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1 Introduction

We study the uniform Hoélder continuity of the solutions of the following
problem.

F(z, Vo(z), V2u(z)) — / w(z + 2) — v(z)

—1;1<1(Vo(2), 2)]e(2)dz — g(z) = 0 r € RN, (1)

where ¢(z)dz is a positive Radon measure, called Lévy density, defined on
RYN such that

/ min(|z[2, 1)e(2)dz<Cy, 2)
RN
C C

where v € (0,2), C; > 0 (1<i<3) are constants. We assume that there exists
a "uniform” constant M > 1 such that for a constant 6, € [0, 1],

l9(x) — g(y)|<M|z —y|* Vaz,y € RN, (4)
and
sup |v] < M. (5)
zeRN

The second-order fully nonlinear partial differential operator F' is continuous
in RNxRNxSN, and assumed to satisfy the following two conditions.
(Degenerate ellipticity) :

F(x,p,X)> F(z,p,Y) if X<Y,

vz e RN, ¥peRN, vX,YyesSN. (6

(Continuity I) : There are modulus of continuity functions w and 7 from
R*U{0} - R* U {0} such that lim, o w(c) =0, lim, o n(c) = 0, and

|F'(2,p, X) = F(y,p, X)|<w(lz — y))Ipl” +n(lz =y X]| (7)

Vz,y € RN, VpeRN, VvX eSSV

where g > 1.



We study this problem in the framework of the viscosity solutions for the
integro-differential equations, the definition of which is introduced in Arisawa
[5] (see also [6] and [7]). The definition is the following. In order to get rid
of the singularity of the Lévy measure, we shall use the following superjet
(resp. subjet) and its residue. Let # € RN, and let (p, X) € Jaku(d) (vesp.
(p,X) € Jé’gu(i)) be a second-order superjet (resp. subjet) of u at . Then,
for any ¢ > 0 there exists € > 0 such that

(@ + 2)<u(@) + (p, 2) + %(Xz, DOl i |of<e (8)
(resp.
1
v(T + 2) Zv(:i’)+(p,z)+§<Xz,z) — 8z if |z]<e 9)

) holds. We use this pair of numbers (g, d) satisfying (8) (resp. (9)) for any
(p, X) € Joku(i) (vesp. (p,X) € Jinv(#)) in the following definition of
viscosity solutions.

Definition 1.1. Let u € USC(RN) (resp. v € LSC(RN)). We say that
u (resp. v) is a viscosity subsolution (resp. supersolution) of (1), if for any
e RN, any (p, X) € Jégu(i) (resp. € le)jv(i)), and any pair of numbers
(€,9) satisfying (8) (resp.(9)), the following holds for any 0 < £'<e

F(a.pX)~ [ LiX 4 260)2, 2)e(2)d

|z|<e’ 2
_/ [u(Z + 2) — u(®) — 1.1<1(z, p)]c(2)dz<0.

(resp.
F(i,p, X) — / Lix = 260)2, 2)e(2)d

|z|<e’

~ s [o(@ + 2) —v(@) = 1z(z p)]e(z)dz = 0.
z|>e
If u is both a viscosity subsolution and a viscosity supersolution , it is called
a viscosity solution.

In the framework of the viscosity solutions in Definition 1.1, we have the
existence and the comparison results in [5], [6] and [7]. For the convenience
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of the readres, we shall give typical comparison results and the proof in §2
in below.

Then, we claim the uniform Hoélder continuity of w in the following two
cases.
() N =1.
(IT) N > 2, and F satisfies the following uniform ellipticity.
(Uniform ellipticity) : There exists A\g > 0 such that

vz e RN, VpeRYN, VX, Y SN (10)

In the case of (I), we claim that for any 6 € (0, min{1,6y + ~v}) there exists
C9 > 0 such that

[v(@) —v(y)|<Colz —y|” Vr,y € RV, (11)

where Cy > 0 depends only on M and Cy. (See Theorem 3.1 in below.) In
the case of (II), we claim that for any 6 € (0,1), there exists Cy > 0 such
that (11) holds. (See Theorem 3.2 in below.) (These results hold for more
general problem

F(z, Vu(z), V2u(z)) + sup{— N[v(x +2) —v(x)
acA R

—1;<1(Vou(2), 2)]c(x, 2, a)dz — g(z, )} = 0 r € RN,
which we do not treat here.)
As for the case other than (I) and (II), that is N > 2 and F is not

necessarily uniformly elliptic (i.e. (10) is not satisfied), we study the following
two problems in the torus TN instead of (1). The first one is, for A > 0,

No(@) + H(Vo(x) — [

o [v(x + 2) —v(x)
—1;1<1(Vo(2), 2)]c(2)dz — g(x) = 0 r e TN, (12)

And the second one is

Mo(z) + F(z, Vo(z), V2u(x)) — / (e + 2) — v()

RN

4



—1;1<1(Vo(2), 2)]c(2)dz — g(x) = 0 r e TN, (13)

where A > 0. Here H is a first-order nonlinear operator, and F' is a fully
nonlinear degenerate elliptic operator, satisfying the following conditions.
(Periodicity) :

H(-,p), F(,p,X), and g(-) are periodicin z & TV,

for VYpe RN, VX eSN (14)

(Partial uniform ellipticity) : There exists a constant A\; > 0 such that

F(z,p,X)> F(z,p,Y)+ MTr(Y' — X') Vz TN, VpecRV,

X X Y'Y,
VX, Y e SN, X = 2 v= 2, 15
( X21 X22 Yél }/22 ( )

where X'<Y'(X',Y'€SM), 0< M<N.
(Continuity IT) : There are modulus of continuity functions w’ and n’ from
RT U {0} — R* U {0} such that lim, o w'(c) =0, lim,07'(0) = 0, and
|F(,p, X) = Fly, p, X)|<w'(|x = yDIp'1¥ + (|2 = yDI|IX]

/
Ve,y e TN, Vp=(p,p") e RM xR™, VX = X X e sV,
Xo1 Xoo

where X' €¢SY, M+4m=N, ¢>1 (16)

Roughly speaking, we claim that for any 6 € (0,6y) (6y > 0), there exists
C9 > 0 such that

C
[v(@) = o(y)|<5 lr —yl Vr,y € TV, (17)

where Cp > 0 is independent on A > 0. (See Theorems 4.1 and 4.2 in be-
low.)  The method to derive the above uniform Hélder continuity (11) and
the Holder continuity (17) is based on the argument used in the proof of the
comparison result. (See Ishii and Lions [20], for the similar argument in the
PDE case.)



