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Regularity of solutions of a free boundary

problem modeling the growth of solid tumors
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Abstract: In this paper we study a free boundary problem modeling the growth of solid
tumors. Due to the free boundary and surface tension effects, this problem is a nonlinear
problem involving non-local terms. We prove that the free boundary is real analytic in
temporal and spatial variables, even if the given initial data admit less regularity.
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0 Introduction

In this paper we study the regularity of solutions of the following free boundary problem

Ac =10+ in Q(t), t > 0,

AL =108 in Q(t), t > 0,

Ap=—n(c—6—18) in Q(t), t > 0,

c=5,=p on I'(t), t >0, (1)
P ="K on I'(t), t >0,

V ==0p on I'(t), t >0,

') =Ty for t = 0.
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Here 0 = o(t,x), B = B(t,z) and p = p(t,x) are unknown functions defined on the time-space
manifold U;>o({t} x Q(t)), where Q(t) is an a priori unknown time-dependent domain in R
whose boundary, which we denote by I'(t), is free and has to be determined together with o, 8
and p. The given initial data 'y is a smooth closed hypersurface in R™ and encloses a bounded
domain Qg such that ©Q(0) = Q. In this model, A represents the Laplacian in the x-variable,
V, k and ¥ denote the normal velocity, the mean curvature and the outward unit normal field,
respectively, of the free boundary I'(¢), and 71, 72,7, t,, 5, 3 and «y are positive constants. The
sign of k is fixed on by the convention that £ > 0 at points where I'(t) is convex with respect
to Q(t).

This problem is a classical mathematical model describing the growth of solid tumors
cultivated in laboratory [1, 2, 3]. In this model §2(¢) stands for the domain occupied by the tumor
at time t, o represents the nutrient concentration, 5 represents the inhibitor concentration, p
denotes the internal pressure. The tumor region is regarded as a porous medium, so that
Darcy’s law and the law of conservation of mass yield the third equation in (1). The conditions
o =&, = B on I'(t) mean that the tumor receives constant nutrient and inhibitor supply from
the tumor surface, and the relation p = vk reflects the cell-to-cell adhesiveness of the tumor.
Finally, the equation V' = —0,p follows from the Stefan condition on T'(¢).

The problem (1) has been well studied in the past a few years. More precisely, Cui and
Escher considered the inhibitor-free case (i.e. 8 = 0) of this problem with general nonlinear
terms, and studied existence of non-radial stationary solutions [4] and the stability of radial
stationary solutions under small non-radial perturbation [5]. Then the work [6] extended the
analysis given in [5] to the inhibitor-present case (i.e. B # 0). If the stationary diffusion
equations Ao = 130+ 8 and A = 75 in (1) are replaced by their non-stationary versions, the
resulting problem and its certain forms are also studied, cf. [7, 8,9, 10, 11, 12, 13, 14].

In this paper our interest is to investigate the regularity of solutions of (1). We shall show
that the free boundary is real analytic in time and space variables, even if the given initial
data admit less regularity. This result is far from evident, by the fact that the system (1) is
a nonlinear problem involving non-local terms. Our analysis relies on the employment of the
functional analytic method and the theory of maximal regularity [15, 16, 17, 18], and some
techniques developed in [19, 20].

To give a precise statement of our main result, we first introduce some notations. Given
m € N, a € (0,1) and a bounded domain 2 in R”, we denote by h™+*(2) the so-called little
Holder space on €2 of index m+a, i.e., the closure of C*°(£) in the usual Holder space C™%((2).
Hereafter we shall fix a € (0,1). We use the notation C* to denote real analytic dependence.
Assume that Iy is a compact hypersurface in R? of class h3*®. Let I', be a compact embedded
analytic hypersurface in R? near 'y, such that I'y is a h**®-perturbation of I, in the following

