mEﬂZ§ itxﬁﬁ http://www.paper.edu.cn

Oscillation and non-oscillation of second-order

half-linear differential equations!'

Yong Zhou' and X.W. Chen
Department of Mathematics, Xiangtan University,
Xiangtan, Hunan 411105, P.R. China
E-mail: yzhou@xtu.edu.cn

Abstract

In this paper, we consider the oscillation and non-oscillation of second order half-linear
differential equation. By using some new technique, we establish new oscillation and non-
oscillation criteria which extend and improve some known results of second order linear
differential equation in the references.
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1. Introduction

Consider the second order half-linear differential equation
(Ju' ()] ' () + p(&)|u(t)|* " u(t) = 0, (1)

where a > 0 is a constant, p € C([0, +00), [0, 4+00)) is an integrable function.

During the last three decades, investigation of oscillation and non-oscillation of sec-
ond order half-linear differential equations has been attracting attention of numerous re-
searchers. The reader is referred to the monographs by Agarwal, Grace and O’Regan [1,2],
Dosly and Rehak [3], papers[5-17] and references therein.

By a solution of (1) is meant a function u € C*[T}, 00), T, > 0, which has the property
lu'|* 1/ € C[T,,00) and satisfies the equation for all t+ > T,,. We consider only those
solutions wu(t) of (1) which satisfy sup{|u(t)| : ¢ > T} > 0 for all T > T,,. A nontrivial
solution of (1) is called oscillatory if it has arbitrarily large zeros. Otherwise, it is said to

be non-oscillatory.
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The purpose of this paper is to establish new oscillation and non-oscillation criteria
of Eq.(1) which extend and improve some criteria of linear differential equation in the
references.

We can easily show that if for some A < a the integral [T s*p(s)ds diverges, then

equation (1) is oscillatory. Therefore, we shall always assume below that

+oo
/ s*p(s)ds < +oo for A < av.

2. Main results
Introduce the notations

ha(t) = to‘_’\/ *p(s)ds fort >0 and A < o
t

t
ha(t) = to‘*’\/ s*p(s)ds for t >0, and X > « (2)
1

p«(A) = liminf hy(¢), p*(A) = limsup hy(t).

t—+00 t——+o0
The following lemmas will be useful for establishing oscillation criteria for Eq.(1). The
first one is a well-known inequality which is due to Hardy et al.[4].

Lemma 1. [4] If X and Y are nonnegative, then
X4 (q—1Y9>¢XY9 L for ¢>1, (3)

where the equality holds if and only if X =Y.
Lemma 2. Let equation (1) be non-oscillatory. Then there exits ¢y > 0 such that the
equation

P+ p(t) + ap T =0 (4)

has a solution p : [tg, +00) — [0, +00); moreover,

plto+) = +oo, (t—to)(p(t)a <1 for to <t < +oo (5)
Jim Ap(t)x =0, for A<1 (6)
and
liminft*p(t) > A, limsupt®p(t) < B, (7)
t—+o0 t—+o00
where

A = min {r|p.(0) — r + TV <0}, B =max{R|p.(1+ ) —aR+ aR™/* <0}. (8)
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Proof. Since equation (1) is non-oscillatory, there exists to > 0 such that the solution u(t)

of equation (1) under the initial conditions u(tg) = 0, u'(t9) = 1 satisfies the inequalities
u(t) >0, u/'(t) >0 for ty <t < +oo.

Clearly, the function p(t) = (u'(t)/u(t))® for ty < t < 400 is the solution of equation (4),

and tlignJr p(t) = +o0. From (4) we have
—10

—r'(t)

W>l for t0<t<+OO

Integrating the above inequality from to to ¢, we obtain (t — to)(p(t))/® < 1 for tg < t <
+o0o. In particular, equality (6) holds for any A < 1.

We now show that inequalities (7) are valid. Assume p.(0) # 0 and p.(1 + «) # 0
(inequalities (7) are trivial, otherwise). We introduce the notation

r=liminft“p(t), R =limsupt®p(t)

t—+o00 t—4-o00

From (4) we easily find that for any ¢; > g

et = | T p(t)ds + 1 [ otenthas (9)

_ () 1 !

t - ; /tjp(s)sl‘f‘clxds + % " gap(s)[l +a— as(p(s))é]ds (10)

for t1 <t < +oc.

t%p(t)

Using Lemma 1 with X =1,Y = s(p(s))é, we have that
(1+ a)s%p(s) — asta(p(s)) 11/ < 1.