Next, we shall state the strong maximum principle for the Lévy operator.
In [18], for the second-order uniformly elliptic integro-differential operator

i,j=1 i=1

re RN (18)

the strong maximum principle was given, where Aol <(@;;)1<ijen<Aol (0 <
Ao<Ay). See also, Cancelier [13] for another type of the maximum principle.
Here, we shall give the strong maximum principle in RN without assuming
the uniform ellipticity of the partial differential operator F' in (1) (see The-
orem 5.1 in below, and M. Arisawa and P.-L. Lions [9]).

Finally, we shall apply these regularity results (11), (17) and the strong
maximum principle, to study the so-called ergodic problem. In the case of
the Hamilton-Jacobi-Bellman (HJB) operator

sup{— Za”:ﬂaL—Zb (z,a) — f(z,a)},

acA i,5=1 a aI] i=1

the ergodicity of the corresponding controlled diffusion process, for example
in the torus TN = RN\ZN, can be studied by the existence of a unique
real number d; such that the following problem admits a periodic viscosity
solution u :

0*u al 8

Z

(z,0)} =0 zeTN.

ds + su a;j(x, a)
/ aeg{ ijl ! 8 81’] i=1

We refer the readers to M. Arisawa and P.-L. Lions [8], M. Arisawa [2], [3], for
more details. From the analogy of the diffusion case, here we shall formulate
the ergodic problem for the integro-differential equations as follows.

(Ergodic problem) Is there a unique number dy depending only on f(x)

such that the following problem has a periodic viscosity solution u(z) defined
on TN ?

d; + F(x, Vu, V?u) — /RN [u(x + 2)
—u(w) — 1, <1(Vu(z), 2)|c(2)dz — f(z) =0 r € TN,
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The results on the existence of the above number d; is stated in Theorem
6.1 in below.

2 Comparison results

In this section, we give some typical comparison results for the integro-
differential equations in the framework of the solution in Definition 1.1. We
consider

M+ F(x, Vu, V2u) — /RN u(r + z) — u(x)

—1.1<1(z, Vu(z))q(dz) = 0 in (19)

where A > 0, and  is a bounded domain in RN, with either the Dirichlet
B.C.:
u(z) =g(x) Va e Qf, (20)

or the Periodic B.C.:
Q=TN=RMZN, wu(z) isperiodicin TV, (21)

where ¢ is a given continuous function in €. The second-order partial def-
ferential operator F' is degenerate elliptic, which satisfies

(Degenerate ellipticity) (cf. [16] (3.14)): There exists a function w(-):
[0,00) — [0,00), w(0+) = 0 such that

for z,y€Q, reR, peRN
for any o > 0, and for any X,Y € SN such that

I O X O I -1
_3a<0 1>3<0 _Y>33a(_l I). (23)
For the above, we have the following results.
Theorem 2.1



Assume that Q is bounded, and that (2), (22) hold. Let u € USC(RN)
and v € LSC(RN) be respectively a viscosity subsolution and a supersolution
of (19) in Q, which satisfy u<v on Q°. Then,

u<v m o Q.

Theorem 2.2

Let Q = TN. Assume that (2), (22) hold and that F is periodic in
r € TN. Let u € USC(TN) and v € LSC(TN) be respectively a viscosity
subsolution and a supersolution of (19) in Q. Then,

u<v m Q.

Remark 2.1 The above comparison results hold in more general situa-
tions. For example, Q can be RN by assuming that v and v are bounded, or
the nonlocal operator can be in the form of

B {2€RN|z 420} [u(:c + Z) - u(:c) B 1|Z|S1 <Z7 VU(%))]C(Z)dz, r €,
with the Neumann type boundary condition on 0f2, etc... We refer the read-
ers to [5], [6] and [7].

In order to prove the above claims, we use the following two Lemmas.
(See [7].) The first Lemma is the approximation by the supconvolution and
the infconvolution.

Lemma 2.3

Let u and v be respectively a bounded viscosity subsolution and a bounded
supersolution of (19). Define for r > 0, the supconvolution u" and the inf-
convolution v, of u and v as follows.

1
u"(r) = sup {u(y) — s—lr — y|?} (supconvolution). (24)
yERN 27"



. 1 9 : :
v(z) = yé%fN{v(y) + 2—7~2|ZE yl“} (infeconvolution). (25)

Then, for any v > 0 there exists v > 0 such that u" and v, are respectively a
subsolution and a supersolution of the following problems.

M, + F(z, Vu", V") — / u'(x +2) —u'(z)
RN

—1i<i(z, VU (2))g(d2) <v in Q.. (26)
v, + F(z, Vo, V,) — / ve(x 4+ 2) — v.(2)
RN
_1|Z|S1<zvvvr(x)>Q(dz)} > —v in L, (27)
where Q, = {x € Q| dist(x,00) > /2Mr} for M = max{supg |u|, supg |v|}.

Remark that u" is semiconvex, v, is semiconcave, and both are Lipschitz
continuous in RN. The second lemma comes from the Jensen’s maximum
principle and the Alexandrov’s theorem (see [16] and [17]). The last claim of
this lemma is quite important in the limit procedure in the nonlocal term.

Lemma 2.4 Let U be semiconvexr and V be semiconcave in . For
¢(z,y) = alr —y[* (@ > 0) consider ®(z,y) = U(z) — V(y) — ¢(z,y),
and assume that (T,7) is an interior mazimum of ® in Q x Q. Assume also
that there is an open precompact subset O of 0 x Q containing (T,7), and
that 11 = supy ®(x,y) — supgo ®(z,y) > 0. Then, the following holds.

(i) There exists a sequence of points (Tm,ym) € O (m € N) such that
i o0 (T, Ym) = (Z,7), and (pm, Xm) € J5 U (@), (D Yin) € TV (ym)
such that im, e Prm= My, 00 DL, = 20(Z, — Ym) = p, and X, <Y,, Vm.
(“) For P, = (pm - b _(p/m _p))’ q)m(za y) = (I)(:L',y) - <Pma (:)s,y)> takes a
mazimum at (T, Ym) n O.