sense: There exists a h3t®-function p, defined on I',, with a sufficiently small C*'-norm, such
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that I'y is the image of the mapping x — = + po(x)n(z), = € I',, where n denotes the outward
unit normal field on I',. Let Q¢ and €, be the bounded domain enclosed by I'y and T,
respectively. €0, will be used as the reference domain. In this paper, we identify a function
u: [0,7] — C(I',) with the corresponding function on I', x [0, T'] defined by wu(t, z) = u(t)(x) for
t € [0,7] and x € T,. Similarly we identify a function v : [0, 7] — C(£2,) with the corresponding
function on Q, x [0, T defined by v(t,z) = v(t)(z) for t € [0,T] and = € Q.. (o, 3,p,T) is called
a solution of (1) (strict solution, in the sense of Lunardi [18]) if it satisfies:
(i) There exist T > 0 and p € C([0,T), h3+t*(I'.)) N C*([0,T), h*(T.)) such that the boundary
I'(t) of (t) is the image of the mapping x — z + p(t,x)v(x), z € T, for each t € [0,T).
(#1) There exists © € C([0,T], B3+ (Q,,R"))NC* ([0, T), h*(Q,,R™)) such that O(t, -) € Diff***
(Q.,Q(t)) for each t € [0,T), and by writing u(t, z) := o(t,O(t, z)), w(t,z) := B(t, O(t, z))
and v(t,r) = p(t,O(t,x)), there holds (u(t,-),w(t,-),v(t,-)) € h3+*(€,) x h3+*(Q,) x
h1*t(Q,) for each t € [0,T).

(ii3) (o, B,p,T') satisfies (1.1) pointwise.
Then our main result is formulated below:

Theorem 1. Let Ty be a compact hypersurface in R™ of class h3™. Then the problem (1) has

a unique solution (o, 8,p,T') on some time interval [0,t%) with t* > 0. Moreover, the time-

space manifold U,¢ 4+ ({t} x I'(t)) is real analytic, and (o(t,-),B(t,-),p(t,")) € C*(€1(t)) x
C(Qt)) x C¥(Q(t)) for each t € (0,tF).

The remainder of this paper is organized as follows. In the next section, we give local well-
posedness of the problem (1). Section 2 aims at introducing a parameter-dependent mapping.

In the last section, we give the proof of Theorem 1.

1 Local well-posedness

In this section, we establish local well-posedness of (1).
Let Iy, be the compact embedded analytic hypersurface in R™ near I'g introduced before.

Recall that it encloses the reference domain €2,. Let ag > 0 and define
U:={peh®(L.); lpllorr.) < ao}-

For each p € U, we introduce a mapping
0,: Ty = R", 0,(x):=x+p(x)v(z),

where v stands for the outward unit normal field of I',. For each p € U, define an embedded
hypersurface I', in R™ by I', := im(0,) = {0,(z); + € I'.}. It is not difficult to see that the

-3
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operator §, is near the identity and 6, € Diff* (T, I',) provided ay > 0 is small enough which

is assumed to be satisfied later on. Noticing that I', is of class C*, one can easily find that
[p— 6, € CY(R"T () NU, (B""T*(T,))"), meN (2)

for sufficiently small ay > 0. We denote by 2, the bounded domain enclosed by I',. Let
7 € L(h™+(T,), h™T(Q,)) denote the right inverse of the trace operator tr(u) = u|r, which

can be defined as follows: Given ¢ € h"T%(T,), define 7(yp) := u, where u € h™+*(£,) is the

solution of the elliptic boundary value problem
Au=0 in Q,, u=¢ onl,.
It is obvious that tr(7(¢p)) = ¢ for ¢ € h™T*(I",). Given p € U, define an operator
©,: U —Q, 0©6,:=Idg, +n(0,—Idr,).