Hence, for t; <t < 400,

tient 1t t—t
t%p(t) < Bk 7/ p(s)s'Tads + L
t t Ji t

Therefore, (9) and (10) imply that r > p,.(0) and R < 1 — p,(1 + «) respectively.
It is easily seen that for any 0 < € < min{r,1 — R} there exists t. > t; such that for
t. <t < 4oo,
r—e<t%l(t) < R+e¢,

+o00
o / p(s)ds > p,(0) — e,
t

and .

1

2/ s'Tp(s)ds > po(1+a) —e.
t

1
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Taking into account the above argument, from (9) and (10) we have that for t. <t < 400,
tp(t) > p«(0) — e+ (r — 5)1+§,

tp(t) < ti*o‘tp(ts) —p«(14+p)+el(l+a)— a(R+€)é].

Hence

r>po(0)+rta, R< —p.(l+a)+R[(1+a)—aRa],

that is, 7 > A and R < B, where A and B are defined by equalities (8). Hence (7) holds.
For the completion of the picture we give a proposition, which is proved by Kusano,

Naito and Ogata in [9)].

Proposition. [9] If p.(0) > 0

a®
1+a)1+a 9
[0

Theorem 1. If p, (1 + «a) > (Q—H)“H, then every solution of equation (1) is oscillatory.

Proof. Assume that equation (1) is non-oscillatory. From the proof of Lemma 1, we have

then every solution of equation (1) is oscillatory.

*1 < aR - R1+1/a< La—l—l
po(1+a) < aR—aR < (00

which contradicts the condition of Theorem 1 and so the proof is complete.

Theorem 2. Assume that p,(0) < ﬁ If for some A < «

)\l—i-a
I+ a)lte(a—N)

p(A) > + B, (11)

then equation (1) is oscillatory.

Proof. Assume the contrary. Let equation (1) be non-oscillatory. Then, according to
Lemma 2, equation (4) has a solution p : [tg, +00) — [0, +00), satisfying condition (5)-(7).
Suppose A < a. Because of (7) we have that for any £ > 0 there exists t. > to such that

t“p(t) < B+e¢, for t. <t < 4o0.

Multiplying equality (4) by #*, integrating it from ¢ to +oco, and taking into account
(5)-(7), we get

/t+oo p(s)ds = — /t-iroo s*p/(s)ds — /t+oo SA(p(s))Héds

Using Lemma 1 with
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we have that
A 143 Aot A—a—1 A—1
as (p(s)) « + (a + 1)Oé+ls - )\S p(S) Z 0

Hence,

+oo +oo o+l
A A—a [ o a—\ A—a—1
/t s'p(s)ds <t (t p(t)+1t /t 7((1 F1)er s ds)

)\aJrl
(B
< ( +E+(a—)\)(a+1)a+1>’

)\a+1

hence we have p*(\) < a=N(at1

yaFT t B, which contradicts equality (11). The proof is
complete.

Theorem 3. Assume that p,(1 + a) < (Q&H)O‘“. If for some A > «

)\1+a

N> oo e

(12)

then equation (1) is oscillatory.
Proof. Assume the contrary. Let equation (1) be non-oscillatory. Then, according to
Lemma 2, equation (4) has a solution p : (tg, +00) — [0, +00), satisfying condition (5) and
(7). Suppose A > a. Because of (7) we have that for any € > 0 there exists t. > ty such
that

t%p(t) > A—eg, for t. <t < +oc.

Multiplying equality (4) by ¢}, integrating it from ¢. to ¢, and taking into account (5) and

(7), we get
t A d A—a « a—Ag\ a—A ¢ Aot )\—a—ld
/tas p(s)ds < t —t%p(t) + t“Mlp(te) + t /tE(Oé—Fl)O‘—HS s
)\a-‘rl t)\p(t )
t)\—a _ A 13 £
< ( R Gy TP T R

hence we have p*(\) < %

Corollary 1. Let either

— A, which contradicts equality (12).

adtl
/\ljg_(@ —A)p*(A) > (a+1)ott (13)
ot
/\l_ingr()\ —a)p*(A) > (at 1)ott (14)
Then equation (1) is oscillatory.
Corollary 2. For some \ # « let
Tl
A= alp ) > (15)
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Then equation (1) is oscillatory.