(iii) The following holds for any z € RN such that (2, + z,Yym + 2) € O.

Uzm +2) = Ulm) = (Pm> )<V (Y + 2) = VYm) = (0 2)- (28)

We admit the above claims here. (In fact, the proofs of Lemma 2.3 and
2.4 are not so difficult, see for example [16] and [17].)



Proof of Theorem 2.1. We use the argument by contradiction, and
assume that maxg(u — v)= (u — v)(xy) = My > 0 for zy € Q. Then, we
approximate u by u” (supconvolution) and v by v, (infconvolution), which
are a subsolution and a supersolution of (26) and (27), respectively. Clearly,
maxg(u” — v,)> My > 0. Let T € Q be the maximizer of u” — v,. In the
following, we abbreviate the index and write u = u", v = v, without any
confusion. As in the PDE theory, consider ®(z,y) = u(z) —v(y) — a|z — y|?,
and let (z,9) be the maximizer of ®. Then, from Lemma 2.3 there exists
(Tms Ym) € Q (m € N) such that limy, oo (Tm, Ym) = (Z,9), and we can take
(Em, 0m) & pair of positive numbers such that u(x,, + 2)<u(z,) + (Pm, 2) +
1z, 2) + G2l 0t + 2) > 0(m) + (B 2) + 3 (Vonz, 2} = Gon|2]2, for
V|z|<&m. From the definition of the viscosity solutions, we have

F (), Xo) — [ L (X4 20,12, 2)dg(2)

|2l<em

— UL+ 2) — u(Tm) — 1121<1(2, Pm)q(dz) <y,

|z[>em

F (g, vlym), B Vo) = [ (¥ = 28,02, 2d(2)

|2l <em

[ g+ 2) — 0lyn) — Lz (el a(dz) = v

|z[>em

By taking the difference of the above two inequalities, by using (28), and by
passing m — oo (thanking to (28), it is available), we can obtain the desired
contradiction. The claim u<w is proved.

Remark 2.2 As for the usage of (28) in the limit procedure m — oo
in the proof of Theorem 2.1, we refer the interested readers to the similar
argument in the proof of Theorem 3.2 in below.

3 Uniform Holder continuities of viscosity so-
lutions

In this section, we study the uniform Holder continuities of viscosity so-
lutions of (1) in the cases of (I) and (II).
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Theorem 3.1.

Let N =1, and let v be a viscosity solution of (1) satisfying (5). Assume
that (2), (3) and (4) hold, where v € (0,2). Assume also that F satisfies (6)
and (7), where there ezist constants L >0, p; >0 (i = 1,2) such that

1 —p1 3 —p2
ls%lw(s)s <L, 151&)1 n(s)s <L, (29)
and pr+v > q, po+7 > 2. Then for any 0 € (0,min{1, 6y +~}), there exists

a constant Cy > 0 such that (11) holds. The constant Cy depends only on
M >0 and C; (1<i<3).

Theorem 3.2.

Let N > 2, and let v be a viscosity solution of (1) satisfying (5). Assume
that (2), (3) and (4) hold, where v € (0,2).

If F satisfies (7) and (10), where there ezist constants L > 0, p; > 0 such
that

lii%l w(s)s <L, (30)

and p1 + 2 > q, then for any 0 € (0,1), there exists a constant Cp > 0 such
that (11) holds. The constant Cy depends only on M > 0 and C; (1<i<3).

The following lemma gives the relationship between ¢ and € in Definition
1.1, and is used in the proofs in below.

Lemma 3.3.

Let ¢(2) = Cylz|? (z € RY), 0 € (0,1), r > 0, and let 2 € {z €
RN| |zl <7, =z # 0} be fized. Then, there exists C > 0 such that for any

§ > 0, and for any z € RN such that |z|g%, if z satisfies

|2|<8C2*, (31)
we have
6(2 + 2) — (2) = (V§(2), 2) — %(Vzcb(i)z, z)| <ol (32)
The constant C is independent on r, 0, and 2.
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Proof of Lemma 3.3. From the Taylor expansion of ¢ at 2

. . . Lio2, /s _ 1 & P2 +p(2)2)
0+2) =60~ (Vo) 3~ (Vo) = gy 3 O,
for ze{zeRN| |z| < %},

where p = p(z) € (0,1). By calculating %%faxk, we see that there exists a
constant C' > 0 independent on r, #, § such that

B2 +2) = 9(2) — {V6(2), 2) — 5 (V9(2)z, 2) |<CJ2 + pel! 2P

for ze{zeRN| |z| < %}
Then, if |2[<Z|2 + pz|*~*
C|z?|2 + pz|"3<0]2|2 (33)
Since for |z\§|—§|,
Izl + pel<2lz),

there exists C' > 0 independent on r, 6, §, and p such that, if
— o
|Z|§5CI5I3_9S5IE + 2>, (31)

then (33) holds. Therefore, if z satisfies (31) with the above C' > 0, and if
2| < |—;‘, the inequality (32) holds.

Proof of Theorem 3.1. Fix an arbitrary number 6 € (0,1). Let rg > 0
be a small enough number which will be determined in the end of the proof.
For Cy > 0 such that

Corld = 2M, (34)

we shall prove (11), by the contradiction’s argument. For z,y € RN such
that |x — y| > rg, from (5) we have

() — v(y)|<2M <Cylz — yl°.
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Assume that there exist 2’3’ € RN (|2/ — /| < o) such that
[v(2') = v(y')| > Cola’ —y'I°,
and we shall look for a contradiction. Consider for 7 € (0, 1)

_
®(z,y) = v(z) —v(y) — Colz —y|* — §|xl2,

and let (Z,9) be a maximum point of ®. Let us write ¢(z,y) = Cy|lz — y|’,
and calculate

Vx¢(x>y) = 099|Zl§' - y|9_2(I - y) = —Vy¢($,y)

V2,0(x,y) = Coblz—y|" 2 I+Cyf(6—2)|x—y|*H(z—y)@(x—y) = V., b(,y).
Put p = V,6(, ) = —V,6(2, ), and Q = V2,6(2,§) = V2,6(&, 7). Since

(I)(x+z’y):U(x+z)_v(y)_ce|$+2—y|9—§(x+z)2
<®(,§) = v(2) —v(h) ~ Cold — I’ — 73,

for any ¢ > 0 there exists € > 0 such that

T .9

v( + 2) —v(2)<Cylz + 2 — 9" — Colz — 9|° + %(:i" + 2)% — T (35)
1
<(p+712)z+ 5(@ +7)2% + 622 for |z] <e.

