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Convergence Analysis of Variational Iteration Method for
Caputo Fractional Differential Equations
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(School of Mathematics and Computational Science, Xiangtan University, Hunan Xiangtan
411105)

Abstract: In this paper, the variational iteration method is applied to solve initial value problems of
Caputo fractional differential equations. The convergence of the variational iteration method for
solving the initial value problems of this class of equation has been proved. The numerical examples
show the efficiency of the variational iteration method for solving the initial value problems of this
class of equations.
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Doy = fty(t), n-l<as<n,
y*“(0)=ys, k=0,---,n-1,
EHte[0,T], yO@) &y MKk kSs, f:[0,T]xC —C, Hife Lispschitz %1t
| f(t,u,)-f(tu,)|<L|u -u,|, t=0, u,u,eC,
E#LﬁLM%mrﬁﬁ,%Xﬁﬁ”ﬂu=mw1ﬂ0|CDWﬂﬁh%mm\ﬁM ,

(L.1)

50 XTIESHa, 0<n-1<a<n, EXA/EXIE[a,b] Lryes% f (1) i o K Caputo 7> £k

Hh
0)
F(nl )It(I ()?q:l if 0<n-l<a<n,
—-a a -7
DiyM) =1 (1.2)
, if a=neN.
dt" f (1)
Diethelm % AEm¢ﬂ%TMﬁaD£M?VWWmFAﬁﬁ
[a]-1 1 t
— ( ) a-1
y(t) = Zy‘ @ —— [ =) f(r, y(x))dr. (1.3)
55 %
[e]-1
g(t) = Zy‘” f
AL (1.3) ok an R B
y(t) = g(t)+—j (t—7)" f(z,y(z))dr. 1.4)

()0
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60 AL
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(2.1)
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I EE e
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1 a 1 20 1 3a
t* + ¢ ——t
I'l+ea) rd+2a) I'l+3a)

140 y,(t)=1-

B LRIE 2 R T Y a =025 ¢ =1.25 Flt = 0.1 RN IRE R iR, &rbiin
IR RARIE . TP BT LA E S R S T U0, JE T 5258 2.1 104546, % 3 FIE
4R T Y o = 0.25, o = 1.25 IR T AR SCE R KA TR 2, M3k 17T DA
145 B{E gk REuER .
#1 MR BE iRz (o = 0.25)

Tab.1 Extra solution, numerical solution and error

n Extra solution VIM VR
3 0.6094871084 0.5429262386 -6.656E-02
6 0.6094871084 0.6170817456 7.595E-03
9 0.6094871084 0.6088193625 -6.677E-04
12 0.6094871084 0.6095355083 4.840E-05
15 0.6094871084 0.6094840997 -3.009E-06
18 0.6094871084 0.6094872735 1.651E-07
21 0.6094871084 0.6094871007 -7.700E-09
24 0.6094871084 0.6094871088 -4.000E-10
150 F2 o RNTREREUER SR (a =1.25)
Tab. 2 Extra solution, numerical solution and error
n Extra solution VIM =
1 0.9513080798 0.9503671855 -9.409E-04
2 0.9513080798 0.9513187184 1.064E-05
3 0.9513080798 0.9513079970 -8.280E-08
4 0.9513080798 0.9513080803 5.000E-10
5 0.9513080798 0.9513080798 0
6 0.9513080798 0.9513080798 0
#3 RIS AR (a = 0.25)
Tab. 3 Extra solution, numerical solution and error
t Extra solution VIM VR
0.1 0.6094871084 0.6094871088 -4.000E-10
0.2 0.5665511819 0.5665511824 -4.000E-10
0.3 0.5408913015 0.5408913044 -2.900E-09
0.4 0.5225338734 0.5225338973 -2.380E-08
0.5 0.5082446751 0.5082448063 -1.312E-07
0.6 0.4965553359 0.4965558667 -5.307E-07
0.7 0.4866725890 0.4866743184 -1.729E-06
0.8 0.4781185882 0.4781233943 -4.806E-06
0.9 0.4705829898 0.4705948377 -1.185E-05
1.0 0.4638527608 0.4638793120 -2.655E-05
155
F4 o RITRREER AR E(a =1.25)
Tab. 4 Extra solution, numerical solution and error
t Extra solution VIM R
0.1 0.9513080798 0.9513080798 0
0.2 0.8871936706 0.8871936703 3.000E-10
0.3 0.8182314798 0.8182314731 6.700E-09
0.4 0.7478252531 0.7478251968 5.630E-08
0.5 0.6778687280 0.677868439 2.882E-07
0.6 0.6095662530 0.6095651647 1.088E-06
0.7 0.5437236057 0.5437202754 3.330E-06
0.8 0.4808857365 0.4808769974 8.739E-06
0.9 0.4214139751 0.4213935827 2.039E-05
1.0 0.3655344400 0.365491064 4.338E-05
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’ ;Z:?F(aj + )
165  HArdE z nTLLE S H
B (L.4) , [ (3.3) il Wl R Volterrra #1143 75 2
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['(a )j
FARPEEARANX L.5), HUr P Bk A
t t—7)“ (- dz, n=123---.
Youl) = )j (t-7) -y, @)z,
170 BATHIRIE y, (t) = 0 TFaRikAR,
K1 Ham(a =0.5)
Fig. 1 Numerical solution (¢ = 0.5)
175

