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1 Úó

3Øã©ê�©�§�c,k`²©ê�È©´7��. ¤¢©ê�©½È©,

Ø´���©ê½ö��©ª¼ê��©½È©,
´��©��ê9È©�g

êØ´�ê,§�±´?¿¢ê,D�´Eê. ==duS.��Ïâj±ù�¶

¡[1]. du©ê�©!È©kõ«½Â�ª,�²(å�,�©Ø�AO�²,Ñæ^

Riemann − Liouville¿Âe�©êÈ©Ú�©. ·��±lõgÈ©!È©C�!2

Â¼ê!~�©�§,±9aq²;È©�©��”Ú”�”�”�4���«å»5

½Â Riemann − Liouville©êÈ©��©[2–4]. � ν ∈ (0, 1), a, b ∈ R, a < t < b, f (t)3

(a, b)þëY,½Â Riemann − Liouville©êÈ©��©�

aD−νt f (t) =
1
Γ(ν)

∫ t

a
(t − ξ)ν−1 f (ξ)dξ,

Ù¥ Γ(ν)´1�a EulerÈ©))Gamma¼ê,�f aD−νt ¥,eI a, tL«È©�,

þI −νL«νgÈ©,ù¿�X ν(> 0)òL«�ê,e¡ò Riemann − Liouville¿Â

e�©ê�ê{P� Dν, ν ∈ (0, 1).
∗I[g,�ÆÄ7]Ï (10771212).
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�C,�
Æö$^�
~�©�§¥�E|5ïÄ©ê�©�§,¿��


��Ð�(J[5–11],¢Sþz��{ÑI�ØÓ�^�±9·^��¸,
Ù¥©

ê��©Ø�ª�$^3)û¯K�å�
é��A^. y3,©ê�©�§�O

�ÚA^®²'ß��«+�¥[3, 12–19].

�©ïÄ
�a©ê�©XÚ�)��3��5,Ù¥Ú\
~�©�§¥

)�üNS��{Ú Nagumo.^�,¿ÏL�
Ø�ªE|�¼�
)��3�

�5.

2 Ì�(J

�ÄXe/ª�©ê�©�§�©XÚ:

(P)

 Dp(x) = f (t, y), x(t0) = x0 = x(t)(t − t0)1−p|t−t0; (2.1)

Dq(x) = g(t, x), y(t0) = y0 = y(t)(t − t0)1−q|t−t0 . (2.1′)

Ù¥ f ∈ C(R1,R), g ∈ C(R2,R), R1 = {(t, y) : t0 ≤ t ≤ t0 + a, |y − y0(t)| ≤ c},

R2 = {(t, x) : t0 ≤ t ≤ t0 + a, |x − x0(t)| ≤ b}. ¿�§

x0(t) =
x0(t − t0)p−1

Γ(p)
, y0(t) =

y0(t − t0)q−1

Γ(q)
. (2.2)

,	, Dp,Dq©OL« pÚ q�� Riemann − Liouville.©ê��©,� 0 < p, q < 1.

Ð�¯K (P)�duXe� Volterra©êÈ©�§:
x(t) = x0(t) +

1
Γ(p)

∫ t

t0
(t − s)p−1 f (s, y(s))ds;

y(t) = y0(t) +
1
Γ(q)

∫ t

t0
(t − s)q−1g(s, x(s))ds.

(2.3)

Ù¥ x0(t), y0(t)X (2.2)¤ã,��§ (P)�)Ò´�§ (2.3)�).

½Â2.1XJ¼ê x(t) ∈ Cm([t0, t0 + a],R1) = {u : u ∈ C((t0, t0 + a]),�(t − t0)mu(t) ∈

C([t0, t0 + a])},Ù¥ m = 1 − p;¼ê y(t) ∈ Cn([t0, t0 + a],R2) = {u : u ∈ C((t0, t0 + a]),

� (t − t0)nu(t) ∈ C([t0, t0 + a])},Ù¥ n = 1 − q. e Dpx(t),Dqy(t)�3�3 [t0, t0 + a]ë

Y,¿Ó�÷v�§| (P). K¡¼êé (x(t), y(t))´Ð�¯K (P)���).

y3·�Ú\ Nagumo.^�5¼�Ð�¯K (P)�)��3��5.

