bilinear form E(-,-) on V. x V_ as follows
E(u,u*) = [ Vu-Vu'dr+ / E(x Yu - wida',  for all u,u* € V..
Q. Ul

We have the following result.
Theorem 2.1.There exist ¢y, ¢fy such that, for any € € (0, 1],

collull3n < E(u,u) < cllull3, for all u € H'. (2.5)
Proof. We remark that
E(u,u) = || Vul3- +/ ko yulda . (2.6)
Tyuly

Using lemma 3.4 and lemma 3.5 and k:(:v/) satisfies conditions required above, we easily deduce the
right side of (2.5). The left side of (2.5) is the directly result lemma 3.1 and (2.6). The proof of

lemma is completed.
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Since by Theorem 2.1, the bilinear form FE(-,-) is a coercive continuous symmetric bilinear form

on the space V., one can define by using the essential function theory the Stokes operator A. as the

isomorphism from V. onto the dual V* of V..
(Acu,v)y=v. = E(u,v), Yve VL.

One can also extend A. as a linear operator on H.. The domain D(A.) = {u € V. : A.u € H_.} is
exactly the space H?(£2.) N V.. the Stokes operator A, is given by

Au=-P.Au Yue D(A).

It is evident that A, is self-adjoint, and also we can claim that A. has compact bounded inverse
in H., which is a direct consequence of the compactness of embedding V. into H.. therefore, by
essential function analysis, the set of all its eigenfunctions constructs a complete normal base of
H. and we can define its fractional powers. For 0 < s < 2, we denote by V2 the space D(A ),
ve=-ls= HA | z2(0., in fact, Vo = D(A ), the following

equipped with the natural norm || - |
equality holds
1
(Acu,u)p2 = QE(U’ u), for any u € D(A,) (2.7)

Let B. be the bilinear form on V. defined, for (u,v) € V. x V., by

(Be(u,v), w)ysy, = / (u-V)v-wdr, YwelV..

£

With these notions we can write the Navier-Stokes equations as a differential equation in V'

% A+ Bou,u) = Pof, u(0) = uo. (28)

Here ‘?9—7: denotes the derivative (in the sense of distributions) of u with respect to ¢.
We now recall the mean value operator M in the vertical direction which acts on the scalar

functions defined on €2, and is given by (see [3,4]):

(M f)(xq,x2) / f(z1,29,8)ds, Yf € L*(5.). (2.9)

We remark that, for 1 < p < oo, M : LP().) — LP(€).) is a bounded linear operator of norm 1.We also
recall that M is an orthogonal projection of L*(€.) (for this property as well as for other properties,
see [3] [4]).

Next we introduce the notion of mean value for vectors.If u = (uy, ug, u3) belongs to H., then w is
tangent to the boundary and, in particular, us|r,ur, = 0, which implies by the poincaré inequality

that ||us||z2 < e||lug||gr. This indicates that taking the vertical mean value of the third component
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is not of real interest. Since the third component is small of order e, therefore, we introduce the

following mean value operator M, acting on L'(£2,)3:

M.u(z') = (Muy, Musy,0), for all u € L*(.)°. (2.10)

We remark that, as above, M. : LP(Q.)> — LP(Q.)® is a bounded linear operator of norm
1. Clearly, M. and I — M. are orthogonal projections in (L*(€2.))3. Moreover, from boundary condi-
tions (2.4), we obtain that: M. H. C H.(in particular,M.u is divergence free and tangent to the boundary).
however, it do not commute with % and A.. Using these properties and the fact that P, is an or-

thogonal projection onto H., one shows that

M.Pou=P.Mu, Yue (L*(Q))?> (2.11)

3 The several auxiliary estimates:

We denote C' by positive constants thorough this paper, which is independent of ¢ and may change
from line to line, the constants are fixed once and for all. We start with a series of simple preliminary
lemma,first of all, let us observe that the Poincaré inequality holds true with constants.

Lemma 3.1. There exist positive constants C', which is independent of €, such that for every ¢ €
H'(Q.) with er odx = 0, the following inequality hold true:

lellre < C|| V|2, forall e € (0,1]. (3.1)

Proof. Let ¢.(z) = ¢(2',ex3), then, o, is a function defined on domain ©; = Q x (0,1) and has

vanishing mean, the standard Poincaré inequality therefore gives

lpellz2y < ClIVe:llrz@)

for some constant C' independent of e. Expressing this relation in terms of ¢, we obtain

