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ABSTRACT

We consider the modified restricted three body problem with power-law den-
sity profile of disk, which rotates around the center of mass of the system with
perturbed mean motion. Using analytical and numerical methods we have found
equilibrium points and examined their linear stability. We have also found the
zero velocity surfaces for the present model. In addition to five equilibrium points
there is a new equilibrium point on the line joining the two primaries. It is found
that L, and L3 are stable for some values of inner and outer radius of the disk
while collinear points are unstable, but L, is conditionally stable for mass ratio
less than that of Routh’s critical value. Lastly we have obtained the effects of
radiation pressure, oblateness and mass of the disk.

Subject headings: Photogravitational: Oblateness: RTBP:Chermnykh-Like prob-
lem.

1. Introduction

The problem, after imposing a restriction as one body of the three body problem is of

an infinitesimal(negligible) mass and remaining other two are of finite masses, is known as
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restricted three body problem(RTBP). The governing force of motion of the RTBP is mainly
the gravitational forces exerted by the finite masses also known as primaries. In the RTBP
if we take bigger primary as a source of radiation then problem called as photogravitational
RTBP which is generalized by taking smaller primary as an oblate spheroid.

The Chermnykh-like problem which was first time studied by |(Chermnykh (1987), deals
the motion of an infinitesimal mass in the orbital plane of a disk which rotates around
the center of mass of the primaries with constant angular velocity n. |Gozdziewski (1998),
examined the problem in the sense of nonlinear stability of equilibrium points and also
obtained the range of parameter for the same.

The Chermnykh-Like problem has a number of applications in different areas as celestial
mechanics (Gozdziewski and Maciejewski (1999)), chemistry (Strand and Reinhardt (1979))
etc. Also, the importance of the problem have seen in the extra solar planetary system
(Rivera and Lissauer (2000), lJiang and Iy (2001) etc.).

Further the effect of disc is very helpful in the study of resonance capture of Kuiper
Belt Objects (KBOs) as given in lJiang and Yeh (2004). [Papadakis (2005a), by taking as-
sumptions as constant mass parameter and variable angular velocity parameter, analyzed the
equilibrium point and zero velocity curve; [Papadakis (2005h) also studied the problem nu-
merically. lJiang and Yeh (2006) examined the Chermnykh problem with ¢ = 0.5 and shown
a deviation in the result of classical RTBP; also they have found the new equilibrium points
in spite of Lagrangian points. [Yeh and Jiang (2006) have found the condition of existence
of new equilibrium points analytically and numerically.

Ishwar and Kushvah (2006) examined the linear stability of triangular points with P-R
drag. Again [Kushvah (2008) examined the stability of collinear points and found unstable
points.

Motivating by the importance and applications of the Chermnykh-like problem, we
modeled a generalized photogravitational Chermnykh-like problem (section{2]) in which we
consider the angular velocity parameter n > 1 which depends on the gravitational force
of the disk assumed, radiation force of radiating (bigger) primary and oblateness factor of
smaller primary which is an oblate spheroid.Further we determine the equilibrium points
(sectiond3]) and zero velocity surface (sectiond]) and then find the stability of the equilibrium
points (section{d]) finally conclude the results (section{d]).
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2. Mathematical Formulation of Model

Let us consider the motion of an infinitesimal mass governed by the gravitational force
from the radiating body of mass my, oblate spheroid of mass my (m; > my) and a disk
which considered, around the central binary system, of thickness h ~ 10~* with power-law
density profile p(r) = -5, where p is natural number(here we take p = 3) and c is a constant
determined by the help of total mass of the disk.

We have chosen the unit of mass such that G(m;+ms) = 1; the primaries are separated
by unit distance so that unit of time obtained by the choice taken; p = be the mass
parameter then we have the masses Gm; = p and Gmgy =1 — p.

m2
mi1+ma2

Let us suppose Oxyz be the rotating coordinate system having origin O at the center of
mass of the primaries which is fixed with respect to the inertial system and angular velocity
w along z-axis. P(x,y,0), A(x1,0,0) = (—x,0,0) and B(x9,0,0) = (1 — 1,0,0) be the
positions of infinitesimal body, radiating and oblate primaries respectively, relative to the
rotating system.

So, the equations of motion of the infinitesimal mass in xy-plane with respect to as-
sumptions taken above be written as|as in [Kushvah (2011)]

ooy = Q. (1)
j+mi = Q 2)
where
0 = n?r (1—u)q§(fc+u) 3 u($+g— 1) §uz42(x+5u— 1) v
T T 2 Ty
L—p)qy py  3pdy
Q, =n’y — U=way _py 3 — -V
y =Y r3 s 2 13 v
and
(@ +y® (A —pa | p | pA
2 8] 9 21y

with r = /(z + )2+ 9% re = /(e +pu—1)2+y2 and r = /22 + ¢2.

