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GRADED LIMITS OF MINIMAL AFFINIZATIONS AND BEYOND:
THE MULTIPLICTY FREE CASE FOR TYPE FEj

ADRIANO MOURA AND FERNANDA PEREIRA

Abstract: We obtain a graded character formula for certain graded modules for
the current algebra over a simple Lie algebra of type Fg. For certain values of their
highest weight, these modules were conjectured to be isomorphic to the classical
limit of the corresponding minimal affinizations of the associated quantum group.
We prove that this is the case under further restrictions on the highest weight.
Under another set of conditions on the highest weight, Chari and Greenstein
have recently proved that they are projective objects of a full subcategory of the
category of graded modules for the current algebra. Our formula applies to all
of these projective modules.

INTRODUCTION

The problem of determining the structure of the minimal affinizations of quantum groups is one of
the most studied problems in the finite-dimensional representation theory of quantum affine algebras
in recent years (see [6] for a recent survey with a comprehensive list of references). In particular,
determining the character of such representations when regarded as modules for the quantum group
U,(g) over the underlying semisimple Lie algebra g is of special interest. Determining the character is
theoretically equivalent to determining the multiplicity of the irreducible constituents of these repre-
sentations when regarded as U,(g)-modules. In practice, computing the multiplicities out of a given
character is a laborious task which can be performed algorithmically.

One of the methods which have been used to approach this problem is that of considering the classical
limit of the given module and regard it as a representation for the current algebra g[t| = g® C[t]. This
approach was first considered in [2] [7] and it was then further developed in [9, 10, 2I]. In this paper,
we apply this method for g of type Fg and obtain a formula for the multiplicities of the irreducible
constituents of the graded pieces of these modules assuming certain conditions on the highest weight.
Our formula actually holds for a larger class of g[t]-modules. Namely, given a dominant integral weight
A of g, the first author defined in [21] a g[t]-module denoted by M (). The definition is by generator
and relations which naturally generalize the relations of the classical limits of Kirillov-Reshetikhin
modules obtained in [2]. It was conjectured in [21] that M (A) is isomorphic to the classical limit of the
minimal affinizations of the irreducible U,(g)-module of highest-weight A provided that there exists a
unique equivalence class of minimal affinizations associated to A\. Our main results are a formula for
the multiplicities of the irreducible constituents of the graded pieces of the modules M (A) and the
proof of the conjecture of [2I] assuming certain conditions on A. To explain these conditions, let us
label the nodes of the Dynkin diagram of g as follows.

1 2 3 4 5

Let I ={1,2,...,6} and identify it with the set of nodes of the Dynkin diagram of g following the
above labeling. For an integral weight u, the support of u is the subset of I consisting of labels such
that the value of p on the corresponding co-root is nonzero. The connected closure of the support is the
minimal connected subdiagram of the Dynkin diagram of g containing the nodes in the support of u.
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We mostly focus our study on the modules M (\) with A not supported in the trivalent node and prove
that the character formula ([3I2]) below holds for all A with support contained in one of the following
subsets of I: {1,2,5,6},{1,4,5,6},{2,4,6}. Following the conjecture of [2I], we conjecture that (3.12])
holds for all A not supported in the trivalent node and prove in such generality that ([3.12]) gives an
upper bound for the multiplicities of the g-irreducible constituents of the graded pieces of M (\) (see
BI0)). In particular, it follows from (B.9) that all irreducible constituents are multiplicity free (even
if the grading is not taken into account). As a byproduct of the proof of ([B.12]), we obtain a realization
of M()\) as a submodule of the tensor product of the classical limits of certain Kirillov-Reshetikhin
modules (Theorem B.14{(a)), thus establishing part of the conjecture of [21] for such A.

Keeping the above conditions on A and further assuming that the connected closure of the support
of A is of type A, we prove that M () is isomorphic to the classical limit of the corresponding minimal
affinizations when regarded as g[t]-modules (Theorem [3.14kb)). This establishes the other part of the
conjecture of [21I] for these values of A. In particular, (812]) gives the multiplicities of the irreducible
constituents of the minimal affinizations when the support of A is contained in one of the following
subsets of I: {1,2,5},{1,4,5},{1,2,6},{4,5,6},{2,4}. Moreover, we also prove that, if (312]) indeed
holds for any A not supported in the trivalent node as conjectured, then we can include {1,2,4,5}
in this list. Dropping all the assumptions on A except that the connected closure of its support is of
type A, we prove that the classical limit of the corresponding minimal affinizations are quotients of
M(X) (Proposition BI5]). This is a further step towards the proof of the conjecture of [2I] in general.
However, the graded character formula for the Kirillov-Reshetikhin modules associated to the trivalent
node given in [I6] implies that, if A is supported on that node, then these modules are not multiplicity
free. We remark that, in [22], Nakajima developed an algorithm for computing the t-analogue of the g-
character of any finite-dimensional irreducible representation of the quantum affine algebra associated
to any simply laced simple Lie algebra g. In particular, without any assumption on A, the graded
character of the classical limits of the minimal affinizations associated to A can be computed using this
algorithm. Theoretically, one can then compute the multiplicities from the character as mentioned in
the first paragraph of this introduction. On the other hand, with the above assumptions on A, formula
BI2) gives these multiplicities directly.

Let us explain the reasons behind the several aforementioned restrictions on \. First we recall that,
for simply laced g, there exists a unique equivalence class of minimal affinizations associated to A if
and only if the connected closure of its support is of type A. Let 6 be the highest root of g and,
given ¢ € I, let ¢;(0) be its coordinate in the basis of simple roots. Given a positive integer r, let
gt : r] be the quotient of g[t] by the ideal g ® t"C[t]. It turns out that M (X) factors to a module for
g[t : ] where r is the maximum of ¢;(6) for ¢ running on the support of A. In particular, if g is of type
Es, M(\) can be regarded as a module for g[t : 3]. Moreover, if X is not supported on the trivalent
node, then M(\) factors to a module for g[t : 2]. The category G, of graded g[t : 2]-modules with
finite-dimensional graded pieces has been recently studied in [4] [5] by exploring its interplay with the
theory of Koszul algebras and quiver representations. The literature on the representation theory of
g[t : r] for » > 2 is more limited and results such as the ones from [4] 5] are yet to be established.
Thus, we focus on the case that M (\) factors to a g[t : 2]-module which, for type Eg, is equivalent to
assuming that A is not supported on the trivalent node (as mentioned above, this is also the necessary
and sufficient condition for the modules M(\) to be multiplicity free). It follows from [5, Theorem
1] that, if X\ satisfies certain conditions, then M ()) is a projective object of a full subcategory of
Go naturally attached to A. Moreover, [5, Theorem 2] gives a graded character formula for M (\)
provided A satisfies the conditions of [5 Theorem 1]. We remark that [5, Theorem 2] expresses the
graded character of M(\) in terms of an alternating sum of the graded characters of M (u) with p
strictly smaller than A with respect to the usual partial order on the weight lattice of g. Hence, the
formula of [5, Theorem 2] is of recursive nature. For g of type Eg, we prove that the conditions on
A required on [5, Theorem 1] is equivalent to requiring that the support of A be contained in one of
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the following subsets of I: {1,2,5,6},{1,4,5,6}. Therefore, (812]) holds beyond the cases covered by
[0, Theorem 2]. This latter list of subsets of I also hints that it should be expected that when the
support of \ contains {2,4} the situation should be more complicated than otherwise. Indeed, the
proof of ([BI2]) for this case is significantly more technically involved than for the others.

The paper is organized as follows. In Section[I], we review the basic notation on simply laced simple
Lie algebras and the associated loop algebras, current algebras, quantum groups, and quantum affine
algebras. In Section 2] we review the relevant facts on the finite-dimensional representation theory
of these algebras. After reviewing the classification of minimal affinizations in Subsection B], the
main results (Theorem B.I4] Proposition B.15] the multiplicity free property (8.10]), and the character
formula ([3.12])) are stated in Subsection The relation of our results with those of [5] is explained
in Subsection The proofs are given in Section Ml

Acknowledgements: The work of the first author was partially supported by CNPq. The M.Sc.
studies of the second author, during which part of this work was done, were supported by FAPESP.

1. QUANTUM AND CLASSICAL LOOP ALGEBRAS

Throughout the paper, let C,R,Z,Z>,, denote the sets of complex numbers, reals, integers, and
integers bigger or equal m, respectively. Given a ring A, the underlying multiplicative group of units
is denoted by A*. The dual of a vector space V is denoted by V*. The symbol = means “isomorphic
to”. The cardinality of a set S will be denoted by |S|.

1.1. Classical algebras. Let I = {1,...,n} be the set of vertices of a finite-type simply laced Dynkin
diagram and let g be the associated semisimple Lie algebra over C with a fixed Cartan subalgebra b.
Fix a set of positive roots BT and let

= P gia where gio={zcg:[h ] =xalh)z, ¥heh}
a€ Rt

The simple roots will be denoted by «; and the fundamental weights by w;, i € I. Q,P,Q", PT will
denote the root and weight lattices with corresponding positive cones, respectively. Let also h; € b,
be the co-root associated to «;,7 € I. We equip h* with the partial order A < p iff 4 — X € QT. Let
C = (cij)ijer be the Cartan matrix of g, i.e., ¢;; = a;(h;). The Weyl group is denoted by W.

The subalgebras g+qo,« € R, are one-dimensional and g+, g+s] = grarp for every o, 8 € RT.
We denote by x any generator of gi, and, in case a = «; for some i € I, we may also use the

notation :E;t in place of xi In particular, if a4+ 8 € RT, [, :Eéﬂ is a nonzero generator of g4,+5 and

we simply write [z, a:g] = xf;rﬁ.

by :ngj, j € J, and define nfj, b in the obvious way. Let also (0 be the subgroup of ) generated by
aj,j € J, and RT =Rt NQy. Given A € P, let A\ be the restriction of A to b and A € P be such
that A/ (h;) = A(h;) if j € J and A/ (h;) = 0 otherwise. By abuse of language, we will refer to any
subset J of I as a subdiagram of the Dynkin diagram of g. The support of u € P is defined to be the
subdiagram supp(u) C I given by supp(p) = {i € I : u(h;) # 0}. Let also supp(u) be the minimal
connected subdiagram of I containing supp(u).

For each subset J of I let gy be the Lie subalgebra of g generated

If a is a Lie algebra over C, define its loop algebra to be @ = a ®¢ CJ[t,t~!] with bracket given by
[t @t y@t] = [r,y] @ t""5. Clearly a ® 1 is a subalgebra of a isomorphic to a and, by abuse of
notation, we will continue denoting its elements by z instead of x @ 1. We also consider the current
algebra a[t] which is the subalgebra of a given by a[t] = a ® C[t]. Then g=n" & hdat and b is an
abelian subalgebra and similarly for g[t]. The elements x* ® ¢", x;t ®t", and h; ® t" will be denoted

by azgf’r, xfr, and h;,, respectively. Also, Diagram subalgebras g are defined in the obvious way.
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Let U(a) denote the universal enveloping algebra of a Lie algebra a. Then U(a) is a subalgebra of
U(a). Given a € C, let 7, be the Lie algebra automorphism of a[t| defined by 7,(x® f(t)) = z® f(t—a)
for every x € a and every f(t) € C[t]. If a # 0, let ev, : @ — a be the evaluation map z® f(t) — f(a)x.
We also denote by 7, and ev, the induced maps U(a[t]) — U(alt]) and U(a) — U(a), respectively.
Given a nonzero z € a we shall denote by U(z) the universal enveloping algebra of the one-dimensional
subalgebra generated by x regarded as a subalgebra of Ul(a).

For each ¢ € I and r € Z, define elements A;, € U (6) by the following equality of formal power
series in the variable wu:

(1.1) i A 4pu” = exp <— i %US) .

r=0 s=1

1.2. Quantum algebras. Let C(q) be the ring of rational functions on an indeterminate ¢ and
A = C[q,q7"]. Set

" —q" | m
= = —1]...[2]1 =
=T =l 1) R (P =
for r,m € Z>p, m > r. Notice that [m],[ "] € A.
The quantum loop algebra U,(g) of g is the associative C(g)-algebra with generators a;icr (1 €1,

re ),k (iel), hiy (i €I, r € Z\{0}) and the following defining relations:
Rkt =k k=1, kiky = kjki,
k'hj r = hj Tkiy

k; i) Tkl 1 - qiclﬂazi

Jr?

