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du

dt
= −du(t) + bu(t− τ)[k − bzu(t− τ)], (1)<D u(t) [�8�$_3� d > 0 �Y�8�$0
s$�TC τ > 0 �Y~,�8�$/℄V�%=o0?6;o0To!;�m8�%_3.�8�$_3�:��4*2To

t − τ ��%_3v[ bu(t− τ) �8� b > 0 �Y�%_3.�8�$_3$,n�`:�
k − bzu(t− τ) )�%'b$� k > 0 �YP('b$� z �Y),G=q%g�S0'b$0qQ�N,C (1) 0|}E}-3=vAPw/-�B[_?17�Yh09���v�d, Nicholson �$C �++O�-	 Nicholson �$C Dg�*0DF;aR�v�r [2] ��F1
[2m8�$EE2��S DM[$,n�3C>�`-$�90=j�u�0��rh�6D?A&<5�Q#�ZUO�2�U^�DGWS|EE��S D:[22GBu5-$�90�(<<�$EE>����_3�(�>�<b9ÆoJvP��!%�<�$EE0��#Jl�
"<�NS 0%� (�ry [6] ��Æy
"��T�NTC0�N Musca domestica �$5�1


∂u(t, x)

∂t
= D

∂2u(t, x)

∂x2
− du(t, x) + bu(t− τ, x)[k − bzu(t− τ, x)], (2)<D D > 0 v�N�_� x ∈ R, b, k, z, τ � nO�, τ = 0 T�C (2) p℄v���60 Fisher C 
�N Logistic C 

∂u(t, x)

∂t
= D

∂2u(t, x)

∂x2
+ (kb− d)u(t, x)[1 −

b2z

kb− d
u(t, x)]. (3)

1 Æ
k/-�w(���?6d�LI
1

http://www.paper.edu.cn  



�'p*0�:.E}i>�<�L kb > d �4, c ≥ 2
√

D(kb − d) T�C (3) '2�ev c 0�=|��ry [10] ��Æy0H�30[�'y [7] 0b�C����TCV�N<C (2) 0�=|0%��?/�#0[�z-K3�|0C�.y [7] *g�n�ÆyvQJ��9�2��z℄�~R*N0�<V�FZ2-��zE�H#*NC (2) �=|'2�0�GH�{R�
2 |S�r
"�.0TCA#�NC 

∂u(t, x)

∂t
= f(ut(x)) +D

∂2u(t, x)

∂x2
, (4)<D t > 0, x ∈ R,D > 0 [�N�_�! C([−τ, 0], R) �Yg*8 2 [−τ, 0] O0��U_Æo� f [8 2 C([−τ, 0], R) O0��U_�8 ut(x) ∈ C([−τ, 0], R) v

ut(x)(s) = u(x, t+ s), s ∈ [−τ, 0], t ≥ 0.C (4) 0��|[ÆJ u(x, t) = φ(x + ct) 0i|� φ ∈ C(R,R), c > 0 �Y�e�v
u(x, t) = φ(x + ct) )KC (4), ' t )_ x+ ct, �/

Dφ
′′

(t) − cφ
′

(t) + fc(φt) = 0, t ∈ R, (5)<D fc : Xc = C([−cτ, 0], R) → R 
8 v
fc(ψ) = f(ψc), ψc(s) = ψ(cs), s ∈ [−τ, 0].JR u− ≡ 0 V u+ ≡W [C (4) 0�G:Y5�4�C (5) )OJ�t��}ls

lim
t→−∞

φ(t) = 0, lim
t→+∞

φ(t) = W. (6)0*7|vC (4) 0�=|�v��7C (4) 0�=|�z-m8�
(A1) f(0̂) = f(Ŵ ), �<G� u ∈ (0,W ), f(û) 6= 0, <D û �Y8 2 [−τ, 0] O�B?v

u 0�U_�
(A2) (7*7�) '2�_ β ≥ 0,W/<, C([−cτ, 0], R)D)O�0 ≤ ψ(s) ≤ φ(s) ≤W ,

s ∈ [−cτ, 0] 0G�U_ φ V ψ, * fc(φ) − fc(ψ) + β[φ(0) − ψ(0)] ≥ 0 �
(A∗

2) (M7*7�) '2�_ β ≥ 0,W/<, C([−cτ, 0], R)D)O�(i) 0 ≤ ψ(s) ≤ φ(s)