Samely, since

O(2,7 + 2) = v(E) —v(j + 2) — Cylz — (F+ 2)|" — %g:ﬂ

A A X A A N T
Sq)(imy) = U(l’) - U(y) - CG|517 — y|0 — 5:172,

for any ¢ > 0 there exists € > 0 such that

v(§+2) —v(@) > —(Cold = (§ + 2)|° — Col& — §I°) (36)

1 1
> —(—pr+5Q7) — 6 = pr S (-Q)2 = 6F for Js] <.

13



From the definition of viscosity solutions, by using the pair of numbers (&, J)
in (35) and (36), we have

F(i,p+7%,Q+T) —/ 1(Q+7‘+25)220(z)alz

|2l<e 2

and

[ 0@+ 2) (@)~ Lapzle(=)dz — g(9) = 0.

|22

By taking the difference of the above two inequalities, we have the following.

F(i'>p+7i>Q+T) _F(g>pa _Q)

1 (Q + 7 +28)2%c(2)dz — % / (Q +26)2"c(z)d=

2 Jz|<e |2|<e

B /ZZE[U(:AC +2) — (@) - 1|z|§1(p + 72)z]c(2)dz

@+ 2) = 0(i) ~ Lpcapsle()de<o(@) — o) +v. (37

We need the estimates.

Lemma 3.4.

The inequalities (35) and (36) hold with

Ji—gl T
(e.8) = (.

& —91"7%). (38)

With this pair of numbers, by taking T > 0 small enough, there exists a
constant C' > M such that the following inequalities hold.

(a)
B, p+78,Q+7) = F(g,p, —Q) =2 =C(|Z — 9" |pl* + |2 — g|”[|Ql]). (39)
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(b)

/Z>E[U(:i" +2) —v(Z) = Lg<a(p + 72)z]c(2)dz — / [+ 2) —v(D)

|z|>€

—1‘z‘£1pz]c(z)dng7'% |z —g|7. (40)

Proof of Lemma 3.4. By putting 2 = & — ¢ in Lemma 3.3, for § =
——1
€]z — |72, we can take
s a3e0 Lo
e =min{dCl — 9", 512 — g[} =

so that (35), (36) hold.
(a) From the continuity of F', (6), and (7), since Q<O, for rqg > 0 (|2—9| < 7o)
small enough,

F(:’%vp_'_Ti‘vQ _'_T) - F(g7p7 _Q)

= F(&,p,Q) = F(2,p, —Q) + F(&,p, =Q) = F(§,p, Q) + o(7)
> —w(&=g)lpl"=n(@=9)[|Q[[+o(r) = =C ([ =g/ [p|"+[z—g["[|Q[]), (41)

where C' > M 1is a constant.
(b) Since ®(&,9) = v(&) — v(g) — Co|@ — §|* — Z2* > ®(0,0) = 0, from (5),

#2<2M. (42)
Thus, for 7 € (0,1)

P<rz (@M |2+ |2),
and from this

[ o +2) @) = g rd)ele()dz — [ oG+ 2) ()

|22

—1,ap2e(2)dz< 73 (3M|z|42%)c(2)dz
(43)
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From (3) and (38)
/ ‘ T%(3M|Z| + ZZ)C(Z)CZZST%C max{1, |z — Q|1_7}§CT% |z —g|™7, (44)
z|>e
where C' > M is the constant. By plugging (44) into (43), we get (40).

We put the estimates (39)-(40) in (37), and since ¥ > 0 can be taken
arbitrarily small,

C™'Cyl — 9" <C(|& — gl [pl? + |2 — g1 |Q]

273 — g7 + M|z — g|%). (45)
From (34), 6 € (0, min{1,00 4+ ~}), p1 +7v > ¢, p2 +7 > 2, and since we can

take 7 € (0,1) arbitrarily small, for 7o > 0 (|Z — y| < ro) small enough, we
get a contradiction. Thus, the claim in Theorem 3.1 is proved.

Proof of Theorem 3.2. We use the similar contradiction argument as in
the proof of Theorem 3.1. For an arbitrary fixed number 0 € (0, 1), and for
ro > 0 small enough, let Cy > 0 be such that (34):

097“9 = QM,

and we shall prove (11) by the contradiction’s argument. As before, assume
that there exist 2/,3' € RN (|2/ — ¢/| < rp) such that

v(2') —v(y') > Cola’ —y/|°,

and we shall look for a contradiction. However, we must modify the preceding
argument, because for N > 2 the matrix Q = V2,6(Z,79) = V;,6(Z,7) (¢ is
the function in the proof of Theorem 3.1) is no longer negatively definite, and
we have to use Lemma 2.4. For this reason, let us consider the supconvolution
v" and the infconvolution v, of v defined by (24) and (25), respectively. From
Lemma 2.3, for any v > 0 there exists r; > 0 such that v" (Vr € (0,71)) is a
subsolution of

F(z, Vo' (z), V2 () — /R )~ ()
—1,<1(VV'(2), 2))e(2)dz — g(x)<v  x € RN, (46)
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and v, (Vr € (0,71)) is a supersolution of
F(x, Vo, (), V20, (x)) — /R for(e+2) — (@)

—1<ca(Vur(@), 2))e(2)dz — g(2) =2 —v 2 € RV, (47)
Of course from the preceding assumption, for Vr € (0, )

V(@) = v(y') > Cola’ — /",

Now, consider for 7 € (0,1)
-
®(w,y) =" (@) = v, (y) = Colo = y|” = Z|al’,

and let (Z,9) be a maximum point of ®. Put p = V,¢(z,9) = —V,6(%,7),
and Q = V2,6(2,79) = V2,¢(2,9). We use Lemma 2.4 for U = v" — Z|z/?,
and V = v,, and for O = {(z,y) € R®*N||z — y| < ro}, and we know that

there exists (T, ym) € R®N such that lim,, oo (Tm, Ym) = (£, 7). There also

exist (pm + TTm, Xon + 7I) € Jé’;?v”(:zm), (. Y) € le):;vr(ym) such that

iy, 00 D= im0 Pl = 20(2, — yim) = p, and X,,,<Y,,  V¥m. Moreover,
the claim in Lemma 2.4 (iii) leads the following for any z € RN such that
($m+z7ym+2) c @)

V(@ +2) = (@) = (s 2) = (0l +2) =0 ) = (P 2)} (48)
<Gl 2 = Sleal = S22 + |27).