(hivshjs] =0, [hiy,at,] = ﬂ:%[rcij]xi

7,7 7,8 j,r—i—s’

+ + +cij,.x £ +cij .t L + +
$i,r+1$j s 4 23$] T o+l T =q v $z rx] s+1 j,s+1$i,r7
+ _ —
+ — 2,7+ 2,7+
[, a5l =0ij————F—
Z7T ]78 q J— q 1
+ + .+ + _ s .
Z Z 7' ra(l) : xivra(k)$j75xi7ra(k+1) e $ivro(m) - 07 lf t # J
0€Sm k=0
for all sequences of integers rq,...,r,, where m = 1 — ¢;;, Sy, is the symmetric group on m letters,

and the wicr are determined by equating powers of u in the formal power series

:izpfﬁiru _kilexp< (¢g—q~ Zh,i5u>.
r=0

Denote by U, (#F), U,(h) the Subalgebras of U,(g) generated by {x 3 {kF by s}, respectively. Let

U,(g) be the subalgebra generated by xi = zio’ k:lil 1€ I, and deﬁne U,(n®),U,(h) in the obvious
way. U,(g) is a subalgebra of U,(g) and multiplication establishes isomorphisms of C(g)-vectors spaces:

Ug(g) 2 U (n") @ Ug(h) ® Uq(n+) and Ug(g) =2U,(n7) @ Uq(ﬁ) ® Uq(ﬁ+)-

Let J C I and consider the subalgebra U,(gs) generated by kil Njr, T s £ foralljeJrseZr#0.

If J = {j}, the algebra U,(g;) := U,(g.s) is isomorphic to U, (5[2). Similarly we define the subalgebra
UQ(gJ)> etc.
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ot )k
Forie I,r € Z,k € Z>o, define (a;fr)(k) = ! [k]') Define also elements A; .,7 € I, € Z by

(1.2) ZAi,irur = exp (— Z hfj]tsus) )

r=0

Although we are denoting the elements xfr, hir, and A;, above by the same symbol as their classical
counterparts, this will not create confusion as it will be clear from the context.

Let Ux(g) be the A-subalgebra of U,(§) generated by the elements (xi.)®), k! for i € I,r € Z, and
k € Z>o. Define Up(g) similarly and notice that Uy (g) = Ua(g) N Uy(g ) Henceforth a will denote a
Lie algebra of the following set: g,n*, b, g,n £ h. For the proof of the next proposition see [2, Lemma
2.1] and the locally cited references.

Proposition 1.1. The canonical map C(q) ®a Ua(a) — Uy(a) is an isomorphism. O
Regard C as an A-module by letting ¢ act as 1 and set
(1.3) Uy(a) = C®p Up(a).

Denote by Z the image of x € Ua(g) in Uy(g). For a proof of the next proposition see [11, Proposition
9.2.3] and the locally cited references.

Proposition 1.2. U(g) is isomorphic to the quotient of U,(g) by the ideal generated by k; — 1. In

particular, the category of U,(g)-modules on which k; act as the identity operator for all ¢ € I is
equivalent to the category of all g-modules. O

The algebra U,(g) is a Hopf algebra and induces a Hopf algebra structure (over A) on Ux(g).
Moreover, the induced Hopf algebra structure on U(g) coincides with the usual one (see [I1 20]). On
U,(g) we have
(1.4) Az )=z @1+ k], Alx])=a; @k ' +1®@a;, A(k;) = k; @ k;
for all i € I. The next lemma is easily established (cf. [2I, Lemma 1.5]).

[z, [z, ,x;]---]]. Then z € Uy(n~) and

Lemma 1.3. Suppose = = [z, [z;,, . n]

i1
l
ex@H D41+ floy

for some y € Ux(g) ® Up(g) and some f(q) € A such that f(1) =0. O

“n,h”,k‘z:|E1 is not
known. The following partial information will suffice for our purposes (see [2I, Lemma 1.6] and the
locally cited references).

An expression for the comultiplication A of U,(g) in terms of the generators z7

Lemma 1.4. A(z;;) =2, ® ki + 1® x; | +  for some z € Up(g) ® Ua(g) such that = 0. O

1.3. The (-weight lattice. Given a field F consider the multiplicative group Pr of n-tuples of rational
functions g = (pq(u),- -, p, (uv)) with values in F such that p,(0) = 1 for all ¢ € I. We shall often
think of p;(u) as a formal power series in u with coefficients in F. Given a € F* and ¢ € I, let w; , be
defined by

(wia)j(u) =1—6; jau.
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Clearly, if F is algebraically closed, Pr is the free abelian group generated by these elements which are
called fundamental /-weights. It is also convenient to introduce elements wy ,, A € P,a € I, defined
by

(1.5) wra = [ [(wia)*".

iel

If F is algebraically closed, introduce the group homomorphism (weight map) wt : Pp — P by setting
wt(wjq) = w;. Otherwise, let K be an algebraically closed extension of I so that Pr can be regarded
as a subgroup of Pk and define the weight map on Pr by restricting the one on Px.

Define the f(-weight lattice of U,(g) to be Py := Pc(,). The submonoid 77:[ of P, consisting
of n-tuples of polynomials is called the set of dominant (-weights of U,(g). Given A € P;’ with

Ai(u) = [[;(1 — a; ju), where a; ; belongs to some algebraic closure of C(q), let A~ € Py be defined

by A; (u) = T[;(1 - a;jlu). We will also use the notation AT = A. Given v € P, say v = Ap~! with
A€ P;, define a C(q)-algebra homomorphism ¥y, : Uq(fN)) — C(q) by setting \Ily(k:iil) = qith(V)(hi)
and

oy 2
(1.6) QZO\IJV(AZ,ﬂ) = )

One easily checks that the map ¥ : P, — (Uq(f;))* given by v +— Wy, is injective. Define the (-weight
lattice P of g to be the subgroup of P, generated by w; , for all ¢ € I and all a € C* or, equivalently,
P = Pc. Set also P =P NPS. From now on we will identify P, with its image in (Uy(h))* under

. Similarly, P will be identified with a subset of U(h)* via the homomorphism ¥, : U(h) — C
determined by (L6 and ¥y (h;) = wt(v)(h;).

It will be convenient to introduce the following notation. Given i € I,a € C(q)*,r € Z>¢, define
r—1
(1.7) Wiar = HwiﬂqrflfQj.
§=0

Ift J C1Iand A € Py, let XA; be the associated J-tuple of rational functions. Notice that, if
Aj(u) € C(gj)(u) for all j € J, Ay can be regarded as an element of the (-weight lattice of U,(gs). Let
also A7 € P, be such that (A7);(u) = X;(u) for every j € J and (A7);(u) = 1 otherwise.

Given ¢ € I and a € C(q)*, define the simple ¢-root oy 4 by

— . | | -1
(18) Qi q = Wiaq2 wj,aq,—cj‘yi‘
J#i

The subgroup of P, generated by the simple f-roots is called the f-root lattice of U,(g) and will
be denoted by Q,. Let also Q(‘; be the submonoid generated by the simple f-roots. Quite clearly
wt(ajq) = ;. Define a partial order on P, by

p<Xx o if  apTlegf

Remark. The elements a;, were first defined in [I5] where they were denoted by A; 4. The term
simple ¢-root was introduced in [§] where an alternate definition in terms of an action of the braid
group of g on P, was given. For more details on the ¢-weight lattice see [I9] Section 3] and the
references therein.
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2. FINITE-DIMENSIONAL REPRESENTATIONS

2.1. Simple Lie algebras. For the sake of fixing notation, we now review some basic facts about the
representation theory of g and U,(g). For the details see [I8] and [II] for instance.

Given a Uy(g)-module V and p € P, let
Vi={veV :kv= @My for all i € T},

A nonzero vector v € V), is called a weight vector of weight p. If v is a weight vector such that xjv =0
for all 7+ € I, then v is called a highest-weight vector. If V' is generated by a highest-weight vector of
weight A, then V' is said to be a highest-weight module of highest weight A\. A U,(g)-module V' is said
to be a weight module if V=@ V). Denote by C, be the category of all finite-dimensional weight

uwer

modules of Uj,(g). Analogous concepts for g-modules are defined similarly after setting
Ve={veV:hv=pu(h)v for all h € bh}.

Denote by C the category of finite-dimensional g-modules.

Let Z[P] be the integral group ring over P and denote by e : P — Z[P], A — ¢*, the inclusion of P
in Z[P] so that e*e# = e*T#. The character of an object V from C, or C is defined by

(2.1) char(V) = Z dim(V},)e".
pepP

The following theorem summarizes the basic facts about the categories C, and C.
Theorem 2.1. Let V be an object either of C, or of C. Then:

(a) dimV, = dimV,,, for all w € W.
(b) V is completely reducible.
(c) For each A € PT, the g-module V() generated by a vector v satisfying

Fu =0, hiv = A(h;)v, (z; )M hi+ly =0, Viel,

L
is irreducible and finite-dimensional. If V' € C is irreducible, then V is isomorphic to V() for
some \ € Pt.

(d) For each A € P the U,(g)-module V,(\) generated by a vector v satisfying
zfv=0, kiv = ¢y, (xi_))‘(hi)ﬂv =0, Viel,

is irreducible and finite-dimensional. If V' € C, is irreducible, then V' is isomorphic to V()
for some \ € PT.
(e) For all A € P, char(V,(\)) = char(V(X)). O

If J C I we shall denote by V(A ;) the simple Uj(gs)-module of highest weight A ;. Similarly V(X ;)
denotes the corresponding irreducible g;-module.
Proposition 2.2. Let A € P*,J C I, and suppose v € V,(\)) (respectively v € V(X)) is nonzero.
Then Uy(gs)v = V4(Ay) (respectively U(gy)v = V(A)). O

Assume g = g1 @ go where g; are semisimple Lie algebras. Then P = P; x P, where P; is the
weight lattice of g; for j = 1,2, and so on. Given A € Pj+, denote by V;(A) the irreducible gj-module
of highest-weight A. If V} is a g1-module and V5 is a go-module, then V; ® V5 is naturally a g-module.

Proposition 2.3. Let A = (A1, \y) € Pt and p = (u1, pu2) € P. Then:

(a) V(A) =2 Vi(A1) @ Va(Ag) as g-modules.
(b) VN, =2 (Vi(M)u) @ (Va(A2)u,) as hb-modules. O



8 ADRIANO MOURA AND FERNANDA PEREIRA

We will need the following elementary lemma (a proof can be found in 21, Lemma 2.3]).

Lemma 2.4. Let V be a finite-dimensional g-module and suppose | € Z>1,v, € P,v, € V,,, for

k = 1,...,1, are such that V = 2221 Un )vg. Fix a decomposition V = Zﬁlvj where m €
j =

Z>1,V; = V(u;) for some pj € PT, and let 7; : V — V; be the associated projection for j =1,...,m.

Then, there exist distinct k1, ..., ky € {1,...,1} such that vy, = p; and 7;(vg,) # 0. O

2.2. Loop algebras. Let V be a U,(g)-module. We say that a nonzero vector v € V' is an (-weight

vector if there exists A € Py and k € Zsq such that (n— ¥y (n))*v = 0 for all ) € U,(h). In that case,
A is said to be the f-weight of v. V is said to be an f-weight module if every vector of V is a linear
combination of /-weight vectors. In that case, let V) denote the subspace spanned by all (-weight
vectors of (-weight A. An (-weight vector v is said to be a highest-f-weight vector if nu = ¥ (n)v for

every n € U,(h) and x;{’rv =0forallie I and all r € Z. V is said to be a highest-f-weight module if it
is generated by a highest-f-weight vector. Denote by 5q the category of all finite-dimensional ¢-weight

modules of Uy(g). Quite clearly 5,1 is an abelian category.

Observe that if V € 5[1, then V € C, and

(2.2) W\ = P V-

Arwt(A) = A
Moreover, if V is a highest-¢-weight module of highest ¢-weight A, then
(2.3) dim(th()\)) =1 and Vi # 0= p < wt(X).

Define the concepts of ¢-weight vector, etc., for g in a similar way and denote by C the category of
all finite-dimensional g-modules. The next proposition is easily established using (23]).

Proposition 2.5. If V' is a highest-f-weight module, then it has a unique proper submodule and,
hence, a unique irreducible quotient. O

Definition 2.6. Let A € P and A = wt(A). The Weyl module W,(X) of highest (-weight A
is the Uy(g)-module defined by the quotient of U,(g) by the left ideal generated by the elements
:L':r, (:E;r)’\(hi)+l, and n— Wy (n) forevery i € I,7 € Z, and n € U,(h). Denote by V() the irreducible
quotient of W, (X). The Weyl module W (X), X € P, of g is defined in a similar way. Its irreducible
quotient will be denoted by V().