_1 _1 2
el < Ce* (10¢lRxa) + 1020135 + 21050200 )

which implies (3.1) , the proof of lemma is completed.
Lemma 3.2. Let ¢ be a function in H'(€2,) satisfy My = 0, then,

llollze < el|0spllzz, for all e € (0,1].
Proof. We notice that [, o(x', 23)drsdr” = 0, which implies that

x3
lell7: = /80(557%)/0 Osp(x , y3)dysdrsds

1

(/QE g02(x/,x3)dx3Dx,) ’ </QE(/0I3 83g0(x/,yg,)dyg)degdx/)é

< ellellel0sell 2

IN
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which completes the proof.
Lemma 3.3. Let ¢ be a function in H'(€2.), then,

lolle < [|Mo||Lz + €l|0sp]| 12, for all e € (0,1].
Proof. The proof of lemma follows directly from the lemma 3.2:

el < ([Mellez+ [I(1 = M)l
< Mol + €l 2

= [|Mellzz + &l 05|l 2
Lemma 3.4. For any € € (0,1] and for any ¢ € H'(€).) and satisfy (2.4), we have

’ _1 1

le(z, €)llL2qr,) 2672 || M| 120,y + V5e2||050| 1200, (3.2)
’ _1 1

lo(@', 0|2y < 267 2(| Mol 2. + V5e2 050 2. (3.3)

IN

Proof. We first note that

Il ) 2oy = / S e)de'

= 51// Oy (230° (z))dsd .
aJo

Using lemma 3.3 and the Young inequality, we infer from the previous equality that

lo(a’ )llFam) = 6‘1\|@|lia<96)+2€‘1/ 23 ()0, p(x)d

Qe

IN

2@l 720 + €llOsell7z 0.
4571”M¢H%2(95) + 55”33%0”%2(95)

N

which implies the inequality (3.2).

To prove the second inequality,we only instead of 0,,(z3p*(x)) with 0,,((z3 — €)p?*(x)) in the
proof of (3.2), the detail is omitted. The proof of lemma is completed.

Remark 3.1.Using the same method, for ¢ € H?(€).), we also easily deduce that

| Veldr < C Dl + Cellelfe
Ul
Lemma 3.5. For ¢ € (0,1], for any ¢ € H*(€.) and for i = 1,2, one has

100l 22 < |M @l a1 (a.) +€l|0i030]| L2 (a.)-

Proof. We note that Md;p = ;M p, for i = 1,2, the proof of lemma is direct result of lemma 3.3.
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Lemma 3.6. There exist a positive constant (', which is independent of &, such that,for

all € € (0, 1] and for any function ¢ € H?(€).), one has

Moz < l@llzn, 1Mol < Cllella, [[Mellaz < Clle]me.

Proof. The first relation follows simply by noting that the operator M is nothing else but the
L? orthogonal projection onto the space of functions independent of the x3, to prove the last two
inequalities, by using again the formula O;My = Md;p, 0;0;Myp = M0;0;¢, i,j = 1,2, together
with lemma 3.4, we easy deduce the conclusion.

Theorem 3.7. There exists a positive constant C', which is independent of ¢, and ¢35 < 1 such

that, for all € € (0, g9, and for all u € V_, the functions w = (I — M. )u satisfy,
|wl|zz < Ce||Osw||rz, for all e € (0, ], (3.4)
and, if moreover u belongs to H?(£2.)% and satisfy (2.4), then
IVwlze < CelVPwllz2 + Cellul o. (3.5)

Proof. Inequality (3.4)follows directly from Lemma 3.2 since Mw; = Mws = 0 and ws|r, = us|r, =

ws|p, = uslr, = 0. To prove (3.5), we take different cases. First,for ¢ = 1,2, we have that
OpaW; = OpyUt; = / 2wz, &)dE + Kk ( Yui(z',0),
where we have used the boundary conditions (2.4).By using (2.4)",we find

10swilZs < C€2||832w¢||%2+/ 22 (2, 0)da
Qe

IA

C'52H33wi\|i2 + 063/ U?(]?/,O)dl’/

T

From Lemma 3.4, we infer from the previous inequality that
105willZ: < Ce|05wil|2e + Ce?[lusl|ze + Cet[|Oswil|2; (3.6)

On the other hand, we remark that
amiw?; - awiufi - amiU:;(l’/, 0)

= / 81’3 &El U3d§
0

Therefore we obtain

105, ws|[7> < Ce*[10505,us|[7-- (3.7)

Next, for 7,j € {1,2} since MOjw; = 0;Mw; =0 ,we deduce from Lemma 3.2 that
10jwil|2 < C¢l|Oy; 03wyl 2 < Ce||V:wl]|. (3.8)

8
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Finally,the estimate for O3ws follows immediately from the above bounds together with the divergence

free condition
||83U)3HL2 = ||81w1 + 82w2\|L2 S OC‘HVQUJHL& (39)

Therefore (3.6)-(3.9) imply (3.5), the proof of theorem is completed.

The next result is a regularity type estimate for w.