It can be verified that ©, is near the identity and ©, € Diff***(Q,,Q,) for sufficiently small

ag. Moreover, it follows from (2) that
[p 0, € CY(W™ T NU, (W"T(Q)"), meN, (3)

provided ag > 0 is small enough. It is obvious that ©,|r, =6,.
The corresponding pull-back and push-forward operators induced by ©, will be denoted
by ©7 and ©F, respectively, i.e.,

Qu:=uo®, forueC(Q,), ©OL:=v00," forve ().
Given p € U, we define the transformed differential operators A(p) and B(p) by
Alp)u = 03A(0%u),  B(p)u:=03(Y1V(0Lu), )  for u e C*(Q,),

where T; stands for the trace operator on I',, ¥ represents the outward normal field on I',, and

(-,-) denotes the Euclidean inner product in R". It follows from lemma 2.2 in [20] that

[P — A(,O)} c Cw(herZJra(F*) ﬂu7 ﬁ(hm+2+a(Q*)’hm+a(Q*)))’ ( )
4

[0 = B(p)] € C2(hm+2+(L) NU, L(BH2H(Q.), ™ H1H2(T,)))
for m € N and sufficiently small ag > 0, where £(Z1, Zy) denotes the Banach space of all linear
continuous mappings from the Banach space Z; to the Banach space Z,. We introduce the
transformed mean curvature operator N by N (p) := 0% x, where & is the mean curvature of the

hypersurface I',. From Lemma 3.1 in [20] we know that there exist

(P, P2) € C<(hm () NU, L(BH2H(T), hmte(T)) x hme(T))

_4-
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such that
N e Cw(hm”*a(f‘*) NnU, h*t*(T,)), m e N,

N(p) =Pi(p)p+Palp) for pehm™=F(T.)NU. )

With these preparations we can transform the free boundary problem (1) to a new system
defined on the fixed reference domain .. For this, we define O := A3 *(I',) NU. Let T > 0
be given and consider a function p € C([0,7],0) N C*([0,T],h*(I,)). Denote I'(t) := Iy
and Q(t) := Q) for t € [0,T]. Using these notations and denoting u(t) := ©;0(t,-), w(t) :=
©;8(t,-) and v(t) := O;p(t, ), we see that the problem (1) is converted into the following

problem:

A(p)u = mu +w in Q,, t >0,

A(p)w = rqw in Q,, t>0,

Alp)v = —n(u — & — ww) in Q,, t >0,

u=a, w=_, onIy, t>0, (6)
v="yN(p) onT,, t>0,

Op = —B(p)v onT,, t>0,

p(0) = po for t =0,

where pg is the function introduced before to define the initial data I'.
In the following, we fuse the system (6) into an evolution equation containing the unknown

p merely. To do so, let p € O be given and firstly consider the elliptic boundary value problem
A(p)w = 1w in Q,, w=p onT,. (7)

By the theory of elliptic PDEs and the perturbation theory for operators we know that (7) has
a unique solution w € h3t*(€2,) depending on p, which we denote by w = Q;(p). By defining

K: O x h¥(Q,) — h'+e(Q,) x h3T(T,), K(p,w) := (A(p)w — row, Tow — )

and by using the implicit function theorem and the analytic dependence of K(p,w) on (p,w),
we can prove

[o = Qi(p)] € C¥(O, K¥**(Qu)) N C¥(U, B*T*()). (8)
Next, we consider the problem
A(p)u =1u+ Q1(p)) in Q, uw=7 onl,, 9)

where we have replaced w with Q;(p). Following the same step we see that the problem (9)

has a unique solution u = Q(p) satisfying

[p = Q(p)] € C*(O, K7*(Q.)) N C*(U, h*T7(Q.)). (10)
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Then we consider the following elliptic boundary value problem

A(p)v = —n(Q(p) =& —1Qi(p)) in Qy, v=7N(p) on T\, (11)

where we have replaced u, w with Q(p) and Q;(p). Given p € O, we introduce two operators
T1(p) and T3(p) by defining v; = T1(p)h1 and ve = T2(p)hs to be solutions of the problems

{ A(p)vy =0 in Q,, { A(p)va = he  in .,
and

v = hy on I', vy =0 onT,.