In above expression ¢ = (1 — ) = (1 — %), the mass reduction factor of radiating
body, [}, is the radiation pressure force and Fj is the gravitational force of same primary.
R2—R?2

Ay = L is the oblateness coefficient of second primary/[as in McCuskey (1963)], R, and R,

5R?
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are the equatorial and polar radii of the same body respectively and R is the distance between

primaries. Then the mean motion of the primaries is given as n = \/ q + %Ag — 2f3(r) which

is greater than 1. The potential (V') and gravitational force f,(r), of the disk are given as:

(b—a)l 7  log?
V = —2chm - + gChﬂ' R (4)
(b—a)1 3 logt
fo(r) = —2ch7r7r—2 — gchw e (5)

where, a and b are inner and outer radii of the disk respectively. We assume that the
gravitational force fy(r) is radially symmetric, so we have Zf,(r) and £fy(r) as = and y
components of the force f,(r) respectively. Now, with the help of equations () and (2)) we
find the energy integral of the problem,

C = —i? — 9% + 20, (6)

where constant C is known as Jacobi constant.

3. Equilibrium Points

The coordinates of equilibrium points of the problem are obtained[as in [Moulton (1914)]
by equating R.H.S.of the equations () and () both, to zero i.e. Q, =, = 0 and solving
them for x and y. In other words

o2 A—patp) petp—1) 3p(z+p—1)

r3 r3 2 r3
—QChﬂ'(b ba)% — gchﬁlog g% =0 (7)
1— 3 A b—a
%chﬂog gr% —0 (8)

Solving equations ([7l) and (R)) for x and y we get the equilibrium points, separately given in
the following subsections.
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3.1. Collinear Equilibrium Points

For the collinear points we have y = 0, so that 1 = [z +p|, re = |z +p—1| and r = |z|.
Now suppose

I-—pwa@+p) ple+p—1) 3pds(z+p—1)

flay) =n’z - r3 r3 2 r3

—QChﬂ'(b ba)% - gchﬁlog g% =0, 9)
(@) = nly — (1 —Tlg)qw B % N g% ok (b;b@)%

—gchﬂlog 25—4 = 0. (10)

Consequently by substituting y = 0 in equation (@), we have f(z,0) = 0= K(z) (say) i.e.

K(z) = nz — QI—-—pwa(x+p) we+p—1) 3pA(z+p—1)

\:c—iru\?’ ozt p—1P 2 |r4+pu—1p

(b—a) x b x

— hrl = 0. 11
P - gehlos | ot (1)

Now, for the sake of simplicity we first divide the plane of motion Oxy into three parts
relative to the primaries as 1 —py < 2z, —p < x < 1 —p and z < —pu, we further divide
second part into two sub parts as 0 <z <1 —pu, —pu < x < 0, and for each considerable
interval we have the function K(z), which we shall use in equation (1) for further analysis,
as follows:

(2. (A=—wa _ @ _ 3__ pAs
e (x+u) (:v+u D2~ 2 (@tp-1)F
—20h7r(b 9) 4 — 2chrlog 2 If1—p<x,
a u)q A
W Gt + e T (mfu—21>4
—QChW(b_a)i — 2chrlo Ho<z<1-—upu,
K(QU) = 9 (1— H)412 & aa; 1As - a (12)
T - (e + e tiGhey
+2chm =% AL — 3chrlog 2% If —pu<x<O,
(1 u)q A
n'w + (x+u)21 M= 2 Y ey
+2ch7r = :(:_2 — —chﬂlog ax% If v < —p,

Case(1) when 1 — pu < 2: Let the distance between p and equilibrium point on the
x-axis in the interval [1 — p,+00) be p then x — 29 = (r +p — 1) = p > 0 and so in this
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case t — 21 = (x+pu) = (1+p) >0and 2 = (1+ p— pu) > 0. Substituting these values in

equation (II)) and simplifying, we have

(b—a)
ab

h—
8n?p'" + Bip? + Byp® + (Bg — 16¢hm — 8,u) p 4+ {By — 480h7r( %) +

ab

s (2enx =Y 5 j+ 2402} 5 + {Bs — 18ehr =Y 16 (2enr =D _5) ik
ab ab ab
b— b—
962 — 2443} p° + {Bs — 16ch7r( - 2 + 16 (chﬂ( - @) _ 5) A4 14407 — 7207 + 8t} p?
+Byp® + Bsp* + Bop + Big = 0. (13)

where, B; = 48n% — 32n2u, By = 120n2 — 160n%u + 48n2u2,
Bz = 160n* — 8¢y + 8 (—40n? + q1) p + 192n?p? — 32n2 13,

By = 120n? — 3chrlog 2 — 241 + 16 (3q1 — 20n?) pn+ 24 (—q1 + 12n?) p? — 9643 + 8n?p?,

b

By = 48n” — 6chmlog — — 24¢; — 4 (40n® + 3A; — 18¢1) pu + 24 (8n® — 3q1) p* +
a

24 (—4n® + q1) p® + 16n°p*,

Bg = 8n* — SChﬂlogg —8q1 — 4 (8n® + 154, — 8¢1) i1+ 12 (4n® + 34 — 4qy) ° +
32 (—n* +q1) 1 + 8 (n — an) 1,