½n2.1b�Ð�¯K (P)¥ f , g÷vXe� Nagumo.^�:

| f (t, x) − f (t, y)| ≤ (x−y)pΓ(p)
(t−t0)p , t , t0, (t, x) ∈ R1, (2.4)

|g(t, x) − g(t, y)| ≤ (x−y)qΓ(q)
(t−t0)q , t , t0, (t, x) ∈ R2. (2.5)
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KÐ�¯K (P)�)�S�S��±L«�:
xn+1(t) = x0(t) +

1
Γ(p)

∫ t

t0
(t − s)p−1 f (s, yn(s))ds; (2.6)

yn+1(t) = y0(t) +
1
Γ(q)

∫ t

t0
(t − s)q−1g(s, xn(s))ds. (2.6′)

¿�þã (xn+1(t), yn+1(t))ò3 [t0, t0 + η]Âñ�Ð�¯K (P)���)§Ù¥ η =

min{a, ( cΓ(1+p)
M )

1
p , (bΓ(1+q)

N )
1
q }, |Dpxn(t)| = | f (t, yn−1(t))| ≤ M, |Dqyn(t)| = |g(t, xn−1(t))| ≤ N.

y²� (x1(t), y1(t)),(x2(t), y2(t))´Ð�¯K (P)�?¿ü�).- φ(t) = (φx(t), φy(t)) =

(x1(t) − x2(t), y1(t) − y2(t)),¿��±wÑ:

lim
t→t+0

φx(t)
t − t0

= lim
t→t+0

1
t − t0

1
Γ(p)

∫ t

t0
(t − s)p−1[ f (s, y1(s)) − f (s, y2(s))]ds

= −
1
Γ(p)

(t − t0)p−1[ f (t0, y1(t0)) − f (t0, y2(t0))] = 0

lim
t→t+0

φy(t)
t − t0

= lim
t→t+0

1
t − t0

1
Γ(q)

∫ t

t0
(t − s)q−1[g(s, x1(s)) − g(s, x2(s))]ds

= −
1
Γ(q)

(t − t0)q−1[g(t0, x1(t0)) − g(t0, x2(t0))] = 0

¿�:

lim
t→t+0

φx(t)
(t − t0)p

= lim
t→t+0

φx(t)
t − t0

(t − t0)1−p = 0,

lim
t→t+0

φy(t)
(t − t0)q

= lim
t→t+0

φy(t)
t − t0

(t − t0)1−q = 0

$^ Nagumo.^� (2.4), (2.5)��:

φx(t) ≤
1
Γ(p)

∫ t

t0

p(t − s)p−1|φx(s)|dsΓ(p)
(s − t0)p

, (2.7)

φy(t) ≤
1
Γ(q)

∫ t

t0

q(t − s)q−1|φy(s)|dsΓ(q)
(s − t0)q

. (2.7′)

-µ
φx(t)

(t−t0)p = ψx(t),
φy(t)

(t−t0)q = ψy(t),´�: ψx(t0) = 0,ψy(t0) = 0.

K: (2.7), (2.7′)���:

φx(t) ≤
p

(t−t0)p

∫ t

t0
(t − s)p−1ψx(s)ds;

φy(t) ≤
q

(t−t0)q

∫ t

t0
(t − s)q−1ψy(s)ds.

3
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�
y²)���5,�Iy ψx(t) = ψy(t) ≡ 0=�.·�æ^�y{. ùp·

��é ψx(t) ≡ 0$^�y{,éu ψy(t) ≡ 0�Óny�.