We use the theory of elliptic PDEs to get a unique solution of (11), which is written as

v =Ti(p)N(p) — T2(p)n(Q(p) — & — Qi1 (p))-

Arguing as above one can prove that

[p = Ti(p)] € C=(hm+2*e(L,) U, LA™ (L), hmHHe(Q,)),

[0 = Ta(p)] € C¥(h™+2F(L) NU, L(K™F (), A H2H(Q))), m €N, 1
We introduce two mappings
R(p) = vB(p)Ti(p)P2(p) — B(p)T2(p)n(Q(p) — & — 1Q1(p)), (13)
®(p) =

g
1B(p)Ti(p)Pr(p)  for peU.
It follows from (2)-(5), (8), (10), (12), (13) and the fact that the composition of analytic
mappings is also analytic that

[p = @(p)] € C«U, LEPT(T,), h(T.))), o= R(p)] € CU, h*(T',)). (14)
By writing
U(p) :=2(p)p+ R(p) for peO, (15)

we see that the system (6) is fused into the following evolution equation for the unknown p:

W w() =0, p(0) = po. (16)

Summarizing the above deductions we get:

Lemma 1. The problem (16) is equivalent to the problem (6). Moreover, the nonlinear mapping
U introduced in (15) satisfies

[p = W(p)] € C*(O, h*(T)). (17)

We shall treat the problem (16) as a fully nonlinear evolution equation and establish the
maximal regularity for the linearization in the sense of Da Prato and Grisvard [17]. Due to this

point, given T > 0, set I := [0, 7] and

By = h¥(Iy), Eo(I) := C([0,T], h*(I'y)), Eo(I) := C([0,T], h7F(T.)) N CH([0,T], h(T')).

- 6-
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Write T for the (temporal) trace operator in E;(I), i.e.
YT: E(I)— Ey, uw u(0).

Let Xy and X be Banach spaces such that X is continuously injected and dense in X. Denote
by H (X, X) the subset of all A € £(X,, X ) such that — A, considered as an unbounded operator
on X, generates a strongly continuous analytic semigroup on X. Write W'(p) for the Fréchet
derivative of ¥ at p. Let L;5(X,Y’) represent the set of all bounded isomorphisms from the
Banach space X into the Banach space Y. We have the following result:

Lemma 2. Let p € O be given. Then (E(I),Eq(1)) is a pair of mazimal regularity for ¥'(p),
that is,

(&£ (), T) € Lu(Ba(l), Bo(]) x Bx), peO.

Proof. Given p € O, it follows from (15) that
V' (p)é = ®(p)€ + [@'(p)E]p — R'(p)¢  for & € K*H(T,).
Noticing v > 0, arguing similarly as in the proof of Theorem 4.1 in [20] we can prove
®(p) € H(W**(T.),h*(T.)), peO.
On the other hand, from (14) we know that
[©(p) - ]p € LU, h*(L4)), R'(p) € LWU,h(I's)), peO.
It follows from the well-known perturbation result of generators (cf. Section 2.4 in [18]) that
' (p) € H(RZT(T.),h*(T.)), pe€O.

Combining this with the fact that little Holder spaces are stable under continuous interpolation
method (-, -)2’00, 6 € (0,1) of Da Prato and Grisvard (cf. [16, 17, 18]), we get the assertion. [

Then we obtain the following local well-posedness of (16) (see also Theorem 2.7 in [16]):
Theorem 2. Given py € O, there exist tT :=t"(py) > 0 and a unique maximal solution
p = p(, po) € C([0,¢7),0) N C([0,7), h*(T.))

of the problem (16). The map (¢, po) — p(t, po) defines a local smooth semiflow on O.

2 Transformation

In this section we introduce a parameter-dependent transformation and study its smooth-
ing.