By = —40 (1 4 345) i1 4 48 (2 + 34s) 12 — 36 (2 + As) 11 + 1642,
Bs = —8(1+1545) pu+ 24 (1 + 9A,) 12 — 12 (2 + 9A,) 163 + 4 (2 + 345) 14,

By = —60Ayp 4 144 A5 — 108 Agpi® 4+ 24 Aop* and By = —12A5 + 36 Aopu? — 36 Agpi® +
12A2,u4.

Suppose all the quantities are constants except p on which the roots of the above
equation depend. So, here we assume that L.H.S. of the equation (3] is the function of p
and p. For p =0, we have

p* (8np° +48n%p° 4+ 120n°p"* + C1p° + Cap® + C3p + Cu) = 0, (14)

where, C} = 160n? — IGChW% — 8¢y, Cy = 120n? — 48ch7r% — 3chrlog & — 24q;,

O3 = 48n?% — 48ch7r% —6chrlog 2 —24¢; and Cy = 8n? — 16ch7r% — 3chrlog £ — 8.
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One can see that the equation (I4) has four roots equal to zero and others come from
remaining factor. So applying the theory of solution of the algebraic equation assuming as
p is very small, the four roots of the equation (I4)) are expressible as a power series in p'/*
and vanish with p. Two of the four roots are real and others are complex with the real value

of u'/*. There fore the series is given as:

1 2 3 4
p=oqpt 4 agpt + azp + agpt + . (15)

where oy, sy, a3, ay, . .. are constant to be determined. Putting this p into the equation
([3) and equating, the coefficient of corresponding power of p'/4, to the zero we get

1
L ait _dy 2 _  {d?+3Aa(ds+ds)} 3
ap = :t—d1 , g = o, g = :I:—b,AQd% a1 and

_ {Zd% do+3abAa(ds+ds)}

i wh
— 4, W T
Qy 24,83 a4, where

a= %, di = 8abn® — 16chm (b — a) — 3abchmlog & — 8abgy

dy = 8abn® + 32chm (b — a) + Yabchrlog & + 16abg;,
b
ds = [448a*b°n* — 6656a°n’*chr (b — a) + 1024c*h*7*(b — a)® + 135> h*n* (log 5)2 +

b
144abch{15abn’ + 4chw (b — a)}og 5]’

dy = 32ab{104abn?® + 32chm (b — a) + 9abq; chrlog 2} + 256a2b?¢?,
b
ds = [512a*b*n® — 16384a*n*chr(b — a) + 20480n*c2h*12(b — a)* + 5952a*b*n* chrlog o +

b b b
2232a*b*n*c*h*r* (log 5)2 — 27a*b*h*(log 5)3 + 12288abn*c*h*7* (b — a)log 5]’

dg = 2048abn*{4abn® + 10bchm (b — a) + 3abchrlog 2 }qi + 5120a*b*n?qi.

So after calculating these constants and with help of equation () we get p. Therefore
in the case (1) we have

rlz\:c—i—,u\:1—|—p:1+0z1/ﬁ+a2u%+a3u%+a4u%+...,

1 2 3 4
ro=lr+p—1[=p=oips + agut + azps + agpt + ..., (16)
r:|x\:1—,u+p:1—,u+oz1,ui+a2u%+a3u%+a4u%+....

Case(2) when —p < x < 1 — p: sub case(i) when 0 < z < 1 — pu: let us suppose that
the distance between p and equilibrium point on the z-axis in the interval [0,1 — u) be —p
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then v — 29 = (x + u— 1) = —p < 0 and so in this case x —x; = (x +p) = (1 — p) > 0 and
x = (1—p—p) > 0. Putting these values in equation ([I1) for same interval and simplifying,
we have changed form of equation (I3]) as follows:

8n*p™ — Bip” + Bap® + (—B3 + 160h7r(b ;ba) - 8M> pr+{Bi— 48ch7r% "

8 (16ch7r(b;ba) + 5) p— 242 g% + {—Bs + 480h7r(b;ba) — 16 <2ch7r(b;ba) + 5) o+

(b—a) (b—a)
ab ab

962 — 2413} p° + { Bs — 16¢chm

+ 16 (16ch7r — 5) p— 144p° 4+ 720 — 8pt}yp?

