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Scalar and Pseudoscalar Correlators in Yang-Mills Theory
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Abstract. Correlation functions of theFF andFF̃ operators in hot SU(3) Yang-Mills theory have recently beenstudied both
on the lattice and in perturbation theory, and the results subsequently compared to the strong coupling limit of large-N N = 4
Super Yang-Mills theory, available through the AdS/CFT correspondence. Here, we review the perturbative calculations,
covering both Euclidean spatial correlators and the UV limit of spectral densities, and comment on the emerging physical
picture as well as on possible extensions of the present studies.
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INTRODUCTION AND SETUP

Studying the correlation functions of different gauge in-
variant local operators of QCD, or pure Yang-Mills the-
ory, at high temperature is obviously of great interest
from the point of view of the physics of the quark-gluon
plasma and heavy quarks (seee.g. Refs. [1, 2] and refer-
ences therein). In Minkowski space, the infrared limit of
the imaginary part of a retarded Green’s function,i.e. the
spectral densityρ(ω), contains information on the trans-
port properties of the system, while in Euclidean coordi-
nate space, the behavior of the correlators can be used
to study other important physical phenomena, such as
screening. Not surprisingly, these quantities have in re-
cent years received considerable attention from both the
lattice and perturbative sides; for an example regarding
static observables, see Ref. [3]. Lately, related studies
in strongly coupled large-N N = 4 Super Yang-Mills
(SYM) theory have appeared as well, where the calcula-
tions have been performed using the gauge/gravity dual-
ity [3, 4].

In these proceedings, we report on two recent per-
turbative studies of scalar (the trace of the energy mo-
mentum tensor, denoted below byθ ) and pseudoscalar
(the topological charge density,χ) correlators in pure
SU(3) Yang-Mills theory [5, 6]. The operators are de-
fined through

θ ≡ cθ g2
BFa

µνFa
µν , χ ≡ cχ εµνρσ g2

BFa
µνFa

ρσ , (1)

with cθ ≈ − b0
2 , cχ ≡ 1

64π2 and b0 ≡ 11Nc
3(4π)2 , while g2

B

stands for the unrenormalized (bare) coupling constant.1

The precise correlators under study are then

Gθ (X)≡ 〈θ (X)θ (0)〉c, Gχ(X)≡ 〈χ(X)χ(0)〉, (2)

1 Neither of these operators requires renormalization up to the two-
loop order, in which we work.

as well as the corresponding Fourier-transformed and
temporally averaged versions thereof,

Ḡθ (x)≡
∫ β

0
dτ Gθ (X), Ḡχ(x)≡

∫ β

0
dτ Gχ(X), (3)

G̃θ (P)≡
∫

X
e−iP·XGθ (X), (4)

G̃χ(P)≡
∫

X
e−iP·XGχ(X). (5)

The method employed in these studies is perturbation
theory evaluated up to and including next-to-leading
order (NLO) corrections, and, as usual, infrared am-
biguities are avoided by adding to the strictly pertur-
bative result a contribution originating from the three-
dimensional effective theory EQCD. For further techni-
cal details, we refer the reader to Refs. [5, 6].

One of the main motivations for the work performed in
Refs. [5, 6] was the somewhat surprising numerical result
of Ref. [3], according to which the vacuum-subtracted
correlators of theθ andχ channels show remarkably dif-
ferent behaviors at intermediate distancesr ∼ 1/T . This
is at odds with expectations stemming from the corre-
sponding calculations in free field theory and strongly
coupledN = 4 SYM, both of which predict the two cor-
relators to coincide. In addition to this, Ref. [3] argues
that the leading ultraviolet terms of the two correlators,
dictated by the Operator Product Expansion (OPE), coin-
cide, which, however, is not supported by the lattice data
of the same reference.

METHODS

A two-loop perturbative calculation of the correlation
functions defined above obviously necessitates the eval-
uation of the two-point diagrams of Fig. 1. We begin the
computation by first scalarizing the graphs in Euclidean
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FIGURE 1. The Feynman graphs contributing to theθ and χ channel correlators up to two-loop order. The grey blob in (v)
denotes the insertion of the one-loop gluon polarization tensor.

momentum space,i.e. performing the Lorentz and color
algebras inG̃(P). To derive the leading terms of the UV
expansions, considered in Ref. [5], we then expand the
’master’ sum-integrals in inverse powers of the external
momenta, and subsequently take a Fourier transform to
obtain the Euclidean coordinate space correlatorG(X) or
the imaginary part of the Minkowskian momentum space
expression to obtain the spectral densityρ(ω). For the
intermediate distance spatial correlators of Ref. [6], we
on the other hand specialize to the case of static external
momenta and then proceed to write the sum-integrals in
three-dimensional coordinate space, utilizing techniques
developed in Refs. [7, 8]. While most of the calculations
are performed analytically, to obtain the final results re-
quires evaluating some of the encountered integrals with
numerical methods.

