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^: 	d�� Brezis \ Rabinowitz o�.�L�w15Æ����
<s�HE�� Dirichlet �)\mi9Lv."�z, Æ℄Y�9P#.5Æt�.�uz.MOD��HE�, �)f[, 9v, �w1.

§1 `℄�HE��gÆ, N�/19���8RB.Æ�, ,/�HE��)f[�b0�.|'
T88aHE��)f[��.=�, �HE��)f[�
.�9 .O6, 	d��i!}2.%� Dirichlet �)\m.<s�HE��
∆2y(k − 1) + f(k, y(k)) = 0, k ∈ [1, T ], (1.1)

y(0) = y(T + 1) = 0, (1.2),/ f ∈ C(Z×R, R), ∆&�r/�HS9, 5
b�∆y(k−1) = y(k)−y(k−1),∆2y(k−1) =

∆(∆y(k − 1)), R, Z H
�JGOf\#Of, i [1, T ] = {1, 2, · · · , T}. �dk [1],[5],[7] /,<���Aiv\�61E>/����HE��)f[. 1V2', �w1Æ�Ko�aHE��)f[v."�z.0��N�, � [9] /, <����w1Æ�\ Morse Æ����<saHE�� Dirichlet �)\mi.?Lv."�z. (�w1Æ���HE��)f[A.Æ�.��bo8qB, � 2003 ', T\>� [4] /M����w1Æ����i!<s�HE�:

∆2xn−1 + f(n, xn) = 0.2+v\�4\v."�z, T_�dk [2] /,R.P.Agarwal ��� (1.1),(1.2) �-�\F-�2	i9L%v."�z.� [11],<�Æ�FP`.?�w15Æ,+� (1.1)(1.2)�Fnzp��|2	i9Lv."�z, � [6],[10] /, <�H
x50'4S9\�w1Æ���� (1.1) �
℄�)\miv."�tX. b�{��,+Fnzp�E�v."�zOh, 	d�� Brezis \ Rabinowitz o�.�L�w15Æ�����E�oO�!.Y")�O.9Lv."�z.

1dyq$�Wj:8�~dy (10801065), JRE:8�~dy (0803RJZA096).
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§2 a?eW5
ZO�l H = {y : [0, T + 1] → R|y(0) = y(T + 1) = 0}. � H A5
&eb:(y, z) =
∑T

k=1 y(k)z(k), ‖ � ‖ K�&e�*�.AO. � H K�L Hilbert�l. � H A5
BZ I,

I(y) =
1

2

T+1
∑

k=1

|∆y(k − 1)|2 −

T
∑

k=1

F (k, y(k)) =
1

2
y⊤Ay −

T
∑

k=1

F (k, y(k)),,/ F (k, s) =
∫ s

0 f(k, ξ)dξ, y⊤ = (y(1), · · · y(T )),

A =

























2 −1 0 · · · 0 0

−1 2 −1 · · · 0 0

0 −1 2 · · · 0 0

· · · · · · · · · · · · · · · · · ·

0 0 0 · · · 2 −1

0 0 0 · · · −1 2

























T×T

. (2.1)

j7 AK%58��!, ,Y")b λk = 4 sin2 kπ
2(T+1) , k = 1, 2 . . . , T ,1�; 0 < λ1 < λ2 <

· · · < λT . D ηj K λj 8Æ.Y"ZO, Æ1
(ηi, ηj) =







1, i = j,

0, i 6= j.� I K Frechet �a., 8:	. h ∈ H, y ∈ H, �
T

∑

k=1

∆2y(k − 1)h(k) = −
T+1
∑

k=1

∆y(k − 1)∆h(k − 1),�,
I ′(y)h =

T+1
∑

k=1

∆y(k − 1)∆h(k − 1) − f(k, y(k))h(k) = −
T

∑

k=1

[∆2y(k − 1) + f(k, y(k))]h(k),V� y ∈ H K I .�w1)1z) y K (1.1),(1.2) .v.  ���4 (1.1)(1.2) v."�zf[7ab��,8Æ.BZ�w1f[.i!M��v0�.I(.D E KG. Banach �l,J ∈ C1(E,R) �J J K E A.�|. Frechet �aBZ. �
J �; (PS) \m, ;X8:	. {un} ⊂ E, H, {J(un)} �w1) n → ∞ F,J ′(un) → 0,