Let (€1, ;) be a pair of positive numbers such that

1
UT(ImH)SU’"(xm)+<(pm+mm),Z>+§<(Xm+ﬂ)z,Z>+5m|2|2 it |z]<em,
(49)
and

1
U (Ym+2) > vr(ym)+<p;n,z>+§<sz,z)—5m\z|2 it |z]<em.
(50)
Then, from the definition of viscosity solutions, we have

1
F(Inwpm + T, Xm + 7-[) - / _<(Xm + (7_ + 25771)[)2’ Z>C(Z)dZ

|z|<em 2
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_ / - [vr(xm + Z) — U"(xm) — 1|z|§1<(pm + TSCm), Z>]C(Z)dz _ g(xm)SV,
and .
F (s Prs Yon) — /| 5 = 20,1)z 2)e(z)dz
z|<€m

- /z>e [Ur(ym + Z) - Ur(ym) - 1\Z\£1<p:n’ Z>]C(Z)dz - g(ym) > —.
By taking the difference of the two inequalities,

F(xm> pm_l'Txma Xm_I'T[)_F(yma Pm, Ym)

1
2 ) (X = Yo + (1 +46,,)1)z, 2)c(2)d=
zZ|<em
<2v+ [Ur(fm+z)—vr(l'm)—1|z|§1 (Pm+TTm, 2)]c(2)dz

|2[Zem

- [0r (Y + 2) = 0 (Ym) — Lizj<1 Phs 2)]e(2)d2z + 9(2m) — 9(Ym)

|z[=em

<2v+ T

12[2¢(2)dz / {07 (T + 2) — 0" (20)

‘Z‘Zf'mﬂom(z) 2 ‘Z‘Zﬁ‘mﬂom(z)c

—L<c1(Pm + T, 2)} = {00 (Ym + 2) = 0 (Ym) = 1211 {Drm> 20},

where
Om(2) = {2 € RN| (2 +2,9m + 2) € Q2 x Q}.

Since limy, oo (Tm, Ym) = (Z,9) € Q x €, there exists a ball B(0) Cc RN,
centered at the origin, independent on m € N, such that B(0) C O(z) =
lim,, oo Op(2), i.e.

(T + 2,Ym +2) €EQxQ Vze B(0), VYmeN. (51)
Then, by pussing m — oo in the above inequality, we get

F(iap+7i'aX+T[) —F(g,p,Y)

<2v+ /O(Z) %\zﬁc(z)dz + /O(z)c[{vr(:% +2) —v"(2)
—La{p+72,2)F —{oe(§ + 2) = v(9) — Lz (p, 2) He(2)dz.

-
<Cv+ M +/ —|2|%c(2)dz + T|Z||2]e(2)dz,
<O+ an)+ [ Fele@dzt [ rfallle(2)
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where C' > 0 is a constant, and we have used the fact that (Z,y) is the
maximizer of ®. From (2) and (34), and since O(z)® C B(0)¢, for 0 <7 < 1,

F(a,p+72, X +7I)— F(§,p,Y)<C(v + M + 77), (52)

where C' > 0 is a constant. We shall give the estimate of the left-hand side
of the above.

Lemma 3.5.

There exists a constant C > M such that the following holds.

C
F(a,p+7i, X +71) = F(G.p,=Y) > i =" +o(r).  (53)

Proof of Lemma 3.5. From the continuity of F, (7), (10), and (42)
(which is also true for N > 2),

F(i'>p+7i'aX+T[)_F(gap> _Y) :F(iap77)_F(g>pa _?)+O(T)+O(V/)

= F(z,p,X)— F(2,p,—Y)+ F(2,p,-Y) — F(4,p,—Y) + o(1) + o(¢/)
> =X Tr(X +Y) —w(|z = g))lpl" = n(1& = DY+ o(r) +o(v/).  (54)

We need the following lemma, the proof of which is delayed in the end.
Lemma 3.6.

If A, B, and Q € SN satisfy

(6%)=(%7) (55)

then there exists a constant L > 0 such that
1 1
[All, 1Bl <LI|Q[I2|Tr(A + B)|=.
The constant L depends only on N.
Remark that

~Tr(X —Y) > Cef(1 —0)|z — 9”2 >0, (56)
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because , X — Y<2Q, X — Y<O, and for O<P = %g[

Tr(X — Y)<Tr(P(X — Y))<2Tr(PQ) = 2C,0(0 — 1)|2 — §|°2 < 0.

Therefore, by putting A = X and B =Y in Lemma 3.6, and by taking rq > 0
(| — 9| < 1) small enough, from (56)

(|2 = gNIIY <K Con(lz — gl)|2 — " <K Cylz — g|*~,

where K, K’ > 0 are constants. For ro > 0 (|]Z — g| < r¢) small enough, from
(29) and (34)

w(| —g))lpl* = w(|z - §))Cflz — g|**Y
A
<L(Cyli — g1yl — g1 1< Lol — ">
Therefore, from (54) and (56),
" X X Co . .o
F(a,p+7a, X +71) = F(§,p.Y) 2 i =" +o(r).
where C' > M is a constant. We showed (53).

By plugging (53) into (52), since v > 0 can be taken arbitrarily small, for
any 0 < 6 < 1, we get a contradiction for ro > 0 (|2 — y| < r¢) small enough.
We have proved (11).

Finally, we are to prove Lemma 3.6.

Proof of Lemma 3.6 By multiplying the matrix

I I
I —1I
to the both hand sides of (55) first from right and then from left, we get
A+B A-B - O O
A-B A+B )=\ 0 4Q |’
Thus, for any t € R and ¢ € RN
A+B A-B t& O O t&
Ce ) (35 425 (€)=(e (5 1) ()
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and

(€, (A+ B)E) +2t(, (A= B)E) + (&, (A+ B)E) — 4(, Q€) <.

Hence, for any [¢| =1,

(€, (A= B)EY’<(&, (A + B)§)(4(€, Q€) — (&, (A + B)S)).