—B7p” + Bsp® — Bop + By = 0, (17)

also changed form of equation (I4]) is
p* (8n?p® — 48n?p° 4 120n%p* — C1p® + Cop® — Csp + Cy) =0, (18)

where By, By, ..., By, B, C1,Cs,C3 and C} are given as in case (1). Similar analysis as in
case (1) provides

1 2 3 4
rm=lrtpl=1-p=1—opi —api —azp® —aupi — ...,

1 2 3 4
ro=|r+p—1f=—p=—aipt —agput —azput —aupt — ..., (19)

1 2 3 4
r=lr|=1—p—p=1—p—agp® —agui — agus — auus —....

where constant aq, ag, ag, ay, ... are given as:
1
_ 4 (zo)1 _ d 3 _ 4 {di+345(ds+da)} 3
a1 = + a0 Qg = E(—OZ)‘l, a3 = iw(—a)‘L and

o {Qd% do+3abAs (d5 +dg )}
12A2d3

Qy = (—a)% and «, dy, dy, d3, dy, ds and dg are as in case (1).

Sub case(ii) when —p < 2 < 0: let the distance between p and equilibrium point on the
x-axis in the interval (—u,0) be —p then x —xo = (x+pu—1)=—p <0,z —z; = (x+u) =
(1—p)>0and z=(1—-p—p) <0 (The main difference in sub case (i) and(ii) is that
in (i) « > 0 and in (ii) z < 0). Putting these values in equation (Il for same interval and
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simplifying, we have changed form of equation (I3)) of the case (1) as follows:

(b—a)
ab

h—
8n?p'® — Bip® + Byp® + (—Bg — 16ch7r( ba) — 8,u) p" + {By + 48¢cht
a

b— bh— h—
s (2enm 8= 5}y oay 0+ (-5, — asehr =Y 116 (2= _5) s
ab ab ab

0642 — 2413} p° + { B + 16chw% — 16 (chw% - 5) o — 14442 + 7208 — 8pt}pt —
B7p3 + ng2 - ng + Bl(] = O, (20)

also, changed form of equation ([I4]) of the case (1) is

b
o {8n2p6 — 48n2p° 4+ 120n%p* + (C) + 16¢1) p* + (Cg + 96ch7r( bCL)) 0’
a

b b—
+ (Cg — 12chrlog o + 48q1) p+ (C’4 + 32ch7r( aba))] =0, (21)

where By, Bs, ..., By, By, C1,Co, C5 and C} are given as in case (1).

INTS

1 2 3
m=lrtpl=1-p=1—opi —aui —azp® —aups — ...,

I

rzzlévﬂt—ll=—p=—a1ui—azu%—a3u%—a4u4—---, (22)

1 2 3 4
r=lzl=—-1—-p—p)=—1+p+aput+agu® +azps + agui +....

where constant oy, g, a3, ay, ... and « given as in case (1) whereas
dy = 8abn® 4 16¢chm (b — a) — 3abchrlog & — 8aby,
dy = 8abn® — 32achm (b — a) 4 9abchrlog L + 16abg;

b
ds = [448a*b*n* — 6656abchn’m(b — a) + 1024c*h*7%(b — a)? + 135a*b*c*h*7* (log 5)2 +
b

144abch{15abn* — 4chm(b — a)}log a],
dy = 32ab{104abn?® — 32chm (b — a) + Yabchrlog L }qi + 256ab?¢3,

b
ds = [512a*b*n® — 16384abn’chr (b — a) + 20480n°c*h*7 (b — a)? + 5952ab*n‘ chrlog P
2232a*b*n’*c*h*r*(log 2)2 + 27a*b*h* 71 (log 2)3 — 12288abn’*c*h*7* (b — a)log g],

dg = 2048abn*{4abn* — 10chm (b — a) + 3abchrlog L}q; + 5120a%b*n’¢.
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Case(3) when o < —pu: let the distance between 1 — p and equilibrium point on the
x-axis in the interval (—oo, —p) be denoted by 1 —p then x —x; = (x 4+ p) =(p—1) <0is
negative and sox — o =(r+pu—1)=(p—2) <0and z = (p — u — 1) < 0. Putting these
values in equation ([II]) and simplifying we get

8n?p'" + B1p” + Bap® + Bsp” + Bap® + Bsp® + Bep' + Brp” + Bsp® + Bop + Bio =(03)
where in this case,

By = —112n? — 32n%u, By = 69602 + 416121 + 48n2p?,

By = —2528n2 + 16chr % + 8¢, — 8 (2960 + ¢1 — 1),

B, = 59440 — 176chn " _b“) - SChwlogg 8¢, + 8{968n” — 16chr " _ba)

a a
—8¢1 — 9bp+ 24 (124n® + ¢ — 1) p® + 352n°p® + 8n’p’,

b— b b—
By = —9456n2 + 8160h7r( ba) + 30chmlog — + 408¢; + 4{—4008n> + 4Och7r( ba) +
a a a

3A; — 42¢; + 68} p — 8 (1080n” + 27¢; — 24) pi* — 24 (68n* + ¢ — 1) p* — 80n*p?,

(b—a)

b— b
Bg = 10312n* — 2064ch7r( ba) — 123chrlog — — 1032q; + 4{5448n* — 164chr
a a a