≤ W, s ∈ [−cτ, 0]; (ii) eβs[φ(s) − ψ(s)] N, s ∈ [−cτ, 0] Dq0G�U_ φ V ψ, :*
fc(φ) − fc(ψ) + β[φ(0) − ψ(0)] ≥ 0.8 '�e

Γ = {φ ∈ C(R,R) : (i)φ(t)2 R ODq�(ii) lim
t→−∞

φ(t) = 0, lim
t→+∞

φ(t) = W.}
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f'�e
Γ∗ =



















(i) φ(t)2 R ODq�
φ ∈ C(R,R); (ii) lim

t→−∞
φ(t) = 0, lim

t→+∞
φ(t) = W ;

(iii) <GW s > 0, eβt[φ(t+ s) − φ(t)] N, t ∈ R Dq�

















.�.H#O��|08 �JR��U_ φ ∈ C(R,R) h[$$�t��
Dφ

′′

(t) − cφ
′

(t) + fc(φt) ≤ 0(≥ 0).2 R Oh[$$���4�U_ φ ∈ C(R,R) [ (5) 0O (�) |��2H#{�NN,TCA#�NC �=|'2�8� (r [7, 8� 3.6 V8� 4.5]):℄h 2.1 JR (A1) V (A2) ����C (5) *�GO| φ(t) ∈ Γ V�G�| φ(t) )O
0 ≤ φ(t) ≤ φ(t) ≤W , � φ(t) 6≡ 0, t ∈ R, 4C (5) *)Ot��}ls (6) 0*7|�gC (4) *�y�G:Y| u− V u+ 0�=|�℄h 2.2 JR (A1) V (A∗

2) ����C (5) *�GO| φ(t) ∈ Γ∗ V�G�| φ(t) )O
(i) 0 ≤ φ(t) ≤ φ(t) ≤W, t ∈ R;

(ii) φ(t) 6≡ 0;

(iii) eβt[φ(t) − φ(t)] N, t ∈ R Dq�4C (5) *)Ot��}ls (6) 0*7|�gC (4) *�y�G:Y| u− V u+ 0�=|�
3 kY\nvtUm
[X}wJR kb > d, 4*C (2) B*�G :Y|V�G::Y| W = kb−d

b2z
�
 u(x, t) =

φ(s), s = x+ ct )KC (2), Hk�� s v t, /-�#0��C v
Dφ

′′

(t) − cφ
′

(t) − dφ(t) + bφ(t− cτ)[k − bzφ(t− cτ)] = 0, t ∈ R. (7)C (2) 0�=|1n,C (7) )Ot��}ls
lim

t→−∞
φ(t) = 0, lim

t→+∞
φ(t) = W. (8)0*7|�v (7) . (5) Q�x�z-<.U_ fc(φ) #8 v

fc(φ) = −dφ(0) + bφ(−cτ)[k − bzφ(−cτ)].z-℄��a0 fc(φ) )O (A2) �zh 3.1 <GW c > 0, L 2d ≥ kb > d, 4 fc(φ) )O7*7�ls (A2) ��i 
"U_ f(x) = bx(k − bzx), 4
f ′(x) = b(k − 2bzx) =







≥ 0, x ≤ k
2bz
,

< 0, x > k
2bz
.
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!% f(x) 2 x ∈ [0, k
2bz

] O[5U_�F>�<G� s ∈ [−cτ, 0], * 0 ≤ ψ(s) ≤ φ(s) ≤W = kb−d
b2z

< k
2bz
.!%*

fc(φ) − fc(ψ) ≥ −d[φ(0) − ψ(0)].g'2 β = d > 0, W/ fc(φ) − fc(ψ) + β[φ(0) − ψ(0)] ≥ 0.vK3O|�8 △c1(λ) = bke−λcτ − (cλ−Dλ2 + d) �zh 3.2 '2 c∗ > 0, W/<G� c > c∗, △c1(λ) = 0 *�G:I 0 < λ1 < λ2 ��i ), g(λ) = bke−λcτ N, λ[�_*74q0�O	U_�> h(λ) = cλ−Dλ2+dN, λ[��	U_�Q#8�GU_0o	���'<G� λ > 0,:* △c1(0) > 0,∂2△c1(λ)
∂λ2 >

