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Abstract: Using trigonometrical series theory and contraction mapping principle, This paper study
+oo +oo
difference systems X(n+1) = > A({)X(n —j)+ f(n,z(n+)) and X(n+1) = > A@GHX(n—j)+
j=—o00 j=—o0

G(n,X(n+-)), sufficient and necessary conditions on the existence of periodic solutions for the first equation
and sufficient conditions on the uniqueness of the second equation are obtained.
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1. Introduction

Paper[1] studied the existence of Periodic Solution of linear inhomogeneous differential equations

+oo
i(t) = / (dE(s)|(t + 3) + £ (1), (4)

— 00

where E : R — C™*"is continue to the left and of bounded total variation on R, i.e., v = [*_|dE(s)| <
0o, f € Cr, and z € BC(R;C™) := {¢ € C(R;C™) : ¢is bounded on R}. Paper[l] obtained some
sufficient and necessary conditions on the existence of periodic solutions for Eq. (A).

Paper|[2] studied the uniqueness of Periodic Solution of quasilinear functional differential equations
i(t) = / dE(s)(t + 5) + Gt a(t +-)), (B)
R

where z(t) € R",E : R — R™is continue to the left and of bounded total variation on R, i.e.,
v = ffooo |[dE(s)| < 00, G : R x BC(R; R™) — R™ is continue, G is T' > 0 periodic with respect to
its first variable t, and G maps bounded set to bounded set .Paper[2] obtained some sufficient and
necessary conditions on the uniqueness of periodic solutions for Eq.(B).

Using trigonometrical series theory and contraction mapping principle, This paper study discrete

linear inhomogeneous difference systems and qunasilinear delay difference systems,and obtain sufficient

*Supported by 973 Program of the Ministry of Science and Technology of the People’s Republic of China
No.:(1999064911)
TBiography: TANG Mei-lan (1972-),Lecturer,Master, E-mail:csutmlang@163.com



o [ R e SR http://www. paper. edu. cn

and necessary conditions on the existence of periodic solutions for the discrete linear inhomogeneous

difference systems with sufficient conditions on the existence of periodic solutions for the qunasilinear
delay difference systems,morever,The main results in [1],[2]are extended and improved to difference

systems.

2. Main Results

In this paper ,we investigate the following linear inhomogeneous difference periodic systems

+oo
X(n+1)= Y AGX(n—j)+ f(n). (1)

j=—o0

where A(j) € C™*™, X(n) € C", f€lny ={{op(n)}| ¢(n+ N)=¢(n),},N >1 is positive integer.
N-1
Lemma 1 Suppose that f(n) € Iy ,then f(n) can be uniquely expressed as f(n) = > f(k)et+™,
k=0
- N-1 .
where f(k) = + z—:o fn)e=mem = 25 ke o= {0,1,2,...,N — 1}.

Proof: Assume that
N-1

fn) =) a(k)e" (2)

k=0

hold,multiplying Eq.(2) by e™#™ and adding form 0 to N-1 ,we obtain

N-1

N-1N-1
S fmett = % Y a(k)ensnesumn
oy n=0 k=0
N-1 N-1
= a(k) S elms—min,
k=0 n=0

Since

elte—p)n _ N k=]

0 k#J
We have
N-1
> f(n)e " = Naf(k),
n=0
Hence
1 Nl R
k)= — THmt = f(k
ol4) = 3 32 S = ),
N-1
This implies f(n) can be uniquely expressed as f(n) = > f(k)et+™.
k=0
N-1
Lemma 2 Assume that f(n) € Iy and f(n) can be expressed as f(n) = > f(k)e!*™ then
k=0

N-1 | Nl

Yo fwIP = N PORFACO]L

k=0 n=0
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Proof: Since f(n) = Nil f(k)er " we have
k=0
If(n)]? = < f(n),f(n)>
N-1 N-1
= < f(k)ersm, Fe >
k=0 1=0
N-1
= < f(k%f(k) > elhe—p)n
k,1=0
Then
N-1 N N
S = F)F() S elm—mm
n=0 k,1=0 "0
N-1
= [f(k)PN
k=1=0
So
N-1 e
0P =5 > f @)l
k=0 —

and the proof is complete.