Recall that ', is a compact embedded analytic hypersurface in R™. We denote by V¥ (T,)
the vector space of all real analytic vector fields on I',. For each point x € T, let T, I', stand

for the tangent space of I, at . We rely on the following result of Escher and Prokert [19]:

-7
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Lemma 3. ([19]) There exist an integer N € N and a mapping

e C?RY xR xT,,T,) (18)
satisfying the following properties:
(u,t,-) € Diff*(T,)  for (u,t) € RY xR, (19)
{Vu(x) = %H(,u,t,a;)hzo; W E RN} =TI, forxzel,, (20)
[1 = V()] € Hom(RY, V*(L,)). (21)

In the following, we will convert the problem (16) into a new problem with the help of
the mapping II. For this, like in Section 1, given (u,t) € RY x R, we denote by II(j,t,-)* and
II(p, t, ). the pull-back and push-forward operators induced by the mapping II(y,t,-), i.e.,

O(p,t, ) ui=uol(u,t,-), T(u,t,)sv:=voll *(u,t,-) foru,ve C(,).

Given (u,z) € RN x Ty, from the proof of Lemma 3.1 in [19] we know that II(u,-,x) is the

unique global solution to the initial value problem
Z(t) =Vu(z), 2(0)=uz. (22)
Given (pu,t) € RN x R, define an operator S,,(t) : h3T*(T,) — h¥T*(T,),i = 0,1, by
S,(t)v :=1(p,t,)*v for v e ¥ *(T,),i=0,1.

Our next lemma shows that [t — S, (¢)] is a strongly continuous group on h***(I',),i = 0, 1.
Then the infinitesimal generator of {S,,(t); ¢ € R} on h*(T',) will be denoted by D,,. It follows
from [21] that D, is a closed operator on h*(I',). Thus its domain dom(D,,), endowed with the

graph norm of D,,, is a well-defined Banach space.

Lemma 4. Let S,,(t) and D, be defined as above. Then
(i) Given p € RN, [t — S, (t)] is a strongly continuous group on h3**(T',),i =0, 1.
(ii) h'T*(T,) < dom(D,,) and D,u(x) = T,uV,(x) for x € ', and u € h¥**(T,.).
(iit) [(p,u) = Dyu] € L2(RYN x h3T*(T,), h*(T.)).
Proof. (i) Observe the fact that II(u,-,-) is a flow on I, so that the group properties of
S,.(t) follow readily. It remains to show that S, (¢) is strongly continuous on h**+*(T,),i = 0, 1.

This can be easily verified with the help of the density of C*°(T,) in h%T(T,),i =0, 1.

(ii) A elementary calculation shows that

d 3}
%u(ﬂ(u,t,x))hzo = Txuaﬂ(u,t,x)h:o =T,uV,(z), =x€Tl.,uechtT,),
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where T,u denotes the derivative of u in the tangent space T,T,. If u € h!T*(T,) then
||S#(t)u_u uOH(/J'7t7') _UOH(M>07')

t t

so that ||T,uV,(z)|per,) < C||Dul[pe(r,). Thus we have

[nery = |l e,y < CllDullpaqr.y,

D,u(x) = T,uV,(z) for x € T\,u € h'T*(T,), (23)
R¥T(D,) < h'T(T,) = dom(D,) — h*(T.). (24)

(1) From the inclusion (24) we know that [w — D,w] € L(h*t*(T,), h*(T.)) for any
p € RY. Combining this with (21) and (23) we get (i4i). O