This yields (£, (A + B)¢)2<4||A + B|| - ||Q||, and since ||A + B||<C|Tr(A +
B)| - 1|Q]|| where C' > 0 is a constant depending only on N > 0, we proved
the claim.

4 Other Holder continuities of viscosity solu-
tions

In this section, we shall study (12):
No(z) + H(Vo(z)) — /RN (e + 2) — v()
1 (Vo) He(2)dz — g(z) =0z e TV,
and (13):
Mo(z) + Fla, Vo(z), V2u(z)) — /RN w(z + 2) — v(z)
1 (Vo) e(2)dz — g(z) =0z e TV,

where A > 0. We consider the case other than (I) N = 1, and (II) F is
uniformly elliptic. So, we are interested in the case of N > 2, and F' (or H)
is degenerate elliptic. We assume the conditions (14)-(16).

Example 4.1.  The following is an example of F' satisfying the condi-
tions (14)-(16).

-1 82u N—1 ou o N
_ 2 ai(x)ﬁ—xlg(x) - ; bi($)8xi (x) + %(:cﬂ reTVN,
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where a;(x) > 3\; > 0 and b;(z) (1<i<N — 1) are periodic in TN. Or, more
generally the following Hamilton-Jacobi-Bellman operator satisfies (14)-(16).

F(x,u, Vu, V?u) = sup{ %a( a) Fu %b( a)au
u u U) = supq— i \ L) - i\ s
T ’ aea ij—1 J 81’281’] i—1 81’2

+e(z, a)u — f(z,a)} re TN, (57)
where A a given set (controls), (a;;(z,a) € SV (a € A) non-negative matrices
periodic in TN such that there exist matrices 0 (o € A) of the size N x k,

Ay = (aij(z,0)) = o(z,a) oz, a),

A:x Aa 12

AL > My, Al=
o = M <Aa21 Aaz

), AL eSM (M < N),

where A\; > 0, and b(x, ) =(b;(x,)) € RN, ¢(z,a) € R are bounded, peri-
odic in TN, and regular enough.

We shall give the results.

Theorem 4.1.

Let v be a periodic viscosity solution of (12) satisfying (5). Assume that
(2), (3), (4), and (14) hold, where v € (0,2), and X > 0. Let H(p) = |p|9,
where ¢ > 1. Then, for any 6 € (0,0), there exists a constant Cy > 0 such
that (17) holds. The constant Cy does not depend on \ € (0,1).

Theorem 4.2.

Let v be a periodic viscosity solution of (13) satisfying (5). Assume that
(2), (3), (4), (14), (15) and (16) hold, where v € (0,2), A > 0, and that
there exist constants L >0, p; >0 (i = 1,2) such that

1 —P1 3 —p2
ls%lw(s)s <L, I;i%ln(s)s <L, (58)

where pr+v > q, po+7y > 2. Then, for any 0 € (0,60y) there exists a constant
Cp > 0 such that (17) holds. The constant Cy does not depend on A € (0,1).
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Proof of Theorem 4.1. We use the contradiction argument similar to
that of Theorem 2.1. Fix 6 € (0,6y), and let 9 > 0 be small enough. Let us
take Cy > 0 such that

Cor? = 2M, (59)

and we shall prove (17) (for % = (p) by contradiction. For z,y € TN such

that |z — y| > 7o, from (5) we have
[v(2) — v(y)|<2M<Cyla — y|".
Thus, assume that there exist 2,3y’ € TN (]2’ — y'| < ro) such that
v(@) —v(y) > Cola’ —y/I",

and we shall look for a contradiction. As in the proof of Theorem 3.2, take
the supconvolution v" and the infconvolution v, of v, which are respectively
the subsolution and the supersolution of the following problems.

' (x) + H(VO' () — / (@)~ (@)

R

—11<1 (V' (2), 2)]e(2)dz — g(x)<v r €TV,
oy () + H (Vo (2)) — /R on(e +2) —vr(a)

1< (Vor(x), 2)]e(2)dz — g(z) > —v z € TT,
where v > 0 is an arbitrary small constant. Remark that

v () = v (y') > Cola’ — y/|°

holds for |z' — /| < ry. Consider
®(z,y) = v"(z) = v,(y) — Colw —yl’,

and let (#,4) be a maximum point of ®. Let us write ¢(x,y) = Cylx — y|°.
For

Vm¢(x7 y) = U@@‘SL’ - y|9_2(l' - y) = _vy¢(x7 y)v
Vixas(za y) = 699|[L’—y|6_21—|—699(9—2)|l’—y|9_2($—y)®(l’—y) = V§y¢($, y)>
put p = V,4(%,9) = —V,6(,9), and Q = V3,6(3,9) = V; 0(2,9). As
in the proof of Theorem 3.2, by using Lemma 2.4 for U = v", V = v,, and
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O = {(x,y) € R®N||z — y| < ro}, we know that there exists (2, ym) € T2
such that lim,, oo (T, Ym) = (2, 7). There also exist (py,, Xn) € J%;?v"( m)s

(pl,,Yim) € J%’er(ym) such that lim,, o prm= 1My, o0 Phy= 20(T—Ym) = p,
and X,,<Y,, Vm. The claim in Lemma 2.4 (iii) leads for any z € RN such
that (z,, + 2, Ym + 2) € O,

UT(SL’m + Z) - Ur(xm) - <pm7 Z> - {Ur(ym + Z) - UT(Z/””L) - <p;nv Z>}SO (6())

Let (€, ;) be a pair of positive numbers such that

1
V(T + 2)<0" (X)) + (P, 2) + §<sz, 2) + 6m|2|? if |z|<en, (61)
and

1
—(Yonz,2) — Oml2)? if |zl<em. (62)

O (Y + 2) > 0 (ym) + (0L, 2) + 5

By using the similar argument as in Theorem 3.2, from the definition of
viscosity solutions, we have the following.

AV (@) =Vr (Ym) )+ H (D) _H(p;’n)

1
[ (Xt 26002, 2)e(2)dz — _/||<em = 20,1)2, 2)e(2)dz

2 Jiz|<em

— [V (2 +2) =" (T) = 1121<1 (P 2)]c(2)d2

|z[>em
+ /ZZEM [Wr (Y 4 2) = 0 (Ym) — 121 (Phns 2)]e(2)d2<g(Tm) — 9(Ym) + 2v.

