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On critical cases of Sobolev's inequalities for Heisenberg
groups

Yang Qiaohua
(School of Mathematics and Statistics, Wuhan University, WuHan 430072)

Abstract: This paper deal with the problem of Sobolev imbedding in the critical cases. We prove
some Trudinger-type inequalities on the whole Heisenberg group, extending to this context the
Euclidean results by T. Ozawa. The procedue depend on optimal growth rate of Gagliardo-Nirenberg
inequalities. We obtain the sharp constant for the Trudinger-type inequalities on the whole
Heisenberg groups when the function is radial. Using these inequalities, the estimate of heat kernel
and the Reisz transform, we obtain some Morrey's inequality and the Brezis-Gallouet-Wainger
inequality.

Keywords:Heisenberg group;Sobolev's inequality;Brezis-Gallouet-Wainger inequality

1 Introduction

It is well known that the Sobolev space H*P(R") is continuously imbedding into
L”(R") provideds>n/p. The case when s=n/p is called the critical exponent, which
implies H"PP(R") is not imbedded into L”(R") , but into L*(R") for all q
with p<g<oo. Recently, Ozawa ([1]) gave a precise investigation for this imbedding and
obtained the following optimal growth rate asq — oo. Indeed, for every p withl< p<oo, it
holds

1-1/p p/q _AYN(2p) y|t-p/a
[ ulqu(Rn)SCnqu I ulle(Rn)ll( A) ulle(Rn) (1.1)

for all ue H"PP(R") and for all q with p<q<oo, where C,, is a constant

depending only on n and p, but not on (. Furthermore, as corollaries of (1.1), they obtain
other inequalities which characterize the critical imbedding in the Sobolev space. That is, the
estimate (1.1) yields the Trudinger type inequality and the Brezis-Gallouet-Wainger type
inequality.

The aim of this note is to prove analogous inequality (1.1) on the Heisenberg groupH ,
where the Laplace operator A is replaced by the Kohn's sublaplace A,, onH_ . We refer to

Section 2 for a more detailed account on this terminology and background results of analysis on
Heisenberg groups. To this end we have:

Theorem 1.1. Letl< p<oo. Then there exists a constant C, , depending only on Q
and p such that
Q
I tll gy, < Copt Pl Ul (=4 ) PP Ul (12)
where Q =2n+2 is the homogenous dimension of H .
The Theorem 1.1 implies the following result.
Theorem 1.2. Letl < p < oo . There exist positive constant & and C >0 such that for all
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f e HYPP(H,) withll(-A, )TDUHLP(H <L

Ji (exp(alf(é)l )= L ieps o (a|f(§)| )jd§<cn T

where p'=(p-1)/ p isthe Holder conjugate of p.

In the special case the optimal bound of « for which Trudinger's inequality holds is
obtained. In fact, it is proved by W. Cohn and G. Lu ([2]) that there exist constants C such that
for any domainQ c H,, |Q|<o and f eW01'Q (€2), the horizontal Sobolev space on H,_, the
following inequality holds:

o

sup L &P aq __fe) <C,
fewiQ()| Q] | VE]

L2 (H,)
where Q'=(Q—-1)/Q isthe Holder conjugate of Q and
o _of27TWL(Q-1/2) A

° r(Q/2)r(n)

Following [1], we have the following result:

(1.3)

Theorem 1.3. Forany a €(0,a,) there exists a constant C >0 such that for all radial

function f e C;°(H,),
*) e al I F1G
Ol || §2] [ @] | e Mo,

exp| a
Jy, e Ea Vil ViR

|
L2(H,) i J* L9(H,) L2 (H,)

The inequality above is false when @ 2 ¢, .

Finally, we obtain the following Brezis-Gallouet-Wainger inequality on the Heisenberg
group.