The next theorem was proved in [13].

Theorem 2.7. For every A € P} (resp. P™) the module Wy (X) (resp. W (X)) is the universal finite-
dimensional Uj,(g)-module (resp. g-module) with highest /-weight A. Every simple object of 5(1 (resp.
C) is highest-f-weight. O

We shall need the following lemma which is a consequence of the proof of Theorem 2.71
Lemma 2.8. If V is a highest-f-weight module of g and v be a highest-f-weight vector. Then V =
Ul(g[t])v. O

If J C I we shall denote by V(A ;) the U,(g.s)-irreducible module of highest ¢-weight A ;. Similarly
V(M) denotes the corresponding irreducible g -module. Similar notations for the Weyl modules are
defined in the obvious way.

The next theorem was conjectured in [I5] and proved in [14].
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Theorem 2.9. Let V' be a quotient of W, () for some A € P;’. If Vi # 0, then p < . O

Given V in Eq, let wtg(V) = {p € Py : V # 0}. We will need the following proposition proved in
[21], Section 4.8].

Proposition 2.10. Suppose g is of type A, A € PT, X = [[ic;Wiaam) B € Wte(V4(N)), and
Apt= Qb ji1b,yy kb, for some j <k and some a;,b, € C(q)*,i € I,l=7j,... k.

(a) If a;—tl = gMha)+Ahis )+ for all ¢ < n, then by, = apg )1,
(b) If a;—fl = ¢~ Ah)FA+1)F) for all § < n, then b; = a;g M)~ O

2.3. Classical limits. Denote by Pg the subset of P, consisting of n-tuples of polynomials with
coefficients in A. Let also Py be the subset of PK consisting of n-tuples of polynomials whose leading
terms are in C¢gZ\{0} = A*. Given X € P/, let X be the element of Pt obtained from X by evaluating
q at 1.

Recall that an A-lattice (or form) of a C(g)-vector space V' is a free A-submodule L of V such that
C(q) @ L=V. If Vis a Uy(g)-module, a Uy (g)-admissible lattice of V' is an A-lattice of V' which is
also a Uy (g)-submodule of V. Given a Upy(g)-admissible lattice of a U,(g)-module V, define

(2.4) L= (C@A L,

where C is regarded as an A-module by letting ¢ act as 1. Then L is a g-module by Proposition

and dim(L) = dim(V'). The next theorem is essentially a corollary of the proof of Theorem 2.7

Theorem 2.11. Let V be a nontrivial quotient of Wy(X) for some A € Py, v a_highest-f-weight
vector of V, and L = Up(g)v. Then, L is a Uy (g)-admissible lattice of V' and char(L) = char(V). In
particular, L is a quotient of W (). O

Definition 2.12. Let A € Py, v be a highest-f-weight vector of V4 (A) and L = Ua(g)v. We denote

by V4(A) the g-module L.

3. MINIMAL AFFINIZATIONS AND BEYOND

3.1. Classification of minimal affinizations. We now review the notion of minimal affinizations
of an irreducible Uy(g)-module introduced in [IJ.

Given A € PT, a U,(g)-module V is said to be an affinization of V,(\) if, as a Uj,(g)-module,

(3.1) vEvWe @ Viwom
w< A

for some m, (V') € Z>o. Two affinizations of V;(\) are said to be equivalent if they are isomorphic
as Uy(g)-modules. If X € P is such that wt(A) = X, then V,(A) is quite clearly an affinization of
V,(A). The partial order on P* induces a natural partial order on the set of (equivalence classes of)
affinizations of V(). Namely, if V' and W are affinizations of V,()\), say that V' < W if one of the
following conditions hold:

(a) mu(V) <m,(W) for all pe PT;
(b) for all p € P* such that m, (V) > m, (W) there exists v > p such that m, (V) < m, (W).

A minimal element of this partial order is said to be a minimal affinization.
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Theorem 3.1 ([12]). Let A € P}, A = wt(X), and V = V,(X). Suppose g is of type A. Then V is a
minimal affinization of V;(X) iff there exist a € C(q)* and € € {1, —1} such that

Qit1 _ qe()\(hi)+)\(hi+1)_1)
a;

n
A= Hwi,ai,k(hi) with a1 =a and
i=1

for all © € I,7 < n. If gis of type D or E, suppose the support of A is contained in a connected
subdiagram J C I of type A. Then, V is a minimal affinization of V,(\) iff V,(A;) is a minimal
affinization of V(). O

The next corollaries are easily established (recall from §I.T] that Supp(\) is the minimal connected
subdiagram of I containing supp(2)).

Corollary 3.2. Suppose A € P is such that supp(\) is of type A. Then, V,(\) has a unique
equivalence class of minimal affinizations. O

Corollary 3.3. Given i € I and m € Z>q, the modules V,(w; am),a € C(q)*, are the only minimal
affinizations of Vj(mw;). O

The modules V(wj q,m) are known as Kirillov-Reshetikhin modules.

We now state a few results which were used in the proof of Theorem B.1] and will be useful for us
as well. The proofs can be found in [12].

Lemma 3.4. Suppose ) # J C I is a connected subdiagram of the Dynkin diagram of g. Let
V = V4(A), v a highest-¢-weight vector of V', and V; = Uy(gs)v. Then, V; =V (X;). O

Definition 3.5. Suppose g is of type A. A connected subdiagram J C [ is said to be an admissible
subdiagram. If g is of type D or FE, let ig € I be the trivalent node. A connected subdiagram J C [
is said to be admissible if J is of type A and J\{ip} is connected.

Proposition 3.6. Suppose J C [ is admissible and that A € 77;' is such that V;(A) is a minimal

affinization of V() where A = wt(A). Then V () is a minimal affinization of V(). O
The next proposition was proved in |21 Proposition 3.7].

Proposition 3.7. Let A € P, and A = wt(X). If V4 (A) is a minimal affinization of V; (), then there

exist a; € C(q)*,i € I, such that A = [[;c; ws ¢, A(ns) and g—J‘ € ¢’ foralli,jel. g

Corollary 3.8. For every A € Pt there exist A € P such that V() is a minimal affinization of
V,(A). Moreover, A = w, , for some a € C*. O
3.2. Graded characters. Recall the definition of the maps 7, : g[t| — g[t] from subsection [[1]

Definition 3.9. Let XA € P, A = wt(A), and a € C* be such that A = w) ,. The g[t]-module L(\)
is defined to be the pullback of V,(A) by 7.

It is immediate from Theorem [2.11] that
(3.2) char(L(X)) = char(Vg(X)).

Let V be a Zsp-graded vector space and denote its r-th graded piece by V[r]. A g[t]-module
V' is said to be Zsg-graded if V is a Z>¢-graded vector space and z ® tv € Vr + s] for every
veVir],x €g,r, s € Z>g. Observe that if V is a Z>¢-graded g[t]-module, then each graded peace is a
g-module. Given s € Z>(, denote by V (s) the quotient of V by its g[t]-submodule EB V[r]. We shall

r>s
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refer to V(s) as the truncation of V' at degree s. If V' is a finite-dimensional Z>o-graded g[t]-module,
define the graded character of V' by

char, (V) = char(V[r]) " € Z[P][t].
r>0

Let also m,, (V') be the multiplicity of V(1) as an irreducible constituent of V[r].

Definition 3.10. Let m € Z>¢ and i € I. The g[t]-module M (mw;) is the quotient of U(g[t]) by the
left ideal generated by

(83) wfll, @i, by hi-m, o

_ 1 —
ij? (':U(xl)m—i_ Y x

ag,l

for all j # i.
Define T'(mwj;) to be the g[t]-submodule of M (w;)®™ generated by the top weight space.

Quite clearly M (mw;) is a Z>g-graded g[t]-module. Given A\ € PT one can consider the modules
A(\) defined in [2I]. These are graded g[t]-modules which were proved to be finite-dimensional in [21]
Proposition 3.15]. One can proceed similarly to prove that the modules M (mw;) are finite-dimensional.

Moreover, it was proved in [23] Proposition 5.2.5] that A(mw;) = M (mw;) (for a general simple Lie
algebra g). We shall not need the modules A()\) in this paper.

Given i € I,m,r € Z>o, let v; , be the image of 1 in M (mw;) and set

(3.4) R(i,m,r) ={a € R" : a5 v;;m = 0}.
Since (h ® tC[t])vim = 0, it follows that
(3.5) R(i,m,r) C R(i,m, s) for all s > r.

In particular, it follows that M (0) is the trivial representation and R*(i,0,s) = Rt for alli € I, s €
Z>o. Now, given A € Pt and r € Z>, set

(3.6) R(\r) = (R, A(hs), 7).
1€l
Notice R(mwj,r) = R(i,m,r) for all i € I and m,r € Z>y.

Definition 3.11. Let A € PT. The g[t|-module M(\) is the quotient of U(g[t]) by the left ideal
generated by

(3.7) nt, hetCl], b= M), (@) e

for all i € I,r € Z>gp, and a € R(\,r). Define T(X) to be the g[t]-submodule of & M (A(h;)w;)
1€l
generated by the top weight space.

Definitions and B.IT] of M (mw;) coincide since R(mw;,r) = R(i,m,r) for all i € I, m,r € Z>g.
The modules M (X) are clearly Zso-graded. It follows from [2I], Proposition 3.13] that M (X) is a
quotient of the module A(X) of [2I] and, hence, finite-dimensional. Moreover, one easily sees that
T()) is a graded quotient of M (\) for all A € Pt (the details can be found in [23] Proposition 5.2.10]).

Proposition 3.12 (|21} Proposition 3.21]). Let A € P} be such that V;(A) is a minimal affinization

of Vg (A\) where A = wt(A). Then, T'(\) is a quotient of L(A). O
The following is the main conjecture of [21].

Conjecture 3.13. Let A € PT. Then, M()\) = T()\). Moreover, if Supp()) is of type A and A € Py

is such that V() is a minimal affinization of V;(\), then, M(X) = L(X).

For the rest of the subsection assume that g is of type Eg and that the nodes of the Dynkin diagram
are labeled as in the introduction. We now state our main results.
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Theorem 3.14. Let A € Pt be such that A(hg) = 0. Suppose that either {2,4} ¢ supp()) or
supp(\) € {2,4,6}. Then:

(a) The first isomorphism in Conjecture [3.13] holds.

(b) The second isomorphism in Conjecture holds provided that supp(A) is of type A.

Notice that part (a) of Theorem B.14] and Proposition B.12] together with the following proposition
which will be proved in Subsection 44 imply part (b) of Theorem BI4]

Proposition 3.15. Let A € P™ be such that is of type A. Then, L(A) is a quotient of M ().

As a byproduct of the proof of Theorem BI4] we are able to compute char;(M (X)) for A as in the
theorem. In particular, we compute char (Vg (X)) for all X € P/ such that wt(X) satisfies the hypothesis

of part (b) of the theorem. Let us now present these formulas and, along the way, explain the strategy
of the proof of Theorem B14{(a).

Fix A € P* and, given p € P and r € Z>, set
My = My (M(N)) and tur = mur(T(N)).

We have already seen that ¢, . < m,, . Therefore, in order to prove the first isomorphism of Conjecture
[B.13] it suffices to show that

(3.8) My <ty for all p € P reZs.

For r € Z5, set

wt(r) = A =71 (we —ws) — ro(ws —wy) — r3(we — wa +ws) — ra(w) —wa +wy) — rs(we — ws + wy) — rewe
and

gr(r) =r1+ro+r3+ryg+rs5+r6.
Let also

A:{PGZgOZT(g SmG,T‘g STTL5,T’4 §m1,r1+r3—|—7‘5 STTLQ,T2+T4+T’5 STTL4},
A, ={re A:wt(r) = p}, A ={reA:gr(r)=r}, and A,,=A,NA.

The omission of the dependence of wt and A on A in the notation will not create confusion. One easily
checks that the function wt : Z% — P is injective and, if r € A, then wt(r) € PT. In particular,

(3.9) AL <1 forall — pe Pt

The basic idea for proving (3.8]) is the same one used in [9, [10, 2I]. Namely, in Subsection L5}, we will
use the defining relations of M (\) to show that,

(3.10) if  A(hs) =0, then My < [ Aprl.