Let pg € O be given and let p = p(-, pg) be the unique maximal solution to the problem
(16), guaranteed by Theorem 2. By subdividing the interval [0, ¢") we may assume without loss
of generality that ¢* < 1. Hereafter we consider the solution on the interval I := [0,7] with
fixed T € (0,t"). Let Bgn (0,79) denote the ball of radius r( centered at the origin of RY, where
ro > 0 is small enough and is assumed to be satisfied later on. Since dist(p[0,7],00) > 0, we
know that there exist an open neighborhood O C O of p[0, T] and o > 0 such that S, (t)O C O
and S,,(t)(p[0,T]) € O for all u € Bgw (0,70),t € I. Tt follows from the compactness of I and the
fact that O is open in h3+*(I,) that Q(I) := C([0,T],O) N C* ([0, T], h*(T,)) is an open subset
of E1(I). Choose ¢ > 0 sufficiently small such that A\t € [0,¢1) fort € T and A € (1—¢eq, 1+£9).
Given (A, 1) € (1 — 0,1+ ¢€0) X Brn(0,7), define

pralt) = Su(00p(N) = T1(s, ) p(M) = LT 1,), L€ T, (25)
We calculate that
Soanl) = DuSu (0P + 28,0 5L () = DS, (00N = AS, (Do)
= Dupas(t) = A, (W (TT(ps )T )" (M)
Dlip/\ H(t) /\H(Mat? ) H(/J’a ) ) P, /L(t)))

v(
where we used (16), (25) and the fact that S,(¢) and D, commute on h*"(T,). By writing

]F(/Jﬂ ’U)(t) = H(,U, t, ')*\I’(H(u7 t, ')*U(t))v (26)

we see that p ,(t) solves the following problem:

d
Zh =+ XE (1, h) = Db =0, h(0) = po. (27)

Moreover, we have the following result:

Lemma 5. Let F(u,v) be defined as in (26). There hold
(i) [(u,w) — Dyw] € L2(Bgn(0,70) x E1 (1), Eo(1)).
(i2) [(p, v) = F(p,v)] € C¥(Brn (0,70) x O(I), Eo()).

9.
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To give the proof of Lemma 5, we need some preparations. Given (u,&) € B (0,79) X U
and t = 1, define
pi=M(u,1,),6 =&l (p,1,). (28)

It is obvious that p € U for each fixed u € RY. From the proof of Lemma 3.1 in [19] we know
that Vp = 0 for g = 0 and II(u, -, z) is the unique global solution of (22). It follows that

I1(0,1,-) =Idp, and p=¢ for u=0. (29)

Given (p, &) € Brn (0,79) xU, we denote by 8, ¢ the composition of the two mappings II(x, 1, ) :
I'n—=T.and 0,:I'y =T, , that is,

6%5 e — FP’ 9/%5 = HP() © H(:uv 1a ) = H(/h 1, ) + 6()(’/ © H(:uv 17 ))7 (30)

where as before v stands for the unit outward normal field of I, 6, is defined in the beginning
of Section 2 and we have used the relation (28). Since I, is of class C¥ and II € C¥(RY x R x
I, T,) (cf. (18)), we can prove

[w—vol(p,1, )] € C¥(Bgn(0,70), (R™T*(T\))"), m e N.
Thus for sufficiently small 7o > 0 and ag > 0, we have 0, ¢ € Dif*™*(I',,T',) and
[(12:€) = B) € (B (0,70) x (" (L) AU, (B"**(T)"), meN.  (31)
Given (u,&) € Brn(0,79) x U, define an operator
Oue: U —Q,, 0O,¢:=Idg, +7(0,¢—Idr.).
From the above relation and the property of the operator m we know that
(1,€) = O] € O (B (0,m0) > (WD) VL), (R™(2.))"), meN.  (32)

Obvious there holds ©, ¢
induced by ©,, ¢ are respectively denoted by ©7, . and emt je.,

r. = 0,¢. The corresponding pull-back and push-forward operators

Of cu:=uo0B, forueC(Q,), OLv:=v00,  forvel().

By parallel argument like in Section 1, we can convert (1) into a new system by using ©7 ;.