0,∂△c1(λ)
∂c

< 0. g�;/{(�J �Fz-�D8 c∗ < 2
√

D(bk − d) �ZUO� c∗ )OC △′
c1(λ) = 0,△c1(λ) = 0.g�mSA|��C /-� cλ−Dλ2 + d = bke−λcτ , bkcτe−λcτ = 2Dλ− c.8 φ(t) = min{W,Weλ1t} �z-*zh 3.3 L c > c∗ �4 φ(t) [C (7) 0O|��i (i) , t > 0 T�* φ(t) = W ,φ(t − cτ) ≤ W ,φ

′
(t) = φ

′′
(t) = 0. +J�-U_

f(x) = bx(k − bzx) 2 [0,W] Ov5U_�,[*
Dφ

′′
(t) − cφ

′
(t) − dφ(t) + bφ(t− cτ)[k − bzφ(t− cτ)]

≤ −dW + bW (k − bzW )

= 0.

(ii) , t ≤ 0 T�* φ(t) = Weλ1t, φ(t− cτ) = Weλ1(t−cτ). ,[*
Dφ

′′
(t) − cφ

′
(t) − dφ(t) + bφ(t− cτ)[k − bzφ(t− cτ)]

= Weλ1t[bke−λ1cτ − (cλ1 −Dλ2
1 + d) − b2zeλ1(t−2cτ)]

≤ 0.{X (i),(ii) �<� φ(t) vC (7) 0O|��.�K3C (7) 0�|�! △c2(λ) = cλ−Dλ2 + d, �rC △c2(λ) = 0 *�G:I λ3 = c+
√

c2+4Dd
2D

, � λ3 > λ1.! 0 < ε < W , 8 
φ(t) =







εeλ3t, t ≤ 0,

εe−λ3t, t > 0.zh 3.4 φ(t) vC (7) 0�|�
4
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�i (i) , t > 0 T�* φ(t) = εe−λ3t, 0 ≤ φ(t− cτ) ≤ ε < W . ,[*
Dφ′′(t) − cφ′(t) − dφ(t) + bφ(t− cτ)[k − bzφ(t− cτ)]

≥ Dφ′′(t) − cφ′(t) − dφ(t)

= εe−λ3t(Dλ2
3 + cλ3 − d)

= 2cλ3εe
−λ3t

> 0.

(ii) , t ≤ 0 T�* φ(t) = εeλ3t �,[*
Dφ′′(t) − cφ′(t) − dφ(t) + bφ(t− cτ)[k − bzφ(t− cτ)]

≥ εeλ3t(Dλ2
3 − cλ3 − d)

= 0.&>) (i),(ii) �<� φ(t) vC (7) 0�|�%q�)>y�;�<� φ(t) ∈ Γ, � fc(φ) 0�)Ols (A1). &>#'8� 2.1 f"� 3.1 ∼ 3.4 �z-��/-��{(�℄h 3.5 L 2d ≥ kb > d, 4'2 c∗ > 0 �W/<G� c > c∗ �C (2) '2�{�:Y| u− = 0 . u+ = W 0�ev c 0�=|�
4 okY\nvtUm
[X}w℄�z-a0�, kb > 2d T� fc(φ) )O (A∗

2) �zh 4.1 L kb > 2d, 4< τ > 0 "E
� fc(φ) )OM7*7�ls (A∗
2) ��i ZUO�<)Ols� (i) 0 ≤ ψ(s) ≤ φ(s) ≤W, s ∈ [−cτ, 0]; (ii) eβs[φ(s)− ψ(s)]N, s ∈ [−cτ, 0] Dq0G� φ(s), ψ(s), z-*

φ(−cτ) − ψ(−cτ) ≤ eβcτ [φ(0) − ψ(0)],

fc(φ) − fc(ψ)