( F� {un} b (PS) {�), � {un} � E /�L�9�.� Bρ K E /� ρ b�~, O b/x.�3, ∂Bρ �JW.�w.
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`U2.1. [3]DX KG. Banach�l, X = X1⊕X2,X2K�l
�l, F ∈ C1(X,R), F (0) =

0 1�; (PS) \m, kD"� R > 0, H,
(C1) F (u) ≥ 0, u ∈ X1, ‖u‖ ≤ R,

(C2) F (u) ≤ 0, u ∈ X2, ‖u‖ ≤ R.= F KiE�w., 1 infX F < 0. %�,F ,B��LF�.�w1.`U2.2. [8] X KG.�l
 Banach �l,dim(X) = n, I ∈ C1(X,R)�1K)., Æ�; (PS) \m,I(0) = 0. ;X X = V
⊕

W , ,/ dim(V ) = k < n. kD I �;:

(C3) "� ρ, α > 0, H, I(x) ≥ α > 0, x ∈ ∂Bρ
⋂

W .

(C4) 8:	.9�l Ẽ ⊆ X, "� R = R(Ẽ) , H, I(x) ≤ 0, x ∈ Ẽ \ BR.%�,I ,B� n − k 8�^.�w1.

§3 g^QNGU3.1. kD f �;i�\m�
(i) "� k0 ∈ [1, T − 1],λk0

< lim infs→0
f(k,s)

s
≤ lim sups→0

f(k,s)
s

< λk0+1, k ∈ [1, T ], ,/ λk0\ λk0+1 H
K A .0 k0 L\0 k0 + 1 LY").

(ii) lim sup|s|→∞
f(k,s)

s
< λ1, k ∈ [1, T ].%� (1.1),(1.2) ,B��LF*?v.dV�D H1 = span{η1, · · · , ηk0

}, H2 K H1 .%p�, � H = H1
⊕

H2. �\m (i) ',"� ǫ > 0(ǫ ��Ht), δ > 0, H,) | s |< δ, s 6= 0 F, 8 k ∈ [1, T ] �
λk0

+ ǫ <
f(k, s)

s
< λk0+1 − ǫ. :

∫ s

0
(λk0

+ ǫ)ξdξ < F (k, s) =

∫ s

0
f(k, ξ)dξ <

∫ s

0
(λk0+1 − ǫ)ξdξ.h

λk0
+ ǫ

2
s2 < F (k, s) <

λk0+1 − ǫ

2
s2, | s |< δ, k ∈ [1, T ]
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V�) x ∈ H1 1 ‖x‖ → 0 F, 8:	. k ∈ [1, T ], |x(k)| ���Ht, H,
T

∑

k=1

F (k, x(k)) >

T
∑

k=1

λk0
+ ǫ

2
x2(k) =

λk0
+ ǫ

2
‖x‖2. :

I(x) ≤
1

2
λk0

‖x‖2 −
λk0

+ ǫ

2
‖x‖2 = −

ǫ

2
‖x‖2 ≤ 0. (3.1)%�, "� R1 > 0, H,

I(x) ≤ 0, x ∈ H1, ‖x‖ ≤ R1.^Æ, "� R2 > 0, H,
I(y) ≥ 0, y ∈ H2, ‖y‖ ≤ R2.5 R = min{R1, R2}, %�,I(x) ≤ 0, x ∈ H1, ‖x‖ ≤ R; I(y) ≥ 0, y ∈ H2, ‖y‖ ≤ R. 
Æ 2.1 /.\m (C1),(C2) ��.�_� (3.1) �', "� x∗ ∈ H1, *� ‖x∗‖ �Ht, 1 x∗ 6= 0 �H, I(x∗) < 0, V�,infH I < 0, I(0) = 0 K#j..i!�& I KiE�w..�\m (ii) �', "� ǫ ∈ (0, λ1) g N H,) |s| > N F,f(k,s)

s
< λ1 − ǫ, V�, "�

a > 0 H, F (k, s) < λ1−ǫ
2 s2 + a, s ∈ R. �8:	. y ∈ H,

I(y) =
1

2
y⊤Ay −

T
∑

k=1

F (k, y(k)) ≥
1

2
λ1‖y‖

2 −
λ1 − ǫ

2
‖y‖2 − aT =

ǫ

2
‖y‖2 − aT ≥ −aT. (3.2)V� I KiE�w..8:	. {xn} ⊂ H,H, I(xn)�w1 I ′(xn) → 0, n → ∞,�� (3.2) I�' I K0-., V� {xn} �w. � H K�l
�l, �� {xn} � H /�L�9�, (PS) \m�;, :, �
Æ 2.1 h,t�.GU3.2. ;X f �;:

(i) f(k, s) = −f(k,−s) , k ∈ [1, T ], s ∈ R,

(ii) lim sup|s|→0
f(k,s)

s
< λk0

, k ∈ [1, T ], ,/ λk0
b A .0 k0 LY"), k0 ∈ [1, T ],

(iii) lim inf |s|→∞
f(k,s)

s
> λT , k ∈ [1, T ].%�,(1.1), (1.2) ,B� (T − k0 + 1) 8�^.v.
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dV�D H = V
⊕

W, ,/ V = span{η1, η2, . . . ηk0−1},W K V .%p�. �\m (ii)�'"� ǫ > 0, δ > 0, ) |s| < δ F, f(k,s)
s

< λk0
− ǫ,  : F (k, s) <

λk0
−ǫ

2 s2. �) x ∈ W 1
‖x‖ �HtF,

T
∑

k=1

F (k, x(k)) <
λk0

− ǫ

2

T
∑

k=1

x2(k) =
λk0

− ǫ

2
‖x‖2.V�

I(x) ≥
1

2
λk0

‖x‖2 −
λk0

− ǫ

2
‖x‖2 =

ǫ

2
‖x‖2 ≥ 0.%�, "��O ρ, α > 0, H,

I(x) ≥ α > 0, x ∈ ∂Bρ ∩ W.
Æ 2.2 /.\m (C3) ��.kD Ẽ K H .:	9�l, 8:	. x ∈ Ẽ,

I(x) =
1

2
x⊤Ax −

T
∑

k=1

F (k, x(k)),�\m (iii) '"� ǫ > 0,N > 0, ) |s| > N F,f(k,s)
s

> λT + ǫ. V�"� m > 0 H,
F (k, s) > λT +ǫ

2 s2 − m, k ∈ [1, T ], s ∈ R. �
T

∑

k=1

F (k, x(k)) >

T
∑

k=1

λT + ǫ

2
x2(k) − mT, :

I(x) ≤
1

2
λT ‖x‖

2 −
λT + ǫ

2
‖x‖2 + mT = −

ǫ

2
‖x‖2 + mT.V�, "��H$. R = R(Ẽ), H, I(x) ≤ 0, x ∈ Ẽ \ B

R(Ẽ), h
Æ 2.2 / (C4) ��.i!�& (PS) \m. 5 (PS) {� {xn} ⊂ H, �"� M > 0, I(xn) ≥ −M, �A!.X��'BZ I � H A�0- (59�l Ẽ = H), V� {xn} �w,  : {xn} � H A�L�9�.��\m (i) �' I � H AK)BZ. %�℄Y
Æ 2.2 �,t�.l3.3. ��<s�)f[ (1.1), (1.2).

(1) = f(k, y) =
λk0

+λk0+1

2 y − ky3, k ∈ [1, T ], λk0
, λk0+1 H
K (2.1) /. T × T �! A.0 k0, k0 + 1 LY"). � λk0

< lim infs→0
f(k,s)

s
< λk0+1, k ∈ [1, T ], lim sup|s|→∞

f(k,s)
s

=

−∞ < λ1, k ∈ [1, T ]. 5Æ 3.1 /.kD�;. V��5Æ 3.1 '�Ff[ (1.1),(1.2) ,B��LF*?v.

(2) = f(k, s) = 1
k

sinλ1s + λT s3, k ∈ [1, T ]. ��'5Æ 3.2 .kD�;����5Æ
3.2 '�)f[ (1.1),(1.2) � T − 1 8�^.v.
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Text Box
Existence of multiple solutions of BVPs for a class second order difference equaitons

ZHANG Guodong, SUN Rui 
School of Mathematics and Statistics, Lanzhou University, Lanzhou  730000

Abstract
In this paper we study the existence of multiple solutions of boundary value problem for a class second order difference equation, by using the critical point theorem established by Brezis and Rabinowitz respectively. Some examples are also given to illustrate the resutls.
Keywords:difference equation;boundary value problem;multiple solution;critical point