—15A; + 12q; — 140} p + 12 (1284n° — 3A; — 64¢; — 52) pi* + 8 (516n° + 26¢; — 21)
+8 (41712 +q1 — 1) ul,

(b—a)
ab
+15A5 + 721 + 85} + 4 (—4320n” + 3645 + 336¢; + 264) p° + 4 (—1536n” + 94—

176q; + 114) p® — 16 (44n® + 4q — 3) p*,

b— b
B; = —7616n2 + 30720h7r( ba) + 264chrlog — + 1536q; + 8{2432n* + 176chm
a a

b— b b—
By = 364807 — 2688ch7r% — 312¢hrlog — — 1344q; + 8{1376n? — 208ch ba)
a a a

—15A, — 144qy — 61} + 8 (1488n° — 27 A, + 144¢; — 123) pi* 4 4 (1344n° — 27 A, + 288¢,
—150) 4¢* + 4 (208n* — 34, + 48¢; — 13) p*,

(b—a)

b— b
By = —1024n? + 128()ch7r( ba) + 192chrlog — + 640q; + 4{—896n* + 256¢hT
a a a

+15A; + 224¢; + 48} 4 8 (—576n° + 1845 — 48¢; + 60) p* + 4 (—640n° + 27 A, — 224¢;
+96) 1i° + 8 (—64n* + 345 — 32¢; + 12) p*,



— 11 —

(b—a)

a
—3A; — 64q; — 8} + 12 (64n* — 345 — 8) p* + 4 (128n* — 94, + 64¢; — 24) i

+4 (32712 - 3A2 + 32q1 - 8) ,u4.

(b—a)

b
By = 128n? — 256¢hn — 48chrlog — — 128¢; + 4{128n* — 64chn
a

Putting p = 0 in equation (23)), we have

(=24 p)*(—1 + p)*[8abn?p* — 32abn?p® + 48abn*p*{—32abn? + 16chm(b — a)
b
+8abqy }p + 8abn® — 16¢chm(b — a) — 3abchrlog P 8abgq;] = 0. (24)

Clearly out of ten roots of equation (24)), four equal to 2, two equal to 1 and others come
from remaining factor. Now here we want to apply the theory of solution of the algebraic
equation similar as earlier cases assuming as p very small and L.H.S. of equation (23)) is
function of p and p only. So the four roots of the equation (23) are expressible as a power

1/4 1/2 with an extra

1/2

series in p'/* with an extra term as 2 and two roots as a power series in p

term as 1 and these series not vanish with p due to extra term. The power series in p

with an extra term as 1 is independent to p as its constant coefficient comes out zero, so this

1/4

series is unimportant whenever the power series in p'/* with an extra term as 2 depends on

. The two of the four roots are real and other are complex with the real value of p'/*. The
power series is given as:

p:2+a1,u%+a2u§+0z3,u%+oz4,u%+..., (25)

where aq, g, g, ay, ... are given as in case (1) which is obtained by putting p from (25])
into the equation (23) and equating, the coefficient of corresponding power of p'/4, to the
zero. In this case « is same as in earlier cases and d3, d5 are as in sub case (ii), whereas

dy = 8abn® + 16chm (b — a) — 3abchrlog & + 8abq,,

dy = —8abn? + 32chm (b — a) — Yabchrlog 2 + 16abq,

dy = —32ab{104abn® — 32chm (b — a) + 9abchrlog 2 }q + 256a%b%¢3,

ds = —2048abn?*{4abn* — 10chm (b — a) + 3abchmlog L}q; + 5120a*b*n’q3.

Again from equation (25]) we get p and there fore in this case we have

1 2 3 4
rm=lr+pu==(p—1)=—1—a1put — aou? — azp® — aui — ...,
ro=lr+tp—1=—-(p—-2)= _Oéllui —Oézll% —Oésll% —044,1/11 — (26)
1 2 3 4

r=lrl=—(p—p—1)=—-1+p—aput — aut —azput —agput —....
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For numerical calculation we set the parametric values as follows: Mass parameter(p) =
M:'fmj = 0.000953728, where M (Sun mass)= 1.98892 x 10*°kg and m;(Jupiter mass)=
1.8987x10?"kg, radiation factor(g;) = 0.75, oblateness effect(Ay) = 0.0025, disk’s mass(M;) =
0.4 (taking disk’s inner radius(a) = 1, disk’s outer radius(b) = 1.5, control factor of density
profile(c) = 1910.83, disk’s thickness(h) = 0.0001 and 7 = 3.14). Putting these values into

the equation (1) for each intervals and solving we have collinear equilibrium points with

respect to the relevant intervals given below:

In interval (1—p, +00) we have six real values of x out of that five lie outside the interval
and remaining one i.e. L; = 1.05667 belongs to the interval. Similarly in case of interval
(0,1 — p) we have four real values of x, one of them i.e.Ly = 0.813609 belongs to the interval
(0,1 — p) and three other lie outside the interval. In the interval, (—u,0) we again have
four real values of x, one of them i.e.l;y = —0.00879106(new point) belongs to the interval
(—pu,0) and three other lie outside the interval but in the interval (—oo, —u), we have only
two real value of z one of them i.e. Ly = —0.823420 belongs to the (—oo, —u) and other one
is positive.