Theorem 1.4. Letl< p<owo, 1<qg<oo and m>max{Q/q,1}. Then there exits a
constant C >0 suchthatforall f e HY"P(H Y~H™(H, )withll fl <1,

HOPP(H,)

1

11l < C@+log+I(-A,) 2 ull,,, )"

2 Notations and preliminaries

Let H =(R*xR,0) be the (2n+1) -dimensional Heisenberg group whose group

structure is given by

n
(X )o (X, t)=(x+xt+t'+ 22 (XX 50— X551%;)) -

j=1

The vector fields
0 0 0 0
21.71=—+2X21.—, ijz——ZXZH—
Xy ot OXy ot
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(J=1---,n) are left invariant and generate the Lie algebra of H . The Kohn's sub-Laplace

on H,

= +4|x| +4 (x )—
= Z_;'az Z Z'azj ox,, ot
and the subgradlent is the (2n) -dimensional vector given by
" :(X1,~~-,X2n):VX+2Axﬁ,
ot
0 0 . : -
where V, =(—,---,——) and A is a skew symmetric and orthogonal matrix given by
0% OXyp,
A=diag(J,,-++,d.), J,=---=J = 01
_gliinil__n__lo'

The Sobolev space H*P(H,) on the Heisenberg group H_ is the completion of

S
C;(H,) under the norm ||(l —AH)pulle(H , (3D
For each real number A >0, there is a dilation naturally associated with the group structure
which is usually denoted as 3, (X,t) = (41X, A°t) . The Jacobian determinant of &, isA®, where

Q=2n+2
is the homogenous dimension.  For simplicity, we use the notation

A(X,t) = (Ax, A%).
1
The anisotropic dilation introduces a homogenous norm p(X,t)=(| x|' +t*)*. For

simplicity, we always write it o . A function f is said to be radial if f (x,t)= f(p).If f isa

radial function, we have, using the polar coordinates relatedto o (seee.g. [2])

| o f(x,Ddxdt =c, j: f(p)p%dp 2.1)

and
. X |2 © ~
,[Hn |V, f(x1t) |Q dxdt =.[Hn | £'(p) |Q %dxdt =CQ'[O (f (,o))Q,oQ 1dp, (2.2)

where for > -2n,
_ 0, LA (Q-2+5)/2)
’ T(Q+p)/4)

and @, , isthe volume of unite sphere in R*".

We call a curve y:[a,b]— H, a horizontal curve connecting two points &,;7e€H,
ify(@)=¢, y(b)=n and y(s)espan{X,,---,X,,} for alls. The Carnot-Caratheodory

distance between &, 7 s defined as

d (&) = inf [ (7(5),7(5)ds
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where the infimum is taken over all horizontal curves » connecting & andz . It is known

that any two points &£,77 on H_ can be joined by a horizontal curve of finite length and then
d

left-invariant. For simplicity, we always writed . (&) =d_ (&, e), where e =(0,0)the origin of

« s a metric onH_ . An important feature of this distance function is that the distance is

*

setX = and& =(x,t7). The

t
n? ! t =
d..(x,t) d. (x,1)?

polar coordinates on H, associated with d_ is the following (cf. [4] ):

isH,. Given any& =(x,t) e H

] b, FOodxdt= [ [ f(A0¢,1)A% dod A, fel'(H,),

where £={&eH_ ;d_ (5)=1} isthe Heisenberg unit sphere.

Let P, denote the heat kernel (that is, the integral kernel of "+ yonH, . For convenience,
we set P, (X, t) = B, ((x,t);e). Itis well known that B, has the form (cf. [5, 6, 7)

. . 2 n
iAt—| x| icothzj( A jdl

1
P(x,t)=————]. ex
(1) 2(47zh)"+1LR p( 4h sinh A

(2.3)

The following global estimates for P, can be found in [8]: for everye >0, there exist
constants C,, >0  such that

1 4z (b
P,(x,t)<C,, Pl o (2.4)

3 The proofs
Following [1], we prove the following useful lemma.
Lemma 3.1. There exists vaQ depends only on p and Q such that for any g with

1< p<qg<ow and feC;(H,),

Q.11

: =)
Il ull )Svaqull(—AH)z P ull

L (H, LP(Hy)

where p'=(p-1)/p.
Proof. Step 1. Consider the potential I, of order A € (0,Q), defined by

(1,0 =],y Aoy oy 2 F(r)dn = (K, * £)(2).