XJ ψx(t) , 0,-m = max[t0,t0+η] ψx(t) = ψx(t1), t1 ∈ (t0, t0 + η). K:

m = ψx(t1) ≤
p

(t1 − t0)p

∫ t1

t0
(t − s)p−1ψx(s)ds

<
pm

(t1 − t0)p

(t1 − s)p

−p
|
t1
t0 =

pm(t1 − t0)p

(t1 − t0)p p
= m

��gñ,ùÒ`²
 ψx(t) ≡ 0. Ón�y ψy(t) ≡ 0.

du
φx(t)

(t−t0)p = ψx(t),
φy(t)

(t−t0)q = ψy(t),�µ φx(t) = φy(t) ≡ 0. d=y²
Ð�¯K

(P))���5.

e¡·��ÑS�S� {(xn+1(t), yn+1(t))}(n = 0, 1, 2, · · ·)�A^5�:

(1)3 [t0, t0 + η]þþk½Â�ëY;

(2)3 [t0, t0 + η]þ��k.;

(3) 3 [t0, t0 + η]þ�ÝëY, Ù¥ η = min{a, ( cΓ(1+p)
M )

1
p , (bΓ(1+q)

N )
1
q }, 3 R1þ

| f (t, x(t))| ≤ M,3 R2þ |g(t, x(t))| ≤ N.

ÏL (2.6), (2.6′),·�k:
|xn+1(t) − x0(t)| ≤

1
Γ(p)

∫ t

t0
(t − s)p−1| f (s, yn(s))|ds;

|yn+1(t) − y0(t)| ≤
1
Γ(q)

∫ t

t0
(t − s)q−1|g(s, xn(s))|ds.

� n = 0�·�´�:

|x1(t) − x0(t)| ≤
M
Γ(p)

(t − s)p

−p
|tt0 =

M(t − t0)p

pΓ(p)
≤

Map

Γ(1 + p)
≤ c

|y1(t) − y0(t)| ≤
N
Γ(q)

(t − s)q

−q
|tt0 =

N(t − t0)q

qΓ(q)
≤

Naq

Γ(1 + q)
≤ b

ÏL8BüÌ{�S�S�3 [t0, t0 + η]þ´��k.�.

ÏL©z[20]Ún 2.3.2��S�S� {(xn+1(t), yn+1(t))}3 [t0, t0 + η]þ´�Ý

ëY�. K�3����Âñf� {(xnk(t), ynk(t))}. b� {xn(t) − xn−1(t)} → 0,

{yn(t) − yn−1(t)} → 0 (n → ∞). @oÏL (2.6), (2.6′)�: ?Ûù��f��4�Ñ´

�§| (P)���) (x(t), y(t)),�§�f��À�Ã',Ó� {(xn+1(t), yn+1(t))}��

Âñ� x(t)[21]. Ïd�
y²½n 2.1,·��Iy²:

φx(t) = lim
n→∞

sup(|xn+1(t) − xn(t)|) ≡ 0; (2.8)

φy(t) = lim
n→∞

sup(|yn+1(t) − yn(t)|) ≡ 0. (2.9)

4

http://www.paper.edu.cn 中国科技论文在线 



éu t0 ≤ t1 ≤ t2,k:

|xn(t1) − xn−1(t1)| − |xn(t2) − xn−1(t2)| ≤ |xn(t1) − xn−1(t) − xn(t2) + xn−1(t2)|

≤
1
Γ(p)

[ ∫ t1

t0
(t1 − s)p−1D(s)ds −

∫ t2

t0
(t2 − s)p−1D(s)ds

]
=

1
Γ(p)

[ ∫ t1

t0
((t1 − s)p−1 − (t2 − s)p−1)D(s)ds −

∫ t2

t1
(t2 − s)p−1D(s)ds

]
≤

2M
Γ(p)

[ ∫ t1

t0
((t1 − s)p−1 − (t2 − s)p−1)ds −

∫ t2

t1
(t2 − s)p−1ds

]
=

2M
pΓ(p)

[(t1 − t0)p − (t2 − t0)p + 2(t2 − t1)p]

≤
2M

pΓ(p)
· 2(t2 − t1)p =

4M
Γ(1 + p)

(t2 − t1)p. (2.10)

Ù¥3R1þ |D(s)| = | f (s, yn−1(s))− f (s, yn−2(s))| ≤ 2M,� xn(t) = x0(t)+ 1
Γ(p)

∫ t

t0
(t−

s)p−1 f (s, yn−1(s))ds.