= −d[φ(0) − ψ(0)] + [φ(−cτ) − ψ(−cτ)]{bk − b2z[φ(−cτ) + ψ(−cτ)]}

≥ −d[φ(0) − ψ(0)] − (bk − 2d)[φ(−cτ) − ψ(−cτ)]

≥ [−d− (bk − 2d)eβcτ ][φ(0) − ψ(0)].!%� fc(φ) − fc(ψ) + β(φ(0) − ψ(0)) ≥ [β − d− (bk − 2d)eβcτ ][φ(0) − ψ(0)].B
β > bk − d,4)U_0������<�, τ "E
T� β − d− (bk − 2d)eβcτ > 0.,[�*

fc(φ) − fc(ψ) + β(φ(0) − ψ(0)) ≥ 0.
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v�K3O|�8 ∆c1(λ) = Dλ2−cλ+kb−d�, c > 2
√

D(kb − d)T�C ∆c1(λ) = 0*�G:UI
λ1 =

c−
√

c2 − 4D(kb− d)

2D
, λ2 =

c+
√

c2 − 4D(kb− d)

2D� 8 φ(t) = W
1+e−λ2t , t ∈ R.zh 4.2 ! β ≥ λ2 �z-* φ(t) ∈ Γ∗ ��i (i) ) φ
′
(t) = Wλ2e−λ2t

(1+e−λ2t)2
> 0 �<� φ(t) 2 t ∈ R *7Dq�

(ii) 0�* lim
t→−∞

φ(t) = 0, lim
t→+∞

φ(t) = W ;

(iii)

d
dt
{eβt[φ(t+ s) − φ(t)]}

= d
dt
{eβt[ W

1+e−λ2(t+s) −
W

1+e−λ2t ]}

= d
dt
{ We(β−λ2)t[1−e−λ2s]

(1+e−λ2t)[1+e−λ2(t+s)]
}

= (1−e−λ2s)e(β−λ2)t[(β−λ2)+βe−λ2t+βe−λ2(t+s)+(β+λ2)e−λ2(s+2t)]

[(1+e−λ2t)(1+e−λ2(t+s))]2
.v β ≥ λ2 )KOX��/

d

dt
{eβt[φ(t+ s) − φ(t)] ≥ 0.)%�<� eβt[φ(t+ s) − φ(t)] N, t ∈ R Dq�&>) Γ∗ 08 �<� φ(t) ∈ Γ∗ �zh 4.3 JR τ OL
�4 φ̄(t) = W

1+e−λ2t [C (7) 0O|��i J�- Dλ2
2 = cλ2 + d− kb, mS>yjf�/

Dφ̄′′(t) − cφ̄′(t) − dφ̄(t) + bφ̄(t− cτ)[k − bzφ̄(t− cτ)]

≤ Dφ̄′′(t) − cφ̄′(t) − dφ̄(t) + bφ̄(t)[k − bzφ̄(t− cτ)]

= We−λ2t

(1+e−λ2t)3(1+e−λ2(t−cτ))
{e−λ2t[Dλ2 − cλ2 + eλ2cτ (2kb− 2d−Dλ2

2 − cλ2)]

+[−Dλ2
2 − cλ2 + (kb− d)eλ2cτ ]}

= We−λ2t

(1+e−λ2t)3(1+e−λ2(t−cτ))
{−eλ2t[kb− d+ eλ2cτ (2cλ2 − 3kb+ 3d)]

−[2cλ2 − (kb− d) − (kb − d)eλ2cτ ]}.), λ2 �� c ,>�<GW c > 2
√

D(kb− d),

d

dc
(cλ2) = λ2 +

c[c+
√

c2 − 4D(kb− d)]

2D
√

c2 − 4D(kb− d)
> 0.��[a cλ2 N, c [*7450�!%�, c > 2

√

D(kb − d) T�* cλ2 ∈ (2kb− 2d,+∞).,[�
[kb− d+ eλ2cτ (2cλ2 − 3kb+ 3d)]|τ=0 = 2cλ2 − 2(kb− d) > 0,

[2cλ2 − (kb− d) − (kb− d)eλ2cτ ]|τ=0 = 2cλ2 − 2(kb− d) > 0.
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!%�<GW c > 2
√