Following [9], we decompose K, = K% + K fors >0, where

(0) _ K,(@), d.(@)<s;
K“(U)_{ 0, d,(m)=>s.

We denote by 1, =1(s)+1"(s) the corresponding decomposition of the potential. By
polar coordinates and Young's inequality, forany p withl< p<oo,

1z

A
vy =5 S I

<K, E

LP(H,) AS T (H,)

I 19¢s) (3.1)

LP(Ha)
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1
Q
N ) |2|q =
119 Pl gy, <1 KD, 1l = [Qp S U fly, @2

1

=19 |”
where|2|=Lda, 1/q=1/p—-A/Q and we set T =1 when p=1
p

and p' = 0.
Define, fort >0 andk =0,1,

1%
2([Z]q "
JO@y=1®| £
A () A t[Qp;j

Then 1, has the decomposition |, = J¥(t) + J®(t). By (3.1) and (3.2), we have

o

-1

1\p
(0) [Z|| 2(|Z]q "
|| J (t)f“l—p(Hn)ST T(Q—p' || f“Lp(Hn)"

@
1P il < || Fll g
Therefore, by Chebyshevs inequality, we obtain

4 < Hal (L@ Bt 1L, 3

<lEeH 1091 |>%|| f||Lp(Hn)){+ L9 H)E) |>%|| f||Lp(Hn)){

) t
= e HAIOIDEO P f“mm){

p
a4

=L -p
SBE[@T £, [infup j
At op LP(H,) 2 LP(H,)
9-p
(12 (1219
A Qp’
and hence

1 1

SUpt[{£ < Hyil (1, (@) B 1 =suptl Tl 166 € Hil (L 1@ Bt}

t>0

1.1
(I (1zla)e || (o pflZla) e _(popereeo
1 Qp LP(H, ) Q p1—1/p7(2p71)q (q _ p)p/q LP(H,)

wheneverl/q=1/p-41/Q, 1l<p<g<w, 0<1<Q.
Step2. Fixpe(l,o).DefineA=Q(L/ p-1/q), 1< p<g<oo.Then
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0<41<Q and l<p<Q/A.
Set (1/p,,1/09,)=@1-1/p+1/q) and (1/p,1/q,) =@/ p-1/q+1/(q+1),1/(q+1))-
By (3.3), low, uq Satisfies the following weak types (1/p,,1/q,) and (1/p,,1/q,)

simultaneously:

% 1219 :
stljfﬂ{éeH (1, F)E) >t} <2{Q( 0_1)j (RIS

[Blg, )} on (g
(=la] > Il

1-1/p—(2p-1)g P/ LPL(H,) "
1 ' ' 1(q1_p1)1q1 ()

supt[{& e Hyil (1, £)(E) > o< 2

t>0

Set =0(q)=@1-1/p)/(1-1/p+1/q-1/(q+1)).Then

1<0<1, 1lp=Q1-0)/p,+6/p,, Llp=@1-6)p,+6/p,
1/ p=1-0)/p,+61p,, 1/q=01-6)/q,+86/q,.
Therefore, by Marcinkiewicz interpolation theorem,

1/q
g QWp-/q) = (CH‘ qpqu Mo(Q)Lng(Q)HH fHLm(Hn)'

1

IM%:T

where M, (q) = {Q(qo D

PR v
M. (q) = [l T qu n G (p, _1)(p1 D p-Vay) |
1 Q pi—ll P-2p-Da (q, - pl)pllql
Notice that
l—l 1,£
i _1 i _[IZlp) g _[[ZI(p=D)} »
limo(q) =1 lim Mo(q)—( 9 1im M, (a) = o
We have, forany  withp<Qq<oo,
el (34)

M op-vg) Fllagy,, < Co.pd P (H,)
with some positive constant CQ'p depending onlyon Q and p.