�¦ (2.10)ª< ε,�� |t2−t1| < δ = ( εΓ(1+p)
4M )

1
p ,= φx(t1) ≤ φx(t2)+ Γ(1+p)

4M (t2−t1)p+ε.

éu¿©�� n,XJ ε > 0,� t1, t2���,Kéu?¿� ε > 0,·�k:

|φx(t1) − φx(t2)| ≤
Γ(1 + p)

4M
(t2 − t1)p.

ùÒy²
 φx(t)�ëY5. Ón�y� φy(t)�ëY5.

$^ Nagumo.^� (2.4), (2.5)±9 (2.6), (2.6′),k:

|xn+1(t) − xn(t)| ≤ p
∫ t

t0
(t − s)p−1 |yn(s) − yn−1(s)|

(s − t0)p
ds;

|yn+1(t) − yn(t)| ≤ q
∫ t

t0
(t − s)q−1 |xn(s) − xn−1(s)|

(s − t0)q
ds.

éu�½� t ∈ [t0, t0+η],�3 n1, n2, · · · ∈ N+,¦�� n = nk → ∞� |xn+1(t)−xn(t)| →

φx(t),�φ∗x(t) = limn=nk→∞ |xn(t) − xn−1(t)|3 [t0, t0 + η]þ���3.

Ïd, φx(t) ≤ p
∫ t

t0
(t − s)p−1 φ∗x(s)

(s−t0)p ds.qdu φ∗x(s) ≤ φx(s),·�k: φx(t) ≤ p
∫ t

t0
(t −

s)p−1 φx(s)
(s−t0)p ds.dc¡y²�,� t → t+0�k

φx(t)
t−t0
→ 0, φx(t)

(t−t0)p → 0.

y-: ψx(t) =
φx(t)

(t−t0)p ,dc¡� ψx(t0) = 0. d�·��y² {xn+1(t)}�Âñ5,�

Iy² ψx(t) ≡ 0. |^�y{.

5
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XJ ψx(t0) , 0,- ψx(t1) = max[t0,t0+η] ψx(t) = m,@o:

m = ψx(t1) =
φx(t1)

(t1 − t0)p
≤

p
(t − t0)p

∫ t1

t0
(t1 − s)p−1 φx(s)

(s − t0)p
ds

<
p

(t1 − t0)p

∫ t1

t0
(t1 − s)p−1ψx(s)ds

<
pm

(t1 − t0)p

∫ t1

t0
(t1 − s)p−1ds =

pm
(t1 − t0)p

(t1 − t0)p

p
= m.

dd��gñ. �� ψx(t) ≡ 0,= {xn+1(t)}Âñ. Ón�y� {yn+1(t)}Âñ.

¤±, (2.6), (2.6′)Âñ�Ð�¯K (P)���).

5 � p = q = 1�§½n 2.1 ¥� Nagumo.^�Ò~f�~�©�§¥�

Nagumo^�.

ë�©z:

[1] xy�, ©ê�©�§�uÐÚA^.M²���ÆÆ�(g,�Æ�), 2008,

26: 1-10.

[2] Miller K S , Ross B. An introduction to the fractional calculus and fractional differ-

ential equations[M]. New York: John Wiley & Sons, 1993.

[3] Podlubny I. Fractional differential equations[M].San Diego :Acad Press, 1999.

[4] Samko S G, Kilbas A A , Maritchev O I, Integrals and derivatives of the fractional

order and some of their applications[M]. Minsk : Naukai Tekhnika, 1987.