We also find the collinear equilibrium points with the help of equations (I6), (I9), 22
and (26)), after evaluating «;,;i = 1,2,3,4 ... and hence p for each case, also for mean motion
(n) we set here disk’s reference radius r = 0.99, given as L; = 1.04411, L, = 0.971566,
[y = —0.975463 and L3 = —0.977926 which is very close to the points obtained above one
excepting the new point [; which is also outside of the relevant interval.

In figure [l (a), f(z,0) = K(z) Vs x contains four curves (i), (ii), (iii) and (iv) for the
different intervals of x or domains of f(x,0) but same range of f(z,0). These four curves
intersect z-axis at one and only one point i.e. at L, Ly, L3 and [; in their respective intervals
(but out side the respective intervals we find some more intersections points of each curves

4
40 3 G i) i)
20 _ 2 0)
ay) 1
o 0 i T2
w - 0 I A Lo
-20 -1
(i)
-0 @ -2
-3 (b)
-60
-2 -1 0 1 2 _2 -1 1 2
X X

Fig. 1.— Collinear Points: f(z,0) Vs z- at ¢ = 0.75, Ay = 0.0025, a = 1, b = 1.5 (a) range
and domain of f(z,0) both different (b)range and domain of f(x,0) both same.
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Fig. 2.— Comparison of nature of curve f(z,0) drown at different values of parameters:
q1, Ay and b.
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which are other roots of the (I3]), (I7), (20) and ([23). These intersection points i.e. Ly, Lo,
L3 and [y are much clear in figure [l (b) which is drown at same domain and range, which is
nothing but the respective intervals of each curves. In figure 2 we plots same curves as in
figure Il (a) but at different values of disk’s outer radius b i.e at b = 1.0,1.2,1.5, and 2.0 in
addition with classical case (¢ = 1, Ay =0 and a = b = 1.0). In other words figure 2], shows
the nature of curve f(z,0), at different widths of disk, which is similar in nature as in figure
[ (a) and intersects z-axis at only one point Ly, Ly, L3 and [; in their respective intervals
while in classical case (even in our cases also i.e. if ¢g = 0.75, Ay = 0.0025 and a = b = 1)
the curves f(x,0) intersect z-axis at three different points L1, Lo, L3 and for z in (—py,0),
f(z,0) does not intersect z-axis.

Thus, we conclude that in the presence of disk, there are always four different intersection
points Ly, Lo, L3 and [ of curve f(z,0) with z-axis, each lies in the four different intervals
described above.

3.2. Triangular Equilibrium Point

In this case we have y # 0, for the convenience let us suppose that r; = qi/ 3(1 + 1)
and ro = 1 4 09, where 61,0, < 1. Putting these values of r; and 7y into the equations
r? = (x+p)> +y? and r2 = (z + p — 1) + y? and then solving with the rejection of second
and higher order terms of d; and d,, we get

2/3 2/3
v =24 —pu+ (@736, — &) and y = +¢,/° (1 — 44+ (2 —¢'*s, +52) /2. We de-
termine the values of §; and do by putting the values of x,y (after neglecting the terms
containing 6,8, < 1), r1 = ¢.*(1 4+ 6;) and r, = 1 + 8, into the equation (7) and (§) and

solving them with the rejection of second and higher order terms of d; and d, we get

— log &

01 = ! {1 —n? 4 20h7r(b %) 273 ! + §ch7r 2(35 5 } ,(27)
3 ab (12 + (1 =p)3/2 8 (2 +q" (1 - p))?
1 3 (b—a) 1
0g = ————— |1+ =Ay —n?+2hrm +
T3+ 34) { 2" ab (12 + g} (1 — p))3/2
loo b

3 chr k- } (28)
(124 ¢ (1 - p)?

Hence, the coordinates of triangular points are :

2/3

x:qlT—,ujL(qf/g&—ég)

2/3
y = +q," <1 — A (26 +52) 1/2
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where 0; and Jy are given by equation (7)) and (28) respectively.

Numerically the co-ordinates of triangular equilibrium points are Ly = (0.366171,0.641213),
and Ls = (0.366171, —0.641213) which are obtained by using same parametric values as in
collinear case into the equation (@) and (I0) and solving them for z and y. We also calculated
Ly = (0.447217,0.515281) and L, = (0.447217,—0.515281) with the help of equation (29]) by
evaluating d; and dy from the equations ([27) and (28)). The mean motion (n) is calculated
at disk’s reference radius (r) = 0.99 and found very similar results. We have seen that the
Ly(5) are no longer remain triangular equilibrium points as they are in classical case.