Theorem 1

characteristic equation

2km

det A(u) = 0. uk:Ti’ kew, Alu

) =ul — Z A(j

j=—00

Eq.(1) has a unique N-periodic solution if and only if e#* are not roots of the

Proof Assume that Eq.(1) has a unique N-periodic solution z(n). Since x(n + N) = z(n), f(n +
N—

= % Zo #(k)er=" and

—Hkn

N) = f(n),by Lemma 1,z(n), f(n) all can be uniquely expressed as x(n)
N—
f) =4 S fwer
Multiplying Eq.(1) by e #t™ and summing from 0 to N-1 ,we obtain
N-1 N-1 +oo
S st e = 5285 ata = e+ X i
n=0 n=0 j=—o0
Then
N-1 +o0 N-1
Zx(n+1 e He(n ) pne — ZA an—je“k””e_““—&—Nf()
n=0 j=—00 n=0
Hence
(e' ] — Z A(j)e M I\Ni(k) = N f(k),
j=—o00
That is

A(et* )i (k) = f(k).
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Since linear equation

Ale)y = f(k) (4)

has solutions,assume that Eq.(4) has a unique solution ,then
det A(et*) # 0. (5)

Assume that Eq.(4) has many solutions, let 4(k) is other solution of Eq.(4), It is immediate that

N—1
y(n) = > g(k)e* ™ satisfy the following equation
k=0

N—-1
y(n+1) Z A(Gy(n —7) + f(k)erm. (6)
j=—oo k=0
N-1
In addition, z(n) = > Z(k)e**™ also satisfy the following equation
k=0
N—1
z(n+1) Z A(G)x(n —j) + fk)et=. (7)
j=—00 k=0

Let Eq.(6) subtract Eq.(7),we obtain

g(n+1) ZA g(n —7), (8)

j=—o0
where g(n) = z(n) — y(n).Since Eq.(1)has a unique solution ,then the corresponding homogeneous
linear Eq.(8) has a unique null solution, therefore Eq.(5) hold,that is , e** are not roots of the
characteristic equation det A(p) =0 .

On the other hand ,assume that det A(e#*) # 0 hold to each k € w, then for every certain k ,linear
Eq.(4) has a unique solution.That is ,to each k € w,Eq.(4) uniquely define a ¢(k) such that

A )e(k) = f(k). 9)
N-1 N-1

It is obvious that z(n) = > c(k)e**™ satisfy Eq.(7). Let ¢(n) = > B(k)e*™ is other solu-
k=0 k=0

tion of Eq.(7),then ¢(n) — z(n) is a solution of the corresponding homogeneous linear Eq.(8) ,Since
det A(et*) # 0, hence Eq.(8) has a unique null solution,then ¢(n) = z(n), that is ,z(n) is the unique
N-periodic solution of Eq.(8).

By Lemma 1, it is easy to know that Eq.(7) is the equivalent equation of Eq.(1) , hence z(n) =
N—1
> ¢(k)er ™ is the unique N-periodic solution of Eq.(1). and the proof is complete.
k=0

Next,We prove a more general result giving a necessary and sufficient condition for the existence

of N-petiodic solutions also in the general case when detA(e#*) = 0 for some integers.That is,

Theorem 2 Eq.(1) has a N-periodic solution if and only if f(n) € In(E). where A(K) = {a €
C™ |aA(err) = 0}, (k € w),C™ is the space of n-dimension row vector , In(E) = {f € Ix|af(k) =
for all a € A(K), k € w}.

Proof First assume that z(n) is a N-periodic solution of Eq.(1). Multiplying Eq.(1) by e #+"

and summing from 0 to N-1 ,we obtain

At )2 (k) = f(k),
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that is ,linear equation Eq.(4) has solutions.