Theorem 3.8.There exist a positive constant ey, with 0 < g9 < 1 and a positive constant C,
which is independent of ¢,such that,for all u € V. N H%(Q.)? satisfying the Navier friction boundary

conditions (2.4), one has
lu|lgz < Cl|Aul|rz + Cllul|g,, for all e € (0,¢e0). (3.10)

Proof. First of all, we deduce the estimate of ||V?ul|2,,

3
IVl = > ) 0,0;u - 0;0;dx

i,j=1" 1%
3 3
= — Z 8ju . 0128Juda: + Z Ngaj’u : 838judsm
ii—1 Qg i—1 FtUFb
i,] J
3 3 3
= Z / 8]2u - 0Pudx — Z N3Osu - Ouds, + Z N30ju - 030;uds,
ij=1 Qe i=1 Ul =1 Tulty
2 2 2
= [lAuff. =D o N30sudfuds, + ) / 1 N3dyudsduds,
i=1 V1l i=1 Y=

= |AulPde + 1) + I,
Qe

where we integrated twice by parts and used the boundary conditions (2.4) , where N3 is the unit
exterior normal on I'; and I', respectively. We now give the estimate of [; and I respectively.

Estimate of I;.Using boundary conditions (2.4) and the conditions (2.4)", one has

2 2
<[y / Osupdugda' [+ / Osudupda'| = Iy + I
Ft 1—‘b

ik=1 ik=1
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It suffices to estimate I,

|[11] = ’Z/ uk32ukd:c|
I,

i,k=1
< |j{: é?ukG o Yy )dx |
i,k=1
< Z (2))]| 95 || g |’ +/ k()| 0gug | da
i,k=1 Ty
< Ce |8iuk|2da:/+05/ uldzr
Ft Ft

< Cellullfe + Cllullzn,

where we have used Lemma 3.4.

Estimate of I,.

IR | o0 | +] 3 [ duoouds)
i,k=1 i,k=1
2
S Z lazukal(k’*l(x/)uk)\da:/ —+ \azuk(‘?z(kfl(x/)ukﬂdx/

k=171t Ty
Using again Lemma 3.4 and the conditions (2.4)', we easily deduce from inequality that
|Io] < Cellull + ClullF.
From the estimates of I; and Iy, we obtain
IV*ullz < [[AullZe + Coellullz + Cllullz
where Cj and C are positive constants which do not depend on &, One then finds that
[ullfe < Aull72 + Coellullfz + CllullF
We can choose €1 to satisfy 0 < ey <1 and Cpe; < %, One then obtains, for 0 < e < e,
Sl < 18wl + Clulf,

Which implies (3.10).

We now go back to the study of the Stokes operator A, = —P.A\, we remark that —P./A # —A in
general. The estimates we give below will be used later for deriving a priori estimates of the strong
solutions to problem (2.1)-(2.4).

10
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Lemma 3.9. There exists a positive constant C', which is dependent of &, such that,for all € €

(0,1], for any vector u € H. N H?(£2.)3 that satisfies the boundary conditions (2.4), one has
(I = P.) A2 < Ce|ul|m + Ce? ||ull g2, for all £ € (0, 1]. (3.11)

Proof. By the properties of the Leray projection P., we know that there exits some scalar func-
tion ¢ € L*(€).) such that
Au—P.Au = Vq.

We can assume without loss of generality that ¢ has vanishing mean on 2. (if not, we set ¢ =

q-— an qdz).Clearly, ¢ is periodic in ' — direction and satisfies the relation
Aq = O, N - V(]’agg =N- Au|395.

where N is the unit exterior normal of d€Q.. Duo to the characterization of D(A.), we have also

that Vq € L*(€.)3, after some simply calculation we find that
A'ng = —(Glﬁgul —+ 3283’&2), on Ft U Fb-
Using the Navier-friction boundary conditions (2.4) for this u, we obtain

d3q(x) = Ay (k~ (' Yuy) + Oo (k™ (x )ug) on Ty,
d3q(z) = —( (k7 (& ug) + Oa(k~ (2 Yup)) on Ty

We can now go to the estimate of Vq.

We integrate by parts, using the boundary conditions of ¢ to deduce that
IVall: = [ Va-Vads = [ Aqeadet [ qlo @) + oulh o yun)lds
Qe Qe Ul

_ / G0 (k1 (@ Yun)) + Do (k1 (2 Yu)]de . (3.12)
FtUFb
Therefore, using the trace theorem and Lemma 3.1, we obtain that
lallzz < Cliglla < Cl[Val|re, (3.13)

where C'is independent of . To estimate (3.12), it suffices to estimate the term [, |8; (k™" (z")u;))[*da’,

for i € {1,2}.
10; (k=Y Yuy)Pde’ < 2 [ [0i(k~ (2) [ us2da + 2/ k2 ()| 0pus) 2da’

i i ; (3.14)

From Lemma 3.4 , Lemma 3.5, Remark 3.1 and the conditions (2.4)/, we deduce that

1 < Ce(llull3s + 10sull3), (3.15)
I, < Cellull% + C¥ul%. (3.16)

11
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Thanks to (3.12)-(3.16) , we infer from (3.11) that,

1 3
IVallz: < Clezllullm + 2 lullm2)IVal 2,

which imply (3.11),the proof of lemma is completed.

We next recall three auxiliary inequalities, which are very useful for constructing the strong
solutions of problem (2.1)-(2.4).