4. Zero Velocity Surface

Since, equation (@) generally denotes the relation between coordinate and velocity of
infinitesimal mass with respect to the rotating system, so by taking velocity term as zero in
equation ([€]) we have the equation of zero velocity surfaces as follows:

20 =C (29)

that is

r= /(2 + p)? P+ 22
ro=/(z+p—12+y>+22
|r= VYt 2

Here, we try to know the approximate form of zero velocity surface[as in Moulton (1914)] by
analyzing the shape of the curves obtained by intersection of surface ([B0) with the zy-plane.
The equation of curve is given by putting z = 0 in ([B0) which is as follows:

2(1 — paq 2p (A
o+ + + +
Va+p)?2+2 Jo+p—12+y2  (@t+p—172+y2)>%?
(b—a) 1 7 log &
4ch — —ch a_ —
chr— e 1€ sz—i-yz C (30)

Here if we increases the value of  and y, all terms, except first and second, on L.H.S. of
[B0), become negligible compare to first and second terms. Thus for the large value of  and
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Fig. 3.— Zero velocity surface: ¢; = 0.75, A, = 0.0025, a =1, b = 1.5 and r = 0.99.
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y, curves become very close to a circle of radius v/C' — € having equation

22yt =C— 2(1 — ) _ 2p _ Az _
VPt Vetp=12 2 (@t p— 1) 4y
b— 1 7 log?
4ch7r( 2 + —chm B _o_ €, (31)

ab /a2 4y2 4 2?4 y?

where, € is very very small. For the small value of x and y, the terms 22+ y? will be negligible
compare to remaining terms on L.H.S. of (30) and therefore, the curves become very close
to an equipotential surface given bellow

Vit 2+ ot p=12+2 (@+p—1)72+y2)%2
— 1 log &
4ch7r(b %) — Zch7r Ba__ C—z>—y"=C—p¢, (32)

ab /a2 4y2 4 2?4 y?
where € is very very small.

The surface is given in figure Bl where two singular regions are shown by conic shapes.

5. Stability of Equilibrium Points

For the stability of equilibrium points (z., y.) let us assume a small change in its coor-
dinate as v = z. + &,y = y. +1, where the displacements & = Pie,n = PyeM are very small,
Py, P, and )\ are parameters to be determined. Putting these coordinates into equations (1))

and (2)), we have the transformed equations of motion as follows[as in [Murray and Dermott
(2000)]

§—2m) = £, +19,, (33)
i+ 28 = EQy, + 10y, (34)

where superfix 0 denotes the corresponding value at equilibrium point. Now putting £ =
PieM n = Pye and simplifying we have
(A = Q)P+ (—2nX — Q) P, =0, (35)
(2nA — Q) ) PL+ (A — Q) )P, =0, (36)

for nontrivial solution we have

NoQ0 —op)— QO
0 2_ ()0 = 0.
2n\ — Qym A — y
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Simplifying above we have characteristic equation as follows:

Now,

N (4n? — Q0 — Q0 )A2 4 (22,00 — Q%2 ) =0,

L—p) p 3pA (b—a)l
Qmm: 2_Q1( ____ —_— — 2ch —
" r3 rs 27} ab 13
3 b1 3q(l- +w)?  Bulz+p—1)2% 15 pAy(x +p— 1)
Sehriog VL a1 ( ﬁg(w 1) N plz 7’? ) +?u o(x ﬂu )
1 2 2
(b—a)z* 3 b 2?
L 2 ehrlog
+6chm " r5+26h7TOgar6’
1—p) p 3pA (b—a)l 3 b
q —p2_ald—p p_ 3pd = Zehrlog ——
w =1 r3 rs 27 ab g OB *
3qi(1 —p)y® | 3uy® | 15 pAgy? (b— )y2 3 2
— 6chm——==— + —chml
r? 5 2 s * b 2Ry
a _3q1(1—u)(x+u)y+3u(x+u—1)y+§qu(x+u—1)y
e e ro ) 2 r
1 2 2
b— b
t6cha )—y+ chrlog - 2.
ab ar

In the following subsection we examine the stability of equilibrium points.

5.1. Stability of Collinear Equilibrium Points

For the stability of collinear points (y = 0), we have

2q1(1 — 2 6pA b—a)l
Q=2 2007 2, Gpdly |y (0a) L
Ty rs r3 ab r
+—chrlog
L—p) p 3pA (b—a)l
g —p2_0d-—p p 3pd 1
v r3 rs 27} AT
b1
——chwlog —
ar
Q:cy_Qy:c_Oa

(41)

also we have r; =[x+ p|, o = |+ p — 1| and r = |z|. To insure the stability of equilibrium

points, we must have £ = Pe*, n = Pye™ which can be expressed in a periodic functions.