Moreover, for A as in Theorem B.14] by performing some explicit computations in 7'()\), we show in
Subsection 7] that

(3.11) tur > [Aurl-

Clearly (310) and (BII) together imply (B.8]). Moreover,

(3.12) char;(M(X)) = ) char(V (wt(r)))¢&" ™)
reA

for all X as in Theorem B4l In particular, for A as in Theorem BI4Ib) and A € P/ such that V()
is a minimal affinization of V;()), we have

(3.13) char(Vy(X)) = ) _ char(V (wt(r))).

reA
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Remark. Similar results in the case that g is of classical type or Gy were obtained in [9, 10, 21]
(however, the definition of the modules T (mw;) requires some extra care in the non simply laced
case). Equation (812]) (and similar ones for general g) was predicted in [I6] in the case that A = mw;
for some ¢ € I,m € Z>o. However, the meaning of the gradation in [I6] is related to the quantum
context, whereas here it appears by computing the classical limit. It is not clear to us why these
two gradations coincide. The formulas in [16] were obtained by assuming the Kirillov-Reshetikhin
conjecture whose proof was later completed in [I7]. Our results give an alternate proof of these
formulas for g of type Eg and i # 3. As mentioned in the introduction, M (mws3) is not multiplicity
free in general. Using the methods of this paper, we are able to prove that the isotypical components
of M (mws)[r] are exactly as given by [16]. However, so far we could only obtain an upper bound for
my,» which is most often larger than the actual value of my, ;.

We end this subsection by reviewing a construction used in [9], §2.6] which will be useful for us as
well. Let V., 0 <r <k, be g-modules such that

(3.14) Homgy(g ® Vi, V1) # 0, Homg(A%(g) ® V., Viig) =0, 0<7r <k—1,

where we assume that Vj1 = 0. Fix non-zero elements p, € Homg(g ® V., V,11), 0 <r <k — 1, and
set pr, = 0. It is easily checked that the following formulas extend the canonical g-module structure
to a graded g[t]-module structure on V = @F_, V.

(3.15) (z@t)w=p(rR@w), (x@t)w=0, forall zegweV,1<r<ks>2.

Moreover, V[r] = V, for all 0 < r < k. Also, if Vj = U(g)wo and the maps p, for r < k are all
surjective, then V = U(n™ [t])wp.

3.3. Projectivity. If supp()\) is not of type A, then Proposition is probably false. In fact, most
likely, M(X) is then a proper quotient of L(A). We now explain the motivation for studying the
modules M (A) beyond the cases associated to minimal affinizations from the perspective of [5]. We
begin with following straightforward lemma which has been implicitly used in [5].

Lemma 3.16. Let r € Z~( and V be a g[t]-module generated by a vector v satisfying (g@t"C[t])v = 0.
Then, (g ® t"C[t])V = 0.

Proof. Let x € g,s > 1, and w = (zy ® t") -+ (xg ® t"™)v for some m,r; € Z>0,2; € g,j =1,...,m.
We proceed by induction on m. If m = 0, we have (z ® t*)w = 0 by hypothesis. Assume m > 0,
let w' = (x9 @ t"2) -+ (z, @ t"™)v and assume, by induction hypothesis, that (y ® t*)w’ = 0 for all
y €g,s >r. Then, given z € g and s > r, we have

(@ tHw = (v1 @t")(z @ t5)w' + ([z, 1] @ 575w,

Both summands are zero by the induction hypothesis on m. O

The next proposition follows immediately from the above lemma and the definition of M (\).

Proposition 3.17. Let A € Pt and r > 0 be such that R(\,r) = R*. Then, (g t"C[t])M(\) = 0.0

If V is a g[t]-module as in Lemma[3.I0] then the canonical projection g[t] — g[t : r| := g[t]/g®t"C|[t]
induces a g[t : r]-module structure on V. Chari and Greenstein in [4, [5] initiated the study of the
category Go of graded g[t : 2]-modules with finite-dimensional graded pieces (they do not assume g
is simply laced). Given a subset I' of PT x Zx0, they consider the full subcategories Go(T') of Gy
consisting of modules V' such that V(u) is an irreducible constituent of V[r] only if (u,7) € T'. In
particular, they consider subsets I" of the following form. Given ¥ C R™ and \ € P, set

FNY) ={(pu,r) € PXZ>0: A —p= anﬁ,ng IS ZZOvZnB =r}
pew Bew
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Notice that (A,0) € T'(A\, ¥) for any choice of ¥ and that I'(\,0) = {(\,0)}. If we regard V()) as a
module for g[t : 2] by pulling back the canonical projection g[t : 2] — g[t : 1] = g, then V()) is an
object of Go(T'(A, ¥)). The full strength of the results of [5] is realized when ¥ is either empty or of
the form W, for some v € P where

U, ={acR":(a,v) =max{(B,v): B€ RT}}

and (-,-) is the bilinear form on P x P induced from the Killing form of g.

For A € P* such that R()\,2) = R, set U* = RT\R(),1). The following theorem is a particular
case of [5, Theorem 1].

Theorem 3.18. Let A € P* be such that R()\,2) = R* and suppose that either ¥* = () or ¥* = ¥,
for some v € P. Then, M()) is the projective cover of V() in the category Go(I'(\, ™). O

For A as in Theorem B8] [5, Theorem 2] gives a formula for computing the graded character of
M ()) by induction on the cardinality of the set T'(\, ¥™).

Let us return to the case that g is of type Eg. It follows from the proof of Theorem .14l (see Lemma
A ITlbelow) that M(A) is a module as in Lemma 316 with » = 3. Moreover, if A(hg) = 0, then we can
take r = 2.

Lemma 3.19. Let A\ € P* be such that A(h3) = 0 and {2,4} ¢ supp(A). Then, either ¥* = § or
there exists v € P such that ¥ = U,,.

Proof. Recalling that (a;,v) = 3(a;, a;)v(h;) and using the characterizations of R(X, 1) given by (@),
one easily checks by inspection of Table 1 below that

(a) supp(A) C {1,5} = ¥t = 0.

(b) 6 € supp(\) C {1,5,6} = ¥ =¥, .
(c) 2 € supp(M) € {1,2,5,6} = ¥t = T,
(d) 4 € supp()) C {1,4,5,6} = ¥} =T,

Clearly A satisfies the hypothesis of the lemma iff it satisfies one of the conditions (a)-(d) above. [

This immediately implies the following corollary of Theorem [3.I8]

Corollary 3.20. Let A be as in Lemma Then, M()) is the projective cover of V() in the
category Go(T'(\, T)). O

Similarly to the proof of Lemma B9 one easily checks that if {2,4} C supp()), then U* # ()
and WA # W, for all v € P. Therefore, A satisfies the hypothesis of Theorem B8] iff it satisfies
the hypothesis of Lemma It follows that every A as in Theorem [B.I8] satisfies the hypothesis
of Theorem B.I14l On the other hand, if A satisfies the hypothesis of Theorem [3.14] but not the one
of Theorem B8] then {2,4} C supp(\) C {2,4,6}. In this case, we cannot conclude that M(\) is
a projective object in some subcategory of Go nor can we use [5, Theorem 2] to compute its graded
character.

Remark. It is worth remarking that we will perform most of the proof of ([BII]) using only the
hypothesis A(hg) = 0. This provides some evidence that Conjecture B3] holds in complete generality.
In particular, we conjecture that (3I2) is the graded character of M(\) for all A € P such that
A(hs) = 0.
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4. PROOFS

4.1. On characters for type As. We now record some lemmas about the characters of certain finite-
dimensional sl3-modules which will be needed in the proof of ([BII]). To simplify some formulas, we
introduce the notation of divided powers. If A is an associative algebra, z € A, and r € Z>g, set

ry _ 1,..r

We will make use of the following result on representations of the 3-dimensional Heisenberg algebra
which will also be used in the proof of ([BI0). Thus, consider the three-dimensional Heisenberg Lie
algebra $) spanned by elements x, y, z where z is central and [z, y] = z. Part (a) of the following lemma
is standard while a proof of part (b) can be found in [I0] Lemma 1.5].

Lemma 4.1. Let r,s € Z>0, V a representation of §), and suppose 0 # v € V' is such that z"v = 0.

(a) The following identity holds in U (£)): x(My(s) = zgi%{r’s} 2 (k) (5=k) g, (r=k)

(b) For all k € Z>q, the element y*zFv is in the span of elements of the form z%’z¢v with
0<c<r,a+c=k,and b+ c =k + s. Moreover, if xv = 0, then y*zv = ;11 zy* . O

Recall that U(n™) is QT -graded and denoted by U(n~), the piece of degree . For the remainder
of this subsection we assume g = sl3 and I = {1,2}. Observe that the map n~ — §) given by z; — «

and Ty, where i, j € I are distinct, is an isomorphism.

Lemma 4.2. Let i,j € I,i # j, and n = kjo; + kjo; € QT. Then {(mi_)(r)(az;)(kﬂ')(azi—)(ki_” 0<r<
min{k;, k;}} is a basis of U(n™),,.

Proof. Since dim(U(n™),) = p(n) = min{k;, k;} + 1, it suffices to show that this set is linearly in-
dependent. Let us write z = 2;,y = z;, and 2 = [z,y]. Then, by part (a) of Lemma 1] we

have
min{r,k;} e
2Oy b)) = 3 <7~2_ k>z<k>y(kj—k>x<ki—k>,
k=0
One now easily uses the PBW theorem to prove that these vectors, with 0 < r < min{k;,k;}, are
linearly independent. O

Lemma 4.3. Let A\ = mqw; +maws € PT,0 < k; < m1,0 < ko < mg, and g = X\ — k1ag — koo,
Then, dim(V (X)) = min{k;, ko } + 1.

Proof. Straightforward using Kostant’s multiplicity formula (cf. [23, Proposition 5.3.10]). O

Lemma 4.4. Let V be a finite-dimensional g-module, [ € Z>1, and 1, ..., € PT. Assume p; < ps
for all s < I, write ny = s — py = ks 1001 + kg 202, and suppose kg ; < pg(h;),i € I. Suppose also that

[
there exists v; € V), such that V' = lezl U )vs. Let 4,5 € I be distinct. Then, V= @ V(us)
s=1

iff the vectors (z; )" (x;)(ks’j)(xi_)(ks’i_’")vs for s =1,...,l and 0 < r < min{ks 1, ks2} are linearly
independent.

Proof. By Lemma we have dim(V (us))y, = min{ks1,ks2} + 1 and by Lemma [2.4] there exists

m <l and sq,..., Sy, such that V g V(us, ). Hence,

r=1
dim(Vy,) = > dim(V (g, ) ) = > (min{kg, 1, ke, 2} + 1)
r=1

r=1
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The if part follows since the cardinality of the set {(s,r) : s = 1,...,1,0 < r < min{ks,ks2}} is
S (min{ks 1, keo} + 1).

l
Conversely, assume that V= @ V(us) and let Vi, s = 1,...,l, be a submodule of V iso-
s=1

morphic to V(us) and such that V' = EZB Vs. Let also w5 : V. — V; be the associated projec-
tion. By Lemma [2.4] we can assume 7788(;8% is a highest weight vector of V. Observe that the
set (z;)")(z J_)(ksj)( ) Esi =) (vg) with 0 < r < min{ks1,ks2} is a basis of (Vi),,. Indeed, the
set ()" (x -)( si)(z;)*si=m) is a basis for U(n7),, by Lemma In particular, the vectors
(7)) (z ; )(kSJ)( 7Y Esi M (vs) with 0 < r < min{ks1,ks2} span (Vi),,. Since we already know
that dim((Vs),,) = min{ks 1, ks2} + 1, the claim follows. Let a, , € C be such that

l min{ks,lyks,Q}

Z Z ans(xi—)(?“) ($;)(ks,j)($;)(ks,i_r)vs —0.
s=1 r=0

Given 1 <t <1, we get

l min{ks,lyks,Z}

m(z Z ars(z; )(7‘)( ;)(ks,j)(xi—)(ks,i—r)vs) -
s=1 =

min{kt’l,kt’g}
S anala) ) E) (@) R () = 0,
r=0
It follows that a,; =0 for all t =1,...,l and 0 < r < min{k: 1, ks 2} O

Lemma 4.5. Let a,b,c,m € Z>0,4,j € I,j # i, A = mw;, and v € V(X),\{0}. Then,
(@7)(@))(@)v£0 &  b<c and atc<m

Moreover,

(&) (27 (z]) 0 = (H *—‘b) (7)) (z7 ) v,

& S
s=1 +

Proof. From the sly representation theory we have (x; )% # 0 iff ¢ < m. Since ZE;—(ZE;)C’U = 0 and

hj(z; )v = c(z; ), it follows from the sl representation theory once more that (xj_)b(xi_)cv # 0 iff

b < ¢ (and ¢ < m). Notice that this together with the second statement implies the first statement.