RESULTS

UV Asymptotics

The main result of Ref. [5] is a two-loop expression for
the UV expansions of theθ andχ channel correlators in
Euclidean momentum and coordinate spaces as well as
for the spectral densities in Minkowski space. The results
thus obtained cover the fullT = 0 part of the correlators
[9] as well as the LO UV-terms of the finite-temperature
parts, of which the latter are cast in the form of OPEs,
i.e. as linear combinations of the unit operator,e+ p and
e− 3p (see also Ref. [10]). Perhaps the most important
conclusion to be drawn from here concerns the difference
between the two channels: Contrary to the claims of
Ref. [3], we found that the coefficient of thee − 3p
operator appears with opposite signs in theθ and χ
channels, which at least partially explains the difference
observed in the lattice results of the two correlators.

Spatial Correlators at intermediate
distances

In Ref. [6], the considerably more daunting task of
determining the fullr-dependence of the spatial corre-
lators — this time averaged over the imaginary timeτ —
was undertaken. The results in the two channels turned
out to show remarkably similar behavior as well as quite
satisfactory convergence properties, as demonstrated by
Fig. 2, where we display the vacuum subtracted correla-
tors evaluated atT = 3Tc with x̄ ≡ 2πTr ranging from
0 to 6. The quantities plotted are normalized in such a
way that their free theory parts coincide, suggesting that
the largest quantitative differences are obtained around
x̄ ≈ 3. Finally, to determine the correct large-distance
behavior of the quantities, one needs to perform a lead-
ing order resummation calculation within the framework
of the effective three-dimensional theory EQCD, which
amounts to replacing the leading infrared behavior of
the correlators (∼ −g6Nc/x̄4) by an exponentially sup-
pressed term, proportional to exp(−mEr) in the pseu-
doscalar and exp(−2mEr) in the scalar channel, withmE

denoting the leading order electric screening mass. The
transition from ’intermediate’ to ’long’ distances, sig-
nalled by the onset of exponential behavior in the corre-
lators, is observed to take place at a distance scale ¯x∼ 10.

CONCLUSIONS AND OUTLOOK

In Refs. [5, 6], we have investigated the behavior of the
correlation functions of scalar and pseudoscalar opera-
tors in pure SU(3) Yang-Mills theory, determining in par-
ticular the full r-dependence of the time averaged Eu-
clidean correlators. The results interpolate between the
short distance regime, where they can be cast in the form
of an OPE, and the infrared limit, where, as discussed in
Ref. [11], they reveal aspects of the screening properties
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FIGURE 2. The behavior of the vacuum-subtracted parts of theθ (left) and χ (right) correlators, multiplied by ¯x3, and
compared with the corresponding OPE limits, atT = 3Tc. In both cases, the three lines correspond to three different choices of
the renormalization scalēΛ, varied by a factor of 2 around an ’optimal’ scale.

of the medium. Ultimately, one would like to perform
a detailed comparison of the present results with lattice
data, once studies similar to those presented in Ref. [3]
emerge for the time averaged quantities. Already now,
it can nevertheless be remarked that differences between
the θ andχ channels are relatively subdued in the per-
turbative results, and it would most likely take at least a
three-loop calculation to produce effects of a magnitude
similar to those observed in Ref. [3].

Interestingly, the behavior of the time-averaged scalar
and pseudoscalar correlators has very recently been de-
termined in strongly coupledN = 4 SYM theory, where
they are seen to coincide at least at the level of the super-
gravity approximation (leading order in 1/N and 1/λ )
[4]. The results thus obtained display a remarkable qual-
itative similarity to the perturbative ones, and it will be
very interesting to see, how the lattice data will eventu-
ally compare with these two predictions.

Finally, there are a number of interesting directions, in
which the present studies can be continued. Lattice de-
terminations of transport coefficients, such as Ref. [12],
require as input detailed information on the behavior
of the corresponding spectral density, which is a quan-
tity that can be evaluated for generalω (i.e. not only in
the UV limit) with methods very similar to those dis-
cussed in Refs. [5, 6]. A computationally considerably
more demanding, but also highly interesting generaliza-
tion would be to investigate the shear channel, paving
the way to eventual improvements in the lattice deter-
minations of the shear viscosity of Yang-Mills theory
[13]. Finally, adding fermions to the system both in the
form of new operators and as ’sea quarks’ is in principle
straightforward, and should not lead to conceptual com-

plications. These issues are currently under investigation.
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