In other words the four roots Aj, Ay, A3 and A4 of the characteristic equation (B7) must be



- 19 —

pure imaginary[as in [Boccaletti and Pucacco (1996)] otherwise we have an unstable point.
Hence for this we examine here nature of roots which is easily done by finding the sign of
Q9, and Q) as follows:

In case(1) when 1 — p < z, we have Q% > 0 and ng < 0 and hence the discriminant
D = (4n* — Q), — Q) )* —4Q0 Q) has positive sign. Therefore in this case, the two of the
four roots Aj, A2, A3 and A4 of the characteristic equation (37) are complex conjugate pair

and remaining two are pure imaginary conjugate pair. That is

— (4n2 =0, — Q9)) 4/ (4n2 — 02, —09) — 400,

2

)\1:—>\2:\

is a complex conjugate pair and

— (an2 -0, — Q0) — /(402 — 02, —0)° — 400,00

zz fyy
2

)\3:—>\4:\

is a pure imaginary conjugate pair. Thus the condition of stability failed. Similarly, analyze
the case (2)(i) when 0 < 2 < 1 — p we have Q) > 0 and Q) > 0, in case (2)(ii) when,
—p <z <0 we have Q) > 0 and Q) < 0 and in case (3) when, © < —pu we have Q) > 0
and ng > (. That is in each case we have a positive discriminant. Therefore, we conclude
all the collinear equilibrium points are unstable. We examined the stability of collinear
equilibrium points with respect to same parametric values setting above and conclude that
generally Ly, Ly, L3 and l;(new point) are unstable points but L, is stable for the disk’s
width (a =1, 1.446 < b < 1.767) also Lj is stable for the disk’s width (a =1, 1 < b < 1.08).

5.2. Stability of Equilibrium Point L,

In case of L4, we have

3uAs 3 b1

2 0 0 _ 2

dn” — Q. —Q,, =n" — N - gchw log ol (44)
2

ngQSy - Qomy = 9:“’(1 - ,U,)’}/(], (45)

where

5A b—a logb—1loga
%:yg[ 56115 <1+ 2)_|_ 6511,LL5 (2 — i g g )

T1,072,0 27“%,0 1,070 21
hr(l — 5A b— logb —1
48 (1 — p) L+ 22 gb—a  log oga (46)
7’87’30 23, ab 2ro
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The superfix 0 indicate that values are at equilibrium points. Now, from the characteristic
equation ([B7) we have

zx™ fyy

2 2
- (4n? —Q0, — Q0 ) & \/ (4n2 — 00, — Q0 )* — 4 (Q0, Q0 — Q0 ) -
2
It is seen earlier that & = Pie™, n = PyeM will be periodic and bounded if \; ;i = 1,2, 3,4 is
pure imaginary, i.e. A2 < 0. Therefore for stable solution we must have (4n2 -0 — ng)z >

2
4 (QO Qo — Qoiy>. In other words <n2 - ?’;gﬁ — 2chrlog 37%) > 36u(1 — p)yo. For the
0

zzs tyy Ty
classical values i.e.(q¢y =1, Ao =0, b=a,n =12 = % -,y = j:@, ry =1y = 1), the
above inequality reduces as 27u(1 — ) < 1 which provides p < 0.0385209 = .. the value of
critical mass in classical case. But in our case the value of critical mass for different values
of ¢1, Az, and b will be obtained by following graphs.

In figure @, we plot u Vs b, where (a) for ¢y = 1 and (b) for ¢; = 0.75 both containing
three curves (i) As = 0, (ii) A2 = 0.0025, (iii) A2 = 0.0050 have same nature i.e. as we
increases the value of disk’s width b, critical mass pu. also increases. Initially these curves
increases slowly but when b > 1.6 they increase strictly as depicted in figurddl These shows
that when we increase the width of disk, stability region spans slowly then rapidly after
b= 1.6 upto u. = 0.5.

6. Conclusion

We have studied the dynamical properties of modified restricted three body problem
and found that there exists a new equilibrium point in addition to five equilibrium points

05 | 05 €
0 (i
04 iif 04
03 03
3. 3
0.2 () 02 (b)
0.1 0.1
0 0
1 1.2 14 16 1 12 14 16 18
b b

Fig. 4.— Variation of critical mass: (i) Ay = 0, (ii) Ay = 0.0025, (iii) A2 = 0.0050. (a) at
¢ =1,a=1,7r=0.99, (b) at ¢ = 0.75,a = 1,7 = 0.99.
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in classical problem. The zero velocity surface have obtained and examined the stability
of equilibrium points. It is found that the L, and L3 are stable for certain values of inner
and outer radius of the disk and other collinear points are unstable while L, is conditionally
stable upto the Routh’s value of mass ratio. Thus stability region spans with the width of
the disk. Hence, we conclude that the shape and size of the disk are very significant for the
motion of the bodies in space.

This work is supported by the Department of Science and Technology, Govt. of India
through the SERC-Fast Track Scheme for Young Scientist [SR/FTP/PS-121/2009]. First
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