We prove the second statement by induction on a > 0. The case a = 0 is obvious. The induction step

will however depend on the knowledge of the case a = 1. For convenience set x = Ty =z, and
= [z, y]. Using the well-known commutation relation in U(n™)

ymb = a;by Ay
we get
b c+1-b
_bc+1 bblc _bc+1 bc—l—l: b, c+1
yalycv = zby yezv = x’y —+1a:y v er 1 HACTRAI
where, in the second equality, we used that zv = 0 and the last statement of Lemma [£.Il The case

a = 1 follows. Then, for a > 1, using the induction hypothesis we get

-1
ya$bycv _ y(ya 1$bycv) al_[ c+s—b Y byc-i-a 1
b c+ s



GRADED LIMITS OF MINIMAL AFFINIZATIONS AND BEYOND 17

Since, by the case a = 1, we have
yxbyc—l—a—l,u _ <C +a— b> $bya+cv
c+a
the second statement follows. O

Remark. Notice that if b < ¢ the number []5_,; CJgj_;b is a positive rational number.

4.2. Root data. Henceforth we assume g is of type Eg, set A = ),y m;w; € P, and assume X € P}
is such that V() is a minimal affinization of V,(\). We will need the expression of every positive
root in terms of the simple roots and of some of them in terms of the fundamental weights. These
expressions are given by Tables 1 and 2 below, respectively.

Table 1
b1 =a1+ as Bie = a1 + as + as + ag + as
Bo = ay + as Bir = a1 + as + as + ag + ag
B3 = ao + ag Bis = ao + ag + ag + as + ag
By = a3 + ay B19 = a1 + oo + ag + oy + a5 + ag
b5 = a3 + ag Bog = g + 23 + g + g
B = a1 + as + ag Bo1 = a1 + as + 2a3 + ay + ag
Br = as+ ag + as Bog = g + 23 + g + a5 + g
Bs = as + ag + ag Boz = a1 + g + 203 + g + a5 + g
Bo = ag + a4 + ag Bog = a1 + 209 + 203 + g + g
B0 = as + as+ ay Bos = ag + 2a3 + 204 + a5 + g
B11 = a1 + as + ag + ag Bog = a1 + 29 + 23 + g + a5 +
B2 = ag + oy + a5 + ag Bor = a1 + a9 + 203 + 204 + a5 + g
B13 = ag + a3 + ayg + ag Bog = a1 + 29 + 23 + 2004 + a5 + g
B1a = a1 + ao + ag + oy Bog = a1 + 29 + 3z + 204 + a5 + g
B15 = ag + a3 + g + as B30 = a1 + 2a9 + 3ag + 204 + a5 + 20
Table 2
a1 = 2w — we P4 = w2 — ws
g = 2wy — w1 — w3 Bas = wg — w1
a3 = 2wz — wo — Wy — We P2 = w2 — wy + ws
ay = 2wy — w3 — ws Par = w1 — wa +wy
a5 = 2ws — wy Pag = w2 — w3 + wy
ap = 2wg — ws B9 = w3 — we
P2z = w1 — w2 + w3 — Wy + Ws B30 = we

4.3. A smaller set of relations for M ()). In order to prove Proposition B.I5] we need a version of
[21] Proposition 4.6].

Proposition 4.6. Suppose that either mg # 0 or supp(A) is of type A. Then, M () is isomorphic to
the g[t]-module N(X) generated by a vector v satisfying

hiv = myv and n [ty = htCltlv = (:E;i)m”lv = z,,v=0
forall a € Rf :={a € R :a =3, nj; withn; <1 foralliec I} = RT\{;:j > 20}.

Proof. Tt follows from Lemma 1T that R{ C R(),1) and, hence, M ()) is a quotient of N()). Let us
now show that, under the hypothesis assumed on A, we have an epimorphism in the opposite direction.
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Thus, we need to show that z, v =0 for all @ € R(\, 7). In fact, after ([3.9]), given a € RT, it suffices
to show that
(4.1) Ty, V=0 where ro =min{r: a € R(\,7)}.

a,Te

If 7o = 0 this follows immediately from the defining relations of N(\) since they clearly imply that
U(g)v =2 V(A\). If @ € R equation ([I) is again immediate from the defining relations of N()).
Therefore, we need to prove I for o € RT\R] only. Notice also that Lemma IT] implies that
ro <3forallae RT.

Assume first that mz # 0. It then follows from (7)) that R} = R(\,1) and (&I) is immediate
for all @ such that r, = 1. Equation (47) also implies that R(\,2) = {5; : 20 < j < 28} and
R(\,3) = {B29, B30} Therefore, we are left to show that Ty oV = 0 for all 20 < 7 < 28 and Ty 50 = 0
for all 29 < j < 30. This follows from the following commutation relations together with (£I]) for a
such that r, < 1:

Tgp00 = Ty 1: T4 1) Tgy 0= [Ty 1: %5, 1) L5002 = [Tas 1555 1)5
Thpso = [Toy1:Tg,01) Tgpno = [Tgs 1,5, 1], T2 = T3, 1> Tg,51)
$E2672 - [:EE $519,1]’ $L;2772 - [335471,3351971], x52872 - [33510’1,3351971],
Tg003 = [Tag 10 Ty 2)> Th03 = [Ta5.10 Ty 0]

Now, assume m3 = 0. In this case, r, < 2 for all @« € RT. We consider separately the cases
supp(\) C {1,2,4,5} and supp(A) C {1,2,6} (the case supp(A) C {4,5,6} follows from the latter by
the symmetry of the Dynkin diagram). Thus, assume supp(A) C {1,2,6} and consider the following
relations

xEQOJ - [xg’xgls,l]’ xl;m,l - [x??’xgn,l]’ xl;m,l - [xg’xgls,l]’

xl;2371 - [xg’xgw,l]’ xl;%,l - [x@’xl;m,l]’ xl;w,l - [xl;z;’xgm,l]’
Since ag, 84 € R(A,0) in this case, it follows that Ty U= 0 for all 20 < j < 27,5 # 24,26. If mg = 0,
we need to show that Ty U= 0 for j € {24,26,28,29} and zg., v =0 where r = 1 if mg = 0 and
r = 2 otherwise. Since, in this case, 3, 5190 € R(\,0), the former follows from the following relations

xl;24,1 = [xlgs’xl;n,l]’ xl;%,l = [xlgs’xl;w,l]’ xEQS,l = [x5107x51971]’ xl;2971 = [xg’xgzs,l]’

The latter follows from the relations

3353071 - [IEE187$§2171] and 3353072 - [x51871’x52871]
using that 515 € R(A,0) if mg = 0.
Assume supp(A) € {1,2,4,5}. As in the previous case, one sees that zg v =0 forall 20 < j < 23.

If both mo and m4 are nonzero, we are left to show that :175 ,v = 0forall 24 < j < 30. For 24 < j <28,
this is done as in the case mg # 0 while for j = 29,30 this then follows from the relations

x52972 = [x?:"/pgzs,?] and $§3072 = [‘/Egm,l"/pgzhl]'

If mo = 0 and my4 # 0, we need to show that Tg,, 10 = Tg, (U = 0. This is done as in the case
supp(A) € {1,2,6}. The case my # 0 and my4 = 0 is treated similarly. In particular, if my = 0 we
have Ty, 10 =125, 10 =0. Finally, if mg = my4 = 0, we need to prove in addition that x;ﬁlv =0 for
j =28,29,30. This is done as in the case supp(\) C {1,6}. O
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4.4. Quantized relations. The goal of this subsection is to prove Proposition [3.151 We proceed as
in the proof of 21, Proposition 3.22] where a similar statement for orthogonal Lie algebras was proved.
First we record several previously proved results which will be used in the proof.

Lemma 4.7 ([2I, Lemma 4.18]). Suppose w is a highest-¢-weight vector of V(w; q,m) for some i €
I,a € C(q)*, and m € Z>¢. Then, T w = aqmr; w. O

The following proposition follows from the results of [3| Section 6].

Proposition 4.8. Let [ € Z>1,i; € I,mj € Z>1,a; € C(¢)* for j =1,...,1. If Z—i ¢ ¢"> for j > k,
then Vg (Wi, a1,mi) @ -+ @ Vg(Wi, a,m,) is a highest-f-weight module. O

Corollary 4.9 (21, Corollary 4.4]). Let A € P a; € C(q)*,i € I, and X = [[;c; Wi a; A(hy)- Then,
there exists an ordering ij,...,%, of I such that V,(A) is isomorphic to the U,(g)-submodule of
Vq(‘-"il,ail,k(h ) @ @ Vg(Wi, ;. A(hi,)) generated by the top weight space. O

i1
Proposition 4.10 ([2I], Proposition 3.13]). Suppose A € Py is such that V;(\) is a minimal affiniza-

tion and that J C I is an admissible subdiagram. Let v be a highest-/-weight vector of V' = V (X), A =
wt(A), and a € C* be such that A = wy 4. Then z, v = a"z v for every a € R}. O

Ifae R}' for some admissible diagram .J, we shall refer to o as an admissible root.

Proof of Proposition[Z13. Let a € C be such that A = w),. We fix a highest-f~weight vector v of
V =Vy(A) and a; € A*,i € I, such that X = [[;c; Wi,a;,m,;- Let also ¥ be the image of v in V and v/
be the image of v in L(A). By Proposition L6, we need to show that az&lfu’ =0 for all & € R{. This
is equivalent to showing that

(4.2) U = av for all a€ Rf.
By Proposition 10l ([4.2) holds if « is an admissible root. Therefore, it remains to show that
(4.3) Ty (U= av for all 7T<j<20.

Assume first that supp(A) C {1,2,3,4,5}. In this case g € R(A,0) and ([@3) with j € {8,9,11,12}
follows from the following relations

xg&l - [xg’xgs,l]’ xgshl - [xﬁ_’x@l,l]’ xgllvl - [xg’xg(s,l]’ x§1271 - [xﬁ_’xgwl]
together with the fact that 53, 54, 8¢, and P7 are admissible roots. Next, assume that we have proved

@3] for 7 € {10,14,15,16}. Then, (£3) for the remaining values of j follows from the following
relations

xgm,l [xg’xgw,l]’ xgn,l = [xg’xgm,l]’ xgm,l = [xg’xgw,l]’ xgw,l = [xﬁ_’xgla,l]’

In order to prove ([@3]) for j € {10, 14,15,16}, it suffices to find elements X, X; 1 € Ua(n™) such that
(4.4) Xj=a5, Xji=g5, and X;1v=a;(¢)X;v+z;v

for some a;(q) € A and z; € Ux(g) satisfying a;(1) = a and T; = 0. We prove the existence of such
elements assuming

(4.5) aip1 = a;qgmiTmertl for all i < 5.

The case a;1 = a;qMitm1+D 4§ < 5 is proved similarly using part (b) of Proposition [Z.10] instead
of part (a). Let 49 = max{i € I : m; # 0} (in the case a;1; = a;g~ " t™i+1+D) j < 5 we would use
ip = min{i € I : m; # 0}). The relations X; v = a;j(¢)X;v + xjv of ([&4]) are the quantized relations
alluded to in the title of this subsection.
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Let A’ be such that A = X“’io,aio,mio- Let also v1,v2 be highest-f-weight vectors of VtI(X) and
V;z(in’%’miO), respectively. By (43]), Proposition L8, and Corollary 9] the assignment v +— v1 ® vy
extends to an isomorphism V' 2 U,(§)(v1 ® v2) € Vy(XN) @ Vy(wiga;y.ms, ) Henceforth, we identify v
with v ® ve. We write down the proof of the existence of elements as in ([£4]) for j = 16 assuming
i9p = 5 (the other cases are proved similarly and the computations are simpler). Set

X = [zy,[zg, [z, 25]ll,  Xie=[o5, Xu], and X1 =[5, X1l

Quite clearly, X6, X161 € Ua(g) satisfy the first two identities in (£4]). By Lemmas [[3] and [[.4]
modulo an element of the form xv with x € Uy (g) ® Ux(g) such that £ = 0, we have

Xi6v = x5 X14(v1 ® v2) — X425 (V1 @ v2)

= 25 ((X14v1) ® v2) — X14(v1 ® (5 v2))

= (25 X14v1) @ (k5 '02) + (X1401) © (w5 v2)

— (X14v1) ® ((k1koksks) ' o5 v9) — v1 @ (X1425 v2)

=q " (x5 X1av1) @ va + (1 — ¢ ™) (X14v1) ® (x5 v2) — v1 ® (X145 v2)
while

Xi61v = :E5:’1X14(U1 ®vy) — X14:E5:1(U1 ® vg)

= 251 ((X14v1) @ v2) — X1a(v1 ® (25,02))

= (m;lXle) ® (ksv2) + (X14v1) ® (25102)

— (X14v1) ® ((k1k2k3k4)_la:;1v2) —v1 @ (Xuazy5v2)

=q" ($5:1X14v1) ®vg + (1 —q ") (X14v1) ® (ZL'g’lvg) -1 ® (X14x;1v2).
Using Lemma 7] we get

Xi6,10 = ¢ (251 X14v1) @ va + (1 — ¢~ ") (X14v1) @ (a5¢™ 5 v2) — v1 ® (Xi14(a5q™ v2))
= a5q"" X160 + ¢ (751 X14v1) @ v2 — a5(z5 X1401) ® va.