[5] V. Lakshmikantham, S. Leela, Basic theory of fractional differential equation. Non-

linear Analysis, 2008, 21: 828-834.

[6] V. Lakshmikantham, A.S. Vatsala, General uniqueness and monotone iterative tech-

nique for fractional differential equations. Applied Mathematics Letters, 2008, 69:

2677-2682.

[7] V. Lakshmikantham, Theory of fractional functional differential equations. Nonlin-

ear Analysis, 2008, 69: 3337-3343.

[8] V. Lakshmikantham, S. Leela, Nagumo-type uniqueness result for fractional differ-

ential equations. Nonlinear Analysis, 2009, 71: 2886-2889.

[9] Chen Yu, Guozhu Gao, Existence of fractional differential equations. Journal of

Mathematical Analysis and Applications, 2005, 310: 26-29.

6

http://www.paper.edu.cn 中国科技论文在线 



[10] Xinwei Su, Boundary value problem for a couple system of nonlinear fractional

differential equations. Appied Mathematics Letters, 2009, 22(1): 64-69.

[11] Shuqin Zhang, The existence of a positive solution for a nonlinear fractional dif-

ferential equation. Journal of Methematics Analysis and Applications, 2000, 252:

804-812.

[12] M. Caputo, Linear models of dissipation whose Q is almost inpendent, II, Geophys.

J. Roy. Astron, 1967, 13: 529-539.

[13] W.G. Glockle, T.F. Nonnenmacher, A fractional calculus approach to self similar

protein dynamics,Biophys. J., 1995, 68: 46õ53.

[14] K. Diethelm, N.J. Ford, Analysis of fractional differential equations. J. Math. Anal.

Appl. 2002, 265: 229õ248.

[15] K. Diethelm, N.J. Ford, Multi-order fractional differential equations and their nu-

merical solution. Appl. Math. Comput., 2004, 154: 621-640.

[16] K. Diethelm, A.D. Freed, On the solution of nonlinear fractional differential equa-

tions used in the modeling of viscoplasticity, in: F. Keil, W. Mackens, H. Vob,

J. Werther (Eds.)Scientific Computing in Chemical Engineering II: Computational

Fluid Dynamics, Reaction Engineering, and Molecular Properties. Springer, Hei-

delberg, 1999: 217-224.

[17] V. Kiryakova, Generalized fractional calculus and applications in: Pitman Res.

Notes Math. Ser. Longman-Wiley, New York, 1994: 301.

[18] R. Metzler, W. Schick, H.G. Kilian, T.F. Nonnenmacher, Relaxation in filled poly-

mers: A fractional calculus approach. J. Chem. Phys. , 1995, 103: 7180-7186.

[19] S.G. Samko, A.A. Kilbas, O.I. Marichev, Fractional Integrals and Derivatives. The-

ory and Applications, Gordon and Breach, Yverdon, 1993.

[20] V. Lakshmikantham, S. Leela, J. Vasundhara Devi, Theory of Fractional Dynamic

Systems. Cambridge Academic Publishers, Cambridge, 2009.

[21] V. Lakshmikantham, S. Leela, Differential and Integral Inequalities. Academic

Press, New York, 1969: 1.

7

http://www.paper.edu.cn 中国科技论文在线 



On the Existence and Uniqueness of Solutions to a Class of
Fractional Differential System

SU X LIU W CHEN H SHI X

(School of Sciences, China University of Mining and Technology, Xuzhou£221008¤)

Abstract: Recently, some researchers obtained some good results of the frac-

tional differential equations by the methods and techniques of the ordinary differential

equations (ODE). This paper applied the monotone iteration method and the Nagumo-

type condition of ODE into the fractional differential equations ,and also proved the the

existence and uniqueness of solution to a couple system of fractional differential equa-

tions. In addition, through the fractional differential inequalities and other methods we

obtained the results of this paper which generalizes the results of V.Lakshmikantham and

others.

Keywords: fractional differential system, monotone iteration method, Nagumo-

type condition, existence, uniqueness.
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