Remarking that X,,<Y,, and (60) hold, and by using the similar argument
as in Theorem 3.2, we can pass m — oo in the above inequality to have

A" (2) — v (9))<9(2) — 9(9) + 2v,
and since v > 0 is arbitrary, we have
Tyl — gl <M]é — §|".
Since Cy = 9 , the above leads

2 <rbo.
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However, if we take for an arbitrarily fixed ¢ > %,

2M

we get a contradiction for any A € (0, 1). Therefore, for 0 < 6 < 6, by taking

¢ = 4 and thus Cp = 2, we proved our claim for Cp = 2M

o = )\c, 69 = (63)

_ oM.
v(z) — v(y)<Chlz —y|° = - 9° Y,y e TN

Proof of Theorem 4.2. The argument is similar to that of Theorem 4.1,
and we omit the proof.

5 Strong maximum principle

In this section, we consider

F(z,Vu, Vzu)—/

- [u(z42)—u(x)—(Vu(z), z)]c(z) =0 vz € RN, (64)

where F satisfies (6) and
F(z,0,0) > 0 VzeRN (65)

We assume the following condition.
(Almost everywhere positivity) : For any open set D € RN,

/ le(z)dz > 0. (66)

Our strong maximum principle is the following.
Theorem 5.1 ([9]).

Consider the integro-differential equation (64), and assume that (2), (3),
(65), and (66) hold. Let u be a viscosity subsolution of (64), and assume that
it takes a mazimum at a point zo € RN, i.e.

u(z)<u(xg) vr € RN (67)
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Then, u is constant in RN almost everywhere.

Proof.  From (67), for p=0and X = O,
1
u(xo + z)<u(zo) + (0,2) + §(Oz, 2y +0]z)* if |z]<e

holds for any 6 > 0 and € > 0. Hence, from the definition of viscosity
subsolution

Fl,0.0)~ [ 240 +201)z, 2)el2)dz

|2]<e

— [u(zo + 2) — u(xg) — (0, 2)]e(2) } <0,

2>

holds for any § > 0 and € > 0. So, from (65) we have
/ - [u(zo) — u(zo + 2)]c(2)<0

holds for any & > 0. Therefore, from (3), (66), and (67),
u(z)<u(xg)<u(x) almost everywhere in z € RN,

and the claim is proved.

Remark 5.1. We shall use the above strong maximum principle to solve
the ergodic problem in the next section.

6 Ergodic problem for integro-differential equa-
tions

In this section, we apply the results in preceding sections to solve the
ergodic problem in TN. We shall study the existence of a unique number d;
such that the following problem has a periodic viscosity solution.

ds+ F(x, Vu, Vu) — /RN [u(z + 2) — u(x)
—1;1<1(Vu(z), 2)lc(2)dz — f(z) =0 r € TN, (68)
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For this purpose, we consider the approximated problem:
Auy + F(z, Vu,\,Vzu,\)—/RN[uA(ijz)—uA(x) (69)

L (V@) 2)le(2)dz — fl@) =0z e TV,

where A\ € (0,1), and we shall see whether there exists the following unique
limit number
1}'%1 Auy(z) = dy uniformly in TN,

We assume that F satisfies (22), and that the following hold.

(Periodicity) :
F(,p,X), f(-) areperiodicin ze€ TN, V(p,X)e (RN xSN). (70)

(Homogeneity) : The partial differential operator F' is positively homoge-
nious in degree one

F(z,&p, £X) = ¢F(x, p, X)
VE>0, YoeTN, vpeRYN, vxesSN. (71
As we have seen in Theorem 2.2, under (22) and (70), the comparison
result holds. From the Perron’s method (see [5] and [6]), it is known that

there exists a unique periodic viscosity solution uy of (69) for any A € (0,1).
Now, we state our main result.

Theorem 6.1.

Let uy (A € (0,1)) be the periodic viscosity solution of (69). Assume that
the conditions in Theorem 5.1, (22), (70), and (71) hold. Fiz an arbitrary
point o € TN. Then, the following hold.

(i) Assume that the conditions in Theorem 3.1, or those in Theorem 3.2 hold.
Then, there exist a unique number dy and a periodic function w such that

lAiirol Auy(x) = dy, lxiirol(u)‘(x) —ux(w0)) = u(x) uniformly in TN, (72)
such that (68) holds in the sense of viscosity solutions.

(i) Assume that the conditions in Theorem 4.1, or those in Theorem 4.2
hold. Then, there exists a unique number dy such that

lAiirol Muy(z) =d;  uniformly in TN,
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which 1s characterized by the following. For any v > 0 there exist a periodic
viscosity subsolution u and a periodic viscosity supersolution U of

dy + F(a, Vi, Vo) = [ [u(e+2)

—u(e) — Ler (Va(e), el2)dz — fo)<y  we TV,
d; + F(z, VT, V?T) — /RN [z + 2)

—(x) — 15«1 (VTU(x), 2)|c(2)dz — f(x) > —v z e TN,

Proof of Theorem 6.1. (i) We shall prove the claim in the following three
steps.
(Step 1.) We prove the uniform boundedness of vy(x) = uy(z) — ux(zo) :

loa(2)] = |ux(z) — ux(zo)|<IM' Vo e TN, VA€ (0,1), (73)

by a contradiction argument. Assume that there exists a subsequence X' — 0
such that
AI,H_T}O [ux| e = 00, (74)

and we shall look for a contradiction. Put wy(z) = IZ;I(;))O By (71), remark
that w) satisfies

Mwy, + F(z, Vwy, V2w, — /RN [wa(z + 2) — wy(x)

f(x) = dux(z0)

‘U)\‘Loo

—1 <1 (Vun(2), 2)]c(2)dz — =0 r € TN, (75)

and that
‘U))\‘Loo = 1, ’UJ)\(ZL’()) =0 VA € (0, 1) (76)

From the comparison result for (69), there exists a constant C' > 0 such
that |Auy|p~ < C (YA € (0,1)), and thus from (74) and (76) there exists a
constant M > 0 such that

f@) = Nux (o)

[Ux| Lo

‘)\/’UJ)\/ — |SM, |’UJ)\/‘SM
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Therefore, by applying Thorems 3.1 and 3.2 to (75) for ¢ = —(Nwy —
f@)=Nun(o)y and gy = 0, we know that there exist § € (0,1) and a con-

|var|Loo

stant Cy > 0 such that
lwy (z) —wx(y)|<Chlz — y‘e vz, y € TN

So, by the Ascoli-Alzera theorem, there exists an Holder continuous function
w such that

lim wy (r) = w(z) uniformly in TN,
N =0

and from (76)

|w|pe =1, w(xg) =0.