Since a16(q) = asq™ satisfies a15(1) = a, in order to prove that X6 and X6 1 satisfy the last identity
of (@A), it suffices to show that

(4.6) q" (x5 1 X1401) ® Vg = az(x5 X1401) @ V2.

Notice that m;TXle = 0 for all r € Z and let W be the U,(g5)-submodule of V,(X") generated by
Xi4v1. Then, by Proposition ZI0(a), W is a highest-/-weight module with highest (-weight ws g,qma.
It then follows from Lemma 7 that

— o +1 -
$571X14U1 = a4qm4 Ty X14’U1.

This and (£5) imply (@4).
The case supp(\) C {1,2, 3,6} is dealt with similarly and the case supp(A) C {3,4,5,6} then follows
using the symmetry of the Dynkin diagram. We omit the details. 0

4.5. Upper bounds. In this subsection we prove (B.I0)). Let v € M (), be nonzero.

Lemma 4.11. For every i € I,m € Z>p, and o = Zjelajaj € R we have a € R(i,m,a;). In
particular:

(a) R(1,m,1) = R(5,m,1) = R*.

(b) R(6,m,1) 2 Rt \ {B3} and R(6,m,2) = R™.

(¢c) R(2,m,1) D RT \ {Bau, Bos, Bos, B29, B30} and R(2,m,2) = R™.
(d) R(4,m,1) D RT \ {Bas, Bar, Bos, B29, B30} and R(4,m,2) = R™.
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(e) R(37m7 1) 2 R+ \ {BJ : ] > 20}7R(37m7 2) ) R+ \ {5297 530}7 and R(37m73) = R+'

Proof. Statements (a)-(e) follow from the first statement by inspection of Table 1. Conversely, clearly
items (a)-(e) together imply the first statement. The proof is analogous to that of [2 Proposition 1.2]
(see also [23, Lemma 5.2.8]). We omit the details. O

Observe that the above Lemma together with (3.5]) imply

x v—:z:g,rv—:ngk’sv—o

air 5
foralli € I,j <20,k <29,r > 1,5 > 2 and R(\,3) = R™. Let R'(i,m,r) be the set on the right-
hand-side of the inclusion symbol of the appropriate item of Lemma Il It will follow from Section

below that, if m > 0, then

(4.7) R(i,m,r) = R'(i,m,r).

Set R'(A,r) = MierR'(i,m;,r) and let v(\) be the subspace of g[t] spanned by {z_ .25, : a €
RT\R'(\,1),8 € RT\R'(\,2)} which is clearly an abelian ideal of n~[t]. Since we are assuming m3 = 0,
we have R'()\,2) = RT and, therefore, t()) is the subspace of g[t] spanned by {z , : @ € RT\R'(\, 1)}
Since R(\,r) = RT for all r > 2 by (B3, a straightforward application of the PBW Theorem implies

(4.8) M\ =Um [thv=Un")U(x(N))v.

Moreover,

(4.9) R(X\,1) 2 R\ {Bas, Bas, Bas, Bor, Bas, P29, B30}

by Lemma [.17] and, therefore,

(4.10) M\ = U(n_)U(mESOJ)U(m@g’l)U(mEQSJ)U(mg%l)U(a;g%’l)U(a;g%’1)U(a;g2471)fu.

We now apply Lemma [4.1] to prove that

(4.11) M) = U(n_)U(:Egso’l)U(:Eg%’l)U(:ng’l)U(:Eg%71)U(x52571)U(x52471)v.

Indeed, let v = 23,y = Tge1rZ2=Tg, 1 which generates a three-dimensional Heisenberg subalgebra of
glt]. Since zv = 0, it follows from Lemma @Il that (x5, )" (5, 1)*v is a multiple of (x;)s(:ngml)’"*sv

for every r,s € Z>0. Since [z3, 25 ;] = 0 for all 24 < j < 30,5 # 28, [@I)) follows.

VR
. - 6
Given r = (r1,79,73,74,75,76) € L3, set

Xr = (:Eg:so,l)m (gjgzz%l)r5 (‘,17527,1)744 (xgz&l)rg (:Egz&l)m (‘1%24,1)”

so that (£I1]) is equivalent to
(4.12) M) = > Um)xpo.

rezg,
Recall the definition of wt(r) in Subsection B.2land use Table 2 to observe that x.v € M(\)[gr(r)]we(r)-

Consider the Heisenberg subalgebra of glt] generated by {z|,z5 _,, 5, ,}. Since (z7)™Fly =0
and [ml_,mgj’l] =0 for all 24 < j < 30,5 # 25, it follows from Lemma [£1] that we can restrict the
sum of (£I2) tor € Zgo such that ry < mj. Similarly, by working with the Heisenberg subalgebra
generated by {z;, xg%;, xg%l} we can assume 13 < 1ms.

Next, we show that we can restrict the sum of I2) to r € Z%, such that ry + r3 + rs < mg and
ro 414+ 15 < my. By contradiction, assume this is not the case. It then follows from Lemma 2.4] that
there exists r € Zgo satisfying either ry + rs+rs > mg or ro +r4+r5 > my and such that V(wt(r)) is
an irreducible summand of M (\). Moreover, the injectivity of wt : Z6 — P implies that the projection
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of x,.v on this summand is non zero. Fix such r and suppose 1 +73 475 > ma (the other case follows
from the symmetry of the Dynkin diagram). Let s = (r1,72,73,0,74 4 735, 76) and notice that

(4.13) (z3)x
This easily follows from the relations

[x;,x/;j J=0 forall 24<j<30, j+#26,28,

U = CX,0 for some ce C*.

[@JE%J] xgzs,l’ [x;’xgzs,l] - x§2771’

@505, =0  forall  24<;j<30, and a5, ,v=0.

It follows from (A.13]) that the projection of xgv on V (wt(r)) is non zero and, hence, V (wt(r))yys) # 0
We claim that this is a contradiction. Indeed, notice that wt(s)(he) = (mg —1r1 — 13 —14 —r5). Hence,
oowt(s) = wt(s) — (mg —r1 —r3 — r4 — r5)a is a weight of V(wt(r)). Here, o9 € W is the simple
reflection associated with as. Since wt(s) = wt(r) — rqaq, it follows that

oowt(s) = wt(r) + (7‘1 + 73 415 — ma)ag > Wt(r),
contradicting V (wt(r))g,wi(s) 7 0-

So far we proved that the sum in (ZI2]) can be restricted to r € Zgo such that r4y < mq,r3 <
ms,m1 + 13 + 15 < ma, and 79 + 14 + 15 < my. Now, observe that, for such r, wt(r) € Pt iff r € A.
Therefore, by Lemma 2.4] we must have a surjective homomorphism of g-modules

D V(wt(r)) - M(A)[r]
rec A,

for every r € Z>o and (B.10) follows.

Remark. Let w € T'(\)) be nonzero and notice that, since T'(\) is a quotient of M (\), equations (£.12])
remain valid after replacing M () by T'(A) on the left-hand-side and v by w on the right-hand-side.

4.6. The Kirillov-Reshetikhin case. In this subsection we assume A = m;w; for some i € [,i # 3,
and prove (B.II)) in this case. As mentioned earlier, for such A, (812 (and hence (811])) follows from
[17, [16] (see also [2]). However, in order to prove (B.I1]) for more general A later, we will need further
details about this case than just (B.I1]). Hence, we consider it separately. We split the proof in cases
according to the value of i. We keep denoting by v a nonzero vector in M(\)).

4.6.1. Assume i = 1 or i = 5 and notice that Lemma [TT] implies t(A) = 0 in this case. Hence,
M(X) = U(n™)v and it follows that M () is isomorphic to the pullback of V(A) by the map g[t] —
g,z ® f(t) = f(0)x. Since A = {\A} in this case, (B1I]) follows.

4.6.2. Now suppose i = 6. Notice that A, = {(0,0,0,0,0,7)} for all 0 < r < mg and A, = 0
otherwise. Since wt((0,0,0,0,0,7)) = (mg — r)we, BII) becomes

(4.14) timg—rywe,r 7 0 forall 0 <7 < mg.

We begin proving this in the case mg = 1 in which case we have T'(\) = M () by definition. Observe
that Homg(g®V (we), V(we)) # 0 which is true since V' (ws) is isomorphic to the adjoint representation.
Hence, we can apply the construction given by ([B10) with Vo = V(ws) and Vi = V(0). One easily
checks that the highest weight vector wg of Vj satisfies the relations satisfied by v and, hence, the
module V' constructed in this way is a quotient of M (wg). Since V[0] = V(wg) and V[1] = V(0), (£I14)
follows. Moreover, we clearly have 5,01 W0 # 0 (otherwise the map py would be zero) and, hence,

5.1V # 0. In particular, (1) holds for i = 6.
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For mg > 1, let w € M (wg).,; be nonzero. Since T'(\) is generated by w®™s € M (wg)®™ one easily
checks that (g, ) w®me £ 0 for all r < mg. In particular,

(4.15) (Tgy01) v #0 iff < me.

By the remark closing Subsection L5, T'(A) = > /"% U(n™)(z5,, )w®me . Hence, (T D) w®™e must
be a highest-weight vector in T'(\)[r] which implies (LI4]).

4.6.3. Next, let : = 2. The proof is parallel to the previous case. Namely, ([B.I1]) becomes equivalent
to

(4.16) t(mg—r)wz—I—rws,r #0 forall 0<7r<ma.

Notice that xﬁ 1 plays the role that T4 did in the case ¢ = 6. If mo = 1, we again use the
construction given by (@I0) this time with Vj = V(wg) and Vi = V(ws). In particular, it fol-
lows that z5 v # 0. For mg > 1, let w € M(w2)w, be nonzero. As before, we conclude that

(23, w2 £ 0 for all 0 < 7 < my. Equation ([@I6]) follows as in the previous case by using that
T =" U(u‘)(:vg%l)rw@mz.
We now record the following lemma which, in particular, proves (47 for i = 2.

Lemma 4.12. Let rj € Z>0,j = 1,...,5, and w = (zg,, 1) (25, 1) (25, 1) (T820,1) (25, 1)V
Then w is a nonzero scalar multiple of

(xg)r’s (xg)r’s-i—m (xz)rs-i—m-i-ra (xS—)?“s-i-m—I—T’g-H“z (x_

)7’1 +rot+r3tratrs v
B24,1

Moreover, w is nonzero iff 1 + - - - + r5 < mo. In particular, R(2,ms,1) = R'(2,ms,1).

Proof. The last statement follows immediately from the second. The first statement follows from
straightforward successive applications of Lemma [l Namely, we first consider the Heisenberg sub-
algebra generated by z = x4,y = L0015 and z = L1 together with the relation zv = 0 to get

(xgzg,l)m (x53071)rsv =n(zg)" (x§2971)r4+rsv

for some nonzero scalar 7. Since [z, xgj 1) =0 for j = 24,26,28, it follows that

(x§2471)r1 (‘TEQS,I)TQ (xggg,l)rs (‘TB2971)T4 (x§3071)7‘5rv = n(‘rﬁ_)r5 (x§2471)rl (‘TEQS,I)TQ (xEQSJ)TS (‘T52971)T4+TSU'

By similarly considering the subalgebras generated by {xg,xg% 1%y 1) {x;,:ng% 1T 5 1}, and
{zz,x5 ,,x5 .} in this order, the first statement follows.
57 B24,17 " Bag, 1

We have seen above that (zj5,, 7wz £ 0 iff v < mg. This implies (5,, Tt TstratTsy oL ()
iff ri +--- 4+ r5 < mg. Since z7 (x5 )'v = (2, ,)"ziv =0 and hs(z; ,)"v = rv, it follows that
5\ Bag,1 B24,1 5 Ba4,1
22 ) (x5 ) v # 0 for all 0 < s < r. In particular, (x; )5 TraT7str2(g7 247344+ T5,) £ () The
5 Boa,1 5 8

24,1
proof is completed proceeding similarly. ]

4.6.4. The case i = 4 is obtained from the previous case by using the nontrivial Dynkin diagram
automorphism of g. In particular we have:

Lemma 4.13. Let rj € Z>o,j = 1,...,5, and w = (25, ;)" (x5, ;)" (25, 1) (Tg20,1)" (5, 1) 0.
Then w is a nonzero scalar multiple of

(l‘g)rs (xg)rs-i-m (x2—)7’5+7’4+r3 ($1_)T5+T4+T3+T2 (:E_

)7’1 +ro+r3+rat+rs v
B2s5,1

Moreover, w is nonzero iff 71 + - -+ 4+ r5 < my. In particular, R(4,m4,1) = R'(4,my,1). O
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4.7. Lower bounds. We now complete the proof of [B.I1]) for A as in Theorem B.I4l In fact, we will
carry out most of the proof assuming only that A\(h3) = 0. Recall the notation xp,r € A, developed
in Section In addition, we shall use the following notation. Denote by v;,,, a nonzero vector in
M (miw;)m,w, and by v} m, the image of v;,, in M (mjw;)(s). By definition of the truncated module
M (m;w;)(s) we have

(4.17) M (m;w;)(s)[r] =0 it r>s.