For this, given (i, &) € Brn (0,79) X U, we introduce the transformed differential operators
Au(&u = 07, A(OHu), Bu(&u =0 (T1V(044u), D), N,(§) =07 forue C*(Q,).
With the help of (31) and (32), arguing similarly as in the proof of Lemma 2.2 and Lemma

3.3 in [20] we can prove the analytic dependence of A,,(§), B,(§) and N, (§) on (,&) for small

- 10 -
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7o > 0 and ag > 0. By denoting a(t) := O, (0o(t,-), w(t) := O}, B(t,-) and o(t) := O}, p(t,),

we can transform (1) to the following equivalent problem

A (E)d = T + @ in Q. t>0,

AL () = 1 in Q. t>0,

A (9o = —n(t— 6 — 1) in Q,, t >0,

i=0c, ©=7 onT,, t >0, (33)
0 =N, (&) onT,, t>0,

0,6 = —B,(€)b onT,, t>0,

£(0) =& for t =0,

where &, = po by the fact that II(p,0, ) = Idpr, (cf. (29)). Moreover, by following the same

reduction process like in Section 1 and using similar notations, we fuse (33) into the equation:

% + qju(&) =0, 5(0) = 50) (34)

where
V(&) == 2,(6)E + Ru(§) for (pn,§) € Brn(0,70) x O,
[(11,€) = ©,(€)] € C¥(Brn (0,70) x U, LIW3T(T.), h*(T.))), (35)

[(1,€) = R, (§)] € C¥(Brw (0,79) x U, h*(T)).

Comparing the above steps carefully with those in Section 1 we get
Lemma 6. Let U and U, be defined by (15) and (3.18), respectively. Then
[(11, ) = W, (§)] € C¥(Bra (0,70) x O, h*(T'y)), (36)
W,(6) = (p, 1, )" W (II(p, 1,):8)  for (1,€) € Brn(0,19) x O. (37)
Now we can give the proof of Lemma 5.

Proof of Lemma 5. The assertion (i) in Lemma 5 follows readily from Lemma 4 and
the fact that I is compact. In the following, we prove (7).

It is not difficult to prove that
(tp,1,-) = (p,t,-)  for (u,t) € RN x R. (38)
Thus it follows from (25), (26), (37) and (38) that
Fp,v)(t) = (g t, ) (A, 2, -)wv(t)) = Tt 1, ) U (AI(Ep, 1, -)w0(t) = Wy (v(t))  (39)
for (p,t,v) € Brn(0,79) x I x O(I). Observing that (36) is valid for time-independent functions

v € O and the fact that I is compact, by employing the perturbation argument like in the proof
of Lemma 3.5 in [19], we can prove that for time-dependent functions v € O(I), there holds

[(1, 0) = Wyu(0(t))] € C¥(Brw (0,7) x O(I), Eo(1)). (40)

Combining (39) and (40) we complete the proof of the assertion (i¢) in Lemma 5. [

11 -



mlﬂiﬁﬂ Z§iEirz£ http://www.paper.edu.cn

3 Proof of Theorem 1

In this section we give the proof of Theorem 1.
Let py € O be given and let p = p(+, po) be the unique maximal solution of the problem
(16). Recall that I =[0,7T] for T € (0,t") and py ,(t) is defined in (25).

Theorem 3. There exists an open neighborhood A(e) := (1 —&,1+¢) x (—&,e)¥ C (1 —¢gp, 1+
£0) X Brn (0,79) of (1,0) such that [(A, 1) — px,] € C¥(A(e), O(1)).

Proof. Recall that p, , is the solution of (27). Define
d
G((A o), h) 1= (b + NE(,h) = Db, h(0) = po ).
It follows from Lemma 5 that
[(A, 1), h) = G((A\, ), h)] € CY(R x Brn (0,79) x O(I), Eq(I) X Ex). (41)
Given h € E;(I), we get from (29), (37) and (39) that
d d ,

0:G((1,0), p)h = —-G((1,0), p+eh) co = (Zh+ W (p)h, (), peOU).  (42)

From Lemma 2 we know that for fixed time-independent functions p € @ C O, there holds

(c;lt +¥(p), ) € Lis(Ei(I), Eo(I) X Ex).