Lemma 3.10. There exist positive constants &y and C' (independent of ¢) such that, for

any € € (0, &), the following inequalities hold. For any ¢ € H'().) such that My = 0,
lllze < Cei 2| Vepllze, for all g € [2,6]. (3.17)
In particular, for w = (I — M.)u, where u € V_, one has,
[w|[ze < Cea ™3 ||Vw| 2, for all ¢ € [2,6]. (3.18)
Moreover, if u € H?*(€.)? N V. satisfies the boundary conditions (2.4), we have,
IVellzs < Ces 2 (leo]le + [lullz2), for all g € [2,6]. (3.19)

Proof. Inequality (3.17) with ¢ = 2 follows from Lemma 3.2. Consider the case when ¢ = 6. We
recall the anisotropic Ladyzhenskaya’s inequality in [9]. Let Q = II3_, (a;, b;), there exists an absolute

constant Cj such that for all u € H'(Q)

u + ||
L2(Q) axl (L2(2))3

Julzoey < Coltiy ( (3.20)

bz‘ — a;

Apply (3.20) to w, we obtain

1

1 9] 3 9 3
follisa < el + g lesoor) T (lolea + 150 lexwr )
< C1’|VU)||L2, Yu € Vs,

where we have used Lemma 3.1 and Lemma 3.2, ('] is independent of . By interpolation be-
tween L2(£2.)

and L5(€).), we obtain the inequality (3.17). The inequality (3.18) is an obvious consequence of
(3.17).

Using (3.18), we write,for 4, j € {1,2,3},

|0sw;llLa < C(||MOwsl|ra + ||(I — M)Osws]|a)
< C(IMOwj||ze + a2 ||wl]|2). (3.21)

12
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By the two-dimensional Gagliarddo-Nirenberg inequality and Lemma 3.5 and (3.5) of Theorem 3.7,

we obtain that

2

1 1—
| Mdsw;||pa < CmHM@wmp WM 0w [ g

2
q

11 2 1-
< Cea™ 2 HM&ijLQ(QE) HMaleHHI(QE)
31
< O A (e + fullze). (3.22)
The inequalities (3.21) and (3.22) imply the inequality (3.19).

Lemma 3.11. (Agmon’s inequality) There exist positive constants g and C' (independent of &),
such that for all € € (0, g¢], the following inequality holds for w = (I — M. )u,where u € H?*(Q2.)>*NV,,

||| < Ce ||wl| 2 + Ce?||ul| 2. (3.23)

Proof. We recall the Agmon’s inequality from the anisotropic Agmon’s inequality [9]. Let Q =
I12_, (a;, b;), there exists an absolute constant Cj such that for all u € H?(Q)

1 1 d*u I
Julliqor < Collul oy T (G g oy + o +ligglee)' G20

%

Apply (3.7) to w;, i =1,2,3,

1 1 ow; 0w i
fudlm < ol (S lelison + 215l + 1 5 iz )
ow; i

o o+ 122 e

X

112, (Jlwillzen + 115
§G§WMHCMMW, (3.25)

where we have used Lemma 3.2 and Theorem 3.7, ' is independent of €. The proof of Lemma is
completed.
Lemma 3.12. There exist positive constants €y and C' (independent of ¢), such that for all € €

(0, &0], the following estimate holds for any v = M.u, where u € H?*(2.)3 NV,
1 1 1 1 1 1
[0][zs < Cemdvl|Zellvllfr, and [[Vol[zs < Ce75jo]l g [|v]l .- (3.26)
Proof. By the two-dimensional Gagliardo-Nirenberg inequality we infer that
1 1 1
lolls0n) = e¥ 0]l scoy <3C€4hMLz Mollz o) = Ce3 vl 2o vl .-

The proof of the second inequality of (3.26) follows in the same way.
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4 Estimates for trilinear form:

In this section,we will deduce a “good” estimate of the trilinear term | an (u-Vu) - Audz| by decom-
posing the vector u into v + w and by using the smallness properties of w as well as the fact that
v depends only on the horizontal variable z’. we start with the following simple result.

Lemma 4.1 There exist positive constants 9 and C' such that,for all e € (0,&], for any U €
L3(92.)3, any U* € H*(Q.)?, and any w = (I — M.)u with u € D(A.),one has

[ (V0 )0da] < OO |0 i+ OO i Rl 3, for il = € 0,54 (4.
Proof. Applying the Holder inequality and Lemma 3.11, we deduce that
] (w0 VU Ude] < ol VU2 [Ullee < Ce | U || [[wl || U] 2+ Ce2 T | [ 2 U] 2,
which proves the inequality (4.1).
First, we estimate the term | an (v-Vu) - Audz|. Integrating this term by parts, we obtain

3 3
/ (v-Vu) - Audr = — Z / 0;0;0ku,;0ujdr  — Z / Okv; Oy O ujdx
Q. Q. Q.