Si
4, "

Given s = (s;)ier € ZL ), let Ts()\) be the submodule of ® M (m,w;)(s;) generated by vg == ® v
- 1el 1€
Since T'(\) is the submodule of ® M (m;w;) generated by v = & vjm,, there exists a unique
i€l 1el
epimorphism from T'(\) onto Ts(A) such that v — vg. Let t7 . denote the multiplicity of V(u) as an

irreducible constituent of Ts(A)[r]. Observe that, since |Ayr) )| = 1 for all r € A, in order to
prove ([B.IT]), it suffices to prove that

(4.18) for each r e A there exists s € leo such that tfvt(r) > 1.

er(r)

It will be convenient to write the tensor product & M (m;w;) in the following order: M (maows) ®
1€l

M(maws) @ M(mewe) @ M(miwi) @ M(msws), where we already used that ms = 0 and, hence,

M(msws) = V(0) =2 C. In particular, v = v2m, ® V4,m, @ V6mg @ V1m; @ Usm, and similarly for

Vg, 8 € leo- To shorten notation we write w = vy, ® vs5,; When convenient so that

v = U2,m2 ® U4,7TL4 ® UG,mg ® w.

Let {e; : j=1,...,6} be the canonical basis of Z%,. Given r € Z, set Z°[r] = {r € Z5 : gr(r) = r},
and observe that Z[0] is a free Z-module having b := {(e; —e5), (ea—es), (es—e3), (es—ey), (e5—eg)}
as an ordered Z-basis. Define b; € b,j = 1,...,5, by requiring that b = {by,...,bs} as an ordered
set. Clearly, r,r’ € Z°[r] iff r — v/ € Z°[0]. Given j = (j1,j2,J3,ja,J5) € Z° and s € ZL such that
53 < Mg, 84 < My, 56 < Mg, observe that ry = (s2,54,0,0,0,586) € Agyys,4s6 and set -

5
r; =To — > by = (52— ju, 84 = J2, J3, Jas 1 + J2 — Js — ja — Js, 56 + Js)-
=1

Thus, r € Z5[sy + s4 + s¢] iff r = rj for some j € Z°. For shortening some expressions, given j € Z5,

we may use the notation jo = j1 + j2 — j3 — ja — js. Notice that rj e Aiff

0 <3 <ms, 0<js<m, J1 < s2, J2 < 84, Jo = 0,

(4.19)

Js Sme —Se,  J1—J3 — J5 < M4 — Sa, J2 — Ja— Js < ma — sa.
Set

A(s) = {re A:xpvg # 0} NZO[s2 + s4 + s¢]

and let B(s) be the set of tuples j € Z520 satisfying

J3< i <s2,  Ja<ja<ss,  jJs<ms,  jJa<mi,  jo=0,
(4.20)

Js < me — S, J1—J3 = J5 < My — S, J2 = Ja—Js < mg — Sg.
In Subsection we will show that
(4.21) T € A(s) & J € B(s).
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It follows from (4.21]) that
(4.22) Ts(M[s2 +s1+s6) = Y Un7)x, vg.
jeB(s) J

For j,k € B(s) we have

Wt(rj) - Wt(I’k) = (k2 — j2)aa + (k1 — j1)as + (ks — js) (a3 + ag)+
(4.23)

+ (k2 = J2 + ja — ka)ag + (k1 — j1 + Jjz — ks)ou.

In particular, wt(rg) is the unique maximal weight of T's(\)[s2 + s4 + s¢] and, hence,

(4.24) > 1.

ts
Wt(I'O ) ,82+84+86 —

Lemma 4.14. Let r € A. Then, there exists s € ZIZO and j € B(s) such that js =0 and r = rj. In
particular, r € A(s).

Proof. Let s1 = s3 = s5 = 0,50 = r1 + 13+ 75,54 = ro + 14, and sg = 6. As before, set ry =
(52,54,0,0,0, 56) and notice that r, € A. One easily checks that r = r; where j = (rg+rs5,74,73,74,0).
By @21)), r € A(s) iff 5 € B(s). The checking of the latter is straightforward. O

The above lemma shows that it suffices to show (ZI8]) in the case that r = r . for some s € Zéo
and j € B(s) such that j5 = 0. In this case, it follows from the proof of (Z2]]) (see the last line of

Subsection ) that x,. vg is a nonzero scalar multiple of
J

Uj = (3352871)31—% (‘/17526,1)]3 ($§24,1)S2_J1U;72m2 ® (33522371)”_)4 (3352771)“ (:E§25’1)84_J2U2j1m4 ® w'

where w' = (zg, )55, ® w. Notice v # 0 since j € B(s). From now on we fix s € lem write
B = B(s), and set

By ={j € B(s) : j5 =0}.
Given k € B, let

BZ ={j € B(s): Wt(rk) < wt(rj)} and By = B;; U {k}.

It easily follows from (€23]) that
(4.25) keBy = By CBy.

By Lemma 24] [Z.22), and the injectivity of wt : A — P, [@IF) holds for r = ry, iff

(4.26) Ve ¢ ij' = Z U(n_)vj.
jeBE
Equivalently, (@.I8]) holds for r = r}, iff we have an isomorphism of g-modules
4.27 Vi, = Un . = V(wt(r.)).
(@27 o= >0 U = @ Vi)
JEBk ]GBk

Given j € By, define the height of j to be
ht(j) = ht(wt(rg) — Wt(rj)) = 2(j1 + J2) — (J3 + ja) = j1 + J2 + Jo-
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We prove ([£27]) by induction on k& = ht(k). Equation (£24]) implies that (£27]) holds for £ = 0. Thus,
assume k > 0 and, by induction hypothesis, that ([£.27) holds for j € By such that ht(j) < k. It
follows from the induction hypothesis and (£.25]) that

(4.28) dim((v,;)wt(rk)) = > dim(V(wt(rj))Wt(r
jeBL

k)

We are left to show that
(4-29) dim((Vk)wt(rk)) = dim((V]:)wt(rk)) + L
Let J_ ={1,2},J. ={4,5},J = J_UJ; C I so that g,, =slzand g, = sl3 @ sl3. By Proposition
22 U(jS)V(Wt(I'j))wt(r ) = V(Wt(rj)Ji) and similarly for J in place of JL. Moreover, we have
J
isomorphisms of vector spaces
4.30 V(wt(r.))w =2 V(wt(r.)s)w
(4.30) (w( J)) or,) (wt( J)J) oy .

The first isomorphism above is clear and the second follows from Proposition If 5 € By, it easily
follows from (4£.23]) that

kg — g2 < W‘U(rj)(hl) =mi + sS4 — Jo — Ja, ky — g2 +js — ks < Wt(rj)(hz) =mo — S2 — Jo + 2J4,

)y = V(Wt(rj)Jf)wt(I‘ ) ® V(Wt(rj)J+)wt(r

k)J+'

ki =51 < Wt(l"j)(h5) =ms+ 52— J1 — J3, ki —j1+Jjs — ks < Wt(fj)(h4) =my — S4 — J1 +2J3,
Hence, we can use Lemma [£.3] to compute

dim(V(Wt(rj)L)wt(rk)L) = min{ky — jo, ko — jo +js — ka} + 1
(4.31) and

dim(V(Wt(rj)J+)Wt(rk)J+) =min{k1 — ji1, k1 —j1 +J3 — ks} + 1.

Plugging this in ([4.28)) we get
(4.32) dim((VkT)wt(rk)) = Z (min{ks —j2, k2 — jo +ja — ka} + 1) (min{ky — g1, k1 —j1 +7s — ks } +1).
jeBE
We will need the following notation. Given, iy,%2,...,% € I, and ay,...,a; € Z>g, set

X = ) (),
Also, given j € By, set
1-(3) = min{ky — jo, ko — jo + ja — ka}, 1+(j) = min{ky — j1, k1 — j1 + js — k3}

so that ([29) can be rewritten as

(4.33) dim((Vk)wt(rk)) = > -G+ D) + D).
jEBk
It now follows from Lemma 4] and ([@22)) that {33]) holds iff the vectors
(4.34) xé’ffém Jk1=j1=p 5x€}2’f’f (9):k2=g2=p 11)]- are linearly independent

for j € B, 0 < p1 <1(4),0 < p5 <14(3). Here pa(j) = k2 —jo+ja—ka and pa(3) = k1 — j1 +Jj3 — k3.
We will prove ([£34]) only for A as in Theorem B4l However, let us develop for a little longer the
general case. In particular, we will show that all the vectors in ([4.34]) are nonzero.
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), '7k_'_ ) '7k_‘_
Set p = (p1,ps5), X . :x§54p;('7) L p5x€12p12('7) 2727 and v, = x. wv.. Thus, we want to

: J.p 1P J
show that the vectors Uj P are linearly independent for 3 and p as above. From now on, when now
confusion arises, we simplify notation and write [_ in place of I_(j), etc. Recall that
s2—J1 )84—j2,UZ4 @ w'
;Mg :

Uj (:Eﬁzs 1) B (33@671))3 (xgmhl) US,ZmQ ® (‘/Eﬁzs 1) B (xE2771)J4 (xgzsvl

To simplify the expression above, set ve = (25, ;)™ Vg5, x; = (3352871)9'1_713 (xgz&l)j?’ (x52471)52_j1, and

= (175, (0, P45, )" 0 that
(4.35) v, =x2 V3o, ® xj, Vs, © V6 @ w.

Also, using Lemma [L.12] we get

(4.36) X;-U;,zm = (a7 (@5 ) (05,,1) 2055,  and X§U4m = (g 274 (a7 2 (25, 1) 014,

up to nonzero scalar multiples. By applying the comultiplication one sees that v. is equal to

P

da,e, f2 a27b2702 2,52 da,eq,fa jaa,ba,ca 4 a1,b1,c1 ds,es,f5
(4.37) E :X545 1,2,1 Xj”2,m2 X545 X121 XJU4m4®”6®X1,2,1 Vimy @ X554 57 Us5,ms

where x runs over the set of collections of nonnegative integers a;, by, ¢;, d;, e;, f; satisfying

as + aq + ay = pa, by + by + by = po, c2+cq+c1 =ky —jo—p1,
(4.38)
dy + dy + ds = ps, ex + e4 + e5 = py, fo+ fa+ f5 = k1 —j1 — Dps.

ab ab, ab,c
Above we also used that x7’ 2 U5 ms = =Xy’ 4?)211 my = X 2?216 = x5 1 51)6 = 0 whenever a+b+c > 0. We

will need to study the summands on the right-hand- side of (EBID

a1,bi,c1

Using Lemma [4.5] we see that X151 Ulm # 0 iff a1 + ¢4 < my and b; < ¢; and, in that case,
b b " . . .
x‘flz’ L)y = nx2lia1+61v1,m1 for some positive rational number 7 (depending on aq, b1, ¢q). Similarly,

ngg’f *Us.ms # 0 iff ds + f5 < ms and e5 < f5 and, in that case, xg“’fg’f °Us.ms 1S a positive multiple

(ioyd +f5 da.e2,fa_ az,bz,co 2 ag,bz,c2  da,€2,f2 Notice

of x; Us.ms- Next, we study the factor x;%'; X151 vamz X151 X545 xv2m
 ® J J

that (xﬁ24 )25, = ha(xg,, )%2v5%,, = 0, and h5(:13§24’1)52v27m2 = s9. Therefore, we can use
Lemma L] together with ([£30]) to see that ng,eg,f 2x§ V3%, 18 @ nonnegative rational multiple of

S2,.592

62+]1 J3,J1+ fa+d2
X4 (xﬁzzl 1) Y2imo

and it is nonzero provided es < j3 + fo and j; + ds + fo < so. Since do < ps, fo < ki — j1 — ps by

[#37), and ky < s9, the latter is always satisfied. One easily checks that
+2,,8 _
x] vafm2 hli (0 “my =0

which implies xsffg’f x1% f’czx;_ vy, = 0if ca # 0. Next, using the relations

+ = — - - — - s2
[:172 ’x62471] = Tgoy,10 [$521,1’$524,1] =0, L Ba1,1V2ima = 0,

2

one sees that 5 xJ V52 “ny = 0. Since th; vgfmz = (mg — sz)x; vgfmz, it follows from Lemma that

az,b2,c2 2 . _
X151 vasz#O iff =0 and ao < by < mo— s9.
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Since we anyway have by < po = (ko — k4) — (j2 — ja) < ma — S2, the relevant conditions are ¢y = 0
and ay < by. Therefore, we find that xngg’f zx‘fzébf’czxz_ vy2,, 18 a nonnegative rational multiple of
9 b < J 9
ex+j1—73,j1+fo+d2 _a2,ba/ — So. .82
X5 X712 (%24,1) Vo mo
which is nonzero iff
az < by and ez < j3 + fo.