Step 3. By the following identity

1
(—A,)* = —— [ tele"ndt,
L(u)7°
we have, using the estimates for B, (see (2.2)),
| (_AH )Ql2(1/p—1/q) f | (77) — 1 thZ(l/p—l/q) 1P * fdh‘
CQE hQ/Z(]Jp 1/q)— 2.[ ((11 (ﬁ)?‘l f dé&dh
n- e +& o
“T@Q/ 2@ p- 1/q))I o e)lds
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d% (€)
J. .[ hQ/2W p-Va)-n-24  (4+2)h | f(7 &) |dhd&

F(Q/Z(ll |O 1/9))

< C(’?E (IQ(llp—llq) | f |)(§)
Therefore,

_ Q(U/p-1/q) 1-1/p
||( AH) f||Lq(Hn) < CQ,&” IQ(l/pfl/q) | f ||||_G(Hn) SCQ,‘s‘,pq || f||Lp(Hn)'

The desired result follows by choosing & € (0,1/4) .
Proof of Theorem 1.1 It has been proved by Xu C.-J. ([9], pp. 112) that there exists a

positive constant C depending only on Q and p, such that the following Gagliardo -

Q.p’

Niremberg inequalities holds forall f e C;(H,):
o(1-6) <
I=Ay) 2 Fll,, , <Copll=A4)? fllleiH | fllfp(H o 0e(0). (3.5)
The desired result follows from Lemma 3.1 and inequality (3.5).
Proof of Theorem 1.2 Recalling the results in Theorem 1.1, we can see that the proof is

completely analogous to the context of R" ([1]). These complete the proof of Theorem 1.2.
Proof of Theorem 1.3. Notice that if f is radial, then by Eq.(2.1)-(2.2),

J,, fxtaxdt =, [[ ()%t dp=—2] , f(Ix]x
Oy 4
and
C
o 1V, (O it =y | U(p»Q<?wp————IM|VfaxDde
Q -1

Where @, , is the volume of unite sphere in R® (see [2]). The proof is just the same as in
[10]. These complete the proof of Theorem 1.3.

Proof of Theorem 1.4. Step1l. Weassume 0<m-Q/q<1 and m>1. By Morrey's
inequality (see e.g. [11])

| £ -t ISCIV, Tl o de(p o)™,

La@-m}Q (H,)
Since the Reisz transform on the Heisenberg group is bounded (cf. [12]), we have
1
&)= FICICA) Tl o d (7 eg)™".
La@E-m)}+Q (H,)

By Sobolev inequality (cf. [5])

E m
I(=A)2 fll o <Cli(-A,) 2 fll

La(-m)+Q (H,)

L' (Hp) '

we obtain the following Morrey's inequality

| £(8) = F () CI-Ay)? Fll Bl o)™ 2.

Nowlet O<e<e™® andlet 7€ H, satisfyingd,(z)<1.Then,

| F(E)= F(Eo(er) [£CeN=0)? Fll, .
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Where o =m-Q/qe(0,1). By Holder inequality and Theorem 1.1, there exists a

constant CQ'p such that foranyr > p,

[y onl (e dr s[f dm(,)qdr] [I | TN drj

1-Ur
—QIr -Q/r 1-1/p
S(jdcc(r)ﬂdrj el fHL’(Hn) SCQ,pE rel fHHQ’PJ’(HH)

<C —Q/r 11/p

Lete = e’r . Then forany e with O<e<e ™ we have

J\ ol £(Eo(er)) | dr <Cq P <) (~loge)
Following ([9]), we have

1£2)] L

1-1/p

L Ll f©ldr

Idcc(f)éldr
<G, Idcc(r)sl(l f(&)—F(Se(en))[+]| F(Seo(er))[)dz

<Cq,€l=A)2 fll.,  +Ch,(~loge) "

The desired result follows by setting
1

L (H,)

€= —
ePHI(-A,)2 FIFS

L (Hy)
Step 2. In the casem—Q /g =1, we choose s satisfying s—Q/qe(0,1) ands>1.