1,5,k=1 1,5,k=1
3

+ Z / UiainagleNgdSm. (42)
FtUFb

1,j=1

We claim that the first term in the right hand side of (4.2) vanish. Indeed, integrating by parts,
using the facts that v - N = 0 on 0€). and that the divergence of v vanishes in ()., we obtain that

3 3
1
E 8kvi6iuj8kujda: = —= E &vz(@ku])gdas =0.
i k=171 2 ijk=1" %

Thus (4.2) reduces to the equality

3 3
/ (v-Vu) - Audz = — Z g Orv;0;u;Opujdr + Z /r 0;0;1,;03u; N3ds,. (4.3)

: ijk=1" e ij=17 T

We now estimate each term in the right hand side of (4.3) as follows.

3 3
Z / akvi@ujf)kujdx = Z / akviﬁi(vj + wj)ak(vj + w])dx
Qe Qe

ij,k=1 ij,k=1
2 2
= Z / 8kvi6ivj8kvjda:—l— Z / 8kvi(8ivj8kwj—i—@iwj@kvj)d:v
i,j,k=1 € i,7,k=1 €
2 3
+ ZZ/ 8kvi8iwj8kwjdx, (44)
i=1 j k=1

14
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where we have used vs = 0. We claim that the first term in the right hand side of (4.4) vanishes.

Indeed, using dive = 0yv1 + O2v9 = 0, we easy obtain that

Z / 3kvla v](?kvjdx = / [(811}1)3 + (911)1 ((911}2)2 + (91?]2(921)161’01 + (811)2)2(921)2

i,5,k=1 e
+ (82’02)3 + 821)2(82211)2 + 821)1811)202’112 + (82U1)281U1]d$ = 0. (45)

By using Theorem 3.7 and Lemma 3.12 and Hoélder inequality, we find

!Z 3kvz<9%3kw]+<9wy<9wj)dw\ < ClIVollLaq,) IVwllz:

i,5,k=1

< Cezolllvlla(lwlm + ]l 2)- (4.6)

By using (3.19)(with ¢ = 4) and Hélder inequality, we obtain that

|ZZ |, Oruidauydiwsde| - < Cllollz Vw]Ls

1=1 j,k=1

< Cexfolla (wlike + [lullz:). (4.7)

Next, we estimate term | Z 0;0;u;03u; N3ds,|. By using O;us|r,ur, = 0,for ¢ = 1,2 and the

i,j=1 fF ul'y,
boundary conditions (2.4), we find

3

| Z/r ) 0;0;u;03u; Nyds,| < | Z/ viOgusk (@ Yuda | + | Z/ viOusk~H(x Yugdr |, (4.8)
tUly

i,j=1 i,j=1 i,j=1
We now only estimate the first term in the right side of (4.8), the estimate of the second term follows

in the same way.
/1“ Uiaink_l(xl)Ujdx, = /1“ / 0;05(230;uu;) k™ Yz /)dmgdx/
= e / k2 o0 u de + € 1/ k(22500505 udx
+ 5_1/ k(a2 ) sv0u,05ude, 4,5 € {1,2}. (4.9)
First, we estimate the first term in the ri;ht side of (4.9).

|5_1/ k=N Yyviujuyde| < C’/ |v,-8ivjvj|dx—|—0/ |v;0,v,w;|dx
Qe Qe

Qe
Qe Qe
By using Lemma 3.12 and Holder inequality, we find
[vidvjvlde < Cllu]|7a][Voll 2

Qe
< Cem ||| 2 o] 2. (4.11)

15
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Applying Lemma 3.2, Lemma 3.12, Lemma 3.6 and Holder inequality, we get
/ vidivjwslde < o]+ |[ Vol s |lw]| 2
Qe

1 1 1
< Cez|f[pa ol a vl fellwll

< Ce2 ||ull 2 ||ull gz (4.12)

From Lemma 3.12, Lemma 3.6,(3.8) and Hélder inequality, we deduce that

/ wdwgosldr < [ol2) 0w 2
Qe

1
< Cex|lvf|ellollm lwl a2

1
< Cefullip fJull g (4.13)

By using Lemma 3.12 Lemma 3.6 (3.8), (3.18) and Hélder inequality, we obtain that

/|Uz'aﬂ%‘wj|dm < lwllzallOsw; | 2wl s
Q.

3 1 1
Cetl|vllza vl g [lwl 2 llw]

3
Cei|ull7p lull e (4.14)

IA

N

Next,we will give the estimates of the last two terms in the right side of (4.9) respectively.Arguing
as in the proof of (4.13) (4.14), we easily obtain the following estimates,

’81/ kil(ﬂf/)lﬂgviagaiuj'u]'dl" < Ce |’UZ‘838¢UJ"UJ"CZ.T+C€ |vi83(9@-ujwj|dx

e Qe Qe
< Ce2lullfpllullse. (4.15)
|€_1/Q k_l(x,)xgviﬁiujﬁgujdﬂ S 08/9 |vi0ivj83uj|dx+Ce/Qg|vi6iwj63uj|dx
< Cetullip vl e (4.16)