Combining Lemma 2 with Remark IIT 3.4.2(c) in [15] we get that, given (¢, ¢) € Eo(I) x B,

there is a unique solution u € [y (I) to the inhomogeneous evolution equation

Lo W p(t)u = olt), u(0) =g,

dt
. d , . - - o .
that is, (a + ¥'(p), T) is surjective. Combining this with the open mapping theorem we get
d
0,6((1,0),p) = (5 + V' (p(0)), Y) € Lus(Ba(D), Bo(D) x By), peO().  (43)

Since G((A, ), h) = (0,0) holds if and only if A is a solution of (27), the implicit function
theorem on Banach spaces and (41)—(43) yield that there is a neighborhood A(e) := (1 —¢,1+
) x (—&,e)N C (1 —ep,1 +eg) x Brn(0,70) of (1,0) such that

(A 1) = paul € C¥(A(e),0(1)). O

We are now ready to give the proof of Theorem 1.

Proof of Theorem 1. Local well-posedness of (1) is guaranteed by Theorem 2 and the

equivalences between (1), (6) and (16). In the following we prove the analyticity.

- 12 -



mEITEI Z§iEiEz£ http://www.paper.edu.cn

Let A(e) be the neighborhood of (1,0) in R x RY| ensured by Theorem 3. Pick a point
(to,z0) € (0,t7) x I's. Let T € (0,t) be given with T' > ty, and set I = [0,T] as before. It
follows from Lemma 3 that there exists a series of unit vectors py, pio, - - , it € RY such that

(Viis Vi, -+, V) forms a basis of T,,I',. Given a vector a = (a1, as,--- ,a,) € R", we write

a::(alaa%“'aanaO,'“70)€RN) ,&::Zak,uk:ERN'
k=1
For sufficiently small 6 € (0,¢), define a neighborhood A(8) := (1 — 4,1+ ) x (—6,0)" x {0} C

RN+ We introduce a mapping
Z: A(6) = (0,t7) x Ty, (X a) — (Mo, IL(fi, to, o))
By virtue of Lemma 3 we know that
= e C¥(A>0),(0,t7) x T,) (44)

and

T1,0=(n,b) = to (77, Z kaM) e RxT,I,

k=1
for all n € R and b := (b1,ba, -+ by, 0,---,0) € RY, which indicates that T(1,0)= is bijective.
Hence it follows from (44) and the inverse function theorem that = is an analytic parametriza-
tion of an open neighborhood Ot 4, of (to, o) in (0,t7) x ', provided § > 0 is chosen small
enough. Noticing the obvious inclusion O(I) C C(I,C(T',)), we see that the evaluation map-
ping O(I) — R, f — f(to)(xo) is well-defined and analytic, which combined with Theorem 3
yields
(@) = paalto) (20)] € C(A(5), R). (45)

On the other hand, it follows from the definition of = and (24) that

E"p(A, @) = p(A, @) 0 E = p(Ao, IL(ji, b, 20)) = paa(to)(zo),  (A,a) € A(9). (46)
Combining (44)-(46) we get p € C¥(O(ty,2,),R). Since (tg, o) can be chosen anywhere in
(0,tT) x I, this implies

p€C?((0,t7) xI,), (47)

that is, the time-space manifold (J,¢ o ,+)({t} x I'(¢)) is real analytic.

To verify that the components o(t,-) and p(t, -) belong to C*(Q(t)) for each t € (0,t1), we
first consider the boundary value problem (7). It follows from Section 1 that the problem (7)
has a unique solution w = Q;(p) satisfying (11), which combined with (47) and the inclusion
R3+(Q,) C C(Q.) yields w(t,-) € C¥(€,) for each t € (0,¢%). Since B(t,-) = OLw(t,-), we
conclude from (3), (47) and the above relation that 8(¢,-) € C*(2(t)). Similarly we can prove
that o(t,-),p(t,) € C*(Q(t)). This completes the proof of Theorem 1. [
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