From elementary linear algebra ,Eq.(4) has solutions if and only if af(k) = 0 for all a € A(K)
such that aA(py) = 0. Thus ,the existence of a N-periodic solution of Eq.(1) implies f,, € In(E).

On the other hand,Now assume that f(n) € Iy(E), then Eq.(4) has solutions. Choose ¢(k) such
that

A(et)e(k) = f(k).

N-1
It is obvious that  z(n) = >, c(k)e#*™ is the N-periodic solution of
k=0
N-1
x(n+1) Z A(Gx(n —j)+ Zf(k)e“’“”.
j=—oo k=0

N-1
By Lemma 1,Eq.(1) and Eq.(7) have same solutions,hence >~ c¢(k)e**™ is N-periodic solution of
k=0
Eq.(1).Therefore if f, € In(E),then Eq.(1) has at least one N-periodic solution. and the proof is

complete.

Finally,we consider the quasilinear delay difference equations

X(n+1) Z A(J)X(n—j)+G(n, X(n+-)), (10)

j=—oc
where A(j) € C"*", X (n) € C", G is N-periodic with respect to its first variable n,and G maps
bounded set to bounded set. Let |- | denote any norm of C™, for any matrix D € C™*™,|D| denotes
operator norm induced by the norm in C". From theorem 1,we know that Equation(1) has a unique
N-periodic solution if and only if detA(e#+) = 0 for all k € w, at the same time , z(n) can be expressed

as following
N-1

A7 () f(k)er . (11)
k=0
On Eq.(10),we have

Theorem 3 Assume that detA(e**) # 0, for each k € w, G(n, ) satisflies Lipschitz condition for
¢ € Iy ,and Lipschitz constant L such that

L? Z AT (er)]? < 1, (12)

Then Eq.(10) has a unique N-periodic solution .
Considering the operator FE : Iy — Iy defined by

N-1
Ef(n) =Y A7'(eM)f(k)ern. (13)
k=0

Then it is easy to know E f(n) is the unique N-periodic solution od Eq.(1).

Lemma 3 Assume that E : [y — Iy is the operator defined by Eq.(13),then E is a linear operator

,and
N-1

1B < (37 a7 (e)P)z,

k=0
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where || E|| is the norm of the operator E.

Proof It is obvious that the operator E is linear operator.

By lemma 2 and Cauchy inequality, we have

N—-1

1 N-1 R
T B = Y AT e f(k)
n=0

IN
/\/—\2
sUJL
>
|
oY
=
ol
T
N~
VR
N 2
UL
o
=
T
~—

n=0 k=0
Hence
N-1 N-—1 N-—1
Y IEf()]? < <Z |f(n)|2> (Z |A_1(€“k)|2> :
n=0 n=0 k=0
Since .
N-1 2
. (X iErwr)
1Bl = sup S = S ";Ol —.
F#0 fll#£0 — 2
(X 1rr)

1
2

N-1

Then 2] < (X |a~(e)P
k=0

here |E f| denote the norm of the function E f(n).

The proof of theorem 3:
Considering the operator T : Iy — Iy defined by

(TF)(n) = G(n, Ef(n+-)). (14)

By thoorem 1,f € Iy is the fixed point of T if and only if E f(n) is a N-periodic solution of Eq.(1).
So ,it suffices to prove that T has a unique fixed point in I .

For fi1, fo € I, since

ITfi(n) = Tfa(n)] = |G(n,Efi(n+-)) = G(n, Efe(n+-))|
L|Ef1 — Efs||

N-1 3
L<Z |A_1(e“’“)|2> Ilf1 = fall,
k=0

Then ,by (12),T : Iy — Iy is a contraction mapping. By contraction mapping principle,T has a

unique fixed point f* in l. Hence ,Ef* is the unique N-periodic solution of Eq.(10). and the proof
is complete.

IN

IN
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