o = “a (<] s 10

K2  Hftift(a =0.9)
Fig. 2 Numerical solution (¢ = 0.9)
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Q > a I<} = 10

K3  HE#(a =1.5)
Fig. 3 Numerical solution (o =1.5)
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185 K4  Ham(a =1.9)
Fig. 4 Numerical solution (& =1.9)
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=N\
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Ks Hml<a<?2)
Fig. 5 Numerical solution (0 < &z < 2)
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2Dy () = -y () + Xy (),
195 WA H

x(0)=1, y(0)=0.25. (3.5)
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[ -0 *x@)y()dr,
0!2) 0
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200 1 t
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t)=1 t,
%) +F(1+a1)
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X, (t) =1+ 05 tu, 025 2
rd+e,) I'd+2q,)
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Fig. 6 Numerical solution (&, = 0.5,, = 0.6)
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K 7 (o, =L a, =1)
Fig. 7 Numerical solution (o, =1, &, =1)
4 S

MCET LA JAT T A AR 70 a kARG T2 MEAHE LA (20 B k3 s R
BN S gk, X PEURZ IR AN, SRR EARSOh, FATH]
Maple #AFTHEE, RERI, THENERE, THEAE ARG R, AT L e U ST I )
JEERR, SR A RSB S B T VE TC IR LA o DO T JRAT T ) AT H AR SR R v 1k

[& 3% 3CHK] (References)

[1] Bagley R L, Calico R A. Fractional order state equations for the control of viscoelastically damped strucures[J].

Journal of Guidance, Control and Dynamics, 1991, 14: 304-311.

[2] Koeller R C. Application of fractional calculus to the theory of viscoelasticity[J]. Journal of Applied Mechanics,

1984, 51: 299-307.

[3] Skaar S B, Michel A N, Miller R K. Stability of viscoelastic control systems[J]. IEEE Transactions on a

Automatic Control, 1988, 33(4): 348-357.

[4] Mandelbrot B. Some noise with 1/f spetrum, a bridge between direct current and white noise[J]. IEEE

Transactions on Information Theory, 1967, 13(1): 289-298.

[5] Sun H H, Onaral B, Tsao Y, Application of the positive reality principle to metal electrode linear polarization

phenomena[J]. IEEE Transactions on Biomedical. Engineering, BME-31, 1984, 10: 664-674.

[6] Ichise M, Nagayanagi Y, Kojima T. An analog simulation of non-integer order transfer functions for analysis

of electrode process[J]. Journal of Electroanalytical Chemistry, 1971, 33(2): 253-265.

[7] Pudlubny I. Fractional Differential Equations[M]. San Diego: Academic Press, 1999.

[8] Hartley T T, Lorenzo C F, Qammar H K. Chaoes in a fractional order Chua system[J]. IEEE Transactions on

Circuits Systems, 1995, 42(8): 485-490.