Then0O<s<m. Bystep1, we have
1

11l < C+log@HI(-Ay)2ull, ,, )"

On the other hand, by Gagliardo-Niremberg inequalitieson H_ ([9], pp. 112)

s m
_ 2 _ 2 f1s/m 1-s/m
1202 Fllgy, <CI=AG)Z FIED I EIE
<CI-)7 118, I o <CH0)? Fl) +C1 sy, SCICA)E Tl +C

The result now follows.

References

[1] Ozawa T., On critical cases of Sobolev inequalities [J], J. Funct. Anal., 127(1995), 259-269.

[2]W. Cohn, G. Lu, Best constants for Moser-Trudinger inequalities on the Heisenberg group [J], Indiana Univ.
Math. J., 50 (2001), 1567-1591.

[3] Folland G, Subelliptic estimates and function spaces on nilpotent Lie groups [J]. Ark. Math., 13(1975):
161-207.

[4] Monti R., Serra Cassano F., Surface measures in Carnot-Caratheodory spaces [J], Calc. Var. Partial
Differential Equations, 13(3)(2001), 339-376.

[5] Gaveau B, Principe de moindre action, propagation de la chaleur et estimjaees sous elliptiques sur certains
groupes nilpotents [J]. Acta Math., 139(1977), 95-153.



|I| E ﬂ- H iE -x.- Eﬁ http://www.paper.edu.cn

[6] Lust-Piquard F., A simple-minded computation of heat kernels on Heisenberg groups [J], Collog. Math., 97
(2003), 233-249.

[7] Yang Q, Zhu F, The Heat Kernel on H-type Groups [J]. Proc. Amer. Math. Soc., 136(4) (2008), 1457-1464.
[8] Varopoulos N.T., Saloff-Coste L., Coulhon T., Analysis and Geometry on Groups [M], Cambridge
Tracts in Math., vol. 100, Cambridge Univ. Press, Cambridge, 1992.

[9] Xu C.-J., Partial Differential Equations, Basic Lecture for the 12th Chinese National Summer School in
Mathematics for Graduate Students [M], 2007 July-August, Wuhan University, China.

[10] Adachi S., Tanaka K., Trudinger type inequalities in R" and their best exponents [J], Proc. Amer. Math.
Soc., 128(7) (2000), 2051-2057.

[11] Capogna, L., Danielli, D., Pauls, S. and Tyson, T., An introduction to the Heisenberg group and the
sub-Riemannian isoperimetric problem [M], Progress in Mathematics 259, Birkhauser, 2007.

[12] Coulhon T., Muller D., Zienkiewicz J., About Riesz transforms on the Heisenberg groups [J], Math. Ann.,
305(2) (1996), 369-379.

Heisenberg LIm5E[EH28Y Sobolev REL

Migrie
(RRKF#HFE%RTFR, KX 430072)

WE. AL T EFEAERER G Sobolev HAPFIA, HAGE T %A Heisenberg A b
HAE—% Trudinger B RF X, X—EHE T T. Ozawa FrEAGRR KX Z R R . 4248
#iFAF—2% Gagliardo-Nirenberg AR5 X 89 JAMAE . 4o R B AL FRA] A AAUR BT Se 489 —
%k, HAFE] T A=A Heisenberg # F Trudinger R X e R F 2. A0 LA RS
R, XA AE AR Reisz TG AH R, EMFE T —% Morrey RFE XU A
Brezis—Gallouet—Wainger.

X5#i7): Heisenberg &; Sobolev & X; Brezis—Gallouet-Wainger & X,

hESES: 01525; 0178