In the next theorem ,we summarize all the estimates that we just have performed. Combining
(4.3)-(4.16) and Lemma 3.6, we deduce the following result.
Theorem 4.2.There exist positive constants €9 and C' (independent of ¢ ), such that, for all € €

(0, 0], for any u € D(A.), with v = M_.u, we have,

I/ (v- V) Suda| < Ce? [lulln ull e (lull gz + 7 ul12)-
Qe

16
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5 Global existence of strong solution:

We are now able to establish the global existence of the strong solutions to problem (2.1)-(2.4) for a
large set of initial data and forcing terms.
Theorem 5.1.There exist positive constants o, ko, k1, Ko, K7 such that, for any ¢ € (0, &), for

any forcing term f € L>(0,00; L?(Q.)?), and for any initial datum uy € V., that satisfy

1
lwol|mr < ko™ 2, || Mouo|| 2 < Ky,

[flloo < Koe™2, [[Mcflloc < K, (5.1)

the Navier-Stokes equations (2.1)-(2.4) have unique global strong solution u(¢) with

u € CO([0, 00); Vo) N L>(0,00; V2) N LE (0, T; H*(€))

loc

and
()| < C*e~z, for all t > 0. (5.2)

Remark 5.1.Since f = P.f + Vq and that we can replace Vp by Vp+ V¢ in the equation (2.1), we
may assume without loss of generality that f =P.f.

Proof. Let u = u(t) € C°(0, T (ug, f)); V- be the strong solutions of (2.1)-(2.4) which is assumed to
exist on some maximal interval [07 (uo, f)). The existence of such an interval for a given uy € V. can
be proved as in the classical case of the Navier-Stokes equations , such the strong solution is unique
on the time interval of existence within the class of weak solutions (see[10]). We recall that u(t) also
belongs to L?((0,T); D(A.)) for any 0 < T < T(ug, f). Our purpose is to show that T'(uo, f) is
actually equal to +oc.

Taking the scalar product in L(€,) of (2.1) and applying the Green formula , we obtain

1d,
§%HU”L2 +vE(u,u) = (f,u)Lz. (5.3)

Since M, is an orthogonal projection on L(Q.)3 one has
(f,u)pe = (L — M) f, (I — Mo)u)rz + (M. f, Mou)pe.

Using the inequality (2.5), Lemma 3.6 , Theorem 3.7 and Hélder inequality, we deduce from (5.3)
that, for ¢ € (0, &¢],
1d

Co
s llullis + Fllullin < llewll2 | (7= Mo) fllz + [[oll 2 l|Me £l 2

Clellull I flle2 + IMefl 2 lull 22)-

IN

Using the Young inequality, we infer from the above inequality that there exists positive con-

stant C' (independent of ¢ ),such that, for 0 < o < %, and for € € (0, &),

d Co
EIIUH?Jz +allull7. + 5|IU|I?{1 < (€172 + IMcf172). (5.4)
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Multiplying (5.4) by e** and integrating the result from 0 to ¢ , we obtain, for ¢ € [0,7),

t
Co a(s— —a — —
()72 + 5/ " u(s)|Fpds < e luollze + cra” (1 — e ) (EIfI% + IMfIZ).  (5.5)
0
1 1
We first point out that A2u and 4 A2 belongs to L*((0,T); V= and to L*((0,T); V*) respectively,
and thus, by (2.7) and by Lemma 1.2 of Chapter 3 of [10], we have

d d, Lt o .d
EE(U’U) = EHAEUHLQ = Q(Eu,Agu)Lz.

Taking the scalar product in L*(€.) of (2.1) with A;u = —P.Au and using the above equality, we

find

%%E(u, u) + v||P.Aul|3: = / (u- Vu)P.Audz — / f-P.Audx. (5.6)
Qe

Noting the decomposition

S

/ (u- Vu)P.Audz = / (v- Vu)P.Audx + / (w - Vu)P.Audz

£

and applying Lemma 4.1 together with the Young inequality, we obtain
1%
| / (u- Vu)P. Audz| < | / (v- Va)P.oude] + 2 [BLuls + Cellulln (hwliye + )

Therefore,(5.6) and the Young inequality imply that

1d 3v
§@E(u,U) + ZIIIP’eAUIIiz < I/Q (v - Vu)P.Audz| + Cellullin (|wllfe + ullz2) + ClI 172, (5.7)

or also, by the Theorem 3.9,

1d 3v
3P+ F1oulis < | [ @ VRsudel + Cellulfy (uwlfe + )
+ Cellullzn + CullFp + C[| f1I7, (5.8)

It remains to estimate the term | [, (v - Vu)P.Audz|.Using the decomposition

/ (v Vu)P.Audx = / (v-Vu)(P. — Id)Audz + / (v - Vu)Audz,

€

and applying the Lemma 3.9 and the Theorem 4.2, we find
| [ (v-Vu)P.Audzx| < Clv- VUHL2(€%HUHH1 + €%||UHH2)
Qe
1 _
+ Cez|ull g flull gz (lull g+ 7 Jullz2). (5.9)
Applying Lemma 3.10 and 3.12, and using the interpolation inequality
1 1 1 1
[0l < Cllvllz2llvllF < CllullZllull 7,
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, and using the decomposition Vu = Vv + Vw, we obtain

1 1
v Vullze < Cllollpa([[Vollzs + et flwl]lm + 5 |ull2)

_1 1 1
Ce™2ull rellull gz + Clull 22 ||l [l ul 2 (5.10)

A

Using (5.9) and (5.10), we infer from (5.8) that, for e € (0, &),
liE 3_V Aullz, < O 2 2 C 2 O3 2
L B + 2 nul < Celulaluls + Celully + O ull
+ Cetlfullm ullfe + Ce 2 lull el lull gz + CllflIZ2, (5.11)

Using the young inequality several times,we deduce from Theorem 3.8 that there exist positive

constants Cy and C, which is independent of &, such that,for e € (0, g¢],

d
—B(u,u) + (v = Coe? [l — Collull3n — Coe)|lull3e

dt
< C(lullin + e M ullZellullzn + 11£172)- (5.12)

To prove global existence of the solution wu(t), we argue by contradiction. we assume that ey <

1¢; and that, for € € (0, &0], the initial data wug satisfy the following condition

v
3> Coe?|Juo|| 1 + Coelluol|2 + Coe. (5.13)
Next, we assume that there exists a time Ty > 0 such that,

> Coe? |lu(®) || + Coellu(®)||}: + Coe, forall ¢ € [0,Ty), and

RN R

= CO€%||u(T0)||H1 + Coe||u(To) |3 + Coe. (5.14)

We shall show by contradiction that Ty = +oo.
Using the inequality (2.5), we deduce from (5.12) and (5.14) that, for € € (0,g0] and ¢ € [0, Ty],

d v _
S Ew ) +ab(uu) + ZHuHip < C(llullFpn + e HullZellullFn + 1£1172), (5.15)

where a = min(%, X

[€0]
Toag)-
Multiplying (5.15) by e**, integrating the result from 0 to ¢, we obtain,for ¢ € [0, Tp],

O *

t

v

E(u,u) + Z/ eo‘(s_t)||u(s)||%,2ds < e ™ E(ug, up) + Ca (1 —e Y| f|IA
0

t t
L / D) u(s) |21 ds + O / 0 u(8) 2 [ue(5) 3 s, (5.16)
0 0

The inequality (2.5) and (5.16) imply that, for ¢ € [0, Tg],

t
sup [lu(s)[l3 < CH|U0H?{1+IIJ“|I§O+C/ ™ u(s) |7 ds
0

s€[0,t]

¢
+ C’S_l/o eo‘(s_t)Hu(s)||%2||u(s)||%{1ds]. (5.17)
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The estimates (5.5)and (5.17) imply, for ¢ € [0, Tp],

S lu()l7n < Cllluollfp + 1 £15% + e luollzz + e HIMefll5 + €21 flls] & Ro(e)  (5.18)
€(0,7o

We remark that, due to Theorem 3.7, there exists a positive constant C' such that
luollZ2 < Ilvollzz + Ce*[luol 7 (5.19)
Using the initial datum and (5.19), we deduce from (5.18) that,for € € (0, g¢],
Ri(e) < Ci(e (kg + K§ + ki + Ki) + & (kg + K7)) (5.20)

for some positive constant € independent of €. If kg, k1, Ko, K; small enough ( and independent
of €) , it follows from (5.20) that,for ¢ € (0, o],

Coe? Ro(e) + Coe R2(e) + Che < g (5.21)
which contradicts the statement (5.14). It follows that Ty = +o00.Thus, the initial data ug and the
forcing term f(t) satisfy condition (5.1) Of Theorem 5.1 which implies that there exists a unique
global solution u(t) to problem (2.1)-(2.4). Moreover, we infer from (5.18), (5.20) that there exists

positive constant C*, such that, for ¢ € (0, g¢],
sup [[u(t) || < Ce™2, (5.22)
t

which proves the theorem.

6 Local attractors

Like in [3],[4],we are going to introduce a local attractor and show that this local attractor is actually
the compact global attractor of all Leray-Hopf solutions. In order to simplify the statements, we
assume in this section that the forcing term f does not depend on the time variable and satisfies the
conditions (5.1). We also assume that the constants given in (5.1) satisfy the condition (5.21) as well
as the following additional condition

4

LR S (6.1)

0

where the constant ¢; is given in (5.5). According to Theorem 5.1, for any wug satisfy ing conditions
(5.1) and € € (0, gg], there exists a unique global strong solution u(t) = S-(f;t)ug € C°([0, o0); VL) of
problem (2.1)-(2.4). We next define the sets

1
Bo. {ug € Vz : fJug||m < koe™ 25 || Mouol| 2 < ki),

B. = Use(f,msoﬁvs. (6.2)

t>0
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Duo to Theorem 5.1, the set B, is bounded in V; and is positively invariant under S.(f,t),for t > 0.

As in the case of the Navier-Stokes equations with classical boundary conditions,one shows that, for
any ug € B, S:(f,t)ug belongs to C((0, o0); D(A.)). Since D(A.) is compactly embed in V.,this
means that, for ¢ > 0,the mapping S.(f,t) is compact from V. into itself. Thus, the w —limit set of B;,

Ae - ﬂ U Se(f7 t)BO,ava

T>0t>T1

is well-define and non-empty,compact set and attracts B..The set A, is the compact global attractor
of the restriction of S.(f,t) to B.. In fact, it is also a local attractor in V. and its basin of attraction
contains B..

We next show, like in [3],[4],that A, is the global attractor of the weak Leray-Hopf solutions of
(2.1)-(2.4).

We recall that CY([0,T]; H.) is a subspace of L>((0,7T); H.) consisting of all functions which are
weakly continuous,that is, for each h € H., the mapping ¢t — (u(t), h) is continuous. In particular,
the relation u(0) = g is understood in this sense.

We recall that by a weak Leray-Hopf solution on the time interval [0, T'|, we mean a function u(-) €
L*((0, T); Vo) N L>=((0,T); H.) N C°([0, T; H.) with d,u € L'((0,T); V), such that u(0) = ug holds

in the weak sense, the equation

(u(t)—u(to),u*)Lz+/ E(u,u*)ds+/ (Zujaju,u*),;gds:/t(f,u*)ds, (6.3)

to to j=1

is satisfied,for all t >t > 0 and u* € V, and the energy inequality

t

Sllu)z: + tE(U,U)dS < 1IIU(U)Iliz + | (fuls))2ds (6.4)
2

2 to to
holds for all almost all ¢y with 0 <ty <t < T and also for ¢, = 0(see for example[10]).

Duo to the properties of A. (see section 2 for further details), by using a Galerkin method, we
can prove, like in the case of the classical Navier-Stokes equations (see[10]), that (2.1)-(2.4) admit a
weak Leray-Hopf global solution u(t) in [0, 00), for any ug € H.. We also notice that u(t) € V. for
t € FI where FI' C [0,T] is a measurable set of full measure. In 1987 for 3D Navier-Stokes equation
Foias and Temam [18] introduced the set J. consisting of all weak Leray-hopf solutions existing
in (—o0, 4+00) and bounded in L*>((—o0, +00); H.). This set is not empty since it contains A.. Foias
and Temam [18] also showed that this set is compact in H**®* and that,for any weak Leray-Hopf
solution u(t) in (0,+oc0),u(t) — J. in H** ast — + oo. We next show that J. = A for
0 < € < g1,where g1 > 0 is small enough.We use the same arguments as in [13,Theorem 3.12,Chapter
3],[3],[4].

Theorem 6.1.Assume that the conditions (6.1) and (5.1) hold, and that f € L?*(£.)% satisfies

(5.1). Then, there exist a positive constant €; < gy and, for any r > 0,for any ¢ € (0,¢4], a
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time T'(e,r) > 0 such that, for any weak Leray-Hopf solution wu(t) of (2.1)-(2.4),with [|u(0)||zz <
r, there is a positive time ¢1, 0 < t; < T'(e,r) so that u(t) € B, for ¢t > t;. In particular, J. = A..

Proof. Let u(t) be weak Leray-Hopf solution of (2.1)-(2.4), Arguing as in section 5 (5.4), we
deduce from (6.4) and (2.5) that, for ¢t > 0, for € € (0, 4],

201

1/t 2
;/ ()l ds < EIIUoIIiz = UL FIlZe + 1T = Me) fII72),
0

Using the conditions (5.1), we obtain that
/ lu(s)|2nds < —(K2 +eK2), forall £ > T(s, ), (6.5)
where
2r?

ai(KF +eKg)
The estimate (6.5) and the condition (6.1) imply that,

T(e,r) =

/ |w(s)|[Fds < —(K2 +eK2) < ki, forallt>T(er),
We can choose £; > 0, with e, < &y such that 2 (K7 +¢,K3) < kjey . Thus, we have, for ¢ € (0,¢1],
e 2 12 -1 12
7] |u(s)||5pds < min(kge™ ", ky), for allt > T(e,r).
Therefore, there exists a subset Fy C [0,7'(¢,7)] of positive measure such that
u(®)||3 < min(kie ' k2), for all t > T(e,r).

Since Fi ©" is a set of full measure in [0, T(e,r)], we have that F =" N Fy # 0. Therefore, there
exists ¢, € Fu = N Fo € [0,T(e, 7)) such that

1

[u()lm < koe™2, || Meu(ty)]|r2 < ki

We deduce now from Theorem 5.1 and from uniqueness of strong solution of (2.1)-(2.4) and that u(t) €
B., for t > t;. As a direct consequence, we obtain the equality J. = A.. This completes the proof
of Theorem 6.1.
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