Moreover, by putting A = X in (75), and by passing ' — 0, since the limit
procedure of viscosity solutions, introduced by Barles and Perthame [11] (see
also [5] and [16]), is valid for the present nonlocal case, we see that w is a
viscosity solution of

F(z,Vw, V2w) — /RN [w(zx + z) — w(z)

1< (Vw(z),2)]e(z)dz =0 Vo € TN, (77)

However, since F satisfies (65), by the strong maximum principle (Theorem
5.1), and by taking account that w is periodic in TN, we see that w is almost
everywhere constant in TN. This contradicts to the fact that w is an Holder
continuous function such that |w|p~ = 1 and w(zy) = 0. Therefore, the
assumption (74) is false, and we have proved (73).

(Step 2.) From Step 1, we see that vy (A € (0, 1)) satisfies (73) and
F(z,Vuy, V) — /RN [on(z + 2) — va(2)

—1,<1(Vor(), 2)]e(2)dz — (f — Aux(wo) — Avy) =0 in TN, (78)
and there exists M > 0 such that
|f(2) — Mur(z0) — Ava(x)| < M Vo € TN, VA€ (0,1).

We apply again the result in Theorems 3.1 and 3.2 to (78), and see that there
exist # € (0,1) and a constant Cy > 0 such that

lua(z) — vA(y)|<Colz — y|° Va,y € TN, VA€ (0,1).
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So, we can take a subsequence X — 0 of A\ — 0 such that

lim vy (7) = lim (uy (z) — un(20)) = Ju(xr) uniformly in TN,
AN =0 N—=0

. / . . / . . . N
/\1/13)110)\ uy(z) = /\1/13)110)\ uy(xo) = dy uniformly in TV.

In the next step, we shall prove that the limit dy is independent on the choise
of the subsequence X' — 0.

(Step 3.) We shall prove the uniqueness of the limit number d; obtained
in Step 2. Let (dy,u), and (d},u’) (dy # d’;) be two pairs of the limit numbers
and the limit functions. Thus,

ds + F(x,Vu, Vu) — /RN [u(z + 2) — u(x)

—1<1(Vu(z), 2)]e(2)dz — f(z) =0 in TN,

and

A+ Fla, Vo, V) = [ (o +2) = /(@)

—1, (VU (z), 2)]e(2)dz — f(z) =0 in TN

We may assume that d; < dy, and by adding a constant if necessary we may
also assume that v > u/. For any small v > 0, by choosing A > 0 small
enough we see that u and v’ are respectively a viscosity subsolution and a
viscosity supersolution of the following problems.

M+ F(x, Vu, V) — /RN [u(z + 2) — u(x)

1 <1(Vu(z), 2)]e(z)dz — f(x)<v —d; in TN.
M+ F(x, Vo', V) — /RN [ (x + 2) —u/(z)

1< (VU (2), 2)]e(z)dz — f(z) > —v —d; in TN

Then, from the comparison result

0 < AMu —u')(z)<d} —dy <0,
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which is a contradiction. Thus, d; is the unique number such that (68) has
a viscosity solution. We have proved the claim of (i).

(ii)) We treat the case that the partial differential operator is F. (The
proof for the case of H is same, and we omit it.) Let vy = uy — uy(zo), and
put [vy]e = S>. We shall prove the claim in the following three steps.

(Step 1.) If for a subsequence X' — 0, limy/_,o C» = 0, then
[Nuy () = N (20)]oo = Moy |oo = Cx = 0,
which implies the existence of a constant

df = /\l/l{ﬂ)o Nuy (z) = /\l/l{ﬂ)o Nuy(xo)  uniformly in TN,
(Step 2.) Now, assume that for any subsequence N — 0, C) does
not converge to zero. That is, there exists a number C; > 0 such that
liminfy .o C\ > Cy > 0. From the comparison result for (69), |’U)\|OO§¥,
and thus 0 < C,<2M (VA € (0,1)) holds. Hence, we can take a subsequence
N — 0 such that limy_0Cy = C (limy_o N|uy — uy(29)|ee = C), where
Cy<C<2M. For simplicity, we shall use A in place of \'. Then, for wy = —2

we have e
Mwy + F(x, Vwy, Vwy) — /RN [wi(z + 2) —wy(z)
—(Vwy (), 2)|e(z)dz — C%(f(:v) —Aup(z9)) =0 in TN, (79)

where |wy|o = 1, wy(zg) = 0, limy_,0Cy = C. Here, we claim that for a
constant € € (0,6,), there exists Cp > 0 independent on A € (0, 1) such that

wa(z) — wa(y)|<Cola —y/’, (80)

which can be proved by the similar contradiction argument used in the proof
of Theorem 4.2, and which we omit here.

From (80), there exists a subsequence X — 0 such that limy _,owy(x) =
Jw(x), where the limit w is also Holder continuous, |w|s = 1, w(xy) = 0 and
is the viscosity solution of

F(x, Vw, V?w) — /RN [w(z + 2) —w(x) — (Vw(z), 2)]e(z) =0 in TN,
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However, the strong maximum principle (Theorem 5.1) asserts that w is al-
most everywhere constant, which is a contradiction. Therefore, liminfy,_,o Cy =
C > 0 is false.

(Step 3) From Steps 1 and 2, we see that there exists a subsequence X' — 0
such that limy_,0 Nuy(z) = dy uniformly in TN. Therefore, for any v > 0
there exists A’ > 0 small enough such that

df + F(ZIZ’, VU)\/’ VQU)\/) — AN[UA/(x + Z)

(@) — Lt (Van (@), e(2)dz — f(e)<v @ € TV,

ds + F(x, Vuy, Viuy) — /RN [uy(z + 2)

—ux(x) = 1j<1(Vun (2), 2)|c(2)dz — f(x) > —v r e TN,

The uniqueness of dy can be proved in a similar way to the proof for (i).
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