[9] Samko S G, Kilbas A A, Marichev O I, Fractional Integrals and

Derivatives Theory and Applications[M]. Longhorne, PA: Gordon and Breach Science Publishers, 1993.

[10] Saha Ray S, Bera R K. An approximate solution of a nonlinear fractional differential equation by Adomian

decomposition method[J]. Applied Mathematics and Computation, 2005, 167: 561-571.

[11] Momani S, Al-Khaled K. Numerical solutions for systems of fractional differential equations by the

decomposition method[J]. Applied Mathematics and Computation, 2005, 162: 1351-1365.

[12] Ta. S Ee S B-9 O R AUD]. ] BETTRSE, 2007,

[13] Momani S, Odibat Z. Numerical comparison of methods for solving linear differential equations of fractional

order[J]. Chaos, Solitons and Fractals, 2007, 31(5): 1248-1255.

[14] Momani S, Odibat Z. Numerical approach to differential equations of fractional order[J]. Journal of

Computational and Applied Mathematics, 2007, 207: 96-110.

[15] ARER, XUAHE. 23 Hb o T R WIE R R B A A []. BETTRS 2R CARBARRD 2004, 43
(1) : 21-25.

[17] FKIWEAE. 2B B H o T RN o By - B sl T RE[D). T TR, 2007.

[18] Fox F, Mayers D F, Ockendon J R, Tayler A B. On a functional differential equation[J]. Journal of Applied
Mathematics, 1971, 8: 271-307.

[19] He J H. Variational iteration method- a kind of nonlinear analytical technique: some examples[J].
International Journal of Non-Linear Mechanics, 1999, 34: 699-708.

[20] He J H. Some asymptotic methods for strongly nonlinear equations[J]. International Journal of Modern

-10 -



260

265

270

275

280

285

290

|I| E ﬂ- H iE -x.- Eﬁ http://www.paper.edu.cn

Physics B, 2006, 20(10): 1141-1199.

[21] He J H. Variational iteration method-Some recent results and new interpretations[J]. Journal of Computational
and Applied Mathematics, 2007, 27: 3-17.

[22] He J H, Wu X H. Variational iteration method: New development and applications[J]. Computers and
Mathematics with Applications, 2007, 54: 881-894.

[23] Yu Z H. Variational iteration method for solving the multi-pantograph delay equation[J]. Physics Letters A,
2008, 372: 6475-6479.

[24] He J H. Variational iteration method for autonomous ordinary

differential systems[J]. Applied Mathematics and Computation,

2000, 114: 115-123.

[25] He J H. Variational principle for some nonlinear partial differential equations with variable coefficients[J].
Chaos,

Solitons and Fractals, 2004, 19: 847-851.

[26] Abbasbandy S, Shivanian E. Application of the Variational iteration method for system of nonlinear Volterra's
integro-differential equations[J]. Mathematical and Computational Applications, 2009, 14: 147-158.

[27] Abbasbandy S. An approximation solution of a nonlinear equation with Riemann-Liouville's fractional
devivatives by He's riational iteration method[J]. Journal of Computational and applied Mathematics, 2007, 27:
53-58.

[28] Tatari M, Dehghan M. On the convergence of He's variational iteration method[J]. Journal of Computational
and Applied Mathematics, 2007, 207: 121-128.

[29] Salkuyeh D K. Convergence of the variational iteration method for solving linear systems of ODEs with
constant coefficients[J]. Computers Math. Applic, 2008, 56: 2027-2033.

[30] Saadatmandi A, Dehghan M. Variational iteration method for solving a generalized pantograph equation[J].
Computers Math. Applic, 2009, 58: 2190-2196.

[31] He J H. Variational iteration method for delay differential equations[J]. Communications in Nonlinear Science
and Numerical

Simulation, 1997, 2(4): 235-237.

[32] Saadati R, Dehghan M, Vaezpour S M, Saravi M. The Convergence of He's variational iteration method for
solving integral equations[J]. Computers Math. Applic, 2009, 58: 2167-2171.

[33] Odibat Z. A study on the convergence of variational iteration method[J]. Math. Computer Modelling, 2010,
51:1181-1192.

-11-