To convince ourselves that corollary 1 is valid, let us note that (13)((14)) implies

)\aJrl

IM1“a—MﬁMy—a:EFQ

Jlim, —(a— )\)B} >0

aetl
Qgg{u—am%m—uﬂwmﬂf4x—@A}>Q.
Consequently, (11)((12)) is fulfilled for some A < a (A > «). Thus, according to Theorem
1, equation (1) is oscillatory. As for Corollary 2, taking into account that the mapping
A — (= XN)py for X < a(A — (A — a)p, for A > «) is non-decreasing(non-increasing),
we easily find from (15) that (13)((14))is fulfilled for some A.
Theorem 4. Assume that p,(0) < ﬁ and p.(1+ a) < (3%)*". Moreover, let

either )
AL+ a— A7) p.(0)
for some A\ < a, or
1
Ml +a— Ae 1+«

for some A > a. Then equation (1) is oscillatory.
Proof. Assume the contrary. Let equation (1) be non-oscillatory. Then according to
Lemma 2, equation (4) has the solution p : (¢g, +00) — [0, +00) satisfying conditions (5)-

(7). Suppose A > « (a > A). By the conditions of the theorem, p,(0) > % (p« (14

1
a) > a%), which implies that A > ﬁ (B < W) On account of (7), for
any 0 <e < A— ﬁ (0<e< W — B) there exists t. > to such that

A—e<t(t)<B+e for t.<t<+4+o0

Multiplying equality (4) by t*, integrating it from ¢ to 4+-o0c (from t. to t), and taking into
account (5)-(7), we easily find that

e [ s = )+ [T 6) 0 (o)) s

1
< B+s+atj@4—au—wA—sﬁ) for t. < t < +00

—

t 1
(t"‘)‘/ 'p(s)ds < e — A+ /\7(3 +e)(A = (B + E)é) + M2 p(te) for b <t < +OO>
te

This implies

3

4m+B—A

) =
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(p*(/\) f*(0)+B A)

which contradicts condition (16)((17)).

Theorem 5. Assume that 0 < p,(0) <

(11L
for some 0 < A < a let pi(N) < % and either

)1+a and p.(1 4+ a) < (7%5)"*. Moreover,

() > Z*foi + %)\(B A
and
p*(A) > pe(N) + B —ry,
P < P4 B 4)
and 0 .
* P+
p()\)>a_)\+a_>\(B—A), (18)

where 71 is the least root of the equation ﬁxl'ﬁ — T+ pe(N) — ﬁB = 0. Then equation

(1) is oscillatory.

Theorem 5°. Assume that p,(0) < ﬁ and p,(1+ «a) < (HQ)HO‘. Moreover, for
some 0 < A\ < « let condition (18) be fulfilled, and let p,(0) > ‘(11 n )ﬁiz Then equation
(1) is oscillatory.

Proof of Theorems 5 and 5. Assume the contrary. Let equation (1) be non-oscillatory.
Then according to Lemma 2, equation (4) has the solution p : (¢g, +00) — [0, +00) satis-
fying conditions (5)-(7), Multiplying equation (4) by ¢*, integrating it from ¢ to +oo, and

taking into account (6), we easily obtain
N R P R 141
1 0(8) = b () MO~ / AL p(s)ds 17" / Mp(s)Fhds for to < t < 400 (19)
t t

where h()) is the function defined by (2).
Introduce the notation

r= lim t%p(¢)

t——+o00
On account of (7) we have r > 0. Therefore for any 0 < £ < max {r, p.(\)} there exists

t. > tp such that
r—e<t(t) < B+4eg, hy>pi(\) —e fort. <t < +oo.
Owing to the above arguments, we find from (19) that

(a—/\)hA<B—5—(r—€)1+é for t. <t < +o0.
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A
tp(t) > ps(\) —e = ——(B+¢) + (r—s)Hé for t. <t < +o0

1
a—A a— A
which implies
B — T1+é A T1+é
- > pe(N) — B 2
rzpA) - =B+ —— (20)

The latter inequality results in r > r1, where 71 is the least root of the equation

I a4+l A _
a_)\:c a I+p*()\) mB—O

Thus r > max{A, z1}, From (20) we have that if A < r1, then
P (A) £ B+p.(A) -1, (21)

but if A > 21, then

1 1
P < B - Alta,

which implies
B A p(0)

* )\ < _
p()_a—)\ a—XA a—A
inequalities (21), (22) contradicts the conditions of the theorem.

Corollary 3. Assume that p,(0) < ﬁ, p«(14+ ) < (IJ%)HO‘ and

(22)

p*(0) > p.(0)+B—A

Then equation (1) is oscillatory.

Corollary 4. Assume that for some A € [0, #),

aa

(= M) (a + 1)L

<p«(N) <

a— A
and
p* > 1+ pe(A) — 1,

where 7 is the least root of the equation ﬁx“‘é —x+pe(N) — ﬁ = (0. Then equation

(1) is oscillatory.
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