D(kb− d), )����<'2 τ∗(c) > 0,W/, 0 ≤ τ ≤ τ∗(c) T�:*
kb− d+ eλ2cτ (2cλ2 − 3kb+ 3d) > 0,

2cλ2 − (kb− d) − (kb− d)eλ2cτ > 0.8��xK
Dφ̄′′(t) − cφ̄′(t) − dφ̄(t) + bφ̄(t− cτ)[k − bzφ̄(t− cτ)] ≤ 0, t ∈ R.v�K3C (7) 0�|�8 ∆c2(λ) = Dλ2 − cλ − d ��r ∆c2(λ) = 0 *�:I

λ4 = c+
√

c2+4Dd
2D

, �F* λ4 > λ2 �<)O
0 < ε <

Wβ

3(β + λ4)
. (9)0"E
:_ ε, 8 

φ(t) =







εeλ4t, t ≤ 0,

εe−λ4t, t > 0.0�) (9) �<
0 < ε <

W (β + λ2)

β + λ4
, 0 < ε <

W

2
. (10)zh 4.4 φ(t) [C (7) 0�|��i �;C�rCn,"� 3.4 �M&&�zh 4.5 0 ≤ φ(t) ≤ φ(t) ≤W ��i , t ≤ 0 T�), λ4 > λ2, !%

φ(t) − φ(t) =
W

1 + e−λ2t
− εeλ4t

=
W − εeλ4t − εe(λ4−λ2)t

1 + e−λ2t

≥
W − 2ε

1 + e−λ2t
.�' (10), �< φ(t) ≥ φ(t) �, t > 0 T� φ(t) = W

1+e−λ2t >
W
2 , φ(t) = εe−λ4t < ε. �' (10), �< φ(t) ≥ φ(t) �zh 4.6 eβt[φ(t) − φ(t)] N, t ∈ R [*7Dq0��i L t > 0, 4 φ(t) = εe−λ4t ��F* φ′(t) < 0, φ

′
(t) > 0. &> φ(t) − φ(t) N, t *745�J�-U_ h(t) = eβt �N, t *745��M* eβt > 0, φ(t) − φ(t) > 0. 8�z-��<�U_ eβt[φ(t) − φ(t)] �N, t *745�g

d

dt
{eβt[φ(t) − φ(t)]} ≥ 0.
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L t ≤ 0, 4 φ(t) = εeλ4t. ) λ2 < λ4 �/ eλ2t ≥ eλ4t �,[
d
dt
{eβt[φ(t) − φ(t)]}

= d
dt
{eβt[ W

1+e−λ2t − εeλ4t]}

= eβt

(1+e−λ2t)2
{Wβ +W (β + λ2)e

−λ2t − ε(β + λ4)e
λ4t − 2ε(β + λ4)e

(λ4−λ2)t

−ε(β + λ4)e
(λ4−2λ2)t}

≥ eβt

(1+e−λ2t)2
{Wβ − 3ε(β + λ4) + [W (β + λ2) − ε(β + λ4)]e

−λ2t}.
 (9) − (10) )KO.0�1X��/
d

dt
{eβt[φ(t) − φ(t)]} ≥ 0.J�- eβt[φ(t) − φ(t)] 2 t = 0 $���&>"� 4.6 /;��F� φ(t) 6≡ 0 �� fc(φ) )Ols (A1) �,[)"� 4.1 − 4.6 V8� 2.2 I�/-�.0{R�℄h 4.7 L kb > 2d, 4'2 τ∗ > 0, W/, 0 ≤ τ < τ∗ T�< ∀ c > 2

√

D(kb − d), C 
(2) '2�y :Y| u− ≡ 0 V::Y| u+ ≡W 0�ev c 0�=|�
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Travelling Waves Fronts for the Diffusive Musca Domestica Houseflies

Model with Discrete Delay

Deng Xijun

School of information science and mathematics, Yangtze University,Jingzhou,Hubei (434023)

Abstract

This paper deals with the existence of traveling wave fronts for the diffusive Musca domestica

houseflies model. The existence of such solutions is proved by using the upper-lower solution

technique.

Keywords:Traveling wave front; Upper-lower solution; Musca domestica houseflies model
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