- d b . . . .
Similarly, we get that x544’eg’f x4 xd vy4,, s @ nonnegative rational multiple of
» 1< J b

by+jo—ja,jotcatas daess — 84, 84
Xa1 X5.4 (%25,1) Uiy

which is nonzero iff
d4 <ey and b4 < j4 +cq.
Therefore, the sum in ([437]) is a linear combination of the vectors

e’27fé ag,ba s — S92, .82 dy,eq bipcil — S4,.84 b170,1 e57fé
(4.39) Xy P Xy (2 1) Vo'my @ X544 Xoq (z 1) Vgm, @ V6 DXy 1 Vimy @ Xy5 Usms
) ) 6247 ) ) ) 5257 ) 5 5
where
/ [ . . [ .
¢, =c1 +ai, by = by + j2 — ja, ¢y = ¢4+ aq + Jo,

fi=fs+ds, ey=ext+j1—J3,  fa=fatdatgi,
with the numbers a;, by, . . ., f; satisfying ([£38)) as well as

ar +c <my, by < ¢, ag < b, by < ¢4+ 4, co =0,
(4.40)
ds + f5 < ms, es < f5, dy < ey, e2 < fo+Js, fa=0.
Notice that
ag=a;=by=by=c1 =0, as = pi, be = po, ¢4 = kg — j2 — p1,

dy=ds =e5=e3 = f5=0, dy = ps, e4 = P4, fo=k1—j1—ps,

satisfy (£38]) and (£40]), which implies that the set of nonzero summands in ([£37]) is nonempty. One
easily sees that the vectors in (4.39)), for distinct values of (ag, b1, b2, by, ¢}, ¢}, da, €5, eq, €5, f5, fL), are
linearly independent by looking at the weights of their tensor factors. Since v . is a linear combination

of these vectors with positive rational coefficients, it follows that vj » #0 for all choices of J and p.

We now restrict ourselves to A as in Theorem B.I4l To simplify notation, we rewrite the vectors in
#39) as
az,b2,€5, f3 byy,cly,da,ea b1,¢} es, [
(4.41) vy TR @t Rus@u; ' ®@vy 0.

If {2,4} ¢ supp(N), the argument reduces to one identical to the one used in the proof of [21,
Proposition 5.7] (all the details can be found in [23] Lemma 5.3.9]). From now on we assume supp(\) C
{2,4,6} which is the remaining case to consider. In this case, we must have js = jys = kg = ky =

0,p2 = l_,ps = 4. In particular, (£38) and [@Z0) reduce to
ap=by=c1=c2=0, ax+ag=p1, ba+tby=ko—jo, ca=ko—jo—p1, a2 <by, by=<ecy,
ds=es=fs=f1=0, di+do=ps, eatex=ki —ji, fo=ki—ji—ps, di<es, ex=< fo

Therefore, Uj p is a linear combination of vectors of the form

(4.42) pg2brkimenki=di g ka=brkemazdici g with 0<ag <pp <by <1_,0<dy <ps<es <l
Set

a,b,k1—ek1—d ko—b,ko—a,d,e
(4.43) Vapde =0y " T @uyt ® ve
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and observe that the coefficient of vg 4. in Uj p is nonzero iff j; < k; —e,jo < ks —b,a < p1,d < ps.

To complete the proof, we now show by induction on n; € Z>( that the set {v i p s (k1 — 1) <mi}

is linearly independent. We prove this performing a further induction on ns € ZZ’O to show that the
set {vj p (k1 — j1) < nq, (ke — j2) < no} is linearly independent. Set

S(ni,n2) = {(3,p) : k1 — j1 < n1, ko — jo <ma}, Sni,ne) = {(4,p) : k1 — j1 = n1, k2 — ja < ma},
S(ni,me] ={(7,p) : k1 — j1 S i, ko — jo =na},  Slni,ne] ={(J,p) : k1 — j1 = n1, k2 — j2 = na}.
The inductions clearly start when n; = ng = 0 since {Uj,p 1 (g,p) € 5(0,0)} = {vk} Assume now
that mo > 0 and, by induction hypothesis, that the set {Uj,p : (7,p) € S(ni,ne — 1)} is linearly

independent. Let Cj P € C be such that

4.44 c. v. =0
(444 2t

(J 7p)es(n17n2)
By the induction hypothesis, it remains to show that

(4.45) Cip = 0 forall (5,p)€ S(ny,nal.

Set
Sln1,nel(m) ={(4,p) € S[n1,n2] : (p1,ps) = (n2 —r,n1 —s),7 +s < m}.

Observe that if (j,p) € S(n1,n2) is such that the coefficient of vy, —r o ny—s.n, i Uj » is nonzero, then
(4,p) € S[ny,n2] and (p1,p5) = (n2—1",n1—5),0 <1’ <r,0< s <s. An easy induction on r+s > 0
shows that Cip = 0 for all (7,p) € S[ni,n2|(r + s). This implies Cip = 0 for all (7,p) € S[ni,nal.
Similarly, if (j,p) € S(n1,n2)\S[n1,ng| is such that the coefficient of vyn,—rnyn—1-sn;—1 I Ujp is
nonzero, then (j,p) € S[ny — 1,ng] and (p1,p5) = (N2 —7',np — 1 —5),0 < < r,0 < < s.
Again, an easy induction on r + s > 0 shows that ¢. = 0 for all (j,p) € S[n1 — 1,na|(r + s).
Proceeding recursively in this way one proves c . p= 0 for all (7,p) € S[ny — j,n2],0 < j < ny. Since
S(ni,ns] = U;jS[ny — j,n9], [@E43) follows.

The above paragraph proves the induction step on no. It remains to show that the induction on
ng starts when ny > 0. Thus, assume n; > 0,no = 0 and, by induction hypothesis on np, that
{vj p (7,p) € S(n1 —1,0)} is linearly independent. Let ip € C be such that

4.46 c. v. =0
(446 D T
(J,p)GS(TLLO)
By the induction hypothesis, it remains to show that
(4.47) Cip ™ 0 forall (j,p)€ S[n,0].
The proof of (£47) is similar to that of (£45) and we omit the details.

Remark. Observe that the above proof of (£.435]) is based on finding values of a, b, d, e such that vsp ¢
appears with nonzero coefficient in v. for exactly one value of of the pair (7,p) € S(n1,n2) and so

on. The difficult in adapting the above proof for proving ([4.34]) for all A not supported in the trivalent
node resides in the fact that, if {2,4} C supp(\) and either m; # 0 or ms # 0, one can give examples
of (,p) # (4°,p') such that the summands of the form v, 4. with nonzero coefficients appearing in
v. are exactly the same as those appearing in vj, ' Hence, one would need to keep a very efficient

control of the coefficients.
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4.8. Proof of (£2I). By (@I9), in order to prove that r; € A(s) = j € B(s), it remains to show
that x,. vg # 0 only if j3 < j1,js < jo, and j5 > 0. It follows from Lemma A.TT] that
J
r.Us = (x5307 )S6+J5( T as,1 )JO <(x§2671)j3 (x52471)32_jlv§?m2 ® (xgzml)ﬂ (xgzs,l)&l ]2?)84 @ UG mo w)
J
Notice that if so — j1 + j3 > s2 we have (x52671)j3 (Tg,,1)"" ]1U2m = 0 by (AI7). In other words,
rj € A(s) only if j3 < 7. Similarly, we must have j; < j5. Continuing the above computation we get

X

that er vg = (m53071)56+j5v/ where v’ is the vector
Jo
. 3 e o . o _— »
Z (Jlg)($528,1)j0 (xﬁz&l)JS (3362471)52 J1v§’2m2 ® (‘/Eﬁzs,l) (3362771)J4 (‘/Eﬁzs,l)s4 JQUZjlmAL ® UG me ® w.
k=0

By @ID. (x5, )" (a5, )" (25, )P 052, = O (o~ K) + Ja + (s2 — 1) > sa. Hence, the
summand corresponding to k in the above summation is nonzero only if jo — js — js < k. Similarly,
(xg%l)k(:z:g%l)“ (5,,.1)% 77205, = 0if k+ja+ (sa—j2) > sa, Le., if k > jo—js. Thus, the summand
corresponding to k in the above summation is nonzero only if jo — j4 — j5s < k < jo — j4. In particular,
we must have j5 > 0.

To complete the proof of ([@ZI), we need to show that j € B(s) = x. vg # 0. Set j_ =

J
max{0,jo — js — j5} and jy = min{jo,jo — jsa} and observe that j € B(s) = j- < j;. Given
J- <k <j4, set

o » o
Uk = (]13) (:Eﬁzs,l)]o (x62671)]3 (xﬁ2471)82 ]11);,27%2 ® (‘/Eﬁzs,l) (gjﬁw,l)]4 (gjﬁ%,l)54 ]2U4 yma”
Notice that Lemmas [4.12] and [£.13] imply that v # 0. Continuing the above computation we see that

56""]0 .7+
_ 56+]o s6+75—1 L, s6 _
Xp Vs = Z Z 630 1) Uk ® (xﬁ3o 1) Y6,me Qw =
J 1=0 k=j_
J+
_ (setJs - Js - 86,,56
- ( 56 ) Z (xﬁ3o,1) Uk ® (:Eﬁao,l) Y6,me ®w.
k=j_

The second equality above is proved as follows. By (417, ($§30’1)56+3’5_lvk =0if (sg+7j5 — 1) + (Jo —
k) + Jjs+ (s2 — j1) + k+ja+ (54— j2) > s2 + 54, Le., if | < s6. Similarly, (g, , R One = 0if 1 > sq.
By @I5), (z4,, 1)%vg%,, # 0 and, therefore, it remains to show that
oIt
(4.48) (€51)7 > vk #0.
k—j_
. | .
Indeed, (%) (Z5,0.1)7° vk 1s equal to
Js
N i C eel— ke Njaro— .
Z (]15)(xﬁ3071) (x62871)]0 (xﬁz(s,l)]a (x524,1)52 ]1U§?m2 ® (xﬁ:ao,l)] (x62871) (x527,1)]4 (x525,1)84 ]zvijlm{
1=0
Making use of ([4IT) once more we see that
L , . .
(25,0, 0k = (%) (k—jzfj4+js)”2 ® vy
where

i  hioiaie e o i
b2 = (xﬁ:ao,l) J2+]4+j5(x528,1)]0 (xﬁ2671)J3(x524,1)82 legznm
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and
k - Nje—da—k(— Nk(n—  \ja(o— —j
Vg = ($B30,1)]2 " (xﬁz&l) ($527,1)j4($525,1)84 ”Uij‘m{
Lemma 12 implies that v§ # 0 while Lemma ET3l implies that v§ # 0. Observing that v} are weight
vectors of distinct weight and similarly for v¥, ([@48) follows. This completes the proof of (2.
Notice also that, if j5 = 0, it follows from the computations above that x,. vg is a nonzero scalar
J

S

multiple of

(‘/Eﬁzs,l)jl_j3 (xE%J)JB (x52471)82_j11)§,2m2 ® (‘/Egzs,l)jz_j4 (‘/Egzml)ﬂ (x52571)84_j21)z?m4 ® (517530,1)86”(85?